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ABSTRACT: At present, the measurements of R and R/, hint at new physics (NP) in
b — ¢t~ v decays. The angular distribution of B — D*(— Dm) 7~ v, would be useful for
getting information about the NP, but it cannot be measured. The reason is that the three-
momentum p;- cannot be determined precisely since the decay products of the 7~ include an
undetected ;. In this paper, we construct a measurable angular distribution by considering
the additional decay 7= — 7~ v,. The full process is B — D*(— D7) 7~ (= 7~ v;)v,,
which includes three final-state particles whose three-momenta can be measured: D, 7/,
7. The magnitudes and relative phases of all the NP parameters can be extracted from
a fit to this angular distribution. One can measure CP-violating angular asymmetries.
If one integrates over some of the five kinematic parameters parametrizing the angular
distribution, one obtains (i) familiar observables such as the ¢ distribution and the D*
polarization, and (ii) new observables associated with the 7~ emitted in the 7 decay: the
forward-backward asymmetry of the 7~ and the CP-violating triple-product asymmetry.
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1 Introduction

At the present time, there are discrepancies with the predictions of the standard model
(SM) in the measurements of some observables in a number of B decays. These include
Rpw = B(B = DWr=u,)/B(B — DWW~ (¢ = e, p) [1-10] and Ry = B(BF —
J/Y1v)/B(BF — J/¢uty,) [11]. The experimental results are shown in table 1. The
values of the SM predictions for Rp and Rp+, as well as their experimental measurements,
are the average values used by the Heavy Flavor Averaging Group (HFLAV) [12]. They
find that the deviation from the SM in Rp and Rp+ (combined) is 3.10.1 For Ry, the
discrepancy with the SM is 1.70 [14]. These measurements suggest the presence of new
physics (NP) in b — ¢~ decays.

A great many papers have examined the question of what type of NP is required
to explain the above anomalies. These include both model-independent [14, 16-32] and
model-dependent analyses [33-77]. Clearly there are many possibilities for the NP. In order

'However, we note that this is not completely settled: for example, a more recent analysis finds
(RB/*Z)SM = 0.250 £ 0.003 [13]. With this value, not included in the HFLAV average, the deviation from
the SM prediction is larger than 3.10.



Observable SM Prediction Measurement

R/ 0.258 4 0.005 [12] | 0.295 & 0.011 & 0.008 [12]

R/ 0.299 4 0.003 [12] | 0.340 + 0.027 + 0.013 [12]

R}% 0.283 £0.048 [14] | 0.714+0.17 4+ 0.18 [11]

RM ~ 1.0 1.04 £ 0.05 = 0.01 [15]

Table 1. Measured values of observables that suggest NP in b — c77 0.

to distinguish the various NP explanations, a variety of observables have been considered.
These include the ¢? distribution, the D* polarization, the 7 polarization, etc. [18, 78-98].

The above observables are all CP-conserving. But one can also consider CP-violating
observales in B — D*7~ 1, [99-102]. All CP-violating effects require the interference of two
amplitudes with different weak (CP-odd) phases. Since the SM has only one amplitude,
the observation of CP violation in this decay would be a smoking-gun signal of NP.

In ref. [103], we began to explore the prospects for measuring CP-violating effects in
B — D*t~ .. There, we noted that, since B — D* is the only hadronic transition in this
decay, all amplitudes will have the same strong (CP-even) phase. As a result, the direct
CP asymmetry is expected to be very small. The main CP-violating effects appear as
CP-violating asymmetries in the angular distribution. These are kinematical observables,
and require that the two interfering amplitudes have different Lorentz structures. This fact
allows us to distinguish different NP explanations. We demonstrated this by constructing
the angular distribution for the decay B — D*u~ vy, and showing that one could extract
the different NP contributions from an analysis of the CP-violating angular asymmetries.

The reason we did not apply this to B — D*7~ ¥, is that the construction of the angular
distribution requires the knowledge of the three-momentum p,. But since the 7 decays to
final-state particles that include v,, which is undetected, P, cannot be determined with
any precision. As a result, the full angular distribution in B — D*(— Dr) 7~ cannot be
measured.?

In this paper, we construct a measurable angular distribution in B — D*(— D) 7~ ;.
This is obtained by considering the additional decay® 7= — 7~ v,. Now there are three
final-state particles whose three-momenta can be measured: the D and 7 (from D* decay),
and the 7~ (from 7 decay). The new angular distribution is given in terms of five kinematic
parameters: ¢2, 0* (describing D* — D7), and three quantities describing the 7=, Er, 0
and yr. It includes CP-violating angular asymmetries, which can be measured and used
to extract information about the NP.

2In fact, methods do exist that use all available experimental information to reconstruct the angular
distribution. For example, ref. [94] uses the topology of decay vertices to perform a kinematic reconstruc-
tion. Still, in all of these methods, the angular distribution is obtained with limited precision (due to the
uncertainty in the measurement of p;) and/or ambiguities.

3We note in passing that the decay 7~ — 7 v, has been used in the context of a proposed method for
measuring the 7 polarization in B — D7~ (— 7~ v, )7, [104, 105].



But the angular distribution yields even more information. All the NP parameters can
be extracted from a fit to the full distribution. Thus, even if the NP is CP-conserving, so
that no CP-violating angular asymmetries appear, its presence can still be detected. It is
also possible to integrate over one or more of the five parameters. When one does this, all
the familiar observables that have been proposed to distinguish NP models, such as the ¢>
distribution and the D* polarization, are reproduced. But there are also new observables

that depend on the kinematic angles associated with the 7~ emitted in the 7 decay, 0,
and . These include the forward-backward asymmetry of the 7—, and the CP-violating
triple-product asymmetry.

It should be noted that, in order to use this method, the momentum of the decaying
B must be known. Thus, the technique described here is more suited to the experiments
at ete™ machines such as Belle II.

We begin in section 2 with the derivation of the angular distribution of B — D*(—
Dn")r(— mv,)v;. Here, some information is given in the appendices. In section 3, we
discuss the NP signals, both CP-conserving and CP-violating, in the angular distribution.
Observables obtained by integrating this rate over one or more of the kinematical variables
are described in section 4. We conclude in section 5.

2 Angular distribution

We begin by describing our method of calculating the angular distribution of B — D*(—
Dr")r(— 7v;)v-. (Note that this section is somewhat technical. The reader wishing to
simply see the results may skip to the next section.)

2.1 Structure of the new angular distribution

Consider first the angular distribution of the decay B — D*(— Dm){~1,. This is ob-
tained as follows. Assuming only left-handed (LH) neutrinos, the decay is parametrized as
B — D*N*~(— ("), where N = S — P, V — A, T represent LH scalar, vector and tensor
interactions, respectively. For ¢ = u, e, there is no NP, so that N = W and the coupling is
V — A. But for £ = 7, all couplings are allowed. The full amplitude is then squared, and
can be expressed as a function of the final-state momenta. These momenta are defined in
terms of the three helicity angles of figure 1, 8y, * and x. In this way, one produces a set of
angular functions whose coefficients are different combinations of the helicity amplitudes.
This is the angular distribution [103].

We now consider the case where the final-state lepton is ¢ = 7. The 7 is not directly
detected in experiments; instead, it is detected through its decay products. We choose to
study the simplest possible hadronic decay of the 7, 7 — wv,. While NP in the 7 decay
is a possibility, in this analysis we restrict ourselves to NP only in the B decay. As we
will show, even using this simple two-body decay of the 7, one can extract a great deal of
information about this NP.

Once we let the 7 decay, the process B — D*(— Dn’)7(— v, ), has five particles in
the final state. This decay can be broken down into four successive quasi-two-body decays
of the B meson and three intermediate states. The five-body phase space for the decay of a



Figure 1. Definition of the angles in the B — D*(— D7) ¢~ distribution.

massive spinless particle, such as the B meson, depends on 8 independent parameters: five
helicity angles and the invariant squares of the masses of the three intermediate particles.
Since two of these intermediates — the D* and the 7 — can go on shell, two of the three
invariant mass parameters are given by mp+ and m,. Thus, this decay depends on six
independent parameters: five helicity angles and ¢?, the invariant mass-squared of the 77,
pair. In the following, given that it could be NP that couples to 7v;, we will refer to the
center-of-momentum frame of the 7o pair as the N* rest frame.

Now, the helicity angles are typically defined in the rest frames of the corresponding
intermediate states. Following this procedure, we define (i) * as the polar angle of the
D-meson three-momentum in the rest frame of its parent D* meson, (ii) §, and x, as the
polar and azimuthal angles, respectively, of the 7 three-momentum in the N* rest frame,
and finally (iii) # and x as the polar and azimuthal angles, respectively, of the 7 three
momentum in its parent 7 rest frame.

However, this leads to a problem. Although one can in principle theoretically define
all five helicity angles, most of them are of no practical use. To be specific, since the 7
lepton is not directly observed in experiments, the angles either associated with its three
momentum or defined in its rest frame are not measurable. Thus, four of the five helicity
angles (6(7), X(r)) are of no use to us. This problem can be remedied (at least partially)
through a convenient change of variables.

2.2 New parameters

Since we do not have experimental access to the 7 rest frame, in our analysis we choose to
express the 7 — v, phase space in the N* rest frame (this frame can be easily determined
from information about the hadronic side of the B decay). Since the pion three-momentum
can be precisely measured in this frame, we consider three new variables. F., 0, and y
represent the pion energy, polar and azimuthal angles, respectively, defined in this frame.
(The new helicity angles are shown in figure 2.) These three variables replace three of the
unmeasurable helicity angles. The fourth unmeasurable angle is an azimuthal angle and is
easily integrated over. We describe below the mathematical method for this transformation.



Figure 2. Definition of the angles in the B — D*(— Dn) 7~ (— 7~ v, ), distribution.

Let us consider the product, d*I, of the quasi-two-body phase spaces for N* — 7o,
(¢n+) and 7 — 7vr (¢;). (The d* serves as a reminder that this phase-space factor
ultimately depends on four independent kinematic variables.) Each phase-space factor is
evaluated in the corresponding parent rest frame, and is expressed in terms of the four
unmeasurable helicity angles. However, since each individual phase-space factor is Lorentz
invariant, we can write this entire product in the measurable N* rest frame:

@1 = [ don-(orn,) [ dororn).

d*prd°p,

= (47[_)4 E E;}_,_ (q —Dr — pDT) E El/,- — DPr — pu-r) ’
1 d3p.d3py =)
= e - 6 E El/ 53 _'7' _'ﬁ
(47_[_)4/ E E]jT < T) (p +p T)
d3pﬂ'd3p117 —
= 6 (Br = Br = By,) 8 (Br — B — D), (21)

E.E,.

where, in the final line, E, and p, respectively represent the energy and three-momentum
of the particle x in the N* rest frame. Performing the integrals over the v, and v, three-
momenta, and neglecting neutrino masses, we find

1 B3p, d3pr
ar- Lo [ L s(Ja-p, ypT)/f”J(E —Ea—lp—pl). (22)

(477)4 E; |p7' Ex |p‘r _p7r|

Without loss of generality, we now choose to write the 7 and 7 three-momentum inte-
gral measures such that the associated polar angle can be determined, at least theoretically.
In the case of d3p,, clearly the polar and azimuthal angles of the pion three-momentum
relative to the N* direction, 6, and y, respectively, are measurable. Here, 0, is defined
using three-momenta evaluated in the N* rest frame,

_ Pp* P

=) (2.3)
P+ |7

cosf, =



while x is defined using three-momenta evaluated in the B rest frame,

[(Pr x Pp) X (Pp* X Px)] - P~
[P X Ppl|PD* X Prl||DD*|

sin xr = (2.4)
Since pp« = Pp + Prs, one can easily verify that sin x, is proportional to the scalar triple
product (P X pp) * Pr-

In the case of d3p,, the polar angle of the 7 direction relative to the pion direction,
0,r, can be theoretically determined. The fourth angle — the corresponding azimuthal
angle y,r — cannot be determined. However, at a later stage we will eliminate this angle
by integrating over it. After appropriately transforming the delta functions, and writing
the phase space in terms of the above new variables (0, xr, 07 and xrr), we find

1 d|p,
i1 = \’pf dcosOrr dXrn dE; dcos O dx
2 _ .2 2E7-E7r _n2 2
s 1p - L") 5 (cosHTﬂ— — My mﬂ) . (25)
2\/q? 2|97 | x|

Expressed in the above form, it is clear that the remaining two delta functions can
be used to remove the two variables |p;| and cosf,,. We are thus left with a phase-space
factor that depends only on four variables (xrr, Er, 0z and x), as expressed below:

1 1
—— dXrr dE; dcos O dxr, (2.6)

(At

where the following replacements in the squared invariant amplitude of the decay (|M|?)

d*T =

are understood:

g +m2 . q? —m?2 0 2E.E; —m2 —m2
—F, b7 cos O —
2/¢? 2|7 [P |

N

Using the above choice of kinematic parameters we may now express the differential decay

E, — (2.7)

rate for the full process as follows:

d°T _ !pD* j22) /
dq? dcos0* dE; dcos Oy dx, 21517 m% mp- /¢

dp?,.
pD de’M’2 (28)

= /Mm%, m3. )/ (2mp) and || = \/A(md.;mdy, m2)/(2mp-), where

Here |pp~
Masb,c) = a® + b* + ¢* — 2ab — 2bc — 2ca . (2.9)

The right-hand side of eq. (2.8) contains integrals over three independent variables (out
of the eight variables discussed in the previous subsection). We will see in the following
subsection that these integrals can be performed quite simply once we express |M|? as an
explicit function of these variables.



2.3 Calculating |M|?

The next step is to calculate |M|?, appropriately summed over spins and polarizations.
In ref. [103], we derived the angular distribution for B — D*uw,. In the presence of NP,
the relevant two-body processes are B — D*N*~(— wv,), where N =S - PV — AT
represent left-handed scalar, vector and tensor interactions, respectively. These are labeled
SP, VA and T. (The V A contribution includes that of the SM.) For each of the leptonic
SP, VA and T Lorentz structures, the hadronic piece (the b — ¢ transition) also has a NP
contribution. The effective Hamiltonian is

GrVa

Mot =~ 2 {[(1 +91) %o (1 = 75)b + gr EYa(1 + 75)b] iy (1 — 75)v),

+[gs b+ gp eysb] (1 — v5)v + gr 0P (1 = 75)bjios(1 — 75)1/#} + h.c. (2.10)

The decay amplitude is then written as the product of a hadronic piece Hp+, a leptonic
piece £V, and a helicity amplitude piece MN", appropriately summed over helicities
labeled by m,n, and p.

This all applies to the decay B — D*7D,, except that now one must also include the
decay 7 — mv;. In addition to numerical factors and factors of f|V,q| coming from the
T — mu, transition, the leptonic piece changes. Representing the new leptonic pieces by
LN" | the spin-summed squared invariant amplitude for the full 5-body decay can now be
expressed as

967 G% |Vp|* mp« mp«Tp« B(D* — D) m,. T, B(t — ;)

IMP? =
2 e — )2 105 T (92— m2)2 + m2T2

~ 1Ppl? (m2 —m3)

Z %D* (m) M‘(S;g) ESP + Z gnnMVA )ZVA(TL)

(msn
m==,0 n=t,+,0
2
T AT
+ Z gnngppM(m;mp)ﬁ (n7p) . (211)
n,p=t,+,0

In the above, the new leptonic pieces are of the form

L = mea(ve)p_(1 - y5)0(77)

£V (n) = e 4(n) [a(vr)p_p (1 = 35)0(7r)| |
L7 (n,p) = —imr L (n)er(p) |a(vr)p 51 = 5)0(,)] | (2.12)

and we have used the SM expressions for the branching fractions B(D* — D=’), and
B(t — 7v;):
G% |Vud|2 f72r

>3
Blr = ) = SEWwl faon 22 ppe y pay = 1D

= — 2.13
16mm, '+ T 6m m2,. I p ( )

The hadronic pieces, Hp+, and the helicity amplitude pieces MY are the same as those
obtained in our earlier work, ref. [103]. For completeness, we have provided this information
in appendix A.



We now see that the dependence of |[M|? on the variables p%* and p? appears only
through the propagators of the corresponding intermediate particles. Since both of these
particles — the D* and the 7 — go on shell, we can apply the narrow-width approxima-
tion to replace these propagators with delta functions, making the corresponding integrals
simple. Under the narrow-width approximation, one can show that

/ dp? mx 'x B B

— —. 2.14
27 (p? — mg()2 + mg(I’g( 2 ( )

Furthermore, the dependence of |M|? on the unmeasurable azimuthal angle y, . is a result
of fermionic traces over products of the leptonic pieces (LNN "). This dependence turns out
to be combinations of simple trigonometric functions, such as sin x,» and cos xr. It is
therefore straightforward to integrate over y..

After integrating over the three variables pQD* ,p2 and X, the full five-body differential
decay rate is given by

d°T 3|V |* G% |- | (¢7)%/* m?2 /
= T B(D* =D .
dq?dE; dcos0* dcosO, dxr 211r4m%L (m2 —m2)? B(D" = Dm)B(r = mvy)
XY (N AP N Re[AAS -+ N T[4 AT]) - (2.15)
4.

where i,7 = ¢,0, L, |,SP,(0,T),(L,T),(||,T). Here the A; represent the helicity ampli-
tudes that contain the crucial physics information that can be extracted from this analysis,
while the ./\/'i((i’.f’l) are functions of the five independent kinematic variables of interest to
us (¢%,0%, By, 0, and x,). We present the information relevant for the MS |A;|? pieces
of eq. (2.15) in table 5 of appendix B. The first column contains the various |A4;|?> he-
licities, while the second column contains the associated MS terms. In these terms, we
have separated out the parts that depend on ¢? and E,, and put them into the S; fac-
tors. The expressions for the S; are also given in appendix B. The information relevant
for the ./\/'E Re[A;A%] and MI ; Im[A; AZ] pieces is given in tables 6 and 7 of appendix B,
respectively. The expressions for the R; and I; are also given in appendix B.

It is standard to express the differential decay rate as an angular distribution, writ-
ten as a sum over a product of angular functions and functions of non-angular variables
including the helicity amplitudes. In order to write eq. (2.15) as an angular distribution,

)

Following this separation, eq. (2.15) can be rewritten as a sum over a product of 12 angular

it is necessary to separate the j\/;((s;’.f’l into angular functions and functions of ¢* and E.

functions and their respective coefficients:

d°T 3|Vew|* G [Pp-| (¢)*? m
=— T B(D* — Dr')B .
dq? dEy dcos0* dcos O dxr 2Urdm2 (m2 —m2)? (D* = Dm')B(r — 7v7)

9 3
< | @ B Q0% 0nx)+ D 1 (6P Br)Q (67,67, xx)
=1 =1
(2.16)

The first nine angular functions above, denoted by Qﬁ.g, arise from a rearrangement of the
NP A + N Re[A;A3] terms. These are presented in table 2. The N, Im[A;A%] terms



Coefficient Angular Function

f(@? Ex) QR (0%, 07, Xx)
St |A® + So1 [ Ao|? + Ssp [Asp|* + Sor1 [ Ao
+Roro1 Re[Ao 7 Aj] + Rspt Re[AspAf] cos? 0*
SLalALP + S |4 + Suna ALz + Sy |4z |
+R1 1 Re[A||7TAﬁ] + Ri711Re[A;| 7 AY] sin? 6*
Rspo Re[.Asp.AB] + Ry Re[AtAS]
+Rspor Re[Asp A 7] + Rort Re[ Ao 7 Af] cos? 0* cos O,

So,2 |Ao|* + Sor,2 | Ao 2 Roro,2 Re[Ag 7.Af] cos? 0* cos 260,
Ry Re[ALp Al + Ripyr Re[AL 1 Aj 7]

+R||J_ RG[AH.AE] + R”TJ_ Re[‘AH,TAj_] sin? 0* cos O
Si2 [A] ‘2 +S1 2 AL + Syre |AH7T‘2 +Sir2 AL
+RHTH72 Re[A”,TAm +RiT12 Re[.AL,T.Aj_] sin2 6* cos 20

20512 AL = Sy [AYD) + 205172 A LTI = Sjrs |42 )

+2(RLTL72 RG[ALT.AI] — R”T”’Q Re[AH,TAﬁ]) Sin2 o* Sin2 971- COSs 2X7|-
Ri7oRe[AL 1 Af] + RSP|| Re[ASPAﬁ] + Rt” Re[At.Aﬁ]

+RSP||T RG[ASP.AT"T] +ROJ_ Re[AoAj] + ROTJ_ Re[A()’TA*L]

+Ror.T RG[AQTALT] + RHTt Re [A||7TA?] sin 20* sin 0, cos x
R||T0 RG[A||7TA5] + ROH Re[AoAﬁ]
+R0T|| RQ[AQT.AT‘] + ROT”T RQ[A(),TAW’T] sin 20 sin 2(97|— COS X

Table 2. Contributions of N |A4;|? and N Re[AiA3] [eq. (2.15)] to the angular distribution.
These terms are CP-conserving.

involve an additional three angular functions, denoted by 9{7273; these contributions are
given in table 3. Together, these constitute the B — D*(— Dn’) 7~ (— 7~ v, )7, angular
distribution.

3 Angular distribution: new-physics signals

Tables 2 and 3 describe the angular distribution of the decay B — D*(— D7')7~ (— 7~ v;) iy
The question now is: how can we use it to obtain information about NP? This is discussed
in the present section.

In decays such as B — K*(— K7)utpu~, where the only non-angular parameter is ¢,
the data is separated into ¢ bins before an angular analysis is performed. In the present
case, the situation is similar, except that there are two non-angular variables, ¢ and Ej.



Coefficient Angular Function

fl(d? Ex) (6%, 0z, xx)
Iy Tm[Ap A ] + 1o Im [A) 7 AG] + Ispy Im[Agp.AT ]
+Isp T Im[AspALT] + Iop| Im[Ao,T.Aﬁ] + Iy Im[A; pAf] | sin260* sin 6, sin x

In; Im[Ag A% | + Iopy Im[Ag 7 A ]+ 1 o Im[ A 1A sin 20* sin 260, sin
I, Im[A”A]‘_} + 17 Im[AL7TAﬁ] + 1L Im[AHj.Aj_] sin? 0* sin? 0, sin 2y

Table 3. Contributions of N, Im[A;A%] [eq. (2.15)] to the angular distribution. These terms are
CP-violating.

Helicity Amplitude | Coupling
Ao, Ay, At 1+grL—9gr
Al 1+gL+9r
Asp gp
Aor, A1y ALr gt

Table 4. Contributions of the NP couplings to the various helicity amplitudes.

Therefore, the data has to be separated into both ¢?> and E; bins. An angular fit to the
data can then be performed, permitting the extraction of the coefficients in tables 2 and 3.

These coefficients involve the eight helicity amplitudes Ao, Ay, AL, As, Asp, Ao,
Ajr and A 7. In eq. (2.10), there are five NP parameters: gr, gr, gs, gp and gr. Of
these, gs does not contribute to this decay. The eight helicity amplitudes are generated,
at least in part, by the remaining four NP parameters. The dependence of the helicity
amplitudes on the NP parameters is shown in table 4. Note that the Lorentz structure
associated with gz is (V' — A) x (V — A), as in the SM. For this reason, it is the quantity
1 + g1, that appears in the table, where the 1 is due to the SM. Thus, Ao, A, AL and A;
are present in the SM — they are associated with W exchange — while Asp, Ao, A|
and A | 7 are purely NP helicity amplitudes.

The couplings g1, gr, gp and gr are complex quantities, i.e. each coupling has an
independent magnitude and a weak (CP-odd) phase. The amplitudes A; are constructed
by taking a product of a coupling with a corresponding QCD matrix element, and a nu-
merical factor that appears in the effective Hamiltonian of eq. (2.10). In principle, each
QCD matrix element has a strong (CP-even) phase. This means that, in principle, ampli-
tudes may have both weak (CP-odd) and strong (CP-even) phases. However, as argued
in refs. [103, 106, 107] (and summarized in the introduction), we expect all amplitudes to
have the same strong phase as that of the SM.

i

The coefficients in tables 2 and 3 involve products of the helicity amplitudes: |.4;]?
Re[A; A7), Im[A;A7]. With the above assumption, these products can all be written in
terms of seven NP parameters: the four magnitudes of 1 + g7, gr, gp and gr, and their
three relative weak phases. Thus, the measurement of the angular distribution allows us

to probe these NP parameters.

~10 -



If all NP quantities have the same weak phase, then Im[AiA;] = 0, so that all the
entries of table 3 vanish. On the other hand, those of table 2 do not. For this reason, we
refer to table 2 as CP-conserving, and table 3 as CP-violating.

Note that, if the strong-phase differences are nonzero, this is not completely accurate.
With nonzero strong-phase differences, the entries of tables 5 and 6 can differ between
B — D*r~ i, and its CP-conjugate process. That is, there can be direct CP violation.
However, if an untagged data sample is used to measure the angular distribution, i.e., both
process and CP-conjugate process are combined, then table 2 is indeed CP-conserving. As
for table 3, its entries are CP-violating and can be nonzero even in the untagged data
sample (details are given below).

In the following subsections, we examine how to obtain NP information from the
measurement of tables 3 and 2. As we will see, table 3 provides smoking-gun signals of NP,
while more work is require to identify NP in table 2.

3.1 CP-violating angular terms

Above, we argued that the strong-phase differences between the various amplitudes are ex-
pected to be very small. This implies that all direct CP-violating effects are also expected
to be tiny. Even so, CP-violating effects can be present in the angular distribution. To
be specific, the coefficients of certain angular terms are related to triple products (TPs) of
the form pj - (P2 x P3), where the p; are the final-state momenta. As we will see below,
TP asymmetries do not require a strong-phase difference between the interfering ampli-
tudes. Indeed, they are maximal when this strong-phase difference vanishes. In the decay
B — D*(— Dn')7(— 7, )y, the 3-momenta of the final-state particles D, m and 7’ can be
measured. From these, a TP can be constructed; all the entries of table 3 involve this TP.

Now, all entries are proportional to Im[AiA;f], where A; and A; are the two interfering
helicity amplitues. Writing

Ai = ’Ai‘ewieiéi y Aj = ’Ajlewjeiéj 5 (31)
where ¢; ; (J;) are the weak (strong) phases, we see that

If, as we have assumed, the strong-phase difference is negligible, the TP is proportional to
sin(¢; — ¢;). This is a CP-violating quantity. On the other hand, if the strong-phase dif-
ference is not negligible, the TP can be nonzero even if the weak-phase difference vanishes.
That is, this is not CP-violating (it is known as a “fake TP”). To obtain a true CP-violating
term, this must be compared to the TP in the CP-conjugate process. In the CP-conjugate
process, the weak phases change sign, but the strong phases do not. But there is an ad-
ditional change. Each angular function in table 3 is proportional to sin x., so that these
functions are parity odd. This means that, in going from process to CP-conjugate process,
there is an additional minus sign [108, 109], so that the CP-conjugate TP is proportional to

— Im[A; A7] = |A;]|A;sin(¢i — ¢; — i + ;). (3-3)
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The true, CP-violating effect is then found by adding the TPs in process and CP-conjugate
process [108], so that it remains even in an untagged data sample.?

The key point is that, in the SM, CP-violating effects are absent. Thus, the observation
of a nonzero entry in table 3 would be a smoking-gun signal of NP.

3.2 CP-conserving angular terms

NP signals are not as easy to obtain from the measurement of table 2. In each of the nine
entries, the coefficient contains at least one term involving the helicity amplitudes Ag, A,
A, and Ay, all of which are present in the SM. That is, even if there is no NP, all the
angular functions of table 2 will be found in the angular distribution.

On the other hand, in the presence of NP, the coeflicients will be modified from their
SM predictions. Thus, the way to detect NP is to measure the coefficients in as many
¢*-E, bins as possible, and then perform a combined fit to all measurements and extract
the best-fit values of the magnitudes and relative weak phases of 1+ g1, gr, gp and gr.

If a smoking-gun signal of NP has already been observed in the measurement of table 3,
the values of the NP parameters responsible for it can be determined in this way. And
even if no such signal has been seen, the presence of CP-conserving NP can be detected
through the measurement of the angular distribution of table 2 in a sufficient number of
different ¢*-E, bins.

4 Integrated observables

The full differential decay rate for B — D*(— Dn')7(— v, )i, depends on the five kine-
matic parameters g2, E,, 6%, 0, and .. While a complete study of the decay distribution
as a function of all five parameters can reveal NP effects, a full experimental analysis
may be statistics limited. Effects of NP can still be studied through “integrated observ-
ables,” obtained by integrating the differential decay rate over one or more of the kinematic
parameters.

We separate the integrated observables into two types. The first type is found by
integrating over all three of the lepton-side parameters (Er, 0, xr). Such observables are
functions of ¢2, and are independent of the dynamics of the lepton decay. They can, there-
fore, be used to study lepton-flavor universality. Observables such as the longitudinal and
transverse D* polarizations (FET) fall in this category. The second type of observables are
constructed by integrating over the hadron-side parameter, 6*, and either of the parameters
0., and x,. These observables explicitly depend on the effects from the 7 — v, decay.
Since lighter leptons cannot decay to a pion, this second type of observables appears only
when the intermediate lepton is a 7.

“Whether to add or subtract individual angular terms for the construction of a true CP-violating effect
depends on the sign convention used to define the azimuthal angle. Theory sign conventions for the decay
B — K*u~u't, which our discussion follows for the B — D*7~ 7., can be found in ref. [110]. Ref. [111]
presents detailed comparisons between sign conventions used in B — K*ut ™ theory versus experiment.
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4.1 Lepton flavor universality

Here we consider observables constructed from the differential decay distribution by inte-
grating over Er, 0, Xx. The resulting distribution in ¢? and #* can be expressed as

d’T ~3.dD a(q?) + c(q?) cos® 6
dg2dcos0*  2dg®  3a(q®) + c(q?)
~3dr
=142 [2F *(q%) cos® 0* + FR*(¢%) sin? '] , (4.1)

where FP*(¢%) and EP*(¢%) = 1— FP*(¢?) are the longitudinal and transverse polarization
fractions of the D*. The functions a(q?) and c(q?) are given by

2\ _ Tri 2 2
a(g’) =21+ = (JA > +]ALI?) + 16
24m.r

NG

2
() =2 (14 55 ) (21A — 1A~ [ALP) +6

2

m) (AP + 1ALz P)

(MMWM+MMMMD, (4.2)

2m3 2 2 2

+16 1+ " (2] Aol — [A)r° = [AL7?)
24m,
vV

The longitudinal and transverse polarization fractions Ff); can be obtained from eq. (4.1):

(mﬂm%ﬂ—MMﬂM—mMMhD. (4.3)

c_a(@) teld®)  pr_ 20
@ @ T T @)+ el -y

Further integration over cos #* gives us the decay distribution as a function of ¢:

dr _ GE|Val*lPp+]d®
dg? 128m% 3

(1 . 7:;3)2 B(D* — Dr)B(r — mvy) (a(qQ) + 0(32)> . (4.5)

The integrated observables constructed above are not affected by the dynamics of the
7 decay, since the relevant kinematic parameters have been integrated over. Indeed, the
expressions for these observables agree with those found elsewhere in the literature (apart
from the factor B(t — 7v;) in eq. (4.5)). The comparison of the measured values of these
observables with those found in decays involving the light leptons, taking into account
the larger 7 mass and the associated kinematic differences, provides a test of lepton flavor
universality.

4.2 Lepton-side observables

Here we discuss observables obtained by integrating the full differential distribution over
0* and either (or both) of 6, and xr. These observables depend on at least one kinematic
parameter associated with the decay of the 7, E,. Therefore, these observables can only
be constructed in the 7 lepton case, and specifically for the decay ™ — wv,.
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The first step is to integrate the full differential decay rate of eq. (2.15) over 6*. The
0* dependence of the full angular distribution can be retrieved from tables 2 and 3. The
angular functions in these tables are proportional to one of three forms — cos? §*, sin? #* and
sin 260*. The integral over 6* eliminates all helicity-amplitude combinations proportional
to sin 26*, but keeps the other two. Thus, terms in the angular distribution proportional
to ff'?m,7 and fgl survive. The remaining expression is long and may not carry any more
insight than the full angular distribution itself. We therefore proceed one step further and
integrate over Y.

Once again, the x, dependence can be retrieved from tables 2 and 3. Only terms that
are independent of y, at this stage still survive after we integrate over x.. These terms
appear in table 2 as those proportional to fﬁ”’ﬁ. The remaining differential decay rate is

a function of ¢?, E, and 6, and can be expressed in terms of the functions fi,...,6 as
T 3 d’T  ay + by cos O + ¢, cos? O, (4.6)
dq?dE,dcosb, 2 dq*dE, 3ar + ¢ ’ '

where the coefficients a,, b, and ¢, are functions of ¢ and E, (the fiR(qz7 E,) are defined
in table 2):

ax = f{H(¢%, Ex) + 2f3(¢%, Ex) = fi(*, Ex) = 28 (¢, Ex)
= (So.1 — So.2)[Aol* + (Sor1 — Sor2)|Aor|* + Ssp|Asp|? + SilAsl?
+2(S)1 = Sl 4+ 2(Sr1 — Syra) A7l +2(SL1 — S12) AL
+2(S171 — Si72)ALT> + (Roro1 — Roroz2) Re[Ao 17 Af] + Rspi Re[Asp ATl
+ 2(Byr1 — Byry2) RelAy rAjl + 2(Riri1 — Riri2) Re[A 7 AT], (4.7)

br = f3(¢%, Ex) + 2f34(¢%, Ex)
= Rort Re[Ao 1 Af] + Rspo Re[AspAp] + Rspor Re[AspAaT] + Ry Re[ A Ap]
+ 2Ryr1 Re[A) pAT] + 2R Re[A) AT ] + 2R 7 Re[A | 1 Aj]
+ 2R 7|1 Re[ALﬁTAiT] , (4.8)

cr = 2fi(q*, Br) + 45 (¢%, Ex)
= 280,2]Ao|? + 2Sor2| Ao.r|* + 45 o| A *
+ 48 7ol Ay 7l + 451 o AL+ 481 70| AL p|?
+ 2Roro.2 Re[Aor Ap] + 4R 7y 2 Re[A 7 Aj] + 4R 171 2 Re[AL p AT ]. (4.9)

Further integrating over . gives us the decay distribution as a function of ¢? and E,:

d’T m2 q2)5/2 3ayx + ¢ dl’

_ ( - (4.10)
dg*dEr  2(m2 —m2)? (¢* —m2)? 3a(q®) + c(q?) dg?

At this stage, we can perform an asymmetric integral over cos 8, to find the forward-
backward asymmetry in the distribution of the m coming from the 7 decay. This is done
by integrating the differential decay rate with a uniform negative weight for the positive
values of cos 0, and subtracting this from a similar integral with a uniform positive weight
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for the negative values of cos ;. Appropriately normalizing this function, we can define
the forward-backward asymmetry (App) as follows:

qu d’T dcos O, qu d’T dcos O,

2dEdcos 0, 2dE dcos O,
AFB(qszﬂ') = d2F 9
dq?dE,
3 br
—_3_ O (4.11)
23ar +cr

As can be seen from the form of b; [eq. (4.8)], Arp is nonzero in the SM. In order to
see if NP is present, one must combine this measurement with that of other observables,
or of other terms in the angular distribution. With enough independent measurements of
functions of the helicity amplitudes, it is possible to determine if some NP amplitudes must
be nonzero.

Changing the order of integrals over y, and 6, can yield valuable complementary
information. In the preceding discussion we obtained observables by first integrating over
X+ and then over 6. If instead the integral over 6 is performed first, the helicity-amplitude
combinations proportional to cosf, and sinf, are removed. The terms in the angular
distribution proportional to ff?2747677 and f31 survive. The remaining differential decay rate,
a function of ¢?, E, and 6, is found to be

3T B d’T' By + Bycos 2y, + Bzsin2x,
dq?dE,dx, dq®>dE, 21 By ’

(4.12)

where the coefficients B; are functions of ¢> and E, (the f#(q?, E,) are defined in table 2):

By =3f{'(¢% Ex) + 6/5(¢°, Ex) — f11(¢°, Bx) — 2f§(¢*, Ex)
= (3501 — S0.2)|Ao|* + (3Sor1 — Sor2)Aor|> + 3Ssp|Asp|® + 35| Al
+2(38)1 — Sp2) A2 + 23Sy — Sra)l Al + 23511 — S12) AL
+2(3S171 — Sir2)|AL7|* + (3Ror01 — Roro2)Re[Ao 1A + 3RspiRe[Asp.Af]
+20Rr,1 — Byry2)Re[A) rAjl + 2BR1r1,1 — Riry2)RelAL p AT, (4.13)
32 = 4f'ﬁ(q2’ Eﬂ')
=8 (SJ_Q ]Al|2 =52 \A” ‘2> +8 (SJ_T,2 ’AJ_,TF = S|12 |-AH,T‘2>
+8 (RiroRel AL AL] = Ryry 2 RelA) 7Ai) | (4.14)
B3 = 4f3(¢%, Ex)
= 4 (1 I [ Ay AT ] + Typ Tnf Ay AT ] + Ty [ AL 4] ) (4.15)

Note that the coefficient Bj is related to the coefficients a, and c,:

Bi=3a;+cr. (4.16)
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An asymmetric integral over y, can now isolate an observable that is nonzero only if
true CP-violating TP asymmetries are present. This new observable, Arp, can be defined as

71'/2 e 377/2 21

ar \! T B
2 _ _ _ Y dv =3
Arp(?, Ey) = <dq2dE,,> / /+ / / dquE,rdx,rdX” 21B; (4.17)

0 =/2 ®  3m/2

From eq. (4.15), we see that Bz vanishes in the absence of weak-phase differences. This
shows that Arp is a CP-violating observable.

Above, Arp is defined as a function of ¢* and E,. However, one can further integrate
this function over both of these variables. The resulting integrated observable can be
directly compared to an experimental event analysis in which one obtains the asymmetry
between the number of events with sin 2y, > 0 and sin 2y, < 0.

We note that Arp involves interferences of vector-vector and vector-tensor type. The
only way to generate a nonzero value of Arp is if there is a nonzero weak phase in at least
one of g and gr. Thus, if Arp (and/or its form integrated over ¢> and E) is found to be
nonzero, this will be an unmistakeable sign of CP-violating NP.

5 Conclusions

At the present time, the measurements of Rpw = B(B — D™7~1,)/B(B — D™ 1)
(¢ = e,p) and Ry, = B(Bf — J/¢7rv,)/B(Bf — J/yuty,) disagree with the pre-
dictions of the SM, hinting at NP in b — ¢7~ v decays. There are many possibilities
for this NP. A variety of observables have been proposed to distinguish the various NP
explanations: the ¢? distribution, the D* polarization, the 7 polarization, etc.

Another potential way of distinguishing the NP explanations involves CP violation.
Within the SM, there are no CP-violating effects in B — D*7~ ., so that any observation
of CP violation in this decay would be a smoking-gun signal of NP. Here, the main CP-
violating effects appear as CP-violating asymmetries in the angular distribution. However,
this is problematic. The construction of the angular distribution requires the knowledge
of the three-momentum p’-. But this cannot be measured precisely, since the 7 decays to
final-state particles that include v, which is undetected. The result is that the full angular
distribution in B — D*(— Dr) 7~ ¥, cannot be measured.

In this paper, we construct a measurable angular distribution by considering the addi-
tional decay 7~ — 7~ v,. The full process then is B — D*(— D7) 7~ (— 7~ v, )v,. Here
there are three final-state particles whose three-momenta can be measured: the D and =’
(from D* decay), and the 7~ (from 7 decay). The new angular distribution is given in
terms of five kinematic parameters: ¢, 6* (describing D* — D), and three quantities
describing the 77, E, 0, and x,. It includes CP-violating angular asymmetries, which
can be measured and used to extract information about the NP.

But much more information can be extracted from the angular distribution. In the
most general case, the angular distribution involves the couplings 1 + g1, gr, gp and g7,
where g1, gr, gp and gr are the NP parameters. The magnitudes and relative phases of
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all four couplings can be extracted from a fit to the full distribution. This will go a long
way towards identifying the NP.

It is also possible to integrate over one or more of the five kinematic parameters. If
one integrates over the lepton-side parameters F, 6, and y,, all the familiar observables
that have been proposed to distinguish NP models are reproduced. These include the ¢?
distribution and the D* polarization. And if one integrates over the hadron-side quantities,
one obtains new observables that depend on the kinematic angles associated with the 7~
emitted in the 7 decay, 6, and x,. These include the forward-backward asymmetry of the
7~, and the CP-violating triple-product asymmetry.

In principle, one can construct angular distributions using other 7 decays. The analysis
of 7 — 3wy, is similar to that of 7 — 7y, treating the 37 system as a single “particle,”
except that one must allow for it to have spin 0, 1, 2, etc. And 7 — pv,v, is more
complicated, since one must also integrate over the kinematic angles of the 7.
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A Hadronic and helicity amplitude pieces

The differential decay rate for the process B — D*(— Dn’)7(— mv,; ), has been written in
terms of a collection of hadronic pieces H p-, helicity amplitude pieces M™", and leptonic
pieces L£N" in section 2.3. While the leptonic pieces are new in this analysis, the hadronic
and helicity amplitudes were presented in ref. [103]. For convenience, below we summarize
these relationships.

The hadronic pieces, Hp«, can be expressed as

Hp(m) =ep+(m) -pp, m=0,%, (A1)

where pp represents the four-momentum of the D meson, and ep«(m) represents the po-
larization of the D* meson. We follow the convention of expressing the four-momentum
and polarizations of the D* meson in the B-meson rest frame as follows:

P = (ko,0,0,k,), €. (£) =(0,1,44,0)/vV2, €*.(0) = (k.,0,0,ko)/mp+. (A.2)

In addition to the hadronic pieces corresponding to the three well-defined helicities of the
on-shell D* meson, we make use of a fourth timelike helicity for an off-shell particle, defined
such that Hp-(t) = Hp=(0).

The helicity amplitude pieces, MY, also depend on the helicities of the intermediate
particles. These are of the scalar-pseudoscalar (SP), the vector-axialvector (VA), and the
tensor (7T') types. Furthermore, since the decaying B meson is spinless, only certain helicity
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combinations survive. The list of non-zero components of the helicity amplitude pieces are
listed below:

M(O _ )(B — D*T*
Mo y(B— D*T*

M( (B = D*T*) = Ao,

M (B=D'T)=A r. (A.3)

MO (B— D*SP*) = Agp,
MU (B— D'VAY) = Ay,
MU (B—= D*VA*) = A

MV, (B— D*VA*) = ,AO,
(Ot (B — D*VA*) = At

)

)

As seen in the above, there are a total of 8 independent helicity amplitudes: one of type
SP, four of type VA, and three independent amplitudes of type 1. Using the definitions
for the B — D* form factors A;(¢?), V(¢?) and T}(¢?) given in refs. [38, 112], we can further
represent each helicity amplitude as follows:

VA m3q?)

Asp=—gp e Aolg?),
(1+9L—gr) (mp+mp~) 9 oy, A(mB,mb.,¢*) 2
S — . A
Ao 2mp (mp=mp- =) Aa )+ = "o A |
A(m%,m%.,q%)
Ay=—(1+9.—gr) \/ U Ao(q?),

A3 w3 0?)

As = (14gL—gr) (mp+mp-)A1(¢*) F(1+9L+9r)

mp-+mp=
Am%,m2%.,¢*)Ts(q?
Ao = =X (m3+3mb. —*) Ta(g?) — (s 52 q2) 3(¢7) :
’ 2mD* mB_mD*

Mmi, m.,q*)Ta (%) £ (mp —mi. ) Ta(q?)
Asr=gr - ,
V4
where \(a, b, c) = a® + b? + ¢® — 2ab — 2bc — 2ca..

Finally, the amplitudes for the vector and tensor types can be expressed in the
transversity basis (using L, ||) instead of the helicity basis (using +), using the follow-

(A.4)

ing relationships,

Ay = Ay + A1)/ V2,
Aviry = (Ar) — A(n)/V2. (A.5)
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B N7, J\ff; and MI ; contributions

The information relevant for the N |A4;|%, N Re[AiA5] and N Tm[A;Af] pieces of
eq. (2.15) are found in tables 5, 6 and 7, respectively. The dependence on ¢? and Eyi
is contained in the S;, R;, and I; functions, respectively, whose expressions are given below.

The kinematics of the five-body decay restricts the range of values that the parameters

¢? and E, can take.

mﬁ + m72Tq2 q2 + m72T

2m2+/q? 2V/¢?

We define the normalized parameters p, = m;/\/q¢?, pr = mz/\/¢?, and E; = E;/\/q¢>.
Based on the above limits, the normalized parameters are limited to values between 0
and 1. Below we express S;, R;, and I; in terms of these normalized parameters.

m2 < ¢* < (mp —mp+)?, <E; < (B.1)

The expressions for the .S; factors are

St = p2Ssp =16p3 (2Exp2—pr—p2) ,
1
So1= gz 7 (407) (265 (2 (1= p2) +o2+3p2)

+262 (1-2p7 —pr) —4E2 (1—p2)
ot (—14p2) =32 —p}).

1

So2 = 4812 = 75— (402) (26x (L4+52) (392 +02)
x Pr

—282 (146p2+pr+2p%) +4E (1+7)

—pr (3+07) *piﬂ)ﬁi) :

1
Sia= gz (=) (26x (0 (1432) +01-502)
™ K
—282 (34202 — pr+2p2) +4E3 (3—p2)
—pr (143p7) +5p§+3pi) :
2
Sja= 5;_7 7 (28 (P24 pio407 (=54802))+ €2 (64424492 ~291)

+4E7 (=3+p7) =3pr+pr+03 (—5+3p7))

S2= sgp—ng (=2&x (1+97) (p2+3p7) +2E7 (1+2p7+6p7 +p7) —4E7 (1+97)
+p2—prt(3+02) p7)
Sor1 = ggipgr(—ﬁél) (2602 (02 (1-02) ~3p2—p2)
+262p2 (14207 —py) —4E2p2 (1-p2)

+pzoz (1+3p2) —pi+p5’r) :

~19 —



Sore=—4S112=—4S12

= 64 (26052 (1+02) (724 32)

E2—pz
—282 (602 pr+py (2+p7) +p7) 4207 (14p7)
+pzoz (1-p7) —pi—Spﬁ) :
Sim1 =81, = ggipgr(—lﬁ) (2&/)3 (07 (3+p%) —5pz+p7)
—EX (403 p5+py (4+6p2) —2p7) —4E7p2 (1-3p7)
+p70% (345p7) —3pi—p?r) : (B.2)
The expressions for the R; factors are

—3202 (1-&x) (2Exp2 =P — P2
Ry = 2\@RtH =prRspo= QﬂPTRSPH = ( )

2/2p2
Ry = S;f_f)? (26 (1+02) (8024 92) —262 (14602 + p+202)

+4E3 (147) = py (3+07) —p3+pi) ,
16p7 (1—2&x+p3) (P2 —Ex)

Ry =-V2Ry, = :
" " NCGEE
Rspy=32pr (+2Exp2 —pr—p2)
1 22 128 (&x—pz) (2Exp7 =7 —p3)
Rspor =2V2Rgp|r = piROTt = Ry = :/ﬂ ;
320, (Ex (14p2) (ph+p2) —4E202 (14+p2) +4E302 4202 (02— p2) (1-p2) )
Roro,1 = =2 ;
Roro2 =2V2Ryr) = (5,?;2_/);2 (&r (807024307 (142 ) +3p2+3py) —4E2 (1+p3) (P2 +p3)
+AE P2 =202 (1+p2) (p3+p3r)) :
32v/2
Rorr = g2 (257rp72r (1+p7) (303 +07) =267 (607 P2+ 7 (2+p7) +07)
™ ™

+4Ep7 (1+p2) +pzp7 (1-p7) —pi—?)p?r) :
—32p, (1-2E-+p2) (02 —p2)

Rip =—V2Ror1=—V2R70=Ryr) =

256p2 (1—-2Ex+p2) (Exp2—p2)
VEI—p2 ’
Ryro=—V2R1712=—V2R72
. 8\/5/)7-

S &2-p2

Rypyr=—V2Rorir=

(&x (802024308 (142) +302+3p%) —42 (1492) (p2+52)

48202202 (1+62) (2 +62) )
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Helicity info NS

|-At|2 S, cos? 0*

| Aol? [So.1 + So.2 cos20,] cos® 0

].AJ_\Q [SJ_J + 519 (cos 2xr + 2 cos 20, sin? Xﬂ)} sin? 6*
|4 ’2 [S)1 + 5|2 (cos 20 — 2sin® O cos 2 ) | sin? 6*
‘-/45P|2 Sgp cos® B*

[Sor1 + Sor2 cos 20,] cos® 0

|AL,T|2 [SLTJ +Si7e (Cos 20, + 2 cos 2 sin’ 977)] sin? 6*

[SHT,l + 51,2 (cos 20, — 2 cos 2 sin? Gﬂ)] sin? 0*

Table 5. Contributions to the N |A;|? pieces of eq. (2.15). The coefficients S; depend on the
kinematic parameters ¢? and E,, and are listed in eq. (B.2).

-8
Rjrjp=Riria= ﬁ (&x (802024t (102) + p24-3) —4E2 (1-p2) (b2~ p2)

—4&3p2—2p7 (3p7 (1+02) —xﬁ—xﬁ)) : (B.3)

And finally the expressions for the I; factors are

Ii1 = prlspy = 8V2p7 (1 = &) (26np = 02 = p7)
—p. — ’
V 572r - p7r
— 42
I = V2l = & _p;Q (257r (14 p2) (02 +3p2) — 282 (1 + 6p2 + p3 + 2p2)

A€ (1+p2) = (3+ p2) ph = P2+ 1)
~16v2p, (1 - 26 + p2) (pt = p2)
IOTH = _I”TO = \/m )

32\/§p7' (STK' - p72r) (287#)3 - p;l— - p72r)

Iy = —prlspiT = ,
&2 — 7
1 1
Iiro=—lorL = \ﬁ—ﬂ:ﬁu = _EIHTJ_
8
= \[pT ( 8p2p2 + 3p% (1 + p2) + 3p2 + 3p3)
4573 (1+p2) (o2 + p2) + 4202 — 202 (14 p2) (b2 +2) ) .
16
Lyry = V2Ior, = Pr (&r (8p2p2 + 3p% (14 p2) + 3p2 + 3p%)

— 482 (14 p2) (0% + p3) + 4E2p3

— 202 (1+p2) (02 + p2) ) : (B.4)
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Helicity info

/\/‘R

Re| A A

Ryo cos 0, cos? 0*

Re[.At ﬁ]

Ry cos X sin 0 sin 26"

Re [AOAW]

Ry cos X sin 20 sin 26"

Re[AgA* |

Ry cosxnsin 0 sin 20*

Re[A A7 ]

Ry cosOr sin? 0*

Re[AspAf]

Rgp; cos? 0*

Re[AspAg]

Rgspo cos b, cos? 0*

Re[Asp.Aﬁ]

Rgp| cos xr sin 0 sin 26"

Re[AspAj 7]

Rspor cos 0, cos? 6*

Re [ASP'AW,T}

Rgp|r €0S X sin Oy sin 260*

Re[Aoy.Aﬂ

Ror+ cos b, cos? *

Re[Aoy.AS]

[Roro,1 + Roro,2 cos20,] cos? 0*

Re[ Ao A" ]

Ror1 cos X sin @ sin 26*

Re[Ao,rAj]

Rop|| cos X sin 20 sin 20*

Rel Ao r A7 ]

Ryp17 cos X sin 0 sin 20*

RG[AQ,TAT‘:T]

Rop) 1 cos X7 sin 20, sin 26*

Re[A | 7.Aj]

R 79 cos X sin @ sin 26*

Re[A| 1A% ]

[Rir11+ Rir12(cos20,
+ 2cos 2y sin? QW)] sin? 6*

Re[A L r Al

R, 7| cosOr sin? 9*

Re [AJ_,TAT‘F’T}

R 7 cos by sin? 9*

Re[A) rAf]

R4 cos X sin O sin 20*

Re[A) 7 A

R)1¢ cos X sin 20 sin 26*

Re[A) r A" ]

Ry71 cosfr sin? 6*

Re [.A” ’T’Aﬁ]

[Ryr1 + By 2 (cos 20,

— 2c082xx sin? GW)] sin? 6*

Table 6. Contributions to the N Re[A;Af] pieces of eq. (2.15).

=

the kinematic parameters ¢ and E,, and are listed in eq. (B.3).
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The coefficients R; depend on



Helicity info NT
Im[A; A% ] I; | sin20* sin 0, sin x

Im[A) A7) Lo sin 20" sin O sin x

Im[Agsp A" ] Igp | sin260* sin 0, sin x

Im[Asp A% | | Ispi7sin20* sin by sin x.

Im[AO,TA‘*‘] Top| sin 20* sin 6 sin X
Im[A} 7Af] I, 74 sin 20* sin 0, sin xr
Im[AgA% | Iy sin 20* sin 26, sin x

Im[Ag A% ] | oy sin26* sin 260, sin x,

Im[A| 7AG] I, 70 sin 20* sin 20, sin x
Im[A A" ] I sin? 0* sin? 0, sin 2y

Im[AL,TAﬁ] I sin? 0* sin? 0, sin 2y

Im[A 7 AY] | L7y sin? 6* sin? O sin 2

Table 7. Contributions to the MI ; Im[A; A%] pieces of eq. (2.15). The coefficients /; depend on the
kinematic parameters ¢? and E,, and are listed in eq. (B.4).
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