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Correlations between moments of different flow coefficients are measured in Pb–Pb collisions at √sNN =
5.02 TeV recorded with the ALICE detector. These new measurements are based on multiparticle mixed 
harmonic cumulants calculated using charged particles in the pseudorapidity region |η| < 0.8 with the 
transverse momentum range 0.2 < pT < 5.0 GeV/c. The centrality dependence of correlations between 
two flow coefficients as well as the correlations between three flow coefficients, both in terms of their 
second moments, are shown. In addition, a collection of mixed harmonic cumulants involving higher 
moments of v2 and v3 is measured for the first time, where the characteristic signature of negative, 
positive and negative signs of four-, six- and eight-particle cumulants are observed, respectively. The 
measurements are compared to the hydrodynamic calculations using iEBE-VISHNU with AMPT and 
TRENTo initial conditions. It is shown that the measurements carried out using the LHC Run 2 data 
in 2015 have the precision to explore the details of initial-state fluctuations and probe the nonlinear 
hydrodynamic response of v2 and v3 to their corresponding initial anisotropy coefficients ε2 and ε3. 
These new studies on correlations between three flow coefficients as well as correlations between higher 
moments of two different flow coefficients will pave the way to tighten constraints on initial-state models 
and help to extract precise information on the dynamic evolution of the hot and dense matter created in 
heavy-ion collisions at the LHC.

© 2021 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

One of the fundamental questions in the phenomenology of 
quantum chromodynamics is what are the properties of matter at 
extreme densities and temperatures where quarks and gluons are 
in a state of matter called the quark–gluon plasma (QGP) [1,2]. 
High-energy heavy-ion collisions at the Relativistic Heavy Ion Col-
lider (RHIC) at BNL and the Large Hadron Collider (LHC) at CERN 
create such a state of strongly interacting matter allowing us to 
study its properties in the laboratory. Anisotropic flow is a key 
phenomenon that provides important information about the trans-
port properties of the created QGP matter. Due to large pressure 
gradients, the anisotropy of the overlapping region between two 
colliding nuclei causes an anisotropic distribution of the emitted 
particles in the final state. This anisotropic particle distribution can 
be quantified by anisotropic flow [3,4] which is characterized by 
the single-particle azimuthal distribution,

P (ϕ) = 1

2π

[
1+ 2

∞∑
n=1

vn cosn(ϕ − �n)

]
. (1)
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Here ϕ is the azimuthal angle of the emitted particle, vn and �n

are the n-th order flow coefficient and flow symmetry plane, re-
spectively. Both vn and �n define the n-th order flow-vector as −→
Vn = vn ein�n . The size and direction of 

−→
Vn related to the initial 

anisotropy −→εn vector is defined by the moments of the shape of 
the transverse positions (r, φ) of the participating nucleons,

−→εn = εn e
−in	n = −

〈
rn e−inφ

〉
〈rn〉 , (n > 1) (2)

where εn and 	n are the magnitude and orientation of −→εn , respec-
tively, and 〈 〉 stands for the average over all participating nucleons 
in the initial state. For lower orders, n = 2 and 3, originally a linear 
response of vn to εn was expected, with vn = κn εn [5,6] where κn

is a parameter that encodes the transport properties of the pro-
duced QGP. Later on, it was noticed in models that, already in 
semi-peripheral collisions, the correlation between the initial ε2
(ε3) and the final-state v2 (v3) is not completely linear, with a 
non-negligible spread in the correlation between vn and εn [7]. 
Such a nonlinear response of lower-order vn should be related to 
the dynamic evolution of the system, but it was briefly investigated 
in previous studies [7–9]. For the higher orders, n ≥ 4, 

−→
Vn receives 

a significant nonlinear hydrodynamic response from −→ε 2,3 in non-
central collisions, which was studied in great detail [10–17].
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One can describe the distribution of final-state anisotropies 
using a joint probability density function (p.d. f .) in terms of 
vn and �n as P (vm, vn, ..., �m, �n, ...). This is sensitive to the 
spatial anisotropy εn , its event-by-event fluctuations, the correla-
tions between different orders of anisotropy coefficients and ini-
tial participant planes 	n carried by P (εm, εn, ..., 	m, 	n, ...) and 
it also reflects the early state dynamics and the transport prop-
erties of the QGP. Although ideally one would like to measure 
P (vm, vn, ..., �m, �n, ...), this is not straightforward to achieve in 
experiments, but what can be measured are the projections of the 
full p.d. f . on a finite number of variables [18]. Most of these pro-
jected distributions could be classified into the following types: (1) 
vn fluctuations P (vn) for both integrated and differential vn mea-
surements, (2) �n fluctuations P (�n) in different phase space, (3) 
correlations involving only flow coefficients P (vm, vn, ...), (4) cor-
relations involving only flow symmetry planes P (�m, �n, ..) and 
(5) mixed correlations carrying both flow coefficients and flow 
symmetry planes.

The vn coefficients were measured up to the ninth order with 
an unprecedented degree of precision [16]. The full p.d. f . of sin-
gle vn coefficients P (vn) was either measured with a Bayesian 
unfolding procedure [19,20] (for n = 2, 3 and 4) or constructed 
via the measured moments (for n = 2) [21]. It was found that 
the P (vn) distribution, which originates from the p.d. f . of initial-
state εn distribution P (εn), is described better by an elliptic-power 
function than a Bessel-Gaussian function [21]. It was also re-
alized that during the expansion the produced particles might 
not share a common flow symmetry plane at different trans-
verse momenta, pT, and pseudorapidity, η [22,23]. These trans-
verse momentum and pseudorapidity dependent flow vectors fluc-
tuate event-by-event, which also breaks the factorization of two-
particle correlations V (ptT, p

a
T) into the product of flow coeffi-

cients vn(ptT) · vn(paT) [24–26]. Such phenomena were predicted 
by hydrodynamic calculations and are found to be sensitive to 
the initial-state density fluctuations and/or to the specific shear 
viscosity of the expanding medium [22,23,27]. In addition, analy-
ses of correlations between different order flow vectors [13,28,29]
show promise to shed additional light on the initial-state condi-
tions. The correlations between different order symmetry planes 
were initially investigated in the observable v2n/�n [30–33]. This 
was followed by measurements of nonlinear flow modes of higher 
harmonics by ALICE [14–16,33] as well as event-plane correlations 
by ATLAS [28].

The correlation observables involving only anisotropic flow co-
efficients vm and vn were at first measured with event-shape 
engineering studies [13] proceeded by investigations using sym-
metric cumulants [34], defined as SC(m, n) = 〈

v2n v2m
〉− 〈

v2n
〉 〈
v2m

〉
. To 

study such correlations without the dependence on individual flow 
coefficients, the normalized symmetric cumulant NSC(m, n) was 
further proposed [29]. It was found that NSC(3, 2), which studies 
the correlations between v22 and v23, is very sensitive to the ini-
tial conditions and can be used as a good tool to probe initial state 
ε2
2 and ε2

3 correlations. On the other hand, NSC(4, 2) and also NSC
involving higher order flow coefficients, are sensitive to both initial 
conditions and the QGP properties. Thus, these NSC measurements 
have the potential to distinguish between various models of QGP 
evolution in hydrodynamic and transport models [9,34–37].

It is evident that the study of correlations between various mo-
ments of different flow coefficients will deepen our knowledge of 
the joint p.d. f . for flow magnitudes and angles. However, only 
correlations involving the second moments of two flow coeffi-
cients, v2n and v2m , have been measured utilizing SC(m, n) while 
the rest have not yet been explored in experiments. In this Let-
ter, an additional step has been made in this direction by using 
mixed harmonic cumulants (MHC ) [38] to investigate correlations 
involving more than two different flow coefficients and to study 

the relationship between higher moments of different flow coeffi-
cients in heavy-ion collisions at the LHC. These new measurements 
establish a milestone for the study of the underlying p.d. f . from 
P (vn) to P (vn, vm...), and significantly improve the overall under-
standing of the initial conditions and the transport properties of 
the created QGP at the LHC.

2. Observables and methods

The multiparticle cumulant of mixed harmonics that involves 
only flow coefficients, named MHC , was introduced in Ref. [38]. It 
is defined as an m-observable cumulant [39] in terms of azimuthal 
angles. By construction, lower order correlations have been sub-
tracted to form genuine multiparticle correlations. Thus, MHC
is expected to be insensitive to non-flow effects. This was con-
firmed in the study of MHC using the HIJING model [40], which 
does not generate collective flow phenomena [38]. For MHC in-
volving only two flow coefficients of second-order, it is identical 
with the previously defined four-particle symmetric cumulants, i.e. 
MHC(v2m, v2n) = SC(m, n). The six-particle cumulant MHC involv-
ing v42 and v23 is

MHC(v42, v
2
3)

= 〈〈cos(2ϕ1 + 2ϕ2 + 3ϕ3 − 2ϕ4 − 2ϕ5 − 3ϕ6)〉〉
−4 〈〈cos(2ϕ1 + 3ϕ2 − 2ϕ3 − 3ϕ4)〉〉 〈〈cos(2ϕ1 − 2ϕ2)〉〉
−〈〈cos(2ϕ1 + 2ϕ2 − 2ϕ3 − 2ϕ4)〉〉 〈〈cos(3ϕ1 − 3ϕ2)〉〉
+4 〈〈cos(2ϕ1 − 2ϕ2)〉〉2 〈〈cos(3ϕ1 − 3ϕ2)〉〉 . (3)

Here the double angular brackets indicate the averaging proce-
dure performed first over all possible combinations of m-particle 
tuples that form the m-particle correlation and subsequently the 
weighted average of all events is calculated with the number of 
combinations used as an event weight [41]. In the above expres-
sions, lower order (i.e. two- and four-particle) correlations were 
removed from the six-particle correlation, which results in a gen-
uine six-particle correlation between v42 and v23. One can rewrite 
the expression in terms of flow coefficients v2 and v3,

MHC(v42, v
2
3) =

〈
v42 v

2
3

〉
− 4

〈
v22 v

2
3

〉 〈
v22

〉
−

〈
v42

〉 〈
v23

〉
+ 4

〈
v22

〉2 〈
v23

〉
. (4)

Likewise, one can define other six-particle mixed harmonic cu-
mulants that contain v22 and v23 or v22, v

2
3 and v24, in terms of flow 

coefficients,

MHC(v22, v
4
3) =

〈
v22 v

4
3

〉
− 4

〈
v22 v

2
3

〉 〈
v23

〉
−

〈
v43

〉 〈
v22

〉
+ 4

〈
v22

〉 〈
v23

〉2
, (5)

MHC(v22, v
2
3, v

2
4) =

〈
v22 v

2
3 v

2
4

〉
−

〈
v22 v

2
3

〉 〈
v24

〉
−

〈
v22 v

2
4

〉 〈
v23

〉
−

〈
v23 v

2
4

〉 〈
v22

〉
+ 2

〈
v22

〉 〈
v23

〉 〈
v24

〉
. (6)

Note in general MHC(v2m, v2n, v2p) is different from the so-called 
higher order symmetric cumulant SC(m, n, k) proposed in [42]. 
However, MHC(v22, v

2
3, v

2
4) happens to be the same as SC(2, 3, 4).

Similarly, the eight-particle mixed harmonic cumulant is de-
fined as an eight-observable cumulant, which can be written in 
terms of flow coefficients,

2
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MHC(v62, v
2
3) =

〈
v62 v

2
3

〉
− 9

〈
v42 v

2
3

〉 〈
v22

〉
−

〈
v62

〉 〈
v23

〉
− 9

〈
v42

〉 〈
v22 v

2
3

〉
− 36

〈
v22

〉3 〈
v23

〉
+18

〈
v22

〉 〈
v23

〉 〈
v42

〉
+ 36

〈
v22

〉2 〈
v22 v

2
3

〉
, (7)

MHC(v42, v
4
3) =

〈
v42 v

4
3

〉
− 4

〈
v42 v

2
3

〉 〈
v23

〉
− 4

〈
v22 v

4
3

〉 〈
v22

〉
−

〈
v42

〉 〈
v43

〉
− 8

〈
v22 v

2
3

〉2 − 24
〈
v22

〉2 〈
v23

〉2
+ 4

〈
v22

〉2 〈
v43

〉
+ 4

〈
v42

〉 〈
v23

〉2
+ 32

〈
v22

〉 〈
v23

〉 〈
v22 v

2
3

〉
, (8)

MHC(v22, v
6
3) =

〈
v22 v

6
3

〉
− 9

〈
v22 v

4
3

〉 〈
v23

〉
−

〈
v63

〉 〈
v22

〉
− 9

〈
v43

〉 〈
v22 v

2
3

〉
− 36

〈
v22

〉 〈
v23

〉3
+18

〈
v22

〉 〈
v23

〉 〈
v43

〉
+ 36

〈
v23

〉2 〈
v22 v

2
3

〉
. (9)

To study genuine multiparticle correlations that are indepen-
dent of the magnitude of the flow coefficients, the normalized 
mixed harmonic cumulants nMHC involving two flow coefficients 
vm and vn are constructed according to:

nMHC(vkm, vln) = MHC(vkm, vln)〈
vkm

〉 〈
vln

〉 , (10)

Here mk �= nl to ensure that nMHC(vkm, vln) does not contain flow 
symmetry plane correlations. The expression of Eq. (10) is also in-
dependent of the magnitudes of vm and vn and can therefore be 
used to quantitatively compare genuine correlations between vkm
and vln determined from experimental data to those determined 
from the model calculations. Analogously, for MHC involving three 
flow coefficients without flow symmetry plane correlations, we de-
fine the corresponding nMHC ,

nMHC(vkm, vln, v
q
p) = MHC(vkm, vln, v

q
p)〈

vkm
〉 〈
vln

〉 〈
vqp

〉 . (11)

Here mk �= nl �= pq , and the sum of any two of mk , nl and pq is 
not equal the third term to avoid flow symmetry plane correla-
tions. Since systematic studies of vn coefficients were carried out 
for n = 1 − 9 in a previous work [16], this Letter focuses only 
on the normalized measurements to avoid repeating the earlier 
discussions on the vn coefficients themselves. Additionally, multi-
particle correlations with sub-event method have been used in the 
normalizations [14,43], to suppress potential non-flow contamina-
tion.

In general, one should be able to construct arbitrary mixed 
harmonic cumulants to any order. However, due to the limited 
amount of data available, mixed harmonic cumulants higher than 
the eighth order will not be examined here. All of the previously 
mentioned two- and multiparticle azimuthal correlations can be 
measured by using the latest development of the generic algorithm 
for multiparticle azimuthal correlations [38].

3. Data sets and systematic uncertainty

This analysis uses data sample from Pb–Pb collisions at √sNN =
5.02 TeV recorded with the ALICE detector [44,45] during the LHC 
Run 2 (year 2015) data-taking period. Minimum bias events were 
triggered by a coincidence signal in the two scintillator arrays of 
the V0 detector, V0A and V0C, which cover the pseudorapidity 
ranges of 2.8 < η < 5.1 and −3.7 < η < −1.7, respectively [46]. 

Only events with a reconstructed primary vertex within ±10 cm 
from the nominal interaction point along the beam direction were 
used in this analysis. Removal of background events from, e.g., 
beam interactions with the residual gas molecules in the beam 
pipe and pileup events was performed based on the information 
from the Silicon Pixel Detector (SPD) and the V0 detector. A sample 
of 55 × 106 Pb–Pb collisions, which passed these event selection 
criteria, were used for the analysis.

Charged tracks were reconstructed using the Inner Tracking 
System (ITS) [47] and the Time Projection Chamber (TPC) [48]. The 
selected tracks are required to have at least 70 TPC space points 
(out of a maximum of 159), and the average χ2 per degree of 
freedom of the track fit to the TPC space points is required to be 
lower than two. Additionally, a minimum of two hits are required 
in the ITS to improve the momentum resolution. A selection re-
quiring the pseudorapidity to be within |η| < 0.8 is applied. Tracks 
with a transverse momentum pT < 0.2 GeV/c or pT > 5.0 GeV/c
were rejected due to the magnetic field and to reduce the contri-
bution from jets, respectively [49]. In addition, a criterion on the 
maximum distance of closest approach of the track to the collision 
point of less than 2 cm in the longitudinal direction and less than 
a pT-dependent selection in the transverse direction, ranging from 
0.2 cm at pT = 0.2 GeV/c to 0.016 cm at pT = 5.0 GeV/c, was 
applied. This results in a residual contamination from secondary 
particles from weak decays and from interactions in the detector 
material of 1–3%, which is negligible in the final systematic un-
certainty. These selection criteria result in a transverse momentum 
dependent efficiency of track reconstruction of about 80%.

Numerous potential sources of systematic uncertainty were in-
vestigated in the analysis, including variations of the event and 
track selection and the uncertainty associated with possible re-
maining non-flow effects. These are the azimuthal angle corre-
lations not associated with the common flow symmetry planes, 
including contributions from jets, resonance decays, and are es-
timated using the HIJING model and found to be negligible for 
all of the presented observables. The variation of the results with 
the choice of collision centrality was calculated by alternatively 
using the SPD to estimate the event multiplicity and was found 
to contribute less than 5% for all observables. Results with oppo-
site polarities of the magnetic field within the ALICE detector and 
with narrowing the nominal ±10 cm range of the reconstructed 
vertex along the beam direction from the center of the ALICE de-
tector to 9, 8, and 7 cm showed a difference of 0–5.4% compared 
to results with the default selection criteria. The contribution from 
pileup events was investigated by varying the selections on the 
correlations between multiplicities from the V0 and SPD, and was 
found to be negligible. The sensitivity to the track selection criteria 
was explored by varying the number of TPC space points and by 
comparing the results to those obtained with tracks with different 
requirements on hits in the ITS. The effect of varying the number 
of TPC space points from 70 to 80 and 90 resulted in a negligible 
systematic uncertainty. Using different track requirements led to a 
difference with respect to the default selection criteria of less than 
4.3% except for nMHC(v22, v

2
3, v

2
4) where it was about 16%. The 

systematic uncertainty evaluated for each above-mentioned source 
found to be statistically significant according to the recommenda-
tion in [50] were added in quadrature to obtain the measurements’ 
total systematic uncertainty.

4. Results

The centrality dependence of mixed harmonic cumulants with 
two and three flow coefficients are measured in Pb–Pb collisions 
at 

√
sNN = 5.02 TeV. The results of nMHC(v22, v

2
3), nMHC(v22, v

2
4), 

nMHC(v23, v
2
4), and nMHC(v22, v

2
3, v

2
4) are presented in Fig. 1 by 

blue solid circles, red solid squares, magenta solid stars and green 

3
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Fig. 1. Centrality dependence of nMHC(v22, v23), nMHC(v22, v24), nMHC(v23, v24) and 
nMHC(v22, v23, v24) in Pb–Pb collisions at √

sNN = 5.02 TeV, shown by the solid 
markers. The statistical (systematic) errors are shown with vertical bars (filled 
boxes). Comparisons to the previous measurements at 2.76 TeV from Refs. [29,51], 
shown by the open markers, are also presented. Data points are shifted for visibility.

diamonds, respectively. Positive values of nMHC(v22, v
2
4) and nega-

tive values of nMHC(v22, v
2
3) are observed for all centralities, which 

means that v22 and v24 are correlated while v22 and v23 are anti-
correlated. This indicates that finding v2 larger than 〈v2〉 in an 
event enhances the probability of finding v4 larger than 〈v4〉 and 
v3 smaller than 〈v3〉 in that event. For nMHC(v23, v

2
4), a similar 

centrality dependence as for nMHC(v22, v
2
3) is seen for centrali-

ties above 20–30% where the nonlinear hydrodynamic response of −→
V4 plays a significant role [14,16]. These new measurements are 
compared in Fig. 1 to the previously published results at 

√
sNN =

2.76 TeV, which were named SC(m, n) in Ref. [29,51], shown 
with open markers. The results of nMHC(v22, v

2
3), nMHC(v22, v

2
4)

are compatible within uncertainties at the two different ener-
gies, which indicates a weak dependence on the collision en-
ergy of these two observables. However, there are differences for 
nMHC(v23, v

2
4) between the two studied energies, which increase 

towards central collisions. In particular, the measurement at 5.02 
TeV changes sign from negative to positive in central collisions, 
while it remains negative at the lower energy. A similar study of 
multiparticle cumulants in the most central collisions was inves-
tigated in great detail in Ref. [52], where a significant effect from 
centrality fluctuations was found in Pb–Pb collisions at 5.02 TeV. 
Moreover, the amplitude of the centrality fluctuations depends on 
how the centrality was determined.

Besides the measurements of correlations between two flow 
coefficients, the new measurement of correlations between three 
flow coefficients, nMHC(v22, v

2
3, v

2
4), is shown with green dia-

monds in Fig. 1. As introduced above, nMHC(v22, v
2
3, v

2
4) is iden-

tical to SC(2, 3, 4), which has been recently measured at a lower 
energy [53]. By construction, the lower order few-particle correla-
tions have been subtracted from the higher order correlations in 
the nMHC . Thus, it is expected that nMHC(v22, v

2
3, v

2
4) should be 

consistent with zero, if the correlations between three flow coeffi-
cients are purely driven by the correlations between two flow co-
efficients. It is seen in Fig. 1 that the result of nMHC(v22, v

2
3, v

2
4) is 

located between the nMHC(v22, v
2
3), nMHC(v23, v

2
4) and nMHC(v22,

v24) for the centrality classes under study. More specifically, it 
is positive and closer to nMHC(v22, v

2
4) and nMHC(v23, v

2
4) in 

the most central collisions, then it changes sign to negative and 
shows a similar centrality dependence to nMHC(v22, v

2
3) and 

nMHC(v23, v
2
4) in non-central collisions. The non-zero result of 

nMHC(v22, v
2
3, v

2
4) for the presented centrality range shows the ex-

istence of genuine correlations between three flow coefficients and 
thus brings new information toward determining P (vn, vm, ...) that 
cannot be obtained from measurements of correlations between 
two flow coefficients.

In order to gain more information on the initial conditions and 
transport properties of the created QGP at the LHC, the results 
are compared with those from hydrodynamic model calculations. 
Results from the hybrid iEBE-VISHNU model with TRENTo initial 
conditions with specific shear viscosity η/s(T ) and bulk viscosity 
ζ/s(T ) extracted from the best fit of a Bayesian analysis [55] as 
well as calculations with AMPT-initial conditions with η/s = 0.08
and no bulk viscosity [54] are compared to the data. Both calcula-
tions can quantitatively describe the flow coefficients from inclu-
sive and identified hadrons [54,56] and also provide a reasonable 
description of more complicated flow observables, e.g., nonlinear 
modes of higher-order flow [15,16]. Besides these two calcula-
tions, the iEBE-VISHNU model with AMPT-initial conditions with 
η/s = 0.20 and no bulk viscosity is also used. This model does 
not describe the particle spectra nor the flow coefficients and thus 
should not be compared with the experimental data. In the re-
maining text, the hydrodynamic calculations using AMPT initial 
conditions and η/s = 0.08 will be refereed to as “AMPT calcula-
tions”. However, the comparison of hydrodynamic calculation from 
the same initial state model but with different η/s values can be 
very useful to study the sensitivity of various nMHC to the η/s of 
the QGP.

Comparisons of the measured nMHC(v22, v
2
3) and nMHC(v22,v

2
4)

to hydrodynamic calculations are shown in Fig. 2. In general, the 
hydrodynamic calculations with both AMPT and TRENTo initial 
conditions, shown as blue and red shadowed bands, respectively, 
predict qualitatively the centrality dependence of nMHC . In ad-
dition, as v2 and v3 are linearly correlated with the initial ε2
and ε3 in central and semi-central collisions, compatible results of 
the final-state nMHC(v22, v

2
3) calculations and the nMHC(ε2

2, ε
2
3)

calculations from the initial-state models are expected [38]. This 
is indeed shown by the shaded areas and the dashed lines in 
Fig. 2 (left). In the same figure, there is also no difference be-
tween the calculations using AMPT-initial conditions with different 
η/s values. This suggests that for the presented centrality ranges, 
v22 (v23) is linearly correlated with the initial ε2

2 (ε2
3). Thus, the 

nMHC(v22, v
2
3) measurements shown in Fig. 2 (left) can be used to 

directly constrain the correlations between the initial anisotropy 
coefficients ε2

2 and ε2
3 without much consideration of the exact 

value of the transport coefficients in the hydrodynamic models. 
For nMHC(v22, v

2
4) results shown in Fig. 2 (right), both calcu-

lations underestimate the data; the TRENTo calculation fits the 
data better in central collisions, while the AMPT calculation works 
slightly better for centralities above 20%. The initial-state calcula-
tions of nMHC(ε2

2, ε
2
4) are significantly lower than the final-state 

nMHC(v22, v
2
4) calculations, which suggests that the correlation be-

tween v22 and v24 is not driven solely by the initial correlation 
between ε2

2 and ε2
4 , but it is mainly developed at later stages of 

the system’s dynamic evolution, especially the nonlinear response 
contribution to v4.

Figure 3 (left) compares hydrodynamic calculations with the 
nMHC(v23, v

2
4) measurement. In general, both models generate the 

same trend of centrality dependence as is seen in data. Notably, 
the AMPT calculations also predict the sign change in central col-
lisions, while the TRENTo calculations remain negative for the en-
tire centrality range. It has also been seen in Ref. [54] that the 
AMPT calculations always predict a positive correlation in the most 
central collisions at 2.76 and 5.02 TeV, while the TRENTo calcu-
lations are always negative at both collision energies. Although 
the hydrodynamic calculations of nMHC(v23, v

2
4) from AMPT and 

TRENTo initial conditions are almost compatible for non-central 

4
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Fig. 2. Centrality dependence of nMHC(v22, v23) and nMHC(v22, v24) in Pb–Pb collisions at √sNN = 5.02 TeV (solid markers) and 2.76 TeV (open markers). Statistical un-
certainties are shown as vertical bars and systematic uncertainties as filled boxes. The iEBE-VISHNU calculations [54] for Pb–Pb collisions at 5.02 TeV with TRENTo initial 
conditions (red shadowed bands) and AMPT initial conditions (blue shadowed bands) are presented, together with the corresponding initial state calculations nMHC(ε2

2, ε2
3), 

nMHC(ε2
2 , ε2

4) from the TRENTo (red dot-dash lines) and AMPT model (blue long-dash lines). The same marker (line) styles and colors are used in later figures. Data points 
are shifted for visibility.

Fig. 3. Centrality dependence of nMHC(v23, v24) and nMHC(v22, v23, v24) in Pb–Pb collisions at √sNN = 5.02 TeV (solid markers) and 2.76 TeV (open markers). Statistical 
uncertainties are shown as vertical bars and systematic uncertainties as filled boxes. Data points are shifted for visibility.

collisions, the initial correlations between ε2
3 and ε2

4 , quantified 
by nMHC(ε2

3, ε
2
4), are utterly different from the two initial-state 

models, and are far away from the final-state nMHC(v23, v
2
4) cal-

culations. It could be attributed to a significant nonlinear hydro-
dynamic response in v4 from ε2

2 . This nonlinear contribution is 
strongly anti-correlated with ε2

3 and plays a dominant role in the 
final nMHC(v23, v

2
4) results for non-central collisions. On the other 

hand, in the same centrality region, the linear response of v4 to 
ε4 is rather weak [14], and the contributions from correlations be-
tween the initial ε2

3 and ε2
4 in the final nMHC(v23, v

2
4) appear to 

be minor.
To extend the discussion from correlations of two flow coef-

ficients to three flow coefficients, the measurement of nMHC(v22,

v23, v
2
4) and its comparison to hydrodynamic calculations with both 

AMPT and TRENTo initial conditions are presented in Fig. 3 (right). 
In general, the agreement between the initial nMHC(ε2

2, ε
2
3, ε

2
4)

correlations and the final-state nMHC(v22, v
2
3, v

2
4) calculations 

worsens as the collision centrality becomes more peripheral, which 
can be expected due to the increasing contribution from the non-
linear hydrodynamic response in v4. Fig. 3 (right) also shows 
clearly that the calculation with AMPT initial conditions and 
η/s = 0.08 describes the data reasonably well. The calculation 
with η/s = 0.20 is two times larger than the one with η/s = 0.08. 
Such a difference is more significant compared to what has been 
seen in the correlations between two harmonics, where no obvi-
ous difference is observed for nMHC(v22, v

2
3) and nMHC(v23, v

2
4)

5
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Fig. 4. Centrality dependence of nMHC for Pb–Pb collisions at √sNN = 5.02 TeV. 
Statistical uncertainties are shown as vertical bars and systematic uncertainties as 
filled boxes. Data points are shifted for visibility.

and only a relatively small difference is seen for nMHC(v22, v
2
4). 

This demonstrates the novelty of the new correlations between 
three flow coefficients constraining the transport properties of the 
QGP. However, despite the fact that the hydrodynamic calculations 
using TRENTo initial conditions are consistent with the measured 
nMHC(v22, v

2
3) and nMHC(v23, v

2
4), and also provide a reasonable 

description of the nMHC(v22, v
2
4) measurement, they significantly 

underestimate the data by roughly a factor of two. Considering an 
apparent discrepancy between the data and TRENTo calculations, 
there is little doubt that the hydrodynamic framework and its cor-
responding parameters can be better tuned in a future Bayesian 
analysis if this new nMHC(v22, v

2
3, v

2
4) measurement is used as 

an input. The first measurement of correlations between three 
harmonics provides additional independent constraints on the the-
oretical models beyond those provided by the correlations of two 
harmonics that have been studied before.

With the recently proposed observable nMHC , one can study 
not only the correlations between two or three different flow co-
efficients, in terms of their second moments, but also the corre-
lations between the kth order moment of vm and the lth order 
moment of vn where k ≥ 2, l ≥ 2. It is particularly interesting to 
study the correlations between various moments of v2 and v3 be-
cause in central and semi-central collisions, both v2 and v3 are 
linearly correlated to their corresponding initial eccentricities ε2
and ε3 [8,9]. Thus the measurement of nMHC(vk2, v

l
3) in central 

and semi-central collisions might provide a direct constraint on 
the initial correlation between 

〈
εk2

〉
and 

〈
εl3

〉
. This information is ex-

tremely important for the understanding of the initial conditions of 
heavy-ion collisions but it has never been measured before. Con-
versely, the potential nonlinearity of v2 and v3, more pronounced 
in peripheral collisions, strongly depends on the dynamical evolu-
tion of the created QGP. The study of nMHC(vk2, v

l
3) will enable a 

new way to study this effect on v2 and v3.
The first measurements of nMHC(vk2, v

l
3) are presented in 

Fig. 4. In addition to the negative value of nMHC(v22, v
2
3), which 

has been studied before, positive correlations are observed for 
both six-particle mixed harmonic cumulants nMHC(v42, v

2
3) and 

nMHC(v22, v
4
3). The eight-particle mixed harmonic cumulants 

nMHC(v62, v
2
3), nMHC(v42, v

4
3) and nMHC(v22, v

6
3) are all nega-

tive. Such characteristic negative, positive and negative signs of 
four-, six-, and eight-particle mixed harmonic cumulants, respec-
tively, are very similar to the previously measured pattern for 
two-, four-, six,- and eight-particle single harmonic cumulants 
in Pb–Pb collisions [21], which show positive, negative, positive, 

and negative signs, respectively. These findings agree qualitatively 
with the initial-state predictions based on the MC-Glauber [38], 
AMPT, and TRENTo models [54]. It should be pointed out that 
the measured negative nMHC(v22, v

2
3) shown above could only 

confirm the negative correlations of (v22, v
2
3), while the results 

presented in Fig. 4 illustrate further the positive correlations 
of (v42, v

2
3) and (v22, v

4
3) as well as the negative correlations of 

(v62, v
2
3), (v

4
2, v

4
3) and (v22, v

6
3). Moreover, one can see the following 

hierarchy, |nMHC(v62, v
2
3)| > |nMHC(v22, v

2
3)| ≥ |nMHC(v42, v

2
3)| >

|nMHC(v42, v
4
3)| ≈ |nMHC(v22, v

4
3)| > |nMHC(v22, v

6
3)|. This agrees 

qualitatively with the predictions based on initial-state mod-
els [38,54]. Furthermore, the calculations based on the HIJING 
model [40], which does not generate anisotropic flow in the cre-
ated system, are consistent with zero [38], and thus do not repro-
duce the characteristic signs of the multiparticle mixed harmonic 
cumulants observed in experiments. Future studies with other 
non-flow models, i.e. PYTHIA [57,58], could confirm if the afore-
mentioned characteristic signs of the multiparticle mixed harmonic 
cumulants can be regarded as a flow signature and thus could be 
used for searching for collective flow in small collision systems like 
pp or pA collisions [59–61].

As mentioned above, for non-peripheral collisions, both v2 and 
v3 are expected to be linearly correlated with the initial eccen-
tricity ε2 and ε3. Thus, the final-state result of nMHC(vk2, v

l
3)

could reflect the initial correlation between εk2 and εl3. This behav-
ior is observed in the case of nMHC(v22, v

2
3), where good agree-

ment with nMHC(ε2
2, ε

2
3) was found. Moving to higher moments 

of v2 and/or v3, one can further probe the nonlinearity of v2
(v3) to ε2 (ε3) by seeing if the agreement between the initial and 
final-state correlations persists, because of the better sensitivity of 
higher moments to the nonlinear hydrodynamic response. Fig. 5
presents the comparison of data with iEBE-VISHNU calculations 
with AMPT and TRENTo initial conditions. This figure shows that 
both calculations describe the measured nMHC(v42, v

2
3) fairly well 

for central and semi-central collisions. The calculations with AMPT 
initial conditions work better for more peripheral collisions. At the 
same time, consistent results are observed between nMHC(ε4

2 , ε
2
3)

and nMHC(v42, v
2
3), independent of whether the AMPT or TRENTo 

initial-state model are used. For AMPT calculations, there is no 
difference between the results using η/s = 0.08 or 0.20, which 
confirms that the precision measurement of nMHC(v42, v

2
3) can 

offer an additional approach to constrain initial-state models. How-
ever, the situation is different in the case of nMHC(v22, v

4
3), shown 

in Fig. 5 (right). The hydrodynamic calculations with both AMPT 
and TRENTo initial conditions are compatible with the measure-
ment within the considerable uncertainty, but there is an apparent 
discrepancy between nMHC(v22, v

4
3) and nMHC(ε2

2, ε
4
3). This does 

not agree with the naive expectation of both v2 and v3 being lin-
early correlated with their respective initial eccentricities ε2 and 
ε3, which might be because, generally, the linearity of v3 to ε3
is worse than that of v2 to ε2 as shown by hydrodynamic calcu-
lations [7]. When one examines higher-order moments, the linear 
response of v42 remains and thus nMHC(ε4

2, ε
2
3) = nMHC(v42, v

2
3) is 

observed. However, the nonlinearity of v43 becomes non-negligible 
in non-peripheral collisions, which creates the discrepancy be-
tween the initial nMHC(ε2

2, ε
4
3) and final state nMHC(v22, v

4
3) cor-

relations.
This hypothesis is further confirmed in Figs. 6 and 7 where 

eight-particle cumulants are reported, which involve even higher 
moments of v2 and/or v3. Firstly, hydrodynamic calculations 
with AMPT initial conditions quantitatively predict the new mea-
surements of nMHC(v62, v

2
3), nMHC(v42, v

4
3) and nMHC(v22, v

6
3), 

while the TRENTo calculations show compatible results except for 
nMHC(v42, v

4
3), where the calculations overestimate the data by 

a factor of two. Secondly, although in hydrodynamic calculations 

6
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Fig. 5. Centrality dependence of nMHC(v42, v23) and nMHC(v22, v43) in Pb–Pb collision at √sNN = 5.02 TeV. Statistical uncertainties are shown as vertical bars and systematic 
uncertainties as filled boxes.

Fig. 6. Centrality dependence of nMHC(v62, v23) (left) and nMHC(v42, v43) (right) in Pb–Pb collisions at √sNN = 5.02 TeV. Statistical uncertainties are shown as vertical bars 
and systematic uncertainties as filled boxes.

with two different initial conditions there is a similar centrality de-
pendence of nMHC(ε6

2, ε
2
3) and nMHC(v62, v

2
3), a clear difference 

between the two is observed already in semi-central collisions. 
This difference becomes much larger when fourth and sixth order 
moments of v3 are involved, with no obvious agreement between 
the initial and final-state calculations; this is especially shown by 
the TRENTo calculations in Figs. 6 (right) and 7. It is expected that 
the effect of the nonlinearity of v2 and v3 will be enhanced when 
studying nMHC(vk2, v

l
3) with higher moments (e.g. k, l ≥ 4). The 

resulting nMHC(vk2, v
l
3) in the final state, instead of being deter-

mined solely by the initial correlations of nMHC(εk2, ε
l
3), receive 

non-negligible contributions from the nonlinearities of higher mo-
ments of v2 and v3, developed during the dynamic evolution of 
the system. Thus, the new measurements of nMHC(vk2, v

l
3) pre-

sented in this Letter provide direct access to the initial correlations 
between εk2 and εl3 when lower moments of v2 and v3 are in-

volved, while enabling a new possibility to study the nonlinearities 
of v2 and v3 when higher moments are involved.

5. Summary

The normalized mixed harmonic cumulants nMHC between 
two and three flow coefficients as well as between higher mo-
ments of two flow coefficients, were measured in 

√
sNN = 5.02 TeV 

Pb–Pb collisions with ALICE. It is found that nMHC(v22, v
2
4) is 

positive, while nMHC(v22, v
2
3) and nMHC(v23, v

2
4) are negative. In 

addition, the first measurement of three harmonic correlations 
nMHC(v22, v

2
3, v

2
4) is closer to nMHC(v22, v

2
4) and nMHC(v23, v

2
4)

in central collisions, and then becomes closer to nMHC(v22, v
2
3)

and nMHC(v23, v
2
4) for more peripheral collisions. These measure-

ments compared with iEBE-VISHNU hydrodynamic calculations us-
ing AMPT and TRENTo initial conditions exhibit different sensitiv-

7
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Fig. 7. Centrality dependence of nMHC(v22, v63) in Pb–Pb collisions at √
sNN =

5.02 TeV. Statistical uncertainties are shown as vertical bars and systematic uncer-
tainties as filled boxes.

ities to the initial conditions and the specific shear viscosity of 
the QGP. Thus the measurements presented in this Letter can be 
used to more tightly constrain theoretical models. Furthermore, the 
correlations between higher moments of v2 and v3 were investi-
gated for the first time. The four-, six- and eight-particle mixed 
cumulants of nMHC show the characteristic signature of negative, 
positive, and negative signs, respectively, similar to the multiparti-
cle cumulants of single harmonics. The comparison with hydrody-
namic calculations reveals that the correlations involving higher-
order moments could significantly enhance the contributions that 
arise from nonlinearities of v2 and v3 to the initial eccentricity ε2, 
triangularity ε3, respectively. Such contributions mainly develop 
during the expansion of the system and reflect the time evolution 
of the shear and bulk viscosities of the QGP. These new measure-
ments of correlations between different moments of two and three 
flow coefficients, together with comparisons to state-of-the-art hy-
drodynamic calculations, provide further information on the initial 
conditions and considerably tighten the constraints on the evolu-
tion of the QGP created in heavy-ion collisions at the LHC.
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