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This paper investigates the temperature and heat flux fields of composite materials containing phase
change materials (PCM) for energy efficient buildings. A novel numerical method validated by accu-
rately controlled laboratory experiments is presented for virtual experiments of more complex appli-
cations. Considering a finite bounded domain containing one inclusion, the Green's function technique
has been applied to obtain the transient heat transfer response caused by sources on inclusion domains
and prescribed boundaries. Based on the Eshelby’s equivalent inclusion method (EIM), the thermal prop-
erty mismatch between the PCM particle and matrix phases is simulated with a uniformly distributed
eigen-temperature gradient field and a fictitious heat source on the particle. Through the combination of
EIM and boundary element method, namely the iBEM, the temperature field can be written in terms of
the temperature and heat flux on the boundary and the distributed eigen-temperature gradient and heat
source on the particle. By using the equivalent heat flux conditions and the specific heat-temperature
relationship, the eigen-temperature gradient and fictitious heat source can be solved and the tempera-
ture field of the bounded domain can be calculated. This new numerical method has been verified by the
finite element simulation and validated with the laboratory measurements of the transient heat transfer
within a building block containing a PCM capsule. Parametric studies have also been conducted to study
the influences of the PCM location and volume fraction on the temperature field of composites with
multiple particles. The virtual experiments demonstrate the energy saving and phase delay by using the
PCM-concrete wall panel. This method will be very useful for the design and thermal analysis of building
envelopes.
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1. Introduction

About 20% of total energy consumption in the U.S. comes from
the heating and cooling of buildings using conventional sources
like fossil fuels and electricity [1]. The applications of phase change
materials (PCMs) in building envelopes have proven to be an ef-
fective method to mitigate heating/cooling loss and control the
temperature variations across building walls [2-5], because PCMs
can absorb heat during a hot period and release stored heat dur-
ing a cold period [6,7], thereby significantly reducing the temper-
ature variation inside the building. The use of PCMs has also been
shown as a means to shift the energy consumption peak and stabi-
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lize power grid, which provides more resilient energy services and
infrastructure [8,9].

PCM embedded building materials may consist of different
types and amounts of cement compositions and PCMs reflected in
a wide range of thermalphysical properties [10,11]. In the design of
energy-efficient building materials, it is critical to select appropri-
ate PCM for a certain mix formula to achieve the desired thermal
performance before mixing them together. While numerous stud-
ies qualitatively investigated the influences of PCMs on the thermal
response of cementitious building materials in terms of flattening
temperature curves and delaying peak temperature, it is highly de-
manded of the quantitative understanding and accurate prediction
of the overall performance to develop performance-based design
criteria of the cementitious composites.

To simulate the heat transfer and phase change of a PCM par-
ticulate composite, there are three schools of models based on
the grid-fixed grid [12-14], deforming grid [15] and hybrid grid
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Nomenclature

Superscripts

* Eigen field, used in equivalent inclusion method

1 Quantities of the Ith inhomogeneity

Physical quantities

o Thermal diffusivity (m2/s)

AHp Latent heat of fusion per unit mass of PCM

At Time inteverval between points in the time coordi-
nate

Au Range of phase change temperature window

€ Temperature gradient

A Inhomogeneity domain

[ Volume fraction of PCM

Cp Specific heat on unit volume (J/m3°C)

h;. hy Heat transfer coefficient of indoor | outdoor con-
crete surfaces

Jri The Eshelby’s tensor for heat source

k Thermal conductivity (W /[ m ° C)

My The Eshelby’s tensor for eigen-temeprature gradient

Q Heat source (W/m?)

q Heat flux (W/m?)

to Duration of the time domain (hour)
Temperature (°C)

Ue Midpoint of the phase change temperature window

Subscripts

0,F [nitial / ending state of the quantities

bc Prescribed boundary conditions

f The fth point in the time coordinate

[16] models. The fixed grid models employ the auxiliary equa-
tions to track the solid/liquid boundary and have wide applica-
tions. Based on the name of thermal quantities in the auxiliary
equations for the latent heat evolution of the PCM, the enthalpy,
heat capacity, and heat source methods are introduced in the liter-
ature. The enthalpy method combines the specific heat and latent
heat fusion as an auxiliary temperature-enthalpy function [15,17-
19]. The heat capacity method, proposed by Hsiao [20], approx-
imates the apparent heat capacity as a function of temperature
[13,21]; whereas the heat source method divides the enthalpy term
into the enthalpy method with specific heat and latent heat, where
the latent heat serves as a heat source [22,23]. Different from the
above fixed grid models, the deforming grid model explicitly tracks
the solid/liquid boundary since the grid nodes can move along
with the boundary layer; whereas the hybrid grid model combines
the merits of the above two models, and uses the fixed gird and
front tracking scheme together [10].

Robust design of PCM embedded building materials requires
quantitative evaluation of the influence of PCMs on their ther-
mal performance. Many models and methods were developed to
characterize the heat flux within building materials with inhomo-
geneities and phase transition of PCMs in the literature. Typically,
for a bounded domain with prescribed boundary conditions and
initial conditions, the heat equation can be solved by finite differ-
ence method (FDM) [17], finite element method (FEM) [24,25] and
boundary element method (BEM) [26,27]. FDM discretizes the time
and spatial domain instead of taking derivatives, and it is usually
applied to solve diffusion equations. However, the solutions of FDM
are sensitive to time discretization and discontinuity issues [28].
FEM requires discretization of the entire spatial domain including
the inhomogeneities, and its accuracy is dependent on the qual-
ity of mesh, which is a tremendous challenge when micro-sized
PCMs are incorporated in building envelopes. In contrast, BEM only
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Fig. 1. Schematic illustration of multiple inhomogeneities embedded in a domain
‘D with prescribed boundary conditions,

meshes the boundary of the domain but requires fundamental so-
lution for each material domain. For a composite containing many
PCM particles, it is still very expensive to mesh each particle sur-
face and simulate an actual composite with interface continuity
conditions.

Our recent work has revealed that the inhomogeneity prob-
lem of PCM particles in a matrix can be transferred to an inclu-
sion problem based on Eshelbys equivalent inclusion method [29-
31| that bridges the macro-behavior of a composite to its micro-
structural composition. Nevertheless, for a domain with prescribed
geometry and boundary conditions, only adopting EIM or micro-
mechanical models cannot solve the thermal fields as it requires
the specific Green'’s function with boundary conditions. In addition,
it is inconvenient to derive Green’s function for all types of the
domain, especially for some irregular geometry [32-34].Therefore,
an inclusion-based boundary element method (iBEM) provides ad-
vantages that avoid meshing the particle surface and can use the
fundamental solution or Green’s function for the infinite domain.

In this study, the authors coupled EIM, BEM and the heat capac-
ity method to solve the heat transfer problem where phase change
occurs in a composite containing spherical PCM capsules under si-
nusoidal air temperature variations. By assembling the equivalent
flux equations of the particle into BEM global matrix, the PCM
particle-boundary interaction as well as particle-particle interac-
tions are simulated during the phase change process and the size
effects of the samples are demonstrated simultaneously. After the
thermal fields of the bounded domain are validated by the experi-
mental results and verified by the finite element simulation, this
method has been used in the virtual experiments of PCM com-
posites for building applications. This numerical method provides
a simple yet rigorous tool to design and evaluate the thermal ben-
efits of phase-change building materials.

2. Boundary element method

Consider a spatial domain D subjected to boundary conditions
such as a heat flux of q,. and a prescribed temperature of uy, dur-
ing time domain € with a given initial condition (Fig. 1). Using
the Green's function technique, the temperature field at x and ¢
can be expressed by boundary integral over the time domain as
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[27.32,35],
u(x,t) = fc;(r,r)uﬂdx’+if f G(r, T)Q (X, t')dt'dx’
D G Jalta
+af fG(r,r)qudt’dx’fa[ [T(r,r)ubcdt’dx’
anJa apJo

(1)

where the transient Green's function in the infinite domain and its
derivative are written as

GLT) = ——e® H(T)
(dmrat):2
T(r,7) = ,M?@C%H(T) 2)
(Amxt)?

inwhichr=x—x', t=t—t' and @ = % as Cp and k denote the
specific heat on unit volume and thermal conductivity, respectively.
The superscript 0 represents the initial condition, and Q and A
are the heat source and its domain; H(t) is the Heaviside func-
tion; the Green’s function G(r,t) is also called the fundamental
solution due to an impulse heat source at X’ and time t’; T(r, 7)
is the derivative of the Green’s function with respect to the sur-
face normal n [27]; the first term in Eq. (1) involves the initial
temperature field. To numerically evaluate the boundary integral
in Eq. (1), Gupta [27] interchanged the integral sequence and de-
rived the analytical form with respect to time 2 from {; to tf, in
which tp and tg are the start time and ending time (or the ob-
serving time). Discretize 2 by Nr time steps with time coordinate
t;,i=0,1,2,...,Np and the time intervals t; — t; ; (i=1,2,...,Nf)
are not necessarily to be the same, although in this paper, equal
time intervals are used for convenience. Assume that the thermal
responses remain the same over one time step, thus the influences
from thermal source during the time interval t; 4 to tf and loca-
tion X' are handled by time integral of the Green's function over
the time interval of ty —t; 4. The time integrals of G and T de-
fined in Eq. (2) for each time step are written as G(r, tg, At) and
T(r, to, At), where tq is the duration of the overall time domain,
ie. tg =tp —ty, and the time interval is defined as At =ty —tr 4.
They can be explicitly expressed with the incomplete gamma func-
tions (IGF), which are presented in Appendix A. Eq. (A.2) can be
numerically integrated by the approximation of temperature and
heat flux fields of each element with the temperature and heat flux
field provided by the corresponding shape function as,

u(x, t) :fDG(r,t)uodx’JrClp]A]QG(r‘r)Q(x’. t')dtdx’

NF Ne Nn NF Ne Nn
+2°2° 2 W)y =33 Y (HuX)y (3)
f=11=1 i=1 f=11=1 i=1

where Ne and N, are the numbers of elements and nodes, re-
spectively, in the corresponding element; U; and H; are the
boundary integrals with the specific shape functions, i.e. (Ui)f:
o [3pG(r.tg, ADN;ds and (H;)j =« [5p T(T, tg, At)Nids, in which
N; denotes the shape function; the subscript f the thermal source
active time interval during time t;_; and ty. Based on the concept
of Green's function, the heat fields at any future time are depen-
dent on the past heat quantities, it is necessary to store the previ-
ous matrices and boundary solutions.

3. Inclusion problem for infinite and finite domain

Without the loss of generality, consider an infinite homoge-
neous domain, Dj,¢, containing an eigen-temperature gradient ¢}
and heat source Q* at the subdomain A;. Here eigen-temperature
gradient denotes a prescribed temperature gradient that does not
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contribute to any heat flux, i.e. ¢; = —k(u; — &) [36,37]. Now in-
troduce a fictitious quantity Q" = Q* — kel.fi., which is an equivalent
heat source caused by € and Q*. The temperature field caused by
the source Q' in Eq. (1) can be rewritten as [32,33],

) a X —
) = — G(r, tq, AD)AX'(Q*
ux, ) k];{/m (. tg. ADAX (Q*)

— G(r, tg. At)kn[dS(e) ¢
31\1
3 Pl o
“ % A'G(l'. Lo, ADkdX (€] )5} (4)

where the subscript f represents the thermal quantities existing
during time ty_; and t;. Here only the second term in Eq. (1) exists
and the Gauss theorem is used to transfer the domain integral to
the boundary of the subdomain Aj. In Eq. (4), the fictitious quan-
tity only exists in the subdomain A;, and the contour integral at
the outer surface yields zero. Therefore, only the domain integral
terms of the first and third terms in Eq. (4) exist. Introduce the
domain integral terms as:

o - s
My = FfA, G(r, to, & 0)dx
3 [ = ;
Jpi = —oge A,G(r’ ta, A £)dX (5)

where My and J;; denote the influence of the eigen-temperature
gradient and heat source of the inclusion (A}) existing during time
ty_y and tf in an infinite domain. Combined the ordinary BEM
Eq. (3) and the disturbed field by fictitious quantity Eq. (4), the
temperature field at X (x € D) can be presented as,

Ng N. N, Ns
i, 6) = 3| 203 [(Uiar) — ()] + 3 (MeQ" +Jpiei?)
=1 \I=1 i=1 =1
G(r,tuldx’ 6
+[D (r,tu"dx (6)

where Ng denotes the number of subdomains. The above equation
is based on the homogeneous material with the boundary effects
as well as heat sources on a number of subdomains or inclusions.
However, actual composites contain phase change material (PCM)
particles that are different from the matrix. The same Green'’s func-
tion cannot be used for both PCM particles and the matrix due to
the different governing equations. Traditional BEM uses boundary
integrals over each material domain with the boundary continu-
ities, which requires numerical boundary integrals on the subdo-
mains with high computational costs. In the following, iBEM is in-
troduced to use Eq. (6) to avoid the numerical boundary integral
of the subdomains.

4. Phase change process

Following Eshelby’s work [36], PCM capsules can be treated as
inclusions with eigen-temperature gradient and heat source, which
can be determined by the equivalence of heat flux to simulate the
material mismatch. One challenge involved in the modeling is that
PCMs specific heat increases during phase change. Hsiao [20] pro-
posed a piece-wise specific heat function in terms of tempera-
ture for numerical simulation of phase change process. For a pure
material, it has sharp freezing/melting temperature, thus a small
temperature interval is desirable and vice versa. In general, the
PCM capsules used in the building envelopes feature a compara-
tively larger temperature interval, measured by differential scan-
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ning calorimetry (DSC) [38],

Cps if u < ug
AH C C .
Co(u) = L Ml +opi ifus < u < u, (7)
Up — Uy 2
Cp.i ifu, < u

where Cps and C,; are specific heat for the solid and liquid phases
of PCM, us and u, are the temperatures that the phase changing
starts and ends, respectively; and AH,, is the latent heat fusion per
unit mass of PCM. Since the volume of each PCM capsule is small,
one assumption was made that the entire status of the particle can
be described by spatial-averaged temperature of sampling points.
Therefore, the heat capacity the entire particle can be considered
as uniform.

5. Inclusion-based boundary element method for transient
heat conduction with phase change process

In Section 2, the equation for the bounded inclusion problem
is built with eigen-temperature gradient and fictitious heat source.
EIM treats each particle with a different thermal conductivity as
the same material as the matrix but an eigen-temperature gra-
dient and a fictitious heat source are introduced to simulate the
effect of material difference on the heat transfer. Therefore, the
boundary value problem for a finite domain with many inhomo-
geneities can be solved with a uniform material with the corre-
sponding inclusions of source field of eigen-temperature gradient
and heat source. The iBEM formula combines BEM and EIM using
the equivalent flux condition within the inhomogeneity domain A;.
For each inhomogeneity, 2 more thermal quantities, namely eigen-
temperature gradient and fictitious heat source, are introduced to
describe the material mismatch and phase change process.

5.1. Implementation of EIM

Consider a bounded domain D with Ng embedded PCM inho-
mogeneities Aj, I =1,2,3.... Denote material properties of matrix
and inhomogeneities as k(].Cg and k;,CIIJ. respectively, where k and
Cp are thermal conductivity and specific heat, respectively. Notice
that here the specific heat is based on unit volume and can be
transferred from mass-based specific heat by multiplying density.
The equivalent conditions are built upon the heat flux field within
the inhomogeneity to match the thermal conductivity difference
and product of density and specific heat at each time step as,

—ko(u;+€ —€)=—k(u;+¢€) in A

pdu  ;0u .

%o at =53 at +Q
where the temperature gradient u; can be obtained by taking
derivative with respect to Xx; in Eq. (6). Since the boundary re-
sponse remains the same at each time step, thus the derivatives
are only taken with the coefficients of U, H, M, ] and G. As for the

in A[ (8)

temperature changing rate %, it can be derived similarly as tem-

perature gradient. Eq. (8) can be simplified as,

Aku; = koef

Ag B _ o 9)
P 3{ Q1

Written the temperature and its changing rate in terms of the
boundary integral and volume integral over particles with €; and
Q" on each particle, one can solve for € and Q.

5.2. Equivalent heat flux condition with the heat capacity method

The physics of PCM is that when the temperature is in the
range of phase change temperature window, the heat capacity Cp,
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i.e. the product of density and specific heat, is larger than that
in other temperature ranges. By modifying the heat equation, the
left-hand side heat capacity can be expressed as Cp(u). which is
the function of temperature. As assumed in Section 4, a spatial-
averaged specific heat is considered for the entire PCM particle,
which is a piece-wise function of temperature. Therefore, a heat
source term Q). is used to match the heat capacity difference,
which is similar to inclusion problem with fictitious heat source.
Although Q/. and Q; are introduced for PCM particle in the mushy
state with solid/liquid co-existing respectively, they both serve to
match the heat capacity difference. Therefore, it is natural to con-
sider a heat source Q; (1) as a general form for heat capacity mis-
match in Eqs. (7) and ( 9). In Eq. (6), the temperature at any point
and time, can be expressed. The heat source term Q" is dependent
on the temperature changing rate and the heat capacity difference
AC}'T Employing a backward finite difference scheme [39], the tem-
perature changing rate at time step n is written as

n n-1
L (10)
Jt tn — -1
Since the time interval and temperature at the previous time step
are known, the key of the scheme is to express the temperature
at current time step by Eq. (6). According to Hsiao's work [20], the
heat capacity of the PCM particle is computed at the previous time
step. The explicit scheme will be presented in Eq. (14) in the next
subsection.

5.3. Assembly of the global matrix of iBEM

To solve the problem, the global matrix of iBEM can be assem-
bled as follows: Firstly, assemble the boundary element equation
related with boundary nodes’ temperature and surface element
fluxes. Secondly, assemble EIM equations and phase change process
constraint equations of Eq. (9). In Section 5.1 and Section 5.2, the
equations will be solved for the material properties mismatch and
phase change process simultaneously with modified coefficients
of the variables €*, Q*. The initial conditions are implemented in
Eq. (6), where they are multiplied with Green's function and then
integrated in the spatial domain. The implementation of boundary
conditions are the same as BEM, which involves computed coeffi-
cients matrix multiplying the boundary variable vectors. The super-
script (/) denote the spatial derivative and let the spatial integral of
Green'’s function be Gj,. Following the pioneer work on BEM [27],
a direct iBEM for phase change problem is shown below. Based on
Eq. (8), the modified EIM equation is written as,

Ix Ak LI ! 4bc 1, ,bc
(€ = 751 22 22 22 [ W) - (w9 |,
c=1 =1 i=1

N
+ Y (MQ" +Jie])e + Gy (T, t)uo}

=1

ok & .
= 22 [ Wik — (Hiu)s]

=1 i=1

+ Z[Ul J*)f+ (MfQ[*)f]i

Ak [ e Mo
_{ > 2 [Wia) - Hup),
0l cciimr it
Ns
+ 3 (0" 4il) + Gyt 000 an
=1

where the subscripts f and ¢ represent the thermal quantities ex-
isting during time ty_;. ¢t and t._q, tc, respectively. Combining the
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coefficient of €/ yields,

;;[ ), - (Ha), ]

(U
3 [((f, f“k el )f+(MQ’*) }

Zizwﬂ)wﬂh
.3

N
(MQ" +Ji€), + G (. )u® = 0 (12)
I=

1
where the modified coefficient of (E{*)f is Ak—'glj’f.ifl and Akl =
ko — kj. Note that the modified coefficient does not exist in the

domain of dependence except the current time step matrix. Sim-
ilarly, the modified coefficient for the heat source can be obtained

as My — %,l and AC} = CJ — C},. Finally, the modified constraint

equation of PCM particle temperature can be expressed. Note that

the heat capacity Ci, is function of uf', which is the spatial-average
temperature of the Ith subdomain at previous time step. The con-

straint equation at Ith subdomain is expressed by Eq. (13),

+§“@ﬁKMi£ﬂQH

+ [ (Uigi) = (Hiw) ], +Z( MQ™ +Ji€f") +
+ G (1, )’ —uf_; =0 (13)

Combined the above equivalent equations with BEM equations, the
main matrix and variable vectors for iBEM can be formed. To sim-

plify the notation of main matrix, denote U, H, ], M to represent the
coefficient matrix for the variable vectors ., Uy, €*, Q*. And de-

note the coefficients of initial conditions as the vector G_B. Thus,

t) = 25 + 155i (m)
u(t) = in EF

8cm

,/1'2cm

(a) Boundary conditions and geometry dimensions
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the direct form of the iBEM is obtained as,

C+Ff _ﬁ _Wf ujbrc U_f
T T ko Tl — — =7 _
R N I R FAR
e [ 1.2 i
—Hy Ir My—"%r || of ~Uy
-2\ -E T M || € |+ | O[]
LR e M L@ U
7] 0
+ | -c0 [[uwe]+| O (14)
— -1
e Ug

To reduce the computational cost, keeping the same time inter-
vals, there is only one coefficient matrix to be solved and stored at
each time step, which brings the influence of the beginning ther-
mal field.

6. Numerical verification
6.1. Verification of the temperature of one centered PCM particle

The above mentioned algorithm for the phase change process
has been implemented into the software package of iBEM, which
combines both the EIM ([36,37]) and the BEM [33,35]. If the sur-
face mesh elements and specific boundary conditions are known,
the field can be solved. In order to verify the solver, we have pre-
pared a concrete block with a paraffin-based PCM capsule placed
at the center to resemble part of a wall panel. As shown in
Fig. 2, the top surface of the block was subjected to a daily si-
nusoidal temperature load,u(t) = 25 + 155in({¢t), while other sur-
faces were thermally insulated. The diameter of the spherical PCM
particle was 1cm and its specific heat was a function of tem-
perature measured by the differential scanning calorimetry (DSC)
shown in Fig. 3. Five Type T thermocouples with the measurement
accuracy within 0.5 °C were embedded to monitor temperature
evolution at different locations, as shown in Fig. 2 - inside the PCM
capsule, 0.6cm below the PCM center, 1cm right to the PCM center,
and top surface and air above the block. The thermal properties of

V

(b) Experiment setup

Fig. 2. Schematic illustration of the dimensions, boundary conditions of the concrete block with a spherical PCM particle and thermal probes.
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Fig. 3. Specific heat of microencapsulated PCM (MPCM24D) as a function of temperature measured by DSC with a temperature ramp rate of 1°C/min with the piece-wise
numerical model of [18, 22]°C phase change temperature window (i.e for the energy prediction in Section 7.1).

Table 1
Thermal properties of the concrete and PCM.

Thermal properties of concrete and PCM

Parameters Values
density of the concrete 1965 kg/m?
density of the PCM 900 kg/m?
thermal conductivity of the concrete 1 W/m=C
thermal conductivity of the PCM 0.21 W/meC
specific heat of the concrete 1530 J/kg°C
latent heat of the PCM 160 k]/kg

concrete and the PCM are shown in Table 1; whereas their density
and thermal conductivity are considered to be constant due to the
relatively small temperature change during the experiment. A com-
mercial FEM software ANSYS was used to solve the temperature
field subjected to the same boundary conditions. To prepare for
the FEM simulation, the body element size was chosen as 0.5¢m
with a 3 times refined region for the PCM particle, which leads
to the numbers of nodes and elements being 68138 and 49342,
respectively. The minimum and maximum time intervals were 0.1
and 0.5 h, respectively, and the specific time intervals are automat-
ically controlled by the software in the above range. For the phase
change process to be consistent with the heat capacity method,
the specific heat of the PCM was replaced by a piece-wise func-
tion with an equivalent latent heat (i.e., 160 KJ/Kg) and a 5-degree
phase change window [16,21] °C. However, the specific heat - tem-
perature relationship is different between the heating and cool-
ing cycles. Following Kumarasamy et al. [40], the specific heat and
temperature curve is constructed in Fig. 4a. During the heating
process, the phase change window is [19,23] °C [38]; whereas dur-
ing the cooling process, two 3-degree phase change windows are
used - [17,20] and [20,23] °C - while the latent heat remains the
same. In contrast, the iBEM takes advantages of surface meshing
only 866 nodes and 864 quadrilateral elements. The subdomain,
i.e, the PCM particle, was treated as the same material as the con-

crete matrix along with 3 unknowns of eigen-temperature gradient
ﬁeld(e!*) and 1 unknown of the fictitious source Q!* at each time
step. Thus, for each time step, the number of system linear equa-
tions is Np + 4Ns, which is significantly less than that in the FEM
modeling. The time intervals in iBEM was set to be equally 0.2 h
to save the computational resources. In addition, the iBEM can use
the same mesh for the particle with different sizes or locations;
whereas the FEM has to re-mesh the domain.

The initial temperature of the concrete is 25°C, and the test du-
ration is 48h. The temperature-time curves obtained from the ex-
periment agree well with the iBEM predictions, regardless of the
location in the concrete block, as shown in Fig. 4. The FEM simula-
tion results also show very good agreement with iBEM and exper-
imental results, which further confirms the accuracy of our iBEM
method through cross-validation. According to the specific heat
change of the PCM, when temperature is higher than the upper
bound of the phase change window, the PCM particle behaves as
an inhomogeneity in the domain. During this stage, although the
temperature curve is sinusoidal, a slight phase delay exists inside
the concrete compared to top surface temperature due to thermal
diffusion. As the ambient temperature decreases, the PCM particle
starts to solidify and the specific heat increases rapidly, perform-
ing as a heat sink, which prevents the decrease of the tempera-
ture. When the latent heat is released, the temperature curve be-
comes sinusoidal again until the next phase change process. The
FEM and iBEM provide the similar prediction of the temperature
change, which agree well with the experiments of the temperature
at the center of the PCM particle in Fig. 4a. However, the slight
difference is observed at 1cm right or lower to the PCM particle.
It can be caused by the assumption of the uniform properties and
temperature gradient field on the PCM particle, in which the mov-
ing phase change boundary is not considered. Because only one
small PCM particle is used in the experiment, the influence of the
phase change process to the entire temperature field is limited.
However, the slope change of the temperature curve during the
phase change process can be observed in Fig. 4a. To consider par-
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Fig. 4. Comparison of the temperature change with time at 3 locations shown in
Fig. 2 by the experiment v.s. the iBEM and FEM predictions.

ticle interactions in actual composites, multiple PCM particles are
considered in the following.

6.2. Verification of the temperature field with particle interactions

In the previous section, the iBEM has been compared to both
the experimental and the FEM prediction of the temperatures at
three locations of single PCM particle. To further illustrate the va-
lidity of the aforementioned algorithm under multiple particle in-
teractions,7 1cm - diameter PCM particles were placed around the
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Fig. 5. Comparison of the variation of temperatures with time at 3 heights
(2,4, 6cm) under particle interactions.

center of the box, shown in Fig. 5. And the variations of tempera-
ture fields along the height direction have been compared with the
FEM results under the same boundary conditions as Section 6.1.
Notice that the temperature fields at near height are showing close
results, therefore the curves only exhibit fields at 2,4,6 cm from the
bottom surface. However, to keep consistent with the heat capac-
ity method, the phase change process in both methods are simu-
lated by a averaged piece-wise specific heat function of 4-degree
phase change temperature window [16, 20]°C. The horizontal and
vertical distance between neighbor particles are one-quarter of the
radius as 0.25cm. At the three locations, temperature curves agree
well with each other. Before the phase change process, the temper-
ature curves were similar to the sinusoidal function, and tempera-
ture fields at different height exhibit obvious phase lag due to the
thermal diffusion. During the phase change process, the tempera-
ture at 4cm height which has more interactions (center of the 7
particles), exhibits a slope change starting at 20°C due to sudden
increase of the heat capacity and ending at 16°C, and the pattern
repeat in next period. The maximum temperature of the second
period decreases by 0.1°C due to the phase change effect. Notice
that iBEM involves solving a linear equation system with a full ma-
trix, while FEM uses a sparse matrix, because the degree of free-
dom of iBEM is much smaller, and no mesh is needed, iBEM is
particularly convenient for virtual experiments of PCM composites
with random particle distributions.

7. Energy prediction of a PCM-concrete wall

The implementation of the iBEM algorithm is verified in the
previous section with the FEM and experimental results under the
sinusoidal temperature, insulated boundary conditions. However,
in industrial applications, wall panels are subjected to air convec-
tion at both indoor and outdoor surfaces, as well as heat conduc-
tion and irradiation with the environment. The key design factor
of an energy efficient building is the energy consumed to remain
a desirable indoor temperature, i.e. 20°C in this paper. In order
to simulate a daily energy consumption, the boundary conditions
are changed as follows, (i) The outdoor sinusoidal ambient temper-
ature, u(t) =20+ 1051'}1(7{—2I - 27”). (ii)Absorbed sunlight (for 9 h)
heat flux, q(t) :5251’n(%).t € [8,17], (iii) Constant indoor tem-
perature 20°C, (iv) All side surfaces insulated for a 1-d heat trans-
fer. The heat transfer coefficients are h; = 8W/m? and hp = 20W/m?
for indoor and outdoor concrete surfaces, respectively. The h; is
consistent with experimental measurement of mixed and natural
convection [8,41] and h, [42,43] was obtained through the numer-
ical simulation of walls under the outdoor weather condition.
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7.1. Virtual experiment setup with boundary condition and energy
measurement

The convection type boundary condition is defined as, the heat
transfer rate, Q = hAAU, where Al = Us — Uy, is the temperature
difference between indoor surface and near-surface air tempera-
ture. As the temperature difference in each time step is implicit,
an iteration algorithm is needed. As a BEM-based method, the al-
gorithm to solve the matrix is to separate unknown parameters.
Based on the BEM algorithm, one modification can be made to
solve the convection problems (at the observing time tf) following
Eq. (15).

[Hror. Heons J. Mg [Unor. tcon, €*, Q* g — [Gror. Geonlr[Gnor: GeonlF
F-1
+ Y ([H.J Mlflu. €*,Q"]f — [Glslqly) = [0]
=

h
[Hnor, Heon + EGconJe MI1¢[tnor, Ucon, €*, Q*Ir — [Gnor, O1¢[qnor. O1F

F-1
+ Y _([H.J M]flu, €*,Q*]; — [Glflqlp) = [0] - %[GCDW]F[HM]F
=1
(15)

where, the subscript nor stands for boundary conditions with pre-
scribed temperature or the temperature gradient, and the subscript
con represents the convective boundary condition; U is the con-
vection film temperature. Substituting the definition equation of
air equation above into the gcon, the BEM coefficient matrix at F
time step changes accordingly by relating the convection surface
node temperature with Hf + Ggon% and all other parameters in the
matrix remain the same.

Three case studies are launched to investigate the influence
of the volume fraction and location of the PCM particles on the
heat transfer and energy consumption through a builidng wall. In
the first study, energy consumption and temperature at various
heights of the different volume fraction (®,) of 0%, 5%, 10%, 15%
and 20% are compared. Considering the real application, the non-
overlapping PCM particles are randomly generated in terms of both
positions and diameters (ranging between [0.5,0.75]cm). Thus, in
each case of different volume fractions, 0,15,28,41 and 57 par-
ticles are generated in the domain with a narrower dimension
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LxW x H=2 x 2 x 8cm, where the 1-d heat transfer happens at z
- axis with a height of 8cm. The material thermal properties of the
PCM particles changes in the phase change temperature window of
[18,22]°C; otherwise they remain the same. The thermal proper-
ties of the concrete is temperature independent. In the second case
study, the effect of phase change temperature window is investi-
gated. Defined in Section 4, the phase change temperature win-
dow is [us, ie], and it could be further split as [us — Au, ue + Aulj,
where u. = %3 and Au= Y5 are introduced as the melting
temperature (midpoint of the phase change window) and range of
phase change temperature around the u.. In order to study the in-
fluence of the phase change temperature range Au, the authors fix
uc = 20°C and change Au=0.5,1,2 when the volume fraction of
PCM &, = 0.10 under the same boundary conditions of the first
case study. The temperature at the center and indoor heat flux are
compared in the 5 cases. As for the third case study, 23 particles
are randomly generated in the box domain (L xW xH =2 x2 x 2
cm)shown in Fig. 10, with diameter falls in the range [0.4, 0.6]cm,
then through adjusting the heights of the 23 particles at 5 different
levels (1,2,3.4,5cm), the indoor heat flux curves are compared
with the one with random distribution of the same volume frac-
tion &, = 7.5%.

7.2. The effect of the PCM volume fraction

Since the PCM particles are randomly placed in the sample
domain, the indoor heat flux is measured through averaging the
boundary responses (temperature gradient) multiplied with ther-
mal conductivity k. Shown in Fig. 6, the virtual experiment mon-
itors the 24-hour heat flux change, between the noon t = 12pm
and t = 12pm(+1). When ®, =0, the indoor heat flux curves is
the a sinusoidal function of time with a phase delay due to the
thermal diffusion. With the increase of the &®p, an obvious trend
is observed that the peak heat flux in both positive/negative parts
reduces gradually. The maximum difference of the peak flux occurs
in the ®p = 20% curve, with heat flux reduction up to 25.01W/m?
compared to the plain wall.The phase change temperature window
is set as [18,22]°C. It is noted that phase lags exist in all PCM-
embedded cases except the ®p, = 20% one. One explanation is that
when the temperature at higher location are in the phase change
process, larger volume of PCM particles absorbs more heat, which
leads to the particles at lower height stays in the phase change

W
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Fig. 6. Indoor surface heat flux as a function of time (t) of a 8cm-thick concrete panel with different volume fraction (0%, 5%, 10%,

heat is 160kJ/kg, u. =20°C and Au=2°C.

15%, 20%) of PCM particles, here the latent
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Fig. 7. Temperature at the center of the sample as a function of time (t) of a 8cm-thick concrete panel with different volume fraction (0%, 5%, 10%, 15%, 20%) of PCM particles,

here the latent heat is fixed as 160kJ/kg, uc. = 20°C and Au =2°C.

Table 2
Energy consumption by the integral of averaged indoor heat flux in 24 h
with different volume fraction of randomly distributed PCM particles.

$, =0% 5% 10% 15% 20%

0564kW -h  0.415kW-h  0284kWh  0.171kW-h  0.116kW -h

process in the entire period. Therefore, the heat flux curve with
&p =20% also performs as a sinusoidal function without phase
lags due to absence of the phase change. Other heat flux curves,
experiencing the phase change process, show the phase delay of
the peak heat flux, ie., 0.6,1.2.8h for &, = 5%, 10%, 15%, respec-
tively. Fig. 7 shows the variation of temperature at the center of
the sample domain, the same trend is observed that higher vol-
ume fraction of PCM particles reduces the peak temperature and
shift the phase later. However, the phase delay is relatively smaller
than the heat flux one since the temperature field is compared at
h = 4cm. In the second half of the period, the phase change lags of
&, = 15%,20% are not observed due to the larger mass PCM parti-
cles serving as heat source, which reduces the peak negative tem-
perature amplitude. The overall energy input needed for the room
to maintain 20°C can be calculated by integrating the absolute in-
door flux with time. As we can see in the Table 2, by adding PCM
particles in a building wall, we can reduce building energy con-
sumption by 79% when 20% PCM is used.

7.3. The effect of phase change temperature window

In this section, the scale of the phase change window is modi-
fied to investigate its influence on the indoor surface heat flux and
temperature field at the center of the PCM-concrete wall. Based
on Eq. (7), changing Au leads to different values of the specific
heat to match the same latent heat during the phase change pro-
cess. A higher material mismatch, shown in Eq. (9), causes a larger
eigen heat source term Q}* in the phase change process, result-
ing in sudden larger slope change of both temperature and heat
flux field. Shown in Fig. 8, the heat flux curve with smaller phase
change temperature window tends to have a flattened slope at the
beginning, and the reason is that during the first 2 — 3f, most PCM
particles are in the mushy status, which absorbs the heat caus-
ing a smaller change of the heat flux field. In addition, a smaller
Au enlarges the specific heat since the total latent heat remains

Table 3
Energy consumption by the integral of averaged indoor heat flux in 24 h
with phase change temperature window of randomly distributed PCM parti-

cles.
Au dp=0% 05°C 1<C 1.5°C 2°C
0.564kW - h 0210kW -h  0227kWh  0248kW -h  0.284kW -h

the same. Then, the heat flux field of smaller phase change win-
dow ends the phase change process sooner due to a comparatively
small phase change temperature window. After the phase change
process, the heat flux increases more rapidly than others that have
larger phase change window, and the peak heat fluxes are equiv-
alent in all curves with &, =10%. As mentioned in Section 7.2,
the phase change process exists when the temperature decreases
around 10PM, and the opposite trend is observed here that the
heat flux curve with smaller Au begins the phase change process
later. However, it could be resulted from the effect of the fixed u,
in the sense that a smaller Au requires the temperature of the
PCM particles to drop below u. + Au. The temperature field, seen
in Fig. 9, exhibits a similar same trend as the heat flux field. Ini-
tially, the four curves almost overlap, which is due to the effect
of the uniform initial condition. By integrating the absolute indoor
flux with time, the overall energy consumption required to main-
tain the thermal comfort at 20°C could be obtained. As shown in
Table 3, with smaller Au, more energy could be saved. For exam-
ple, given the same latent heat, a PCM with a phase change win-
dow Au=0.5°C would reduce 13% more building enerngy con-
sumption than one with Au=2°C.

It is interesting to note that this finding differs from previ-
ous claims that phase change temperature window has insignifi-
cant effects on the energy flux reduction and phase delay of PCM-
concrete composites [8]. It is speculated from our study that such
statement should be conditioned on the assumptions that (i) the
melting temperature of PCM u. is lower enough than the sinu-
soidal peak temperature, and (ii) the daily temperature fluctuation
range should fully cover the phase change window of the PCM.
When u¢ is close to the peak temperatures, we may take advan-
tage of our current finding and design PCMs with optimized phase
change temperature window to maximize energy savings achieve
desirable delay in peak energy flux, so that we could achieve max-
imized cost savings while stabilizing the power grid.
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Fig. 9. Temperature at the center of the sample as a function of time (r) of a 8cm-thick concrete panel with various phase change temperature window length (Au =

0.5,1,1.5,2°C), here the latent heat is 160kJ/kg, uc = 20°C.

7.4. The effect of particles distribution within a wall

In this section, 23 PCM particles are randomly generated in a
small cube 2cm. These particles took up 30% of the cube, which
itself was part of a 2 x 2 x 8cm simulation box to mimick a 8cm
thick wall. Thus the PCM volume fraction in the entire wall was
&, =7.5%. Shown in Fig. 10, the distance between the small cube
center to the indoor surface is h, through changing the height of
the cube, the indoor heat flux are monitored. To better illustrate
the effect of particle gathering, location, the author create another
case of random distributed &, = 7.5% PCM particles. It is observed
that when the PCM particles are closer to the indoor surface, not
only the peak heat flux field decreases but also the effect shift the
phase later. The similar trend is shown in the case of increasing
the volume fraction of PCM particles. However, the volume fraction
is only 7.5%, such amount of PCM particles fails to reproduce the
same phenomenon as seen in Fig. 6, as the overall latent heat are
not sufficient to absorb the heat which keeps the indoor neighbor

temperature inside the phase change temperature window. The en-
ergy consumption is provided as Table 4. Because the phase change
temperature is close to the desirable room temperature, When the
PCM particles are concentrated to the indoor surface, it produces
the highest energy saving at 0.564 — 0.183 = 0.381kW.h; whereas
h =5cm at 0.564 — 0.328 = 0.236kW.h. A 50% increase of energy
saving to move the PCM cube from the outside surface to inside
can be obtained. Notice that the randomly distributed PCM config-
uration produces the lowest energy saving although the uniform
particle distribution provides benefits in mechanical and struc-
tural performance and manufacturing process. This is common that
laminate materials/structures perform favorably from the homoge-
neous alternatives for heat insulation.

Given a specific daily temperature change pattern, the energy
saving and phase delay can be significantly changed by PCM's
phase change temperature window, volume fraction, and distribu-
tion. Optimization of the PCM-concrete design might lead to large
saving for energy efficient buildings. The iBEM algorithm provides
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Fig. 10. Indoor surface heat flux as a function of time (t) of a 8cm-thick concrete panel with various PCM particles gathering height, here specific heat 160kJ/kg, u, = 20°C

and Au=2°C.

Table 4

Energy consumption by the integral of averaged indoor heat flux in 24 h with various PCM

particles gathering height.

Height (cm) 1 2 3 4 5 random
0.183kW - h 0.243kW -h  0.276kW -h  0301kW -h  0.328kW-h  0.339kW -h
a powerful tool for virtual experiments of different material de- Acknowledgements

signs.

8. Conclusions

The algorithm of phase change process has been implemented
in the iBEM to investigate the transient heat transfer problem of
PCM particle embedded concrete for energy efficient building en-
velope applications. The present method was verified with the
experiments and FEM simulations. For a prescribed domain with
known PCM particle, the heat field can be solved with iBEM and
the heat source algorithm. Rather than meshing the inhomogene-
ity to multiple of grids, the inhomogeneities are treated as same
material of the matrix with an eigen-temperature gradient and
fictitious heat source. Hence, the same BEM model can be used
in iBEM for virtual experiments of material sample with multi-
ple PCM particles. The iBEM is verified by FEM and validated by
the experiments. The virtual experiments show that iBEM can be
a powerful tool for the design and optimization of PCM-concrete
composites, which can lead to 50% energy saving with micro-
structure optimization for the specific example. The effect of vol-
ume fraction, phase change temperature window, and particle con-
centration zone on the energy consumption and phase delay are
illustrated.
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Appendix A. Explicit time-integral form of G, T and discussion
of singularity

The explicit time integrals of the Green's function and its
derivative are provided as follows [27],
i

G(r, tg, At) = G(r, T)dt
t-1
1 r2 r?
= rf{os,————|-1(05 —— Al
4arm? [ ( 4ﬂ’(f9+Af)) ( 4(”9):| Al
— i
T(r, tq, At) = T(r, T)dt
l’f*‘l
r-n r? T
=—|I'{15,— ) -T'{15 — A2
20”'3;:'[% |: ( 4U(fg =+ At)) ( 4at9)i| ( )

where I' is the upper incomplete gamma function.

Because the Green’s function is singular at the source points,
the integrals over spatial domain should be carefully conducted.
The singularities can be divided into two kinds, weakly singu-
lar and strongly singular. As for weakly singular, the integral of
the kernel function poses no problem [35], and the approach will
not be discussed here. However, the strongly singular generates
problems in numerical implementation, and Beer proposed to use
method of rigid body motion, which creates one uniform temper-
ature field (similar to displacement in elastic problem) with zero
gradient. Thus, the diagonal elements in H,C can be expressed
by negative summation of all other elements in the same row.
The merit of the method is not only save computation resources
for strongly singular but also avoid errors in matrix C of direct
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(a) iIBEM surface mesh
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(b) FEM volume mesh

Fig. B.11. Schematic illustration of surface/volume mesh for the iBEM and FEM for one PCM particle case.

BEM method. The method of rigid motion works well with steady-
state problems, but modifications are required for its application
on transient problems. Dargush and Banerjee proposed the method
to seperate the kernel integral into two parts, where one is time-
dependent and the other is time-independent [44]. Similarly, the
kernel function for boundary nodes’ temperature can be separated
as,

r-n r2

T(r, tg, At ds:] T N—
fau (Lo, A1) anZozr%nl v( 4Q‘(tsz+Af))

2
+y(1.5, m)]ds (A3)
where I'(s), ¥ (s) are complete gamma function and lower incom-
plete gamma function and ['(s,t) =1'(s) —y(s.t) is applied. In
most cases that tg =tp —ty # 0 (not the first coefficient matrix),
the Eq. (A.3) does not have singular as the entire asymptotic series
is 0(r3). Whens the time step coincide, y (1.5, 4;—;;9) =y(1500)~
['(1.5), which is a constant in the integral equation. Therefore,
there exist strong singularities and it can be solved by seperating
constant and lower incomplete gamma function series as, (F — f =
0)

r-n r2

[ Twoan = [ as— [ yas, s
(A4)

where the first term in Eq. (A4) is the similar term derived in
steady-state heat conduction problems. Similarly, the H matrix can
be divided into ‘steady-state’ and ‘transient’ part, and the method
of rigid body motion can only be applied to the ‘steady-state’ part.
As a consequence of applying method of rigid body motion directly
on H, the solved heat field will be steady-state.

Appendix B. Comparison of the mesh for the experiment
verification

In Section 6.1, a verification was performed with the iBEM, FEM
and experiment. Shown in Fig. B.11, the iBEM only requires a sur-
face mesh and the number of element seeds on each edge is 12,
thus 144 elements are generated for each surface with totally 866
nodes. The particles in the domain, are treated as just 4 unknowns
of the eigen field, therefore no internal mesh is needed. The same
surface mesh for iBEM could be used for various cases unless the
external geometry changes. However, the FEM requires the internal

volume mesh. With just one particle, the volume mesh includes
49342 elements. Considering more particles with size gradation, it
is quite challenging since the difference between neighbor element
sizes is strictly limited for accuracy purposes.
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