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Abstract— This  paper describes a technique for
de-embedding electromagnetic mutual coupling effects between
nearest neighbors of a ULA receiver. Measured S-parameters
across a range of frequencies of interest are used in a closed-form
mathematical model that relates measured S-parameters,
measured LNA reflection coefficients, and transmission line
parameters to digital beamformer design equations, such that
the beam shape distortions arising from mutual coupling can
be compensated in the DSP algorithm. A 5.8 GHz 32-element
receiver array with custom receivers and 32-channel Xilinx
Virtex-6 Sx35 FPGA based DSP system implementing a real-time
complex-valued Frost beamformer operating at IF is proposed to
show the benefits of de-embedding mutual coupling for far-field
side-lobe suppression. The worst-case side-lobe level is reduced
by 11.2 dB, and the average side-lobe level is reduced by 5.2
dB, for a 20 MHz IF signal.

Keywords — RF beamforming, antenna arrays,
coupling, FIR filters, array signal processing.
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I. INTRODUCTION

Fully-digital beamforming is prevalent in a variety of
radio-frequency (RF) antenna array systems, including
phased-array radar, communications, space systems,
positioning, and imaging [1]. Although a plethora of
array factors can be realized with maximum flexibility
and reconfigurability using fully-digital approaches, the
real-time performance on an array of antenna elements
is typically reduced due to non-ideal effects present in
real-world antenna systems. In particular, the electromagnetic
mutual coupling (MC) between neighboring elements and
impedance mismatches between the antennas and the
low-noise amplifiers (LNAs) across the radio band of interest
causes significant deviation of the measured performance
compared to theoretical best-cases developed in computer
based simulations. For high-performance receiver arrays, the
MC can significantly impact the stop-band performance (that
is, the side-lobe (SL) level) of the receiver.

In this paper, we propose a wideband finite-impulse
response (FIR) filter-based digital beamformer design that
de-embeds the effect of MC from the array factor leading
to improved SL performance. MC arises due to near field
interaction of electric and magnetic fields which causes
changes to element radiation patterns compared to the patterns
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Fig. 1. Structure of a Frost beamformer [2]. The coefficients 3; ; can be
derived to realize either a true-time-delay beamformer or a more genetic 2-D
FIR trapezoidal filter, while taking into account the effect of MC such that
the effect of MC is de-embedded in the resulting overall array pattern.

of individual antennas [3], [4]. The MC depends on the antenna
design, the array geometry and the inter-element spacing.
Electromagnetic fields attenuate with distance from an antenna.
Therefore, MC is dominant across its nearest neighbors in
the array [4]. Measured MC using scattering (S-) parameters
confirm it is negligibly small for arrays when the distance
between antennas increases above a wavelength. Thus, we
consider a low-order MC where each element couples to four
nearest neighbors.

In low-noise receivers, the LNA optimum reflection
coefficient for minimum noise, I'y,, is designed to equal
the array active reflection coefficient, I',.¢, for lowest noise
[5]. T'uet is beamformer dependent (i.e., beam-direction
dependent) and differs from an isolated antenna-element
reflection coefficient because of MC [5]. The underlining
reason for beam-direction dependence has to do with the
coupling of a noise wave emanating from LNA inputs to
neighboring antennas where it is scaled by the beamformer
before contributing to the output noise. When an LNA
is connected to an isolated antenna, the antenna reflection
coefficient can be designed such that the reflected portion of
the noise emanating from the output destructively interferes
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with the noise emanating from the output reducing the overall
LNA noise at the system output to its theoretical minimum. In
an array ', is also calculated to maximize the cancellation
of the correlated portion of the coupled noise and the noise
emanating from the LNA output. However, the beam-direction
dependent I',.; makes such cancellation also beam-direction
dependent. In addition, MC makes it impossible for LNA
designers to simultaneously achieve input power match and
noise match for all beam directions, thereby making array
sensitivity beam dependent. Recent works [5] have used a
Monte Carlo approach to finding I',.; and LNA input reflection
coefficient Sp; that on average maximize sensitivity of an
array. As was shown, the optimum S;; was rather high
potentially causing stability problems and ripples in the LNA
gain. To reduce the effects of MC on array noise, low scattering
antennas were used in the array described in [6]. While this
approach somewhat reduces design complexity, uncoupling
antennas in the array would remove beam-dependence of I';.¢
and would make LNA design similar to a more common
single-antenna scenario.

II. STRUCTURED COUPLING MATRIX

The effect of electromagnetic MC can be modeled via a
coupling matrix, whose elements are either estimated using
numerous parametric estimation methods [7] or explicitly
found, using methods such as Fourier decomposition of
measured element patterns [8], measured using Wheeler
caps [9] or measured S-parameter based formulations [10].
We employ S-parameter based approach, where a vector
network analyzer is employed to obtain measurements of the
S-parameters between nearest neighboring elements on the
array. The measured S-parameters are not directly related
to beamformer behavior due to the effects of the reflection
coefficient at each LNA input port, and the finite propagation
delay and transmission-line effects due to the finite length
transmission lines that appear between antenna ports and their
corresponding LNAs. The S-parameters lead to a coupling
matrix K., an (N x N) square matrix, for an N-element
uniform linear array (ULA). This coupling matrix can be
computed in terms of the S-parameters, transmission line
characteristic impedance, and LNA driving point impedance,
across each antenna location in the array. Following [10, Sec.
II-A], the coupling matrix becomes K. = Z 4 (Zp; + ZA)_I,
where Zy = Zaln, Zoy = (In —S)"' (In + S) Zo, and
Zy = Zyly, where S is the measured S-parameter matrix,
Iy is the (N x N) identity matrix, Zy is the characteristic
impedance of the transmission line connecting the antenna to
the LNA and Z,4 is the LNA input impedance.

ITI. SIGNAL PROCESSING MODEL

The Frost digital beamforming structure is a general
purpose FIR filterbank that implements a filter-and-sum output
between multiple receivers. The Frost structure is employed
for true-time-delay wideband beamformers by employing
fractional delay filters as the FIR filters. Alternatively, the
Frost structure can be utilized for realizing other wideband

beamforming algorithms, including adaptive beamformers
(e.g., Applebaum filters), adaptive nulling filters including
spatial notch filters, and 2-D trapezoidal filters [11], [12].

A. Frost 2-D FIR Filter

The Frost beamformer can be described in z-domain as
Y(2) = kN:_Ol X (z)Hy(z) where Hy(z) are the FIR filter
transfer functions, and Xy (z) € C are the z-transforms of
the outputs of the digital receivers at antenna array location
k on a ULA of receivers. In true time delay beamforming,
the filter design problem amounts to approximating a series
of time delays 74, = k% sin @ in the digital domain, where c,
Ax and 0 are the wave speed, inter-antenna spacing, and beam
direction, respectively. This is usually achieved by expressing
the time delays in the form 7, = k'T, + 74(k) where
0 < 7p(k) <Ts, K = [ksinf0S% ]| and where T, = 1/F, is
the temporal sampling period of the analog to digital converters
clocked at frequency F at each antenna. The FIR filters
of order P take the form Hy(z) = Zi_ol Br.iz~ %, where
the coefficients are selected based on a fractional time delay
interpolation scheme. The integer delays of k&’ sample duration
is realized as first-in first-out (FIFO) buffers using clocked
D-flops; see Fig. 1.

Digital 2-D FIR filters having trapezoidal passbands [11],
[12] in the 2-D space-time frequency domain provide
wideband squint-free beams. Such 2-D FIR filters can be
implemented using the Frost structure shown Fig. 1. In the case
of a 2-D FIR trapezoidal filter of order (N —1) x (P —1), f3;
represents the value of the impulse response h(n,,n;) of the
2-D FIR filter at (ny,n:) = (4,7), where 0 < n, < (N —1)
and 0 < ny; < (P — 1). Note that h(ng,n;) € C2 In
this case, the 2-D transfer function of the filter is given by
H(zgoz) = SN LS P (ng, my)z ez,

ngy=0 ny=0
B. Frequency-Dependent Array Factor

Considering the outputs Xj(z) of the digital receivers
at each antenna, the directional 2-D input of the ULA can
be expressed as X(0,w) = X(e/¥)e 7Fwsin0  where 6
is the direction measured from array broadside and w <
27Fs/2 is the normalized (radian) frequency. The array
output in the 2-D angular-frequency domain is therefore
given by Y(0,w) = X(0,w)Hr(0,w), where Hp(0,w)
denotes the total array pattern of the directional receiver,
which, following the principle of pattern multiplication is
given by Hr(0,w) = Hg(0,w)Ha(0,w)Hp (0,w), where
Hp(0,w) is the element radiation pattern of a signal antenna
in isolation, H(f,w) is the array factor produced by
the Frost beamformer, and H;(0,w) represents (undesired)
distortions in the array pattern caused by the effect of
MC. Here, the array factor of the Frost beamformer
is given by Ha(0,w) = Yon, Hy(elw)e dkwsind  —

NS PL Br e @R sin0) - having  the  magnitude
response p(6,w) = ||Ha(f,w)]||. Next, we design the Frost
beamformer to produce H4(f,w) which can de-embed the
effect of MC by explicitly considering the multiplicative
coupling transfer function H (0, w) during filter design.
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Fig. 2. Magnitude of the MC transfer function H (6, w) computed using
experimentally measured S-parameters of 6 nearest neighbors with n = 4.

C. Proposed Design with Compensation of MC

The MC produces a coupling transfer function
Hy(0,w) that is both angle and frequency dependent.
The presence of MC modifies the input signal from the
array such that if the original input signal is X (6,w)
the signal that is practically available at the output of
the ULA is X(6,w)Hp(0,w). The coupling function
can be obtained by the structured coupling matrix
K. = [Kyun] .y containing frequency dependent elements,
mentioned above in Section II as Hp/(0,w) = K, ,(w) +
Zz;i (K’r],n—n(w)ejwnsme +Kn,n+n(w)e—jwnsin9), where
the index 7 defines the model order of the MC function [10].
For this work, we selected n = 4, leading to coupling
from six nearest neighboring elements in the ULA. Fig. 2
shows the magnitude of the coupling function for our
ULA setup, computed using measured S-parameters. This
coupling function modifies the beamformer array factor
to Ha(0,w)Hp(0,w). Therefore, we propose that the
FIR filters in the beamformer be modified using an MC
compensation function m, where ¢ > 0 is a small
real-valued constant chosen to avoid division by zero at the
zeros of Hj(6,w) yielding the required form ppe. (6, w) =

N—1 H ( jw) —jwk sin 6
[ Har (8, w)]] - H k=0 T ‘

limits the depth of array factor nulls to —10log; €2. Typical
values around ¢ = 0.01 leads to nulls that do not go down
below —40 dB after compensation of MC.

~ p(f,w). Small €

IV. ANTENNA ARRAY DESIGN

We present the design of the antennas array, RF frond-end
and the beamformer in this section. We employ a 2-D FIR
trapezoidal filter as the beamformer. The antenna array and
the RF front-end is described in the next subsection.

A. Array, RF Front-End and Receivers

The antenna array consists of 32-element ULA where
each element is a 4-element vertical subarray that provides an
enhanced gain in the elevation pattern. The horizontal spacing
of the antenna array has been set to 31 mm. As shown in
Fig. 1, the front-end includes a single mixer-based receiver
architecture. The receiver chain includes a LNA (16 dB gain at
5.8 GHz, 2.4 dB noise figure), bandpass filter, mixer, lowpass
filter, and an intermediate-frequency (IF) amplifier (= 30
dB gain). All 32 IF channels are sampled in the ROACH-2
platform using 2 ADC16x250-8 analog-to-digital converter

Fig. 3. The 5.8 GHz 32-element antenna array setup used for experimentally
verifying the proposed approach.

(ADC) cards, where each card supports 16 analog channels
at a rate of 240 MSps. An FIR filter based implementation
of the Hilber transform is used to obtain the in-phase and
quadrature-phase (IQ) channels for each sampled IF channel.
The IQ digital streams of each channel are then used for
calibrating each receiver channel to get rid of gain and phase
mismatches by using a complex multiplier in the data path.

B. Design of 2-D FIR Trapezoidal Filter

In the proposed MC-compensated beamformer, a 2-D
FIR trapezoidal filter having a linear phase response and
approximately equal SL levels is employed. The 2-D FIR
trapezoidal filter design is formulated as a convex optimization
problem [13]. In order to achieve approximately equal
SL levels, the optimal design, i.e., the impulse response
h(ng,net), is obtained with respect to ¢, norm (called the
minimax design). This convex optimization problem can be
converted to a second-order cone programing problem, which
can be efficiently solved using optimization toolboxes with
MATLAB. Due to the limited space, the problem formulation
is not presented here, and the reader is referred to [14] for a
formulation of minimax design of 2-D FIR filters, however,
with real-valued impulse responses.

V. EXPERIMENTAL VALIDATION
A. 2-D FIR Trapezoidal Filter on Frost Structure

The 2-D FIR trapezoidal filter is realized at a bandwidth
of +£30 MHz centered at 5.860 GHz. The number of
antennas and dedicated receivers (i.e., N) is 32, see Fig. 3.
2-D FIR trapezoidal filters with and without the proposed
MC compensation are implemented and tested in real-time
to evaluate the relative improvements of SL levels (i.e.,
directional beam selectivity as a function of frequency across
the 30 MHz band of interest). Fig. 4 shows measured beam
patterns obtained for three different IFs where the center
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Fig. 4. Measured beam patterns in comparison with the ideal beam patterns for cases (a)10 MHz IF signal; (b)20 MHz IF signal; (c)30 MHz IF signal.

Table 1. SL Level Reductions Achieved with the Proposed Approach

IF
Parameter (dB) 10 MHz | 20 MHz | 30 MHz
Reduction of worst-case SL level 7.5 11.2 5.6
Reduction of average SL level 5.1 5.2 2.1
Maximum reduction of SL level 12.1 13.5 11.7

frequency was fixed at 5.8 GHz. The IFs were selected at 10
MHz, 20 MHz, and 30 MHz, with a digital clock frequency
(same as ADC sample frequency) of 160 MHz. The transmitter
was a horn antenna (gain 13 dBi) placed in the array plane at
a distance of 6.3 m.

B. Experimental Errors

The presence of 32 elements requires a relatively large area
for experiments because the near field region now extends to
about 700\. The use of a fully anechoic antenna test chamber
of such dimensions is prohibitively expensive for the authors;
therefore, a large underground parking garage was used for
conducting the experiments. The garage was clear of obstacles
within 4 m height but there exists metal piping close to the
ceiling which causes some strong reflections. The concrete
ceiling and tarred floor of the building are also expected to
contribute to strong multipath reflections which prevents more
accurate measurement of SLs and directional nulls.

C. Discussion

The paper describes real-time antenna, microwave and
digital signal processing systems for implementing digital
Frost beamforming receivers across up to 32 antenna elements
on a ULA. The 5.8 GHz realization supports up to 100
MHz of bandwidth but non-ideal effects in the antenna
array and microwave circuitry limits performance compared
to theoretical best-case of the digital beamformers. The
reflections in the measurement chamber further degrades
measurement of the deep SLs. However, we demonstrate
that measured S-parameters from the antenna array can lead
to optimized digital circuit designs that de-embed the MC
effects between elements up to the first order, thereby allowing
reduced SLs compared to direct implementation of a given
digital beamformer. The improvements in SL performance by
the proposed approach is shown in Table 1 for the 30 MHz
band. We observe 5.2 dB and 13.5 dB reductions in the average
SL level and the worst-case SL level, respectively, at an IF of
20 MHz. Furthermore, more than 11.7 dB maximum reduction
of SL levels are achieved for the 30 MHz band.

VI. CONCLUSIONS

Side-lobes of Frost beamformers are improved when
measured MC between elements obtained from S-parameters
are de-embedded in the digital domain during beamformer
design. Experimental results confirm that > 5 dB (average)
SL level reduction can be achieved with the proposed MC
de-embedding with a 2-D FIR Frost beamformer having 20
MHz bandwidth.
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