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Spectrum Design for Orthogonal Chirp Division Multiplexing Transmissions
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Abstract—Orthogonal chirp division multiplexing (OCDM) is
a spread spectrum technique that leverages the orthogonality of
cyclically shifted linear chirp signals to maximize spectral effi-
ciency. However, since each chirp spans the entire signal band,
the only way to control its bandwidth is to alter the sampling rate
of the digital-to-analog converter (DAC). This letter shows that
the inherent relationship between the discrete Fresnel transform
(DFnT) and the discrete Fourier transform (DFT) facilitates a
simple method of designing the spectrum of the signal without
adding significant complexity. This enables direct implementation
of the digital filters proposed in literature for advanced wave-
forms. Subsequently, simulations corroborate the performance
of the proposed method and filtered-OCDM (f-OCDM) in wire-
less multipath fading channels in comparison with orthogonal
frequency division multiplexing (OFDM) with a given spectral
mask.

Index Terms—Orthogonal chirp division multiplexing, OFDM,
filtering, fifth generation (5G).

I. INTRODUCTION

ORTHOGONAL frequency division multiplexing
(OFDM) is the most widely used waveform today

in wireless communications. Having been employed in
long term evolution (LTE) standard, it will now be a core
component of fifth generation (5G) networks as well. This
is mostly because of its ease of implementation, availability
of low complexity equalization algorithms and its resistance
to multi-path fading. However, OFDM is known to cause
significant out of band emissions (OOBE). As a result, there
has been a significant push among industry and academia to
explore filtered variants of OFDM [1] as future generations
of wireless networks will see increasing amounts of traffic
and lower tolerances for interference.

Popular contenders for filtered waveforms include filter
bank multi-carrier (FBMC), which employs subcarrier level
filtering, and universal filtered multi-carrier (UFMC) and
filtered-OFDM (f-OFDM), which employ sub-band level fil-
tering [2]–[6]. While each of these techniques addresses the
OOBE problem in OFDM to varying degrees, they still use the
parallel narrow band subchannels in OFDM which makes them
susceptible to impairments such as narrow band interference
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(NBI) and deep fades which significantly impact the average
performance.

As opposed to OFDM, orthogonal chirp division
multiplexing (OCDM) employs a set of orthogonal chirps
as carriers. Hence, each symbol is spread over the entire
spectrum while preserving the spectral efficiency. Moreover,
as shown in [7], OCDM transceivers have comparable com-
plexity to that of OFDM due to their ability to employ the
fast Fourier transform (FFT) and single-tap frequency domain
equalization (FDE). The study also showed that when armed
with minimum mean squared error (MMSE) or iterative block
decision-feedback equalizers (IBDFE), OCDM performs
better than OFDM in multipath channels and is more robust
to interference caused by insufficient guard intervals [7].

The performance of OCDM was analyzed for coherent opti-
cal fiber systems in [8] and data rates of up to 112 Gbps
were experimentally demonstrated using OCDM with inten-
sity modulation and direct detection in [9]. A linear frequency
modulation based channel estimation technique was proposed
for OCDM in [10]. The performance of OCDM was analyzed
for millimeter wave fiber-wireless networks using simulation
and experimental results in [11] and it was shown that OCDM
performs better than OFDM in the presence of NBI. In [12],
a precoding scheme was proposed to enable full diversity
transmission with reduced decoding complexity for OCDM
multi-user uplink transmissions.

None of the aforementioned studies address spectral con-
tainment for OCDM, i.e., the signal being studied occupies
the entire bandwidth between −fs/2 and fs/2, where fs is the
sampling rate. Hence, so far, the only way to modify the band-
width occupied by the signal is to alter the sampling rate. In
this letter, we propose a simple method to flexibly design the
spectrum of the OCDM signal by leveraging the relationship
between the discrete Fresnel transform (DFnT) and the discrete
Fourier transform (DFT). There are three main advantages
for doing this: first, OCDM transmissions are able to meet
any spectral mask requirements without having to alter the
sampling rates of the digital-to-analog converters (DAC), thus
making any potential transition from OFDM to OCDM much
easier. Second, OCDM signals can be used with the slot-based
resource grid laid out in current standards because of its com-
patibility with OFDM and thus, avoid having to redesign the
network. Third, the filters proposed for the advanced OFDM-
based waveforms, like UFMC and f-OFDM, can be directly
applied to OCDM to achieve better spectral containment and
reduced OOBE.

The remainder of this letter is organized as follows.
Section II introduces the linear chirps used in OCDM and
sets up some mathematical preliminaries. Section III develops
the spectrum control scheme for OCDM, Section IV presents
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the numerical results, and Section V presents the conclusions
of this letter.

II. OCDM SYSTEM MODEL

The continuous time root chirp in OCDM is defined by

φ0(t) = ej π
4 e−jπ N

T2 t2
, 0 ≤ t < T , (1)

where T is the symbol period and N /T 2 is the chirp rate.
In order to preserve orthogonality, the other N − 1 chirps
are each delayed by an integer multiple of T/N. Hence, the
chirps can be characterized by φk (t) = φ0(t − k T

N ), where
k ∈ [0,N − 1]. Assuming that N is even, it is then fairly easy
to see that sampling at a rate of N /T results in the discrete
chirp given by

ψk (n) = φk (t)
∣
∣
t=n T

N
= ej π

4 e−j π
N (n−k)2 , ∀n, k ∈ [0,N − 1].

(2)

For the remainder of this letter, we assume N to be even,
keeping in mind that extending to the odd case is straight-
forward with minor appropriate modifications. Eq. (2) gives
us the basis for the digital implementation of OCDM using
the IDFnT as the transmitter kernel. Hence, the discrete time
modulated signal is given by (see, [7])

x (n) =
N−1∑

k=0

ukψk (n), (3)

where uk are symbols taken from a complex modulation
alphabet such as quadrature amplitude modulation (QAM).
In matrix-vector notation, this is equivalent to x = ΦHu,
where Φ is an N × N matrix whose k th column is given by
[ψk (0), ψk (1), , . . . , ψk (N − 1)]H/

√
N , and (.)H denotes

the conjugate transpose.
The continuous-time, interpolated chirp obtained from

Eq. (2) is the periodic extension of the chirp defined in Eq. (1)
and is given by

φ′0(t) =

⎧

⎨

⎩

φ0(t) t ∈
[

−T
2 ,

T
2

)

,

φ0(t − cT ) t ∈
[

−T
2 + cT , T

2 + cT
)

.
(4)

Thus, the k th chirp is given by φ′k (t) = φ′0(t−kT/N )ΠT (t),
where ΠT (t) = 1 if 0 ≤ t < T and 0, otherwise. This results
in a signal whose spectrum spreads from −fs/2 to fs/2, where
fs = N /T .

III. OCDM SPECTRUM CONTROL

Following baseband processing, samples are converted into
an analog signal using a DAC and passed through a low-pass
filter which shapes the spectrum according to the requirements
of the application. When the signal occupies a bandwidth
equal to the sampling rate, as is the case for OCDM, the filter
needs to have a smaller transition region which increases the
implementation complexity. In order to avoid this, signals are
designed so that their spectra are limited to a frequency below
the Nyquist frequency, i.e., f < |fs/2|. In OFDM, this is done
by introducing guard tones. This is not as straightforward for
OCDM since each chirp spans the entire band.

A. Constraining the OCDM Bandwidth

Consider an OCDM signal with M chirps, where M ≤ N is
even. Re-sampling this signal by a factor of N/M and interpo-
lating limits its bandwidth to a frequency below the Nyquist
frequency. Using frequency-domain zero padding (FDZP) to
achieve this, the resulting signal is given by

x = FH
N TFM ΦH

M u, (5)

where FK is the K × K DFT matrix whose (n, k)th

entry is given by FK (n, k) = 1/
√

Ke−j 2π
K

nk , ΦM is the
M × M DFnT matrix, and T is an N × M matrix given by
[ITM ,l 0(N−M )×M ITM ,u ]T , with IM ,l and IM ,u being the first
and last M/2 columns of the M × M identity matrix, respec-
tively and (.)T being the matrix transpose. Since ΦH

M is a
circulant matrix, it can be diagonalized by the (I)DFT matri-
ces. The eigenvalues can be denoted by an M × M diagonal
matrix ΓM , whose (k , k)th entry is given by

ΓM (k , k) = e−j π
M

k2
. (6)

Substituting ΦH
M = FH

M ΓH
M FM into Eq. (5) gives

x = FH
N TΓH

M FM u. (7)

Hence, interpolating the signal is akin to adding null subcar-
riers to a precoded OFDM system. Since TTT = IM , it is
fairly easy to see that there is no interference, which will for-
mally be proven in the following sections. Furthermore, when
M = N, the system becomes the original OCDM signal. For
the remainder of this letter we refer to the signal given by
Eq. (7) as constrained OCDM (c-OCDM).

While FDZP is a convenient and simple method to con-
trol the bandwidth of the c-OCDM signal, a natural question
that follows is: What is the modulation kernel of c-OCDM?
The underlying waveform can be defined by re-sampling the
columns of the matrix ΦH

M by a rational factor of N/M. Let

cl (n) = ej π
4 e−j π

M
(n−l)2 be the l th chirp in an OCDM mod-

ulator with M chirps, i.e., 0 ≤ l < M. Re-sampling is achieved
by interpolating by a factor of U, low-pass filtering and finally
decimating by a factor D, where U/D = N/M.

The up-sampled chirp is given by

c′l (n) =
{

cl (n/U ) if n/U is an integer,
0 otherwise. (8)

The up-sampled signal is passed through a low-pass filter,
whose impulse response is given by

g(n) =
1
M

e−j π
MU

n sin
(

π
U n

)

sin
(

π
MU n

) . (9)

The filter output is given by

c̃l (n) = g(n) � c′l (n) =
MU−1∑

m=0

c′l (m)g((n − m)MU ), (10)

where � and (.)N denote the circular convolution and modulo-
N operations, respectively. Finally, the modulation kernel for
c-OCDM is given by decimating c̃l (n) by a factor of D. Using
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Fig. 1. Comparison of the c-OCDM modified root chirp, given by Eq. (11),
where l = 0, and a reference chirp.

Eqs. (8)–(10) and noting that D = UM/N, the modified chirp
is given by

c̄l (n) =
1
M

ej π
4

M−1∑

m=0

e−j π
M

(m−l)2e−j π
M (M

N
n−m)

M

×
sin

(

π
(

M
N n − m

)

M

)

sin
(

π
M

(
M
N n − m

)

M

) . (11)

It is fairly easy to see that c̄l (n) = ψl (n) when M = N.
Eq. (11) highlights the key difference between the OCDM
and the proposed c-OCDM kernels. The c-OCDM is a dis-
torted version of a chirp with a lower chirp rate. The distortion
is caused by the sharp cut-off of the low-pass filter defined
in Eq. (9). Fig. 1 plots the in-phase component of the root
chirp in c-OCDM, given by Re[c̄0(n)], where Re[.] denotes
the real component of the complex argument, when M = 200
and N = 256. For reference, we also plot the corresponding
ideal chirp with a normalized frequency span of [−M

N π, M
N π].

It can be seen that as long as the frequency is low, the c-
OCDM chirp is the same as the ideal one. However, as the
signal approaches the maximum frequency, the c-OCDM chirp
samples deviate from the ideal chirp because of the Gibbs
phenomenon.

B. Orthogonality of Modified Chirps

Let us define C as the N × M modulation kernel matrix for
c-OCDM, where the l th column is given by Eq. (11). From
Eq. (7), it is easy to see that the kernel can be defined as

C = FH
N TΓH

M FM , (12)

where each column is a time-shifted version of the modified
chirp c̄l (n), as shown in Fig. 1. Now, let us define an M × M
matrix R = CHC. By plugging in Eq. (12), we have

R = CHC = (FH
N TΓH

M FM )HFH
N TΓH

M FM

= FH
M ΓM TTFN FH

N TΓH
M FM

= IM . (13)

This proves that the columns of C are orthogonal.

C. Transceiver Design for c-OCDM

Consider c-OCDM transmissions in frequency-selective
fading channels. A stream of bits is modulated and con-
verted to a parallel block given by the length-M vector
u(i) = [u(iM ), u(iM + 1), , . . . , u(iM + M − 1)]T and
passed onto the c-OCDM modulator before a cyclic prefix
(CP) of length Ng is appended. Using Eq. (7), the modulated
c-OCDM symbol is given by

x̃(i) = TCPFH
N TΓH

M FM u(i), (14)

where the resulting block contains N +Ng samples. The matrix
TCP = [ITCP ITN ]T is the CP insertion matrix, where IN and
ICP are the N × N identity matrix and the last Ng columns of
IN , respectively. The block is subsequently serialized, passed
through a DAC, filtered, amplified, and up-converted.

The channel is modeled as a finite impulse response
(FIR) filter, with the impulse response given by h =
[h(0), h(1), , . . . , h(Lh)]T , where Lh + 1 is the channel
length. We assume that Lh ≤ Ng, i.e., there is no inter-block
interference. In addition, the received signal is also affected
by additive white Gaussian noise (AWGN).

After down-conversion and serial-to-parallel conversion, the
CP is removed and the resulting signal is given by

y(i) = HFH
N TΓH

M FM u(i) + v(i), (15)

where H is an N × N circulant matrix whose first column is
given by [hT 0T

(N−Lh−1)]
T . Noting that each block is inde-

pendent, we drop the block index from this point on. After
conversion to the frequency domain and equalization, the block
becomes

x̄ = GDhTΓH
M FM u + GFN v, (16)

where Dh = FN HFH
N is a diagonal matrix with the channel

frequency response on its main diagonal and G denotes the
equalizer. We only consider linear MMSE equalization, which
is represented by a diagonal matrix with the entries G(k) =

H �(k)
|H (k)|2+N0/Es

for k ∈ [0,N − 1], where H(k) is the k th

element of the CFR, Es is the symbol energy, and N0 is the
noise variance.

The subset of frequency elements that contain data is then
selected from the resulting block, phase corrected and con-
verted back to the time domain. The resulting symbols are
given by (see Eq. (16))

û = FH
M ΓH

M TTGDhTΓH
M FM u + FH

M ΓH
M TTGFN v. (17)

D. Filtered-OCDM (f-OCDM)

We also consider filtered-OCDM (f-OCDM), for which
the model is essentially the same as the one discussed
previously except a digital filter is added to the transmit-
ter, after parallel-to-serial conversion, and to the receiver
before serial-to-parallel conversion. The filter has been adopted
from [13], and its impulse response is given by

pB (n) = sinc
(

M + 2δw
N

n
)

, −
⌊
Lf

2

⌋

≤ n ≤
⌊
Lf

2

⌋

,

w(n) =
(

0.5
(

1 + cos
(

2πn
Lf − 1

)))0.6

,
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Fig. 2. Spectra of OCDM, c-OCDM, f-OCDM, OFDM and f-OFDM, and
the IEEE 802.11 spectral mask.

f (n) =
pB (n)w(n)

∑
pB (n)w(n)

, (18)

where pB (n) is the non-causal filter response, w(n) is the
root-raised cosine window, f (n) is the overall filter impulse
response, δw denotes the excess bandwidth and Lf − 1 is the
filter order. It is pertinent to note that Lf > Ng which can
cause inter-symbol-interference (ISI) as consecutive symbols
start to overlap. However, when the filter pass-band width is
large, this ISI coincides with the guard interval and hence, has
a negligible effect on the performance.

IV. NUMERICAL RESULTS

In this section, we analyze the performance of the proposed
c-OCDM and the subsequent extension to f-OCDM. For com-
parison, filtered OFDM (f-OFDM) and OCDM transmissions
are also simulated. We consider only single user transmis-
sions at a frequency of f s = 30.72 MHz, with N = 1024
and M = 600. This corresponds to a signal bandwidth of
18 MHz for OFDM, c-OCDM and their filtered counterparts.
In OCDM, this translates to the use of only a subset of chirps
that still occupies the entire band.

We assume that the channel remains static for one frame,
which consists of three symbols, but changes randomly
between frames. Each channel tap is modeled by an i.i.d
complex Gaussian random variable with mean 0 and vari-
ance 1/(Lh +1). Furthermore, the receiver is assumed to have
perfect channel state information (CSI). Turbo codes with dif-
ferent code rates (R), as defined in LTE standard [14], are used
for channel coding and all results are averaged over 10,000
channel and frame realizations.

Fig. 2 depicts the averaged spectra of the considered wave-
forms. As mentioned earlier, the OCDM signal occupies the
entire band from −fs/2 to fs/2. On the other hand, c-OCDM
bandwidth is restricted to αfs , where α = M /N . In fact, it
can be seen that the c-OCDM and OFDM spectra are iden-
tical. Similarly, the spectra of the f-OFDM and f-OCDM are
identical and exhibit a significant reduction in OOBE when
compared to their unfiltered counterparts. For reference, the
plot also shows the spectral mask for the 20 MHz channel
in IEEE 802.11. In order to quantify OOBE performance, we

TABLE I
ACPR COMPARISON

Fig. 3. Performance analysis of uncoded c-OCDM and f-OCDM for different
constellations.

define the adjacent channel to peak ratio (ACPR) as

ACPR =
Eob

Eib
, (19)

where Eob =
∫

f ∈B̄ P(f )df , Eib =
∫

f ∈B P(f )df , P(f ) is the
power spectral density (PSD), B = {f : |f | ≤ 10 MHz}, and
B̄ = {f : |f | > 10 MHz}. Table I summarizes the values
for ACPR, computed through simulations, for the considered
waveforms.

We use the root-mean square error (RMSE) of the received
data for the different schemes to verify the orthogonality of the
modified chirps, which was theoretically proven in Eq. (13).
The block-wise RMSE is given by

RMSE =
‖û − u‖
‖u‖ . (20)

Table II summarizes the average RMSE of the considered
schemes for different signal-to-noise ratios (SNR). It can be
seen that the RMSE for OCDM and c-OCDM are approxi-
mately the same for all SNR’s, which implies that there is
no additional ISI in c-OCDM. However, both f-OFDM and
f-OCDM show higher RMSE at high SNR because of the
distortion caused by the filter at the band edges.

Fig. 3 shows the average BER of c-OCDM and f-OCDM for
different constellations. The performance of uncoded OFDM
and f-OFDM is also included for reference. There are two
important features that need to be highlighted: First, c-OCDM
and f-OCDM depict identical performance for 4-QAM and
16-QAM transmissions, showing that the band-edge distortion
caused by the filter is very minimal. Second, the graph shows
that an error floor exists for f-OCDM and f-OFDM when 64-
QAM is used. This error floor is caused by the distortion of
the filter at the edges of the passband.

The performance of the considered schemes in the pres-
ence of channel coding is shown in Fig. 4, with different code
rates and constellations. The first thing we notice is that the
error floor we saw for 64-QAM in Fig. 3 disappears when
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TABLE II
SYMBOL RMSE OF THE CONSIDERED SCHEMES

Fig. 4. Performance comparison of f-OCDM, c-OCDM, OCDM and f-OFDM
with different code rates and modulation sizes.

channel coding is employed. Furthermore the performances
of c-OCDM, OFDM and their filtered variants are identi-
cal, which is in contrast with the uncoded scenario, where
the spreading scheme had the edge mainly due to the failure
of uncoded OFDM to collect multipath diversity. However,
channel coding changes that as both schemes exhibit diver-
sity gains and hence, their performances converge. It can also
be seen that OCDM outperforms c-OCDM. For example, at
BER of 10−4, OCDM depicts a gain of approximately 1 dB
for 16-QAM and 2 dB for 64-QAM transmissions, due to a
greater spreading gain when compared to c-OCDM.

V. CONCLUSION

In this letter, we presented a simple method of digitally con-
trolling the spectrum of the OCDM signal. We showed that
this is equivalent to modulating using a modified chirp whose
frequency span can be digitally controlled by padding zeros
in the frequency domain. This was subsequently used to intro-
duce digital filtering for OCDM, in order to further reduce its
OOBE and make it more suitable for implementation in 5G
and beyond networks. It was shown that restricting the band-
width results in minor performance loss in multipath channels
but allows for flexible spectrum design and additional filter-
ing. In the future, we plan to analyze the performance of the

presented schemes in multi-user scenarios with synchroniza-
tion errors. The performance of alternative filtering methods
can also be considered.
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