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Abstract—Orthogonal chirp division multiplexing (OCDM)
was recently introduced as a new multi-carrier scheme based on
the chirp spread spectrum (CSS) and shown to be more robust
to interference caused by insufficient guard intervals. However,
a thorough analysis of OCDM for wireless channels has not
been conducted. Thus, this paper investigates the performance
of OCDM affected by different impairments that are typical in a
wireless channel and shows that uncoded OCDM performs better
than OFDM and similar to single carrier block transmissions in
multipath channels. Building on previous results, this study also
shows that OCDM is more robust to time-burst interference (TBI)
than its competitors and to narrow band interference (NBI) than
OFDM because of spreading. However, OCDM is shown to suffer
because of the loss of orthogonality caused by carrier frequency
offset (CFO) and is analytically shown to have the same peak-
to-average power ratio (PAPR) as OFDM.

Index Terms—Orthogonal chirp division multiplexing
(OCDM), OFDM, discrete Fresnel transform, narrow band
interference, carrier frequency offset (CFO).

I. INTRODUCTION

Fifth generation (5G) mobile networks are expected to cater
to a plethora of different devices and use cases, each with
its own set of requirements. There are three major classes
of networks which fall under the umbrella of 5G, namely
enhanced mobile broadband (eMBB), ultra reliable low la-
tency communication (URLLC), and massive machine type
communication (mMTC). Each class corresponds to a different
use-case and has different requirements. For example, eMBB
is required to deliver high data-rate uplink and downlink
connections for mobile devices, URLLC needs to be reliable
with latencies close to 1 ms, and mMTC needs to provide
coverage to a large number of devices that operate with greater
power efficiency and thus, have a longer network lifetime [1].

Orthogonal frequency division multiplexing (OFDM) has
already been standardized as the modulation scheme to be
employed for eMBB due to its high spectral efficiency and
low complexity equalization. However, OFDM is known to
be susceptible to burst errors that are caused by channel
nulls or interference which significantly affect its average
error performance. Due to these problems, it may not be able
to guarantee the reliability constraints that are a feature of
URLLC. Moreover, mMTC networks are bound to be inter-
ference limited due to operations in unlicensed bands. Hence,
alternative schemes need to be investigated and spreading
schemes, like orthogonal chirp division multiplexing (OCDM),
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show considerable promise when it comes to solving these
problems.

OCDM has recently been introduced as a multi-carrier
scheme for optical and wireless networks [2]-[8]. Based on the
chirp spread spectrum (CSS) which has been used to provide
secure, robust links for military applications and more recently
in Long Range alliance (LoRa) networks for IoT applications,
OCDM enables multiplexing chirps such that the maximum
spectral efficiency can be achieved.

OCDM was first proposed in [2] and, through simulations,
was shown to have better performance in linear time invariant
(LTT) multipath channels than OFDM and greater resistance to
interference caused by insufficient guard intervals. However,
it was shown to have the same peak-to-average power ratio
(PAPR) as OFDM. In [3], OCDM was applied to coherent
optical-fiber communications and the performance was ana-
lyzed using several metrics such as bit error rate (BER), Q-
factor, and PAPR. Double-sideband (DSB) modulated OCDM
using intensity modulation was proposed in [4].

A block pilot-based channel estimation scheme was pro-
posed for OCDM in [5], which made use of the root-Zadoff
Chu sequence as the pilot and leveraged its relation to the
discrete Fresnel transform (DFnT) to estimate the channel. In
[6], OCDM was shown to perform better in multi-input multi-
output (MIMO) systems with space-time coding than OFDM.
A precoding scheme to enable orthogonal multiple user ac-
cess and maximum diversity detection in frequency-selective
channels for OCDM was proposed in [7] and spectral shaping
techniques for OCDM were proposed in [8]. Orthogonal CSS
was proposed in [9] which multiplexes an arbitrary number
of continuous orthogonal chirps to asymptotically achieve the
Nyquist signaling rate.

OCDM was analyzed for underwater acoustic (UWA) chan-
nels in [10], [11]. It was shown to be more resilient to time
varying channels than OFDM as long as a subset of chirps
is used in [10]. A rake receiver was designed in [11] to
improve the performance of OCDM with large multipath and
insufficient guard intervals. Real valued OCDM was designed
for power line communications in [12] and was shown to
perform better than OFDM and single carrier schemes. In
[13], a low complexity iterative equalization technique, based
on parallel interference cancellation (PIC), was designed for
OCDM.

Although OCDM has started to gain more attention recently
in different communication systems, the analysis of OCDM for
different wireless channel impairments is still lacking. This
paper analyzes the performance of OCDM for a variety of
wireless channels and sets up performance base lines through
comparisons with existing techniques such as OFDM and
single carrier with frequency domain equalization (SC-FDE).
With the aid of numerical simulations and, where possible,
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mathematical analysis, this study thoroughly describes the
performance of OCDM in LTI and linear time varying (LTV)
channels, carrier frequency offset (CFO), and external interfer-
ence that is limited in frequency or time, heretofore referred to
as narrow band interference (NBI) and time-burst interference
(TBI), respectively. Results for both coded and uncoded cases
are presented and it is shown that not only does OCDM
perform better than OFDM in multipath channels, it is also
more robust to interference than other schemes.

In this work, upper case bold letters, such as H and lower
case bold letters, such as h are used to represent matrices
and vectors, respectively and [A],, = A(k,n) denotes the
element on the kM row and n™ column of a matrix. The
transpose and complex conjugate transpose of vectors and
matrices are denoted by (.)7 and (.)*, while (.)* represents
the element-wise conjugate. Diagonal matrices are represented
by diag(a) and diag(a(k)), where a and a(k) are the vector
and the k™ element on the main diagonal, respectively. The
Lo norm is denoted by ||.||, expectation by E, and matrix rank
by R. Modulo— K operations are denoted by (.)x

The remainder of this work is organized as follows: Sec-
tion II introduces the system model, Section III presents
equalization techniques for OCDM, Section IV analyzes the
performance of OCDM in LTI channels, Section V presents
the PAPR, Section VI discusses the impact of CFO, Section
VII presents results for OCDM in LTV channels, Section VIII
analyzes its performance in the presence of interference, and
Section IX concludes the paper.

II. SYSTEM MODEL

Consider OCDM transmissions where data bits are first
encoded using forward error correction codes (FEC) and
then mapped onto a complex alphabet. This study considers
only quadrature phase shift keying (QPSK), keeping in mind
that the impacts of using a higher order constellation have
been well investigated. The resulting stream of symbols u(n)
is subsequently grouped into blocks of size N given by
u(i) = [u(iN),u(iN+1),...,u(iN+N —1)]7 and modulated
using a set of orthogonal chirps, which can be implemented
in the discrete domain using the IDFnT. The resulting block is
given by s(i) = ®*u(i), where ® denotes an N x N DFnT
matrix defined as

N =0 (mod 2)

®(m,n) =
N =1 (mod 2).

1 = el m=n)
J
N X{em<m+;n>2 @

The DFnT matrix can be decomposed using the relation ® =
©,F0®;, where ®; and ®, are diagonal matrices given by

eI 5 eifm’ N =0 (mod 2)
@l(mvm): —5 T iz
e ITed R (m*+m) N =1 (mod 2),
s 2
eI N N =0 (mod 2
CHORDER SNSRI B ( : 2)
e =) N =1 (mod 2),

and F is the normalized discrete Fourier transform (DFT)
matrix defined as [F|,, = —=e727"/N Hence, the fast
Fourier transform (FFT) algorithm can be leveraged for low
complexity implementation. For simplicity, this paper only
considers even values of V.
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Dropping the block index and using the definition of the
IDFnT in Eq. (1), the n™ element of the modulated symbol is
given by
N-1

u(k)e I & (=R, (3)
k=0

M:!

) =¢

A cyclic prefix (CP) of length NN, is added and the resulting
block is given by § = Tcps, where Tcp = [Igp 1117, with
In and Icp being the N x N identity matrix and the last N,
columns of Iy, respectively. The resulting symbols are then
serialized, passed through a pulse-shaping filter, up-converted
and transmitted. Assuming a sampling rate of N/T Hz, where
T is the symbol period (not including the CP), the interpolated
continuous-time signal is given by

qo:ﬁ

where T, = N,T;/N is the CP duration. In order to define
s(t), we first introduce the continuous-time chirp as

(t+ Ty — Ty),
(t = Tp),

0<t<T,

“4)
T, <t<Ti+T,

. N
bo(t) = ed5e T 0 <t <L

It has been shown in [2], that interpolating the discrete samples
results in the periodically extended continuous time signal,
given by

N-1 N-1 kT.
UEDWCTACLACED SRCE LS LHCS

=0 =0

where IIT(t) =1if 0 <t < T, and 0 otherwise, and the root
chirp 1)y is given by

jz —imgat? - T, T,

&(t)— elie S if —5 <t< 3,

O\ = iz —inlp(t—c)? | T
elte T3 , if ———l—cTS<t< 5 +cT.

(6)

Owing to the periodicity property, sampling the interpolated
signal recovers the discrete symbol defined in Eq. (3).

At the receiver, the signal is down-converted to the baseband
using a local oscillator, which may not be completely synchro-
nized with the transmitter, and passed through a receive filter
to give

y(t) = eI At / h(t; 7)5(t — 7)dT + v(t), @)

where h(t,T) models the aggregate effect of the channel and
the transmit and receive filters, 7 denotes the tap delay, Ay
denotes the CFO which occurs due to oscillator mismatch or
phase noise, and v(t) represents additive white Gaussian noise
(AWGN). We model the channel as a finite impulse response
(FIR) filter with a maximum delay spread of LT;/N. Thus,
the discrete-time baseband signal, obtained by sampling y(t)
is given by

ATy L
y(n) = y(t)|t:% = l2r Z h(n;1)s(n —1) +v(n).
B 8)
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Fig. 1. Block diagrams for OCDM, OFDM and SC-FDE baseband transmit-
ters and receivers.

For the remainder of this paper, we assume that N, = L and

thus, there is no inter-block interference (IBI). Making the

substitution € = AT, the matrix-vector form of Eq. (8) is
j2meP

y(i) = "% "Dy(Ho(i)s(i) + Hi(i)s(i — 1)) + v(i) (9)

where the P x P matrices [Ho(i)],; = h(iP +n;n — 1) and
[Hi(i)]n; = h(iP + n; P +n — 1) are the channel matrices,
P =N+ L and h(n;l) = 0 V¥l > L. The P x P diagonal
matrix Dy is given by diag(e/27<("=D/N) ¢ [1, P].

The first step at the receiver, after serial-to-parallel conver-
sion (S/P), is to remove the CP which can be represented by
the operation y(i) = Rcpy(i), where Rcp = [Onxr In]-
Hence, the received symbol is given by

j2me

(i) = eTP_iRCP(f) sHo(0)8(i) + Hy(1)s(i — 1) + Repv (i)
EEEEE D H () @M ali) + (i), (10)

=€

j2mel

where the equality follows from ch]j r=e¢ ~ DsRcpand
D; = diag(e’?"<("=1/N) is an N x N matrix, as shown in
[14], [15]. Furthermore, when N, > L, RcpHi (i) = Onxp
and H(i) = RcpHo(7)Tcp, where [H(i)],; = h(iP + L +
n; (n —1)n). The resulting signal is equalized, demapped and
decoded as shown in Fig. 1. For comparison, the transceiver
structures for OFDM and SC-FDE are also shown.

Fig. 2 plots the spectra of the OCDM and OFDM signals
when only a subset of channels is used for transmission.
We assume a sampling rate of 30.72 MHz, FFT size of
N = 2,048, with N, = N/8, an oversampling rate of 4 and
root-raised-cosine pulse shaping. Since, OCDM spreads each
symbol over the entire band, reducing the number of active
sub-channels does not have any impact on its spectrum. On
the other hand, the bandwidth of OFDM is directly affected
by the number of active subcarriers, a fact that is often used
to meet spectral mask requirements.

III. EQUALIZATION OF OCDM
Consider OCDM transmissions with perfect synchroniza-
tion, i.e., € = 0. In this case, Eq. (10) is simplified as
y =H®"u+v, (11)

where the block index 7 has been dropped for brevity. While
OCDM can be equalized in both the time and frequency
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Fig. 2. Spectral characteristics of OCDM and OFDM.

domains, we primarily focus on frequency domain equalization
(FDE) owing to its lower complexity when the channel is
LTI. We assume time domain equalization (TDE) only when
considering maximum likelihood equalization (MLE) for LTI
channels.

In TDE, the received signal is first equalized in the time
domain before being converted to the Fresnel domain by
computing the DFnT. However, in LTI channels, the matrix
H in Eq. (I1) becomes an N x N circulant matrix whose
first column is given by [h(0), h(1),..., h(L),0,...,0]T, where
h(n), n € [0,L] are assumed to be zero-mean complex
Gaussian random variables. Due to the circular convolution
property of the DFnT, the order of operations can be reversed,
i.e., the DFnT can be computed first. The resulting block is
given by

y = ®y = PH®"u + &V = Hu + &V, (12)

which can then be equalized using MLE.

Since @ is circulant [2], [3], it can be diagonalized by
the DFT such that ® = FHTF, where T' = diag(e /% *")
Vk € [0, N — 1]. By making this substitution, Eq. (11) can be
reformulated as

y = HF"T"Fu + v. (13)
After computing the DFT of the received signal, we get
y =Fy = H;T"Fu + Fv, (14)

where Hy = FHF? is an N x N frequency domain channel
matrix. The zero-forcing (ZF) and minimum mean squared
error (MMSE) equalizers for OCDM can then be defined as

Gz = F*T(H}'H;) 'HY, (15)

and

N —1
Gwss = FHTHY (HfH}“ + EOIN) . (16)

where E; and N are the symbol and noise variances, respec-
tively.

A special case of Eq. (14) occurs when the channel is LTT. In
this case the frequency domain channel matrix becomes a di-
agonal matrix, i.e., Hy = D;, = diag([H(0), H(1),..., H(N—
1)]), where H (k) is the channel frequency response (CFR) at
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the k™ frequency component. Now we can apply the phase
rotation to received block in Eq. (14) to result in the symbols
given by

§ =Ty = D,Fu + I'Fv. (17)

In this case, the linear equalizers defined in Eq. (15) and
Eq. (16) become single tap equalizers that can be denoted
by diagonal matrices whose k™ diagonal element is given by
H%k) and | H(k)H|2 fj\)/o 75+ Tespectively.

Remark (similarities between OCDM and SC-FDE): Con-
sider the OCDM signal given by Eq. (14) and compare
with the equivalent signal for SC-FDE, which is given by
¥ = HyFu+Fv. Since Hy is the same for both schemes, the
only difference is the term I'’*. Hence, the equalizers for SC-
FDE can be defined by simply removing I" from Eq. (15) and
Eq. (16). Since T is diagonal and unitary, it has no impact on
the symbol and noise statistics. Compared with Eq. (14), under
the same channel, OCDM and SC-FDE may exhibit the same
performance. We will verify this using numerical simulations
in subsequent sections.

IV. PERFORMANCE IN LTI CHANNELS
A. Multipath diversity in uncoded OCDM

Multipath diversity is defined as the gradient of the loga-
rithm of the error probability and the SNR and is given by

lim _M
Ey/No—00 IOg(Eb/-/V.O)7
where P, is the bit error probability, and E} is the average
energy per bit. Consider the received symbols in the Fresnel
domain given by Eq. (12). Define h = [h(0), h(1), ..., h(L)]7.
The conditional pair-wise error probability (PEP) is upper
bounded by (c.f. [16], [17])

Gae = (18)

P(u— u'lh) Sexp{m]’

i (19)

where d?(y',y) = ||y’ — ¥||°. Using the definition of y, we
get
Iy = 3% = [’ — w)|*

= |[F*D,F(u’ —u)|>.
Substituting e = F(u’ — u) and noting that F* is a unitary
matrix, we get d2(y',y) = |Dpe|®> = |Dch|?, where
D, = diag(e) and h = [H(0),H(1),...,H(N — 1)]T is
a column vector containing the CFR. Defining W as the
truncated N x (L + 1) DFT matrix, R, = BB™ as the
positive definite auto-correlation matrix of h, and making the
substitutions h = WBh, where h is a length-(L + 1) column
vector of independent and identically distributed (i.i.d.) zero-
mean complex normal random variables, we get

d*(y'.¥) = |Dch|> = h*C.h, (20)

where C. = B*W"D?D,WB. We know that G4, =
R(C.) and considering that R, B are full rank and C. is an
(L+1) x (L4 1) matrix, the maximum achievable diversity
gain is L + 1, given that N > L 4 1. However, D, is not
guaranteed to be full rank. In fact, R(D.) depends on the
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Fig. 3. Performance of OCDM with MLE for different N and L = 2.

number of non-zero entries in e which in turn depends on
the symbol vector u. This is also the case for SC-FDE, as
shown in [16]. In fact, the matrix C. is identical for OCDM
and SC-FDE, hence it follows that the performance should be
the same. For very large SNR, the rank-1 errors, i.e. when
R(D.) = 1, dominate and OCDM (and SC-FDE) collect unit
diversity.

Fig. 3 compares the performance of uncoded OCDM, SC-
FDE, and OFDM using MLE. It can be seen that SC-FDE and
OCDM show identical performance for different block sizes
and both perform significantly better than uncoded OFDM.
Each symbol in OFDM is detected independently, owing to
the independence of the frequency subcarriers. As a result,
uncoded OFDM can only collect unit diversity regardless of
block size. On the other hand, OCDM and SC-FDE trans-
missions exhibit a diversity order greater than one which
implies that the operating SNR is less than the threshold
derived in [16] and the rank-1 errors are not yet dominant.
Furthermore, the performance is dependent on the block size
with larger blocks resulting in greater diversity. Considering
that the diversity is dependent on R(D.), there are only a
finite number of permutations of u where R(D,) = 1. The
probability of these permutations decreases with increasing [V
thus larger block sizes show better performance.

B. Uncoded performance with linear and decision feedback
equalization

Consider the frequency domain symbols given by Eq.
(17). It is easy to see that using a general equalizer G €
{Gzr, Gmumse } and converting the symbols back to the time
domain results in the block given by

u=F"GD,Fu+ F*GIFv. 1)
We know that the BER for QPSK is given by (c.f. [19]-[21]),

1 N-—1
P= 1 3 QWA
=0

where 7([) is the output signal-to-interference-and-noise ratio
00 2

(SINR) on the /™ sub-channel, and Q(r) = \/% [ et 124t,

r > 0. Hence, we use the output SINR to analyze the

performance of OCDM with linear equalization. Looking at

(22)
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the I'" element of the vector 1 in Eq. (21) and substituting the
value of the ZF equalizer taps, we get

7

— k 2"lk
iZEn N

o(n)e

(23)
It is then fairly easy to see that the MSE on the I sub-channel
is given by

NNy
2 . 2 0
1) =E{|a(l) —u(l = — 24
o? (1) = E{[a(l) — u(D)*} NkZ:oWUf)P (24)
Thus, combining Egs. (23) and (24), we get
Es il
1) = — ; (25)
g (l) NZk 0 \H(k)|2

where v = E/Np. It is pertinent to note that o2, and hence

7, is independent of the sub-channel index [. Hence, it can be
concluded that the noise is evenly distributed to all chirps in
OCDM when ZF equalization is used.

In contrast with ZF equalizers, MMSE equalizers do not
eliminate ISI but rather leverage it to avoid noise enhancement.
After substituting the value of the MMSE equalizer taps into
Eq. (21), the [ element of the vector 1 is given by

1 N—1N-1 )|2
- 7]2—“nk jz—"lk
NZZ|H 1/7u(n) TenTT

k=0 n=0
1 N—-1N-1 )

- 2m 2 -

- § : ~(n)e—jﬁnke]ﬁlke—];k .
N == |H 1/’7

Decomposing the expression into the desired component and
interference results in

a

N-1

LY R0+ 2 Y
thywﬂm Nh 1m
N-1 N-— * 2
on 21 .
u(n)e I N RN Ik — ) Tink
> N b
n#l
N-1
27 - 27
B(n)e I Nk Wk (26)
n=0

which can be simplified to the form @ (1) = au(l)+7(l), where
7(1) denotes the combined effect of the noise and interference.
Hence, the output SINR is given by

Eflau(D’} _ _ Eilal?
E{rOPy  E{rOP}

Assuming that the input symbols are i.i.d. and that the
noise and symbols are independent, it is easy to see that

(1) =

27
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Fig. 4. Performance comparison of LE and IB-DFE for OCDM, SC-FDE and
OFDM where N = 64 and L = 8.

E{]7()]?} = E{|a())?} — |a2E, and
N— |4
E{ja(l)} = ~ Z Pﬂmﬁg
CMNSHE)P
N 2 (HE)? +1/7)?
E, N~ |H®k)P
*WZW (28)

where the equality follows from substituting v = FE/Nj.
Thus, it can be seen that E{|a(l)|?} = aFE,. Substituting
into the expression for the interference variance, we get
E{|7(1)|*} = aEs — a®E,. Hence, the output SINR is given
by (c.f. Eq. (26))

N-1_|H(k)?
) a2E, (Y=o W)
) = e = .9
s s (Zk =0 ~[H(k \2+1)

Again, we see that 74 is independent of the sub-channel
index. Hence all chirps have the same SINR. This behavior
is the opposite of uncoded OFDM, where each sub-channel is
independent and hence experiences different SINR depending
on the CFR. It is also pertinent to note that the expressions
for SINR shown in Egs. (25) and (29) are identical to those

« derived for SC-FDE systems in [19]. Hence, it follows that
OCDM and SC-FDE should have the same average BER
performance.

We resort to numerical simulations to analyze the perfor-
mance of OCDM with IB-DFE employing soft decisions. Fig.
4 compares the performance of the considered schemes with
linear and decision feedback equalization. We can see that
OCDM and SC-FDE perform identically for both LEs, which
follows from the fact that the output SINR for OCDM and SC-
FDE are the same. OCDM with MMSE equalization performs
significantly better than OFDM and shows a 5 dB gain when
BER is 10~2. However, OCDM with ZF equalization shows
worse performance than OFDM at lower SNRs and the BER
seems to converge with OFDM as the SNR increases. This
is a direct consequence of the noise amplification problem
inherent in ZF equalizers. OCDM and SC-FDE also show
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Fig. 5. BER performance of LDPC codes with the different transmission
formats.
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Fig. 6. Empirical probability density function (PDF) of the number of
iterations required to satisfy the parity checks for rate 1/2 codes when (left)
SNR = 4.5 dB and (right) SNR = 3 dB

identical performance with IB-DFE because of the similarities
in the transmission formats in the given conditions which were
highlighted in Section III.

C. Coded OCDM

In this section, we compare the performance of OFDM,
OCDM, and SC-FDE with two different channel codes us-
ing simulations: convolutional codes (CC) and low density
parity check (LDPC) codes. We assume separate equalization
(MMSE) and decoding.

Fig. 5 compares the performance of the three transmission
formats when LDPC codes are employed. In this simulation
the sampling rate is assumed to be 30.72 MHz, N = 2,048
with all sub-channels carrying data, the average symbol energy
is normalized by the code rate and the codeword length is
64,800. The channel is quasi-static and follows the EVA
channel model [22], with tap delays and relative powers
listed in Table I. In coded transmissions, the performance gap
between OFDM and OCDM/SC-FDE is significantly reduced
while OCDM and SC-FDE still perform identically. This is
because coding enables OFDM to collect multipath diversity,
which is not the case when there is no channel coding.
Because channel changes every symbol and the codeword

pidide.doi.org/10.1109/TWC.2021.3055070
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TABLE I
EVA CHANNEL MODEL
Excess tap de- | 0 | 30 150 | 310 | 370 | 710 | 1090 | 1730 | 2510
lay (ns)
Relative power | 0 1.5 -141]-36|-06|-91]-70 -12.0 | -16.9
(dB)

spans multiple symbols, the performance of all three schemes
is significantly better due to both time and multipath diversity.

Fig. 6 plots the empirical probability densities of the number
of iterations required for the LDPC decoder to converge. The
maximum number of iterations has been set to 50. It can
be seen that when SNR is 4.5 dB, SC-FDE and OCDM
require a significantly lower number of iterations to satisfy the
parity checks. The number of iterations are clustered around
a mean of around 12-13 iterations. In contrast, the algorithm
requires a greater number of iterations when OFDM is used.
In fact, the decoder runs for all 50 iterations approximately
38% of the time for OFDM which explains why the BER
is higher. Since, the equalizer and decoder are separate, the
decoder uses the log-likelihood ratios (LLR) at the output
of the equalizer and subsequent decision device. Hence, the
decoding performance relies heavily on the equalizers ability
to recover the constellation. As shown previously, the MMSE
equalizer for SC-FDE and OCDM performs significantly better
than OFDM, and thus the decoder is able to converge faster.
The same thing occurs when the SNR is reduced to 3 dB.
In this case the decoder requires the maximum number of
iterations to decode every codeword when OFDM is employed.

Fig. 7 compares the performance of the three transmission
formats when CC is used. We employ a rate-1/3 code with a
constraint length of 7. Higher rate codes are obtained through
puncturing and the codewords are block interleaved prior to
modulation. Unlike the previous result, we fix the codeword
length to fit within one symbol. A soft Viterbi decoder is
employed at the receiver. At a code rate of 1/3, we see that
all three schemes perform the same. This is primarily because
coded OFDM is able to collect multipath diversity whereas
uncoded OFDM cannot. However, when the code rate of 3/4
is used, OCDM and SC-FDE both perform better than OFDM
because of better equalizer performance. For example, at BER
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of 1073, OCDM and SC-FDE have an approximately 2 dB
advantage over OFDM.

V. PEAK-TO-AVERAGE POWER RATIO

In this section, we build on the simulation-based PAPR
analysis of OCDM in [2], [3] and present an analytical
expression for the PAPR distribution of OCDM. Ignoring the
CP, the instantaneous PAPR is defined by

sz

E{lIs[I*}/(N)’
which is a random variable since the input symbols are
random. Hence, we use the complementary cumulative dis-
tribution function (CCDF), given by P(PAPR; > T), as the
measure in our analysis.

Assuming the input symbols are zero mean, i.i.d. random
variables with independent in-phase and quadrature compo-
nents, the real and imaginary parts of the n™ element an
OCDM block are given by

PAPR; (30)

| Nl
Re(s(n)) = —= XM (k) + Y™ (k
VN &5 )

| Nl
Im(s(n)) = —= > W™ (k) = 20 (k),

where X(V(k) = Re(u(k)cos(F(k — m)? + 3)

Y () (k) = Im(u(n))sin(&(k — n)*> + I),
Wm(k) = Im(u(n))cos(&(k — n)> + I) and
ZM(k) = Re(u(n))sin(%(k — n)? + Z). Using these,
we see that
LN~y (n)
E{Re(s(n))Im(s(m))} = ]E{ (\/N ngo X (k) +Y"™ (k)
N-1
(e Eren-se)
N-1
@ ST E(E) + YO )W R - Y (1))
n=0
) E = 2mn 9 9
= 5N 2 sin (N(m —n)+ —=(n"—m ))
=0,

where (a) follows from the independence of the sym-
bols and (b) is obtained by substituting the values of
XM (), Y™ (k), W) (k), Z™ (k) and using the fact that
the symbols have independent real and imaginary parts.
Through similar reasoning and using the above result, it is
straight forward to show that E{ss’} = E,Iy.

Having established that s(n)’s are i.i.d. random variables
with zero mean, we can use the Lyapunov central limit theorem
to show that as N — oo, the OCDM symbols can be
approximated by i.i.d. normal random variables, as it has been
shown in [23]. Hence the CCDF of the PAPR of OCDM is
given by

P(PAPR; >T)=1—[1 —e TV, 31
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Fig. 8. CCDF of PAPR for OCDM, OFDM and SC-FDE with N = 256 and
Ncp = 16.

which is identical to that of OFDM.

Fig. 8 compares the PAPR of OCDM and OFDM symbols
using the CCDF as the metric for comparison. The PAPR has
been measured for two cases using simulations, namely with
symbol rate sampling and Nyquist pulse shaping and with
signals over sampled at four times of the symbol rate with
the root raised cosine filter used as the pulse shaping filter.
For reference, the PAPR of the over sampled, non-Nyquist
pulse shaped SC-FDE signal has also been shown. The graph
shows that OFDM and OCDM have identical performance,
and are closely approximated by Eq. (31) when considering
the symbol rate sampling scenario. Moreover, we see that the
PAPR is greater by 1-2 dB when non-Nyquist pulse shapes
are used owing to the ISI. However, the PAPR of SC-FDE
is considerably lower. In fact at probability of 10~3, SC-FDE
shows a 2 dB lower PAPR than both OFDM and OCDM.

VI. CARRIER FREQUENCY OFFSET

In this section, we examine the impacts of CFO on OCDM
transmissions. We assume an LTI frequency selective channel.
Consider the discrete symbols given by Eq. (10). Taking the
DFT at the receiver and multiplying with I', we get

j2me(iPL) i e(N—1)
N

"N

TAD, T Fu(i)+TFv(i),
(32)
where A = e*j”qNNfl) FDfFH is an N X N circulant matrix,
whose (m, n)" entry is given by
sin(m((n —m)n + ¢€))
Nsin(§((n —m)n +€))

5(i) = TFy(i) = e

jﬂ%(n—m)l\;

[A}m,n =

, (33)

which is basically the inter-carrier interference (ICI) matrix
in OFDM systems impaired by CFO, as shown in [15]. Hence,
like in OFDM transmissions, the CFO affects OCDM in
three ways: a time variant phase rotation, a time invariant
phase rotation, and ICI in the frequency domain. However,
unlike in OFDM, the symbols are converted back to the time-
domain after equalization. Thus, the impact of the CFO on its
performance is still unknown. We assume that the receiver is
able to compensate for the phase rotation. Since the phase
shift is constant for each symbol, it can be estimated as

off J2me(iPH+L) o c(N—1)
part of the channel so that D} = e ~ e ¥ Dy.
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Thus, the equalizer will implicitly compensate for the phase

shift introduced by the CFO leading to time-invariant decision

regions. With this in mind, Eq. (32) can be simplified as

§ = TAD,I'"Fu + I'Fv, (34)

where each block is independent and thus, the block index has

been removed.

Equalizing using an LE, represented by G, and converting
to the time-domain results in

a4 = F*GIAD,I'"Fu + F*GIFv. (35)

In order to analyze the BER performance of OCDM in the

presence of CFO, we resort to the SINR at the output of the

equalizer 74, whose relationship to the BER is shown in Eq.
(22). In fact, from [25], the SINR on the {"™ channel can be

approximated by (1) ~ JE—(Z) The error vector for a block is
given by
e=1—u=F"GrAD,I'" —1)Fu+ F*GIFv. (36)

lth

When considering ZF equalization, the {"" element of the error

vector is given by

Assuming that u and v contain i.i.d. samples and are inde-
pendent of each other, the MSE is given by

(37

Eq. (37) shows that the MSE is affected by the noise, which
decreases as < increases, and interference, which remains
constant. This implies the presence of an error floor at high
SNR, caused by the interference.
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Fig. 9. SINR at the output of the equalizer versus signal SNR for OCDM in

the presence of CFO with € = 0.1.

Substituting the values of the MMSE equalizer taps in Eq.
(36), we see that the I element of the vector e is given by

1 N-1 ) ,N-1 )
e eTINk [Alw H(i)e' ¥ —1
3 (e S
N-1 , N— ) )
X u(n)e MM — BN ——
n=0 ( ) N Z |2+1/’7
N-1
X ﬁ(n)e_jzﬁﬂk("—l).

0

3
I

Again, utilizing the independence of the noise and symbol
vectors, the MSE can be computed as shown in Eq. (38), where
a is the element on the main diagonal of A, i.e., a = [A]g g,
k € [0, N —1]. Note that as y increases, so does the magnitude
of the term I, whereas the contribution of the noise to the MSE
decreases. Beyond a certain SNR, the contribution of the noise
becomes negligible but MSE still increases along with SNR.
This implies that the output SINR and hence, the BER will
start to deteriorate beyond a certain input SNR. Fig. 9 confirms
this by numerically computing % using simulations. Looking
at the curve for ZF equalization, we see that 7 starts to plateau
at an input SNR of 20 dB. On the other hand, MMSE and IB-
DFE show much higher output SINR than ZF which increases
until the input SNR is 20 dB. At this point, the interference
starts to dominate and the performance starts to deteriorate as
the SNR increases further. This was predicted in Eq. (38). The
interference causes error propagation in IB-DFE, thus resulting
in a similar trend to that seen for MMSE.

E H(k)"  jzw (i
=5 ; (HEE+1/7)° k ;[A]k’lH( )

_E o) Hiy

N(zk:’ RP+1/v)  (HE)P?+1/y

|H (k)|”
RF)[?+1/7)?

1 |H (k)|
2 HmE + 17

2
1
32

)

I

(38)
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Fig. 11. Performance of coded OCDM in the presence of CFO.

Fig. 10 shows the average uncoded BER for the three
transmission formats in the presence of CFO. It can be
seen that OCDM and SC-FDE with ZF equalization show
approximately the same performance as OFDM with an error
floor of approximately 102 when ¢ = 0.1 and 10~3 when
e = 0.05. When MMSE or IB-DFE is used, we see that
the average BER for OCDM and SC-FDE is significantly
lower than OFDM but begins to converge at higher SNRs. IB-
DFEs do perform slightly better than MMSE equalization due
to their better interference cancellation properties. However,
at higher SNR, error propagation starts to dominate leading
to performance deterioration. These curves mirror the ones
shown in Fig. 9 and confirm the predictions made by Eqs. (37)
and (38). A similar trend was observed for SC-FDE systems
with channel estimation errors in [25].

Fig. 11 shows the average BER of the three transmission
schemes for different ¢ when CC is used. It shows that
the performance of all schemes is the same for different
operating SNR. When the SNR is larger, the ICI caused by the
CFO dominates. However, when the CFO is large, decoding
becomes impossible regardless of the operating SNR.

; ;
—a— OFDM
-©-0CDM

102k

BER

10 E

107 E

Eb/ND (dB)

(b)

10. Performance comparison of the considered schemes in the presence of CFO with (a) e = 0.1 and (b) € = 0.05.
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E,/N, (dB) E,/N, (dB)

Fig. 12. Performance of OCDM, OFDM and SC-FDE in linear time varying
channels with (left) v = 50 m/s, and (right) v = 100 m/s.

VII. PERFORMANCE IN LTV CHANNELS

In LTV channels, equalizing the signal given in Eq. (14)
results in the block given by

4 = GH;T"Fu + GFv, (39)

where G can be either the ZF or MMSE equalizer defined in
Eq. (15) and Eq. (16), respectively.

Fig. 12 compares the performance of the considered
schemes in LTV channels for different velocities v with
a symbol duration of 1000 wus. The channel is wide-sense
stationary with uncorrelated scattering (WSSUS) and there
are 9 channel taps with Jakes Doppler spectrum. The figure
considers both coded and uncoded performance with a rate-
1/3 CC being used as the channel code. MMSE equalization
is assumed. It can be seen that OCDM and SC-FDE perform
identically and show better performance than OFDM for
different velocities. This is primarily because uncoded OFDM
benfits only from Doppler diversity while OCDM and SC-
FDE collects multipath diversity as well. An increase in
velocity leads to performance deterioration in OCDM and SC-
FDE because of the increase in ICI. As predicted in Section
III, OCDM and SC-FDE exhibit identical performance when
there is no channel coding. However, when channel coding
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Fig. 13. BER performance of OCDM in multipath channels with NBI.

is considered, all three schemes show the same performance
as coded OFDM can collect multipath diversity as well as
Doppler diversity.

VIII. PERFORMANCE WITH BURST INTERFERENCE

In this section, we compare the performance of OFDM,
OCDM, and SC-FDE in the presence of burst interference.
Burst interference in the frequency and time domains are
referred to as NBI and TBI, respectively.

A. Narrow band interference
We model the n'" sample of the i™ NBI signal as (c.f., [28])

0<n<N+N,—1
(40)

where FE; is the energy of the interfering symbol, N is
the total number of subcarriers, m is the subcarrier clos-
est to the interfering frequency, « is the position of the
interference between frequency bins and 6; is a uniform
random variable such that 6; € [—m, 7). For the remainder
of this section we assume « = 0, that is, the i® interfering
signal impacts only the subcarrier given by m;. We define
A ={i:m; € [0,N — 1]} as the set of active interferer
indices and denote its cardinality as |.A] N 4. Hence,
it follows that the interfering signal is given by the vector
z = [ZieA z;(0), ZieA zi(1), .., ZiEA zi(N + Ny — 1)]T
The received signal is given by

4 =F"GD,Fu+ F*GT(¥v +z).

Er .i2x
si(n) = | Sl (Fmrenso,

(41)

We rely on simulations to investigate the performance of
OCDM in the presence of NBI. We assume that N = 2048
with only 1200 active sub-channels for both OCDM and
OFDM and the channel follows the EVA model with tap
variances listed in Table I. We simulate both the uncoded
and coded cases, employing CC with and without block
interleaving and MMSE equalization.

Fig. 13(a) compares the average BER of uncoded OFDM
and OCDM with different interfering signal bandwidths. It can
be seen that OCDM shows greater resilience to interference

10

o«
w0
[

—— N4 =50
= = Ny=100
o Non-interleaved
o Interleaved

105 H

E,/N, (dB)

(b) Coded

in the SNR range of 10-20 dB, beyond which its performance
starts to deteriorate. This trend is similar to the one shown
by OCDM in the presence of CFO, and is a result of the
MMSE equalizer amplifying interference at higher SNRs.
In order to account for this, the interfering signal statistics
can be incorporated into the MMSE equalizer. Assuming
the interference and transmitted signal is independent, the
resulting equalizer is given by

. H*(k)

G = s e 7
where P, denotes the interference energy. Fig. 10(a) shows that
when P, is known, the BER no longer deteriorates at higher
SNRs but rather exhibits an error floor. Equipped with the
knowledge of the interference power, OCDM is considerably
more robust to interference than OFDM and depicts a lower
error floor. For example, at SNR of 25 dB, OCDM exhibits an
approximate BER of 1073, which is an order for magnitude
lower than that of OFDM when N 4 = 50. The average BER of
SC-FDE employing the equalizer shown in Eq. (42) is identical
to that of OCDM with the same equalizer.

The comparison of the average BER for coded OCDM and
OFDM is shown in Fig. 13(b). In this simulation, we employ
CC with a constraint length 7 and rate-1/3 and assume the
equalizer is the one given by Eq. (42). In the interleaved case,
the bits are interleaved using a block interleaver. Coded OFDM
without interleaving shows no improvement over uncoded
OFDM because the bits on the subcarriers that experience
interference are lost completely and the code cannot correct for
this. However, in OCDM the interference is spread out evenly
over all the symbols and its impact is mitigated as a result.
This allows for accurate decoding at the receiver and channel
coding shows significant improvement over uncoded OCDM.
For example, at an SNR of 20 dB, uncoded OCDM exhibits an
average BER of 2 x 1073 when N4 = 50. Coding decreases
BER to 10~* and interleaving enhances it further to 7 x 1076,
Interleaving also enhances the performance of OFDM by an
order of magnitude as well. However, OCDM still performs
significantly better than OFDM. Symbol interleaving can be
used to further enhance OFDM performance at the cost of
delay but such schemes will not be discussed as they are

), kel0,N—1], (42)
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Fig. 14. Performance comparison in the presence of TBI. Lj, = 100 for (a). For (b), a rate 1/3 CC is used.

beyond the scope of this work. Since uncoded SC-FDE shows
the same error performance as OCDM, it follows that this will
extend to coded comparisons. Hence, in the interest of brevity,
it has been omitted.

B. Time burst interference

Having seen that OCDM is more robust to NBI than
OFDM owing to the fact that each symbol is spread in the
frequency domain, we now compare the performance of the
three schemes when the interference is constrained in time.
Thus, the length— N interfering signal block is defined as

z(n) = {On

where a,, are i.i.d. complex symbols drawn from the QPSK
alphabet such that E[|a,,|?] = E, and Liy, < N is the length of
the TBI. Note that the interfering signal is always positioned
in the center of the signal of interest so that removing the CP
has no impact on the TBL

Fig. 14 compares the performance of the three schemes in
the presence of TBI with and without channel coding. We as-
sume the equalizers incorporate knowledge of the interference
strength. For MMSE, this corresponds to the equalizer defined
in Eq. (42). In IB-DFE, the feed-forward filter coefficients
are modified, as shown in [25]. The underlying channel is
assumed to be LTI. The uncoded performance of OCDM
is considerably better than both other schemes as shown in
Fig. 14(a). SC-FDE mainly suffers because the symbols that
experience interference become undetectable but in OCDM,
the interference is spread out evenly. Although this is also the
case for OFDM, its performance suffers because of lower SNR
on each subcarrier and because independent detection causes
the worst performing subcarrier to dominate. Fig. 14(b) shows
the performance of each scheme with channel coding. We
assume DFE for OCDM and SC-FDE and MMSE equalization
for OFDM. Although channel coding is able to improve the
error rate for all three transmission schemes, SC-FDE still
performs worse as coding is not able to sufficiently compensate
for burst errors. Both OFDM and OCDM perform better
because the interference is spread over the entire symbol.

1 N_Linl N+Lim
if S5 < p < ST

2o 2 (43)
otherwise,

However, OCDM still shows considerably better performance.
Increasing L, leads to performance deterioration for all three
schemes. In OCDM, this occurs because the SINR is a function
of Liy. This also implies that increasing the interference
energy will similarly impact the SINR and lead to performance
deterioration for OCDM. Thus, it can be concluded that the
performance of OCDM is conditioned on the energy of the
interfering signal and its duration. More persistent interference
and higher interference energy may cause OCDM and SC-FDE
to start exhibiting similar performance.

IX. CONCLUSION

This paper thoroughly analyzed the performance of OCDM
for wireless channels with and without synchronization errors
and interference. The results showed uncoded OCDM per-
forms significantly better than uncoded OFDM in both LTI
and LTV channels because of its ability to collect multipath
diversity. However, due to the similarities in the transmission
formats, SC-FDE and OCDM have identical performances.
When channel coding is employed, the performances of all
three schemes start to converge mainly because OFDM bene-
fits much more from channel codes than OCDM or SC-FDE.
In the presence of CFO, the results exhibited an interesting
trend for OCDM and SC-FDE transmissions when the IB-
DFE or MMSE equalizers were used. It was shown that
due to interference enhancement and error propagation, the
BER for uncoded OCDM and SC-FDE degrades at higher
SNRs. However, at moderate SNR, OCDM and SC-FDE were
demonstrated to be more resilient to the interference caused
by CFOs than OFDM. This changed when channel coding was
employed as coded OFDM showed the same BER performance
as coded OCDM and SC-FDE. A similar trend of interference
enhancement was also shown for OCDM in the presence of
NBI. However, by incorporating knowledge of the interference
energy in the MMSE and IB-DFE equalization, OCDM was
shown to have significantly better performance than OFDM in
the presence of both NBI and TBI. Because OCDM spreads
symbols in both the time and frequency domains, it also
showed considerably better performance than SC-FDE when
TBI was considered. Lastly, the study showed that OCDM
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suffers from the same high PAPR as OFDM, a problem that
does not occur in SC-FDE.

This work, however, is in no way comprehensive and
much remains to be done. In the near future, we will further
investigate modulation and detection schemes for OCDM e.g.,
differential detection, and its performance in the presence of
fast fading channels. Channel estimation techniques also need
to be devised for OCDM, particularly those involving comb
and lattice structured pilots to better estimate time varying
channels.
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