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Asymptotic Convergence Rate of Alternating
Minimization for Rank One Matrix Completion

Rui Liu and Alex Olshevsky

Abstract— We study alternating minimization for matrix
completion in the simplest possible setting: completing a
rank-one matrix from a revealed subset of the entries. We
bound the asymptotic convergence rate by the variational
characterization of eigenvalues of a reversible consensus
problem. This leads to a polynomial upper bound on the
asymptotic rate in terms of number of nodes as well as the
largest degree of the graph of revealed entries.

Index Terms— Markov processes, network analysis and
control, time-varying systems.

I. INTRODUCTION

ATRIX completion refers to the problem of completing

a low rank matrix based on a subset of its entries. Al-
gorithms for matrix completion have found many applications
over the past decade, e.g., recommendation systems and the
Netflix prize [1], [2] or triangulation from incomplete data
[3], [4]. However, despite much research into the topic, under-
standing the exact conditions under which matrix completion
is possible remains open.

Formally, the problem may be stated as follows. Given a
rank r matrix M € R"™ ", let £ be a subset of indices
such that the entries of M corresponding to the subset £
are revealed, i.e., we know the values of elements M;; if
(i,7) € €. We use the standard notation [n] = {1,...,n}
so that £ C [n] x [n]. The goal is to find a rank r matrix
M¢€ such that Pg(M¢€) = Pg(M), where Pg(-) is defined as

M;; if (i,5) € &
[Pe(M)];; = 0 otherwise

A popular approach is to solve matrix completion through
convex relaxation [5]. However, this approach is computa-
tionally expensive, and runs into difficulties for large scale
systems, as each step of convex relaxation methods often
need to truncate SVDs, which could take O(n®) operations.
An alternative might be gradient descent on the Grassmann
manifold [6], but to compute the gradient over the Grassmann
manifold is also computationally intensive.

In contrast to this, alternating minimization algorithm is
a cheap and empirically successful approach. Alternating
minimization writes the low rank target matrix M as af’;
then the algorithm alternates between finding the best o and
the best 3 to fit the revealed entries [7]. It has been applied
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to clustering [8], sparse PCA [9], non-negative matrix fac-
torization [10], signed network prediction [11] among others.
The main advantage of alternating minimization algorithm is
the small size of the matrices one needs to keep track of
(especially when the rank r is much smaller than n) and
smaller amount of computations. It was shown in [7] that
alternating minimization converges geometrically. However,
the convergence time of alternating minimization is not fully
understood, and its analysis often relies on either incoherence
of the underlying matrix, random revealed pattern &, or the
assumption that the algorithm has a “warm start” — or all of
the above.

Alternating minimization without any of these assumptions
was considered in [12], but only for the rank-one case.
Although the problem of completing a rank-one matrix is
trivial (indeed, one can find a factorization M = zy” just
by recursively going through the revealed entries), it serves as
the simplest possible setting where alternating minimization
can be studied. Indeed, as we will see, a complete analysis
even in this simple case remains open.

It was established in [12] that if the graph corresponding
to the revealed entries has bounded degrees and diameter
which at most logarithmic in the size of the matrix, alternating
minimization converges in polynomial time. In this paper, we
are interested in studying the convergence time for rank-one
matrices, but without any assumptions on degrees or diameter.

Our main result is a polynomial time bound on the asymp-
totic convergence rate of the process, obtained by drawing on
the connection to reversible consensus dynamics. An implica-
tion of our result is that the convergence time of alternating
minimization to shrink the distance to the optimal solution by a
factor of € can be upper bounded by O(n(n—1)Alog(1/e€)) for
all small enough € (as a function of n and the initial condition),
where A is the largest degree in a graph corresponding to the
revealed entries.

A number of papers analyze algorithms for rank-one matrix
completion. Gradient descent for sparse rank-one estimation
of square symmetric matrices are studied in [13]. Our paper
analyzes rank-one matrix completion in general, not only
for symmetric matrices, and using alternating minimization
rather than gradient descent. A very recent work [14] is con-
cerned with recovering the dominant non-negative principal
components of a rank-one matrix precisely, where a number
of measurements could be grossly corrupted with sparse and
arbitrary large noise, a nice feature that we do not address in
this work. For recovering a rank-one matrix when a perturbed
subset of its entries with good sensitivity to perturbations, two



algorithms are presented in [15].
We begin by describing formally the main algorithm ana-
lyzed here.

A. Alternating Minimization for Rank-one Matrix
Completion Problem

Consider a rank-one matrix M = a7, where a, 3 € R™.
Abusing notation slightly, let Vi and V¢ denotes the sets of
rows and columns of matrix M respectively; of course, both
Vi and V¢ are equal to [n], but writing ¢ € Vg vs i € Vo
will be convenient in terms of making it clear whether we are
considering a row or a column <.

We let V = Vi U Ve be the vertex set of the graph G =
{V, £}, a bipartite undirected graph. The graph G has vertices
corresponding to every row and column of the target matrix,
and the edge (4, 7) is present in G precisely when the (i, j)’th
entry of M is revealed.

For this bipartite graph G, we write ¢ ~ j if ¢ € Vg is
connected to j € V. We let A be the adjacency matrix of
g, ie, A = Loifi Nj. , and we denote by A the

0 otherwise
maximum degree and by d the diameter of G.
The matrix completion problem is the minimization problem

xr;qei%n i jyee(@iy; — M;;)%. Note that the sum is taken over

all the revealed entries; the goal is to find z,y with a zero
objective value.

Our starting point is the alternating minimization method
given in the box below, which was called Vertex Least Squares
(VLS) in [12]. The convergence result proved in [12] is given
in the subsequent theorem.

Algorithm 1 Vertex Least Squares (VLS)
1: For i € Vg, j € V¢, initialize x;0, ;0
2: fort =1to T do
3:  for i€ Vg do

4.
. T 2
Ti+1 = argmin S @My - M) (D)
JEVc i~
5. end for
6: for j € Ve do
7

: T 2
Yjt+1 = argmin Z (Y zipr1 — Mij)® (2)
YR ievniing

8: end for
9: end for

Theorem 1.1 (Theorem 2.1 in [12]): Let M = af” with
a, 8 € R™ and suppose the following assumptions hold:

(a) There exists 0 < b < 1 such that for all 4,j € [n], we
have b < Oéi,ﬁj < 1/b

(b) The graph G is connected.

(c) The graph G has diameter d < clogn for some fixed
constant ¢, and maximum degree A.

Then, there exists a constant a > 0 which depends on ¢, A
and b only, such that for any initialization b < x;9,y;0 <

1/b, ¢ € [n] and € > 0, there exists an iteration number
T = O(n“logn) such that after T iterations of VLS, we have
wlaryr — Mp <e.

B. Our Contributions and Outline

Theorem 1.1 gives a polynomial convergence time, but
under relatively strong assumption on degrees and diameter.
In this paper, we want to remove this assumption; however,
this will be obtained at the cost of obtaining bounds on the
asymptotic convergence rate instead.

We begin with Section 2, where we define the asymptotic
convergence rate of the VLS and connect it to a reversible
consensus problem; we then exploit this to obtain a quadratic
optimization problem which bounds this convergence rate. In
Section 3, we prove combinatorial bounds for the convergence
rate implied by this connection. Finally, Section 4, numerically
evaluates our bounds on various classes of graphs via simula-
tion, and Section 5 contains some brief concluding remarks.

II. THE CONNECTION TO REVERSIBLE CONSENSUS

In this section, we begin by describing a connection to
the consensus problem made in [12]. We then show that the
resulting consensus problem is reversible, which allows us to
write down a variational characterization of the convergence
rate.

The following steps follow the proof of Theorem 1 in [12].
From the update rules for VLS in (1) and (2), we have

> jing Mijysie Divimg MijTi 1
Tipp1 = ——=—5 —and yj 11 = =5
Zj:iNj Yit Zz‘:i~j Tit+1 3
Define
Tit Yjt
U4t = and Vit = s (4)
@ B

where, recall, M = a87. By using (3), the updates for u; ;
can be written as:

gy = Tt D jrimg Migyie 3 Bilie
’ Q; (Zj;mj yjzt) Z]‘ tinvj yjzt
_ D YialVit Z 1 ©)
B Zj:i~j yjz,t i Ek ik yk:t Vit
Similarly, we have
D D — ©)

Vit s Ek:k~j OkTl,t

Note that u; ;41 can be expressed as a convex combination

of {%,#,--~ L } and —— can be expressed as a
1,t’ V2t Un,t Vj,t

convex combination of {uy ¢, u2 4, ,up,} forall i, € [n].

Rewriting (5) and (6) in the compact form:

1 1
Uty1 = Bt () and <> = C’tut Vit Z 0, (7)
v/ v/
(bijt)nxn and Ct = (¢ij,1)nxn are n x n stochas-
=1 — ayrel(Agi=1)

2
Y (1(A
tic matrices, and b;;; = i:i Cijit = S
Combining the two updates in (7), it follows that

where B; =

ugr1 = Pyug, ¥



where P, = B.C} is also a stochastic matrix. Thus alternating
minimization in this context can be written in terms of
a consensus iteration. This concludes our summary of the
connection between rank-one alternating minimization and
consensus which was discovered in [12].

We now begin our analysis by observing that the matrices
P, appearing above correspond to reversible Markov chains.

Lemma 2.1: The Markov chain with transition probability
matrix P; is reversible for all ¢ > 0.

Proof: Recall that a Markov chain with transition matrix

P and invariant measure 7 = (71, -+ ,7,) is reversible if and
only if m;p;; = m;p;; for all 4 and j.

We have that P, = B;(C}, where

ij.’Ej,t - yl%t]l((lal) € g)]l((jvl) € 5)

D vk y/%,t = D ekl Th,t Ol

Pijt = )
Letting

Rin = Qiin Y Y (10)
k:in~k

it is now immediate that 7; ;p;; ¢ 7.4Dji,t. Normaliz-

ing m,; = f’itﬂt, we have a stochastic vector m, =
=1 "7

(7T1,t, s 77Tn,t) such that TitPijt = T4 ¢DPjit for each 7,7 €

[n] and ¢ > 0. [ |

The previous lemma will be the launching point of our
analysis. To analyze the asymptotic convergence rate, we need
to look at the limit of the matrices P, as ¢ — oo; for this,
we need to assert that x;,y; converge, which we do in the
following lemma.

Lemma 2.2: Under the assumptions that (i) G is connected,
(i) b < a3 < b1, (i) b < mig,y50 < b7, we
have that u; approaches a point in span{1} and the the cost
2(jyee(TitYie — M;;)?* approaches zero.

Proof: The proof follows straightforwardly from the
observation that the positive entries of the matrices P; con-
structed above are bounded away from zero. Indeed, by
definition we have b? < w;g,v;0 < 7 for all 4,5 € [n].
Then since the updates of (5) and (6) are convex combinations,
we get b? < w;y,v;4 < 75 forall t > 0, 4,5 € [n]. From
the definition of u;; and v;; in (4), we can conclude that
b < @ig,yje < g5 forall ¢ > 0, 4,5 € [n]. Putting this
together with the expression for p;;; from (9), we obtain
that the positive entries of P; are uniformly bounded below.
Furthermore, since we can always take ¢ = j in (9), we see
that every P; has positive diagonal. Standard consensus theory
(e.g., Theorem 1 in [16]) gives that u; converges to a multiple
of the all-ones vector.

If u; — cl, then equation (7) implies that v; — ¢~ 1. Thus
if z; — ca, then y; — ¢~!/3. Thus zyy{ approaches a3T and
the cost approaches zero. [ |

Our next lemma collects some properties of the matrix P
which is the limit of the matrices P; as t — oo.

Lemma 2.3: Under the conditions of Lemma 2.2, we have
that P is a stochastic matrix corresponding to a reversible
Markov chain. It has real eigenvalues 1 = A1, Ao, -+, Ay,
listed in order of decreasing magnitude. Furthermore, A,, >
—1. Moreover, if 7 is the stationary distribution of P and
z is any non-principal eigenvector (i.e., not corresponding to

eigenvalue 1), then 77z = 0. Finally, we have that p(P —
17) = max{Aa(P), — A, (P)}, where p(-) denotes the spectral
radius.

Proof: That P is a stochastic matrix corresponding to a
reversible Markov chain follows that it is the limit of /%, and,
as we showed in Lemma 2.1, each P, has these properties, and
one is a simple eigenvalue of P. The reversibility condition
m; P;j = m;P;; may be written as diag(m) P = PTdiag(7). An
implication of this is that P is self-adjoint in the inner product
(x,y)r = >, mz;y;. Thus the eigenvalues of P are real,
and the eigenvectors of P are orthogonal in this inner product.
Since the top eigenvector is 1, this implies that for any other
eigenvector z, we have 0 = (1,z2), = 77 2.

Moreover, that 1 is the largest eigenvalue of P follows
(for any stochastic matrix) from the Perron-Frobenius theorem.
That the smallest eigenvalue is strictly above —1 follows by
Gershgorin circles as P is a stochastic matrix with positive
diagonal.

Finally, let zy = 1,29, ---,2, be the eigenvectors of P
corresponding to eigenvalues Ay = 1, Ao, -+, \,. Then z; =
1,20, ,2, are also eigenvectors of P — 17 corresponding
to eigenvalues 0, Ao, - -+ , \,, since 7Tz, =0 for any ¢ > 2,
we have that

(P — 17T)21 = O,
It follows that p(P — 17) = max(A\a, —Ay,). |

We define the asymptotic convergence rate as Yasym =
[leee—u" |2

t
SUP ¢y My o0 (m) ! , where U = {c1 : ¢ € R}
and u* = lim¢_, u¢. Naturally, the quantity vasym is related
to the matrix P, and the following lemma makes a precise
statement of this.

Lemma 2.4: Under the conditions of Lemma 2.2, we have
that Yasym < p(P—17) where p(-) denotes the spectral radius.

Proof: Observe that for any stochastic matrix @, (I —
1mQUI —1m) = (I — 1m)Q.

As a consequence, if we define for any stochastic matrix @,
the matrix Q" as Q' = (I —17)Q, we have that Q' (I —17) =
(I -1m)Q. Then (I —1m)P;--- Pyug = P/ --- P{(I — 17)uy,
and therefore ||uy — mugllla < || P} - Pll2]|(I — 1m)ug]|2.
Since u* = c1 where c lies in the convex combination of the
entries of ug, we have that

(e — ™[]z < Vnllue — u|loo < 2v/nf|up — mu]
< 2vnl[Py - Pill2| (I — 1m)uo|2.

. <|ut—u*|2>1/t
Yasym = sup lim sup | -—————
t—o0 Huo —u H2

1/t

Therefore

UQQU
< limsup |7/ -~ Pyl
t

Next, observe that we can repeat the same argument but
beginning at iteration k rather than iteration 1. That is:

. Hut_U*H2 1/(t—k)
Yasym < sup limsup | -——=
un U t \|ur —u*[l2
< limsup ||P{ P/, - Py|[V/¢7F).
t



In particular, we have that for every k,

Yasym < p({P;Q,P,;H, .. })7

where p(M) is the joint spectral radius of the matrix set
M, defined as p(M) = limp,_s0 sup ||, |[2/™, where the
supreme is taken over all products II,, of m matrices from
the set M. We refer the reader to [17] for background on the
joint spectral radius. In particular, by Lemma 1.2 of [17], we
have that for any bounded set M, we have that for any fixed
1/m
m, p(M) < sup [[Ty [,

We next argue that the right-hand side of (12) can be
bounded by p(P’) as k — oo. Indeed, for any € > 0, by
definition of joint spectral radius there is a large enough integer
m so that p({P'}) > max ||TI,,,||'/™ —e¢, keeping in mind that
the max on the right-hand side is over a single product, namely
(P")™. Next, choose r small enough so that if M is taken to
be the ball of radius r around P’, then the right-hand side of
the last inequality only changes by e. Finally, choose k large
enough so that every P/, ¢ > k lies in a ball of radius r around
P’. Putting all this together, we have that

max ||IL,,
P’

p({Plgv Plé+1v ) SP(BT(P,)) = M.=B(

< I, [|Y™ + € < p({P'}) + 2¢.
< max [[ILy ||V +e < p({P'}) + 2¢

12)

Hl/m

Since € is arbitrary, we have that lim sup p({ P}, Py ;- --})

< p(P’'). Putting this together with IH)ZO)O, we conclude that
Yasym < p(P’) as desired.

Finally, we note that because 7 is a left-eigenvector of P
with eigenvalue 1, we have that P’ = P — 1m. Thus Yasym <
p(P — 17) and the proof is concluded. [ |

We conclude this section by putting together all the previous
lemmas to obtain a variational upper bound on the convergence
rate.

Corollary 2.1: Under the conditions of Lemma 2.2, we
have that

1 . n n
Yasym < max{l — 5 I;lengZmpij(xi — ;)% =An(P)},

i=1 j=1

where S = {z| > mz; =0,> " mz? =1}
Proof: Lemma 2.4 shows that Yasym < max{Az(P),

— An(P)}. This corollary simply replaces Ao(P) with its
variational characterization; these were proved for reversible
P in [18]. [ |

We note that it is also possible to replace —\, (P) by the
variational characterization of it, but we will just leave it as
—An(P) above, as it turns out that there are easy ways to
bound it.

[1I. AN UPPER BOUND ON THE CONVERGENCE RATE

We can use the main result of the previous section, namely
Corollary 2.1, to obtain an upper bound on the asymptotic
convergence rate associated with alternating minimization.
This is given in the following theorem, which is our main
result.

Theorem 3.2: Suppose the assumptions of Lemma 2.2 hold,
and additionally the graph G has maximum degree A. Then,

b12 b12

n(n —1)A <1 n3’

Proof: Glancing at Corollary 2.1, we see that we need
to bound the variational characterizations of A2(P) in the
statement of the corollary, as well as —\,,(P). Our first step
is to analyze the variational expression for Ao(P) in that
corollary.

Note that the support of P is same as the support of
AAT; indeed, P is the transition probability matrix of a

rYasym < 1 -

certain random walk on (Vg, ER) 2 Gp, where (i1,12) € Er
if and only if is is a distance two neighbor of i; in G.
This new graph Gp is connected because, by assumption
G is connected. Therefore, for any z € R", we have that
it 2 g Tilig (T = 5)% = 20 sy, Tibi (T — 25)%

Observe that in Corollary 2.1, the optimal value does not
change when we multiply the vector m by a constant factor.
Consequently, we will instead deal with the un-normalized
quantities 7; defined in (10), which will lead to less cumber-
some expressions.

We now bound the optimal value of optimization problem
for Ao (P) appearing in Corollary 2.1. Let  be any element of
S. Without losing generality, we can assume that z; < z2 <

- < x, and assume that x,, denotes the component of x
which is largest in magnitude (replace x by —x if this is not
true). Consider

Y Failei— )

(1,J)€EER

(a) N

=2 Z Fipij (x5 — x)*
(i,4)€EER <]

®) =

>2 > Fipig Y (kg — k)’

(1,§)€EERI<] k=i

n—1
(ZC)QZ > Aprilwipa — i)’

i=1 k<¢,0>i+1

@27521 Z Cki Z 7612) (xlqu - (Ei)2,
ZqinP Oég

i=1 k<i,[>i+1 p:k~p,l~p

where (a) follows by reversibility; (b) is because that ;1 <
Tog < --+ < Tp; in (c), we rearrange two summations; we
use definitions of py; and 7 in (d), as well as the fact that
x; — ca,y; — ¢ 13 for some c. Using the assumption that
b < a;,B; < b~! and letting d(j) denote the degree of j €
V¢, we have that

Y wupiglas —ay)?

(i,5)€EER

n—1
>26° )

i=1

1
Z Z W ($i+1—$i)2
k<i,l>i+1 p:k~p,l~p P
n—1

©
05 (g1 — i),

i=1

13)



where (e) is followed by (5) in [19] which has proved that
on any undirected connected graph, regardless of the node
labeling we have that Zkgi,l2i+1 Zp kpiip d(p) > ;

Next, let 7,4, denote the component of 7 which has the
largest value. Then 1= Z i1 7r1x2 < mrm,uxQ and hence
Ty 2> (MFmaz)” 3 (because by construction, z,, is the entry
of x with the largest value). Since Z i—1 Tiw; = 0, then all
components of x cannot be positive, so z; < 0. Consequently,
Tn — X1 > (Nfmaz) 2. By CauchySchwartz inequality, we
have that

(nﬁ”maz)il <($n - 271)2

Z[(.Tn - xn—l) + (wn—l - xn—Q) + -
n—1
<=1 (wip1 — =)
i=1
Dividing by n—1 on both sides and using (10), it is immediate
that
n—1 b4

Z(xiﬂ —z;)% > m

i=1

(14)

Plugging (14) into (13) and by variational characterizations,

we have that
b12

)\Q(P) <1- m

15)

It remains to obtain an upper bound on —\,,. It turns out that
this is done in the easiest possible way with the Gershgorin
circle theorem. Indeed, for the matrix P, recall that its diagonal

entries are [P]; = leeN( ) ZM s which are

bounded below by bA. Also, P is a stochastlc matrix and
hence R; := 3, . pi ; is smaller than 1. Gershgorin’s theorem
asserts that each eigenvalue of P is in at least one of the disks
{A:|A=pii| <1} fori=1,--- ,n, and consequently,

8
A (P -1+ —. 16

(P) > +x (16)

Combining (15), (16), and Corollary Zi,}’ we obt?in
,Yasym(P) S max{)\Q(P), _)\n(P)} < 1_'”’(7:)W < 1—%
| |

Remark: We now discuss the implications of this theorem
for convergence rate. Given any initial condition ugy, we have
that, after a finite period, the convergence rate will be upper
bounded by 1 —b'2/(n(n —1)A). It follows that for all large

enough ¢, we can bound ||u; —u*||2 < (1 - ﬁ) [|uo —
u*||2, which translates into a time of O(n(n — 1)Alog(1/e))
until the distance to u* shrinks by e. Unfortunately, because
t needs to be “large enough,” this argument only works if we
assume e is small enough. It is an open question to establish

a polynomial convergence time which would hold for all e.

IV. SIMULATIONS

We give simulation results in this section to show that how
1/(1—"%asym) varies with n and b and how tight our bounds are
in practice. We perform simulations for five different kinds of
graphs G, namely, line, star, 2d-grid and 3d-grid and complete

+ (z2 — 21))?
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Fig. 2. The experimental upper bounds of graphs when b = 0.3

graph. We do 1000 experiments for each n, b and graph and
in each experiment we generate 2n random numbers whose
values are between b and 1/b to initialize x; o, y; 0 for ¢,j €
[n]. Then we get experimental upper bounds 7 for 1/(1 —
7asym)~

We first set b = 0.3 and let n change as we estimate the
asymptotic convergence rate from examples in five different
kinds of graphs. Figures 1 and 2 show how the convergence
times scale as we increase n for line graph and four different
kinds of graphs. All examples Figure 2 show sublinear growth,
which is consistent with the upper bounds of Theorem 3.2,
which are always at least quadratic. In these cases, the upper
bounds we have derived is conservative. However, our results
in Figure 1 appear to grow quadratically in n, which suggests
that on the line graph the upper bound of our main result is
tight up to constant factors.

In Figure 3 and Figure 4, we instead fix n = 32 and let b
changes from 0.01 to 1. The results show that indeed it takes
more time to converge when b becomes smaller. Our main
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result also has such a scaling with b.

In summary, our numerical results suggest that on the
line graphs our results are tight, whereas on grids and star
graphs, our estimate of the convergence time is conservative.
Additionally, simulations suggest the blowup in convergence
time as b — 0 is not merely a feature of our main theorem
but also happens in practice.

V. CONCLUSIONS

Our main result has been a derivation of a polynomial bound
on the asymptotic convergence rate of alternating minimization
for rank-one matrix completion. The main open question left
by our work is whether a polynomial convergence time can
be proven. This will require a non-asymptotic analysis of
the dynamics described here. This appears challenging, as
equation (7) is essentially a switched linear system, and there
is no obvious Lyapunov function which would lead to a
polynomial rate.

Furthermore, the approach provides a way to begin ana-
lyzing the general case of higher rank matrix completion, i.e.,
we can write alternating minimization as a consensus problem,
even for higher-rank matrices. However, the problem is that
the coefficients of this linear combination are time-varying,
depending on the current iterate, and might be negative.
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