ON MAPS PRESERVING SQUARE ROOTS OF IDEMPOTENT AND
RANK-ONE NILPOTENT MATRICES

NIKITA BORISOV, HAYDEN JULIUS, MARTHA SIKORA

ABSTRACT. We characterize bijective linear maps on M, (C) that preserve the square roots of
an idempotent matrix (of any rank). Every such map can be presented as a direct sum of a map
preserving involutions and a map preserving square-zero matrices. Next, we consider bijective
linear maps that preserve the square roots of a rank-one nilpotent matrix. These maps do not
have standard forms when compared to similar linear preserver problems.

INTRODUCTION

Linear preserver problems (LPPs) concern the characterization of linear maps acting on matrix
spaces that leave invariant certain functions, subsets, relations, etc. Let M, (C) denote the full
matrix algebra of n X n complex matrices. Given a relation ~ on M, (C), one may study linear
maps [ : M,(C) — M,(C) satisfying f(A) ~ f(B) whenever A ~ B. Given any matrix
product x on M,(C), one can define a relation via zero *x-products; that is, declare A ~ B
if Ax B = 0. Then linear maps preserving the relation ~ amounts to characterizing linear
maps [ : M,(C) — M,(C) such that f(A)x f(B) = 0 whenever A B = 0. In the cases of
the usual product A« B = AB, the Lie product [A, B] = AB — BA, and the Jordan product
Ao B = AB + BA, bijective linear maps preserving the zero product are well-understood;
see [15], [14], and [0], respectively (also note that a map that preserves the zero Lie product
equivalently preserves commuting pairs of matrices). Motivated by similar questions in the
setting of ring theory, the authors in [5] took a much more general approach concerning additive
maps preserving products (that is, f(z)f(y) = f(u)f(v) whenever xy = uv, where z,y, u, and
v are elements of a ring satisfying some technical but reasonable conditions). Many of the
above results conclude that such maps must be homomorphisms or antihomomorphisms, up
to multiplication by a scalar. In other words, by only preserving a multiplicative property on
certain pairs of elements, it turns out that all multiplicative structure must be preserved. See
[12] for a more detailed discussion of LPPs and their solutions.

Recently, several authors have considered preserving relations induced by products equal to
fized nonzero matrices. We say that a linear map f : M, (C) — M,(C) preserves x-products
equal to C if f(A) = f(B) = C whenever A x B = C. One technique is to show that if f
preserves x-products equal to C, then f also preserves the zero x-products. We collect some
results concerning the three matrix products mentioned above.
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Suppose f(A)f(B) = C whenever AB = C. Under the additional hypothesis of bijectivity,
the case C' = e;; was investigated in the two papers [I] and [2]. In both cases, f must be a
scalar times a homomorphism (note that antihomomorphisms are not permissible). Likewise, if
C' is diagonalizable, a recent result appearing in [1] characterized all such maps and found that
if C is singular, then f must be a scalar times a homomorphism and if C' is invertible, then f
may take a slightly different form. For example, if AB = I,,, the n x n identity matrix, then
BA = I,,. This suggests that the transpose map X — X7 (an antihomomorphism) preserves
products equal to the identity. The case for arbitrary C is unknown; in particular, for nilpotents
of high rank.

Suppose [f(A), f(B)] = C whenever [A, B] = C. With the added hypotheses of bijectivity,
the case C' = ej2 was addressed in [7] while the case C' = e;; — e22 was addressed by the second
author in [9]. Maps preserving the solutions to AB — BA = ej2 do not preserve commutativity
while maps preserving the solutions to AB — BA = e11 — ego do preserve commutativity. The
description is currently unknown for arbitrary C. On the other hand, when considering the
Jordan product Ao B = AB + BA, a complete description of bijective linear maps such that
f(A) o f(B) = M whenever Ao B = K has been obtained by the authors in [3], where M and
K are arbitrary (in other words, maps preserving equal Jordan products have been completely
classified). The usual product and Lie product seem to be more complex.

In this paper, we wish to understand bijective linear maps f : M, (C) — M, (C) such that

f(A)*=DB whenever A? =B, (1)

where B is a fixed nonzero idempotent or a rank-one nilpotent matrix. The matrix A is called a
square root of B and we say f preserves the square roots of B. The conditions on f remind us of
the equally deep subset of LPPs concerning maps preserving the roots of a matrix polynomial;
that is, given a complex polynomial p(z), describe bijective linear maps f : M, (C) — M, (C)
satisfying p(f(A)) = 0 whenever p(A) = 0. When p(x) has at least two distinct roots, a complete
description of f was obtained by Howard [3]. If p(x) has only repeated roots, the results may
be deduced from [Lemma 2.5, [11]]. As a special case, maps preserving the square-zero matrices
(zeros of p(z) = x2) is handled in [13].

The results in this paper may be considered a generalization of the results in [1] and [2] since
every map preserving products equal to e;; also preserve the square roots of e;;. However, the
square roots of a nontrivial idempotent or a nilpotent matrix do not span M, (C), and so we
only obtain a meaningful description of f on the proper subspace of M, (C) generated by the
square roots. Hence in some sense the solutions obtained here are “nonstandard” compared to
other LPPs.

In Section 1, we characterize the square roots of an idempotent matrix ej; + eso + - - - + ey.
The subspace of M,,(C) generated by all such square roots can be written as a direct sum of two
square subspaces of M, (C), and consequently the maps that preserve the square roots can be
written as a direct sum of two maps, each acting on a direct summand, that preserve different
subsets of matrices. This is a rather surprising conclusion when compared to other LPPs. For
the precise statement, see Theorem 1.5.

In Section 2, we characterize the square roots of e19, a rank-one nilpotent matrix. The space
generated by all square roots of ej2 can be written as a direct sum of a square subspace and
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a nonsquare subspace of M, (C). Thus maps that preserve the square roots of e;2 may take
nonstandard forms, and we give some examples. Under certain technical conditions, at least a
partial description of f can be obtained via Semrl’s square-zero matrix preserver result [13]. See
Theorem 2.6 for the precise statement.

1. MAPS PRESERVING THE SQUARE ROOTS OF AN IDEMPOTENT MATRIX

Let Ey = e11 + - - - + ey, a rank-t idempotent matrix. We wish to study bijective linear maps
f: M,(C) — M, (C) that preserve the square roots of E;. The square roots of F; are described
in Lemma 1.1, the proof of which is straightforward.

Lemma 1.1. Given an A € M,(C), we have that A?> = E; if and only if

C 0
=(05)

for some complex t x t matriz C and a complex (n —t) x (n —t) matriz S such that C* = E;
and S? = 0.

Consequently the subspace generated by the square roots of F; can be written as a direct sum
of two matrix spaces, as follows.

Lemma 1.2. If A= (A€ M,(C): A? = E}), then

AZ@%@gﬁJ'

Proof. Note that M;(C) is generated by t x ¢ involutions and sl,,_; is generated by (n—t) x (n—t)
square-zero matrices. Since the direct sum of an arbitrary ¢ X t involution with an arbitrary
(n—t) x (n—t) square-zero matrix is a square root of Fy, the result follows from Lemma 1.1. [

= (D) e ()

denote the upper and lower block subspaces of M, (C). Let sl(L,—;) denote the trace-zero
matrices in £,,_;. Lemma 1.2 asserts that A =U; © sl(Ly—y).

If f: M,(C) — M,(C) is a bijective linear map such that f(A)?> = E; whenever A% = E,,
then f(A) = A and Uy & sl(Ly—t) = f(U:) & f(sl(Ln—t)). This is an unconventional situation
for a linear preserver problem, in the sense that the span of the preserved subset is not all of
M,,(C). Thus, it only makes sense to describe f on its restriction to A (i.e., we cannot determine
how f behaves outside of A).

Lemma 1.3. Let f : A — A be a bijective linear map such that f(A)? = E; whenever A? = E;.
Then f(Uy) o f(sl(Ln—t)) =0 and for all T € A with T? = 0, we have f(T)? = 0.

Proof. Given a C € U; with C? = E; and S € L,,_; with S = 0, clearly (C + x5)? = E; for all
z € C and

J(C +2S)? = (F(C) +2f(S))* = F(C) +f(C)o [(S) +a>(S)? = E.

Let
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Cancelling f(C)? = E;, the system of equations reduces to

£(C) o F(S) + 22£(8)* = 0. 2)
Subtracting the two equations obtained by taking x = 1 and x = —1, it follows that f(C)of(S) =
0. Using the fact that the set of such C' span U; and the set of such S span sl(L,,—;), as well as
the fact that f(C) o f(S) is bilinear in C' and S, we conclude that f(U;) o f(sl(Ln—t)) = 0.

Given a square-zero matrix T € A, it may be written as a direct sum of square-zero matrices
in Uy and sl(Ly,—;). In light of the observation f(U;)o f(sl(L,—¢)) = 0, equation (2) also implies
that f(S)2 = 0 whenever S € sl(L,_;) is a square-zero matrix. To prove that f preserves
square-zero matrices in A it suffices to show that f(T)? = 0 whenever T € U; is a square-zero
matrix.

Working in U, let T be the Jordan normal form of T , written as T = PTP~! for some
invertible P € U;. It is easy to find a ¢t x ¢ involution, say A, such that Ao T = 0. Hence there
is a matrix A = PAP~! such that (A 4 2T)% = E; for all z € C. Using the same computations
as above, we conclude that f(A)o f(T) =0 and f(T)? = 0. O

We have seen that U ® sl(Lp—t) = f(U:) @ f(sI(Ln—t)) as well f(U) o f(sl(Lr—t)) = 0. It
is not immediately obvious, however, if f preserves the direct summands. This turns out to be
the case.

Lemma 1.4. If f : A — A is a bijective linear map such that f(A)? = E; whenever A?> = E;,
then f(U) = Uy and [f(sl(Ln—t)) = sl(Ln—t).

Proof. Write Ey = f(U) + f(V), where U € U; and V € sl(L,—¢). Let Cy, S, € U and
C1,S; € sl(L,—¢) be the matrices such that f(U) = C, + C; and f(V) = S, + S5;. So we have

(Cu+ Su) + (Cr+ S)) = E,. (3)
Clearly C; = —S;. By Lemma 1.3, f(U) o f(V) =0 and so Cy, 0 S, = C; 0.S; = 0. Substituting
in C; = —5;, we can conclude that Cz2 = Sl2 = 0. Squaring equation (3), we get
C?+ 52 =E,. (4)
Since C; = —Sj, we can substitute S, = F; — C,, into (4) to get
C? +(By — C,)* =202 - 20, + E; = E;.
We have arrived at the conclusion that C, is idempotent; i.e., C2 = C,,.
Since C} is trace-zero and f(V), a linear combination of square-zero matrices by Lemma 1.3,
is also trace-zero, we have
t =tr(Ey) =tr(f(U)+ f(V)) =tr(Cy + C)) = tr(Cy).
t.

The trace of an idempotent matrix is its rank. Hence rk(C,) =
idempotent matrix in U; is F;. Consequently, C,, = E; and S, = 0.
Hence f(U;) contains a matrix whose U;-direct summand component is E;. Since the Jordan
product of f(sl(L,—¢)) with E; must be zero by Lemma 1.3, it follows that f(sl(Ln,—¢)) =
Sl(ﬁn,t).
Now f(Us)of(sl(Lpn—t)) = f(Ur)osl(Ly—¢) = 0. The only matrix in £,,_; whose Jordan product
with sl(L,,—¢) is identically zero is the (n —t) x (n — t) zero matrix. Hence f(U;) = U;. O

Now, the only rank-t
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Theorem 1.5. Let n > 3. If f : A — A is a bijective linear map such that f(A)? = E;
whenever A = Ey, with 1 <t <mn —1, then f is of the form f = g ® h, where g : Uy — Uy is a
bijective linear map preserving involutions and h : sl(Lp—y) — sl(Ln—t) is a bijective linear map
preserving square-zero matrices.

Proof. By Lemma 1.4, take g to be the restriction of f to U; and h to be the restriction of f to
sl(Lp—¢). The hypotheses on f ensure that any involution in I is mapped to an involution and
that any square-zero matrix in £,,_; is mapped to a square-zero matrix. The description of g is
due to Howard [5] and the description of & is due to Semrl [13].

If t > 3, g takes the form X — £PXP~! or X — +PXTP~! where P € U, is invertible.
If t <n—2,h takes the form X — cQXQ ! or X — cQXTQ™ !, where ¢ € C is nonzero and
Q € L, is invertible. O

Remark 1.6. In general, g and h may be of opposite types; one could be a homomorphism
and the other an antihomomorphism, so in general f need not be a homomorphism nor an
antihomomorphism on A.

There are some extremal cases of interest. If ¢t = 1, then g(e11) = +ej;. If t = 2, then g
does not have a standard description (for example, the map X + PXP~! — tr(X)I, preserves
involutions but is not of a standard form). If ¢ = n — 1, then si(£1) = 0, and so h is simply the
z€ero map.

Remark 1.7. If n = 2, then A = (e11). Hence any linear map f : M3(C) — M(C) such that
f(e11) = £e11 preserves the square roots of eq;.

Remark 1.8. One can use the theorem to obtain a description of maps preserving products
of rank-t idempotents which differ in the image and preimage. Let P,Q € M,(C) be rank-
t idempotent matrices. Since P and @ are similar to F;, we can write P = UE,U~! and
Q = VEV~! for some U,V € M,(C), invertible. Thus the subspace generated by square roots
of P and @ are conjugates of A, denoted Ap and Ag, respectively. Let f Ag — Ap be a

bijective linear map satisfying f (A)2 = P whenever A? = (). Notice that
XU Yf(vXVHU

is a bijective linear map from A to A preserving square roots of F;. By deferring to Theorem

1.5, the description of f may be obtained. The description of f can then be extended to all of
M, (C).

2. MAPS PRESERVING THE SQUARE ROOTS OF A RANK-ONE NILPOTENT MATRIX

We now wish to consider bijective linear maps f : M,(C) — M,(C) with f(A)? = ei2,
whenever A% = e15. First, we identify the square roots of ej, which exist as long as n > 3.
Since any square root of e;o must commute with eqs, it is easy to verify the following lemma.

Lemma 2.1. Let n >3 and A € M, (C). If A% = ey, then

0 a uf

A=|0 0 oT|,
0 v S
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where a € C, S € M,,_2(C) is a square-zero matrir, u,v € C"2 satisfy v € ker S, u € ker ST,
and ulv = 1.

Can the S in Lemma 2.1 be arbitary? Consider the following equivalent matrix-theoretical
question: given any square-zero matrix, S, does there exist u € ker S” and v € ker S such
that u”v = 1?7 This turns out to be false when S has maximum rank and n is even, but true
otherwise.

J2(0),...,J2(0)), and u,v € C! satisfy

Lemma 2.2. If S € M;(C) is similar to diag(J2(0),
(S) < L, there exist u,v € C' such that

Sv = STu = 0, then ulv = 0. Otherwise, if rk
Sv=28Tu=0 and ulv =1.

Proof. Let ey, ey, ..., e denote the collection of standard basis vectors of C* and let Ji(\) denote
the k x k Jordan block corresponding to the eigenvalue A € C.
There is an invertible @ € M;(C) such that

S = Qdiag(J2(0), J2(0), ..., J2(0)Q .

Let S = diag(J2(0), J2(0),...,J2(0)). If v € kerS, then it may be written v = Q¥, where
Vv € (er,e3,...,e;1) = kerS. Similarly, u € ker ST implies u = (Q~1)7
(e2,€4,...,e;) = ker ST. Then

0, where 01 €

ulv=uaTQ'Qv=ulv=0o.
If rk(S) < %, then we may write

S = Qdiag(JQ(O), Jg(O), ey Jg(O), Jl(()), RN Jl(O))Q_l,

with at least one copy of J1(0). Then the kernels of the Jordan form of S and its transpose have
at least one vector in common, in particular, e;. Taking v = 1 = e; and defining v = Qv and
u=(Q 1T, we get

u'v=0"Q7'QV = (e) e = 1,

as claimed. O

As before, the square roots of ejy span a proper subspace of M, (C). Let A denote this
subspace and let us restrict attention to bijective linear maps acting on A.

Lemma 2.3. Letn >3 and A = (A € M,(C): A% = e13). If n =4, A has the form

A:

o O OO

* ¥ O %
O O O *
o O O *
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Otherwise, A has the form

0 * * *
0 0O 0
0 =
A= 10 «
. Slnfz
0 =
Proof. The fact that e1o € A is clear from the Lemma 2.1. Observe
0 0 u’
A=(0 0 o" |,
0 v O
is a square root of eqs as long as u’ v = 1, where u,v € C" 2. Let eq,es,...,e,_s denote the

collection of standard basis vectors of C*~2. Taking u = ej and v=e; for 1 <j <n—2yields
u’'v = 1, which corresponds to the matrix A = e1j + ej2. Letting i denote the imaginary unit,
the pair u = ie; and v = —ie; also has u’'v = 1 and corresponds to the matrix A = ie;j; —iejo.
Taking linear combinations of the matrices eq; + e;j2 and iey; — iejo shows that eq;, ej2 € A for
j > 3. The case when n = 3 is clear.

Let n = 4. Suppose

0 0 ul
A=10 0 oFf
0 v S

is a 4 x 4 square root of ejp with u,v € C? and S? = 0. By Lemma 2.2, we must have S = 0.
Hence A = (e12, €13, €14, €32, €42).

Suppose n > 5. Also by Lemma 2.2, for every rank-one square-zero matrix S € sl,,_o there
exist vectors u, v € C"~2 such that

0 0 uf
A={0 0o of
0 v S
is a square root of e12. Since A contains the matrix units ey; and ejs for j > 3, it follows that
0 0 of
0 0 o] eA
00 S
The rank-one square-zero matrices in the lower (n—2) x (n —2) block span a subspace of M,,(C)
isomorphic to sl, s, so A has the form as claimed. [l
Let C = (e12,€13,...,€1n, €32, €42, - - ., €n2) and, borrowing notation from Section 1, let £,,_»

denote the space of lower (n — 2) x (n — 2) block matrices in M, (C). Since the size of the lower
block is fixed in this preserver problem, we drop the subscript and just refer to the lower block
as L. The previous lemma demonstrates that A = C for n = 3 and 4, and A = C & sl(L) for
n > 5.
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Lemma 2.4. Let f : A — A be a bijective linear map such that f(A)? = e12, whenever A? = e1s.
Then

(1) fle12) € (e12),
(2) f(C ) f(S) = 0 whenever (C + S)? = e, with C € C and S € sl(L£), and

(3) f(S)? =0 whenever S € sl(L£) is a square-zero matrix, except possibly if 1k(S) =

n—2
5

Proof. If A2 = ey, then A + zes is a square root of ey for all € C and

ez = f(A+ze2)” = f(A)? + zf(erz) o f(A) + 2* f(er2)”.

Using f(A)? = e12 and the standard trick of varying over values of x, conclude that f(e12)? = 0
with f(ei2) € A, as well as f(ei2) o f(A) = 0. By linearity, it follows that f(e12) o A = 0.
Writing

0 * ul

flere)=[0 0 07| €A,

0 v S
we get that if n = 3,4, then S = 0, and if n > 5, then S o sl,,_» = 0 implies S = 0. Using
e1j,ej2 € A for j > 3, we get that f(ei2) oei; = f(ei2) oejo = 0 implies u = 0 and v = 0. Thus
flew2) € (e12).

By Lemma 2.1, every square root of e;s may be written as C 4+ xS, where x € C, subject to

the constraints C% = e, 82 = 0, and C oS = 0. Then f(C)? = e12 and f(C +x5)? = e12 imply
that

zf(C) o f(S) +2*f(S)* = 0.
By the usual argument, it follows that f(C) o f(S) =0 and f(S)? = 0. This proves (2).

By Lemma 2.2, one can always find a C € C such that (C' +z.5)% = ey for all x € C, provided
that rk(S) < 252. Hence (3) is proved as well. O

Lemma 2.4 demonstrates that f possesses some multiplicative structure. However, we can
find several maps that preserve the square roots of ejs that are not simply automorphisms or
antiautomorphisms. The first map exploits the special relationship between e19 and A.

Example 1. Suppose f : M,(C) — M,(C) be a bijective linear map such that f(A)? = ejo
whenever A% = ej3. Since e12A = Aejp = 0, it follows that A — f(A) + z(A)eqz also preserves
square roots of e;o whenever z : M, (C) — C is a linear functional.

One can also ask for a description on the quotient space A/{(e12). In fact, every bijective
linear map that preserves square roots of ejs restricts to a bijection on A/(ej2). This can be
seen as follows. Given such a preserver f, define ¢ : A — A by A — f(A) — g(A)ej2, where
g : M,(C) — C is linear, such that the (1,2)-entry of ((A), denoted [((A)]1 2, is zero for all
A € A. Define

A= {A eA: [A]l’g = 0} = .A/<612>.

Clearly, C(./Zl) C A by the definition of ¢. If A € A is such that C(A) = f(A) — g(A)e1a = 0,
then f(A) € (e12). Since f(ej2) € (e12) by Lemma 2.4, it follows that A € (ej2) N.A = 0. Hence
ker (| ; = 0 and ( acts bijectively on A.
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In fact the subspace sl(L£) does not need to be mapped back into si(£). Hence maps preserving
square roots of ejs do not necessarily preserve direct summands.

Example 2. Consider the linear map f : A — A defined by

0 a uf 0 a u?
00 oF|l—10 0 o’ |,
0O v S 0 v+s; S

where s1 is the first column of S. The map f is bijective. Suppose A is a square root of eqo.
Then u’v =1, Sv = STu = 0 and S? = 0. Then observe that

0 ulv+4+uls; (STw)? 0 1+uls; 07
f(A*=1o 0 o” =10 0 o”
0 Sv+Ss; S2 0 0 0

and f preserves square roots of eja because u’l's; is the first entry of the vector STu = 0.

Analogously, adding any row of S to u? yields a map that preserves the square roots of ejs.
In fact, adding any fixed linear combination of the columns of S to v or the rows of S to u’
also yields such a map.

Note that sl(L£) is not mapped to a multiple of a conjugate of sl(L£). Indeed, suppose for
all X € sl(L), f(X) = cUXU™! for some invertible U € M,(C). Then cUe;;U"! = e;; for
1> 3,7 >3, and i # j. This implies that for all such pairs (i, j), the off-diagonal entries of U
in the ¢th column and jth row are zero. Hence U is a linear combination of the n x n identity
matrix, e12, and eg;. But then cU sl(L)U~! C sl(L) while f(sl(£)) € sl(L), a contradiction.
The proof for X — cUXTU! follows by similar reasoning. Hence f does not act as a standard
map on sl(L).

So maps preserving square roots of ej9 can be very strange. Contrast this to the recent result
of Catalano and Chang-Lee [2], who found standard solutions for maps preserving products
equal to ejs.

Every square-zero matrix S € sl(L) satisfying rk(S) < ”T_2 is mapped to a square-zero matrix.
In principle, it may be that a square-zero matrix whose rank is exactly ”772 is not mapped to a
square-zero matrix. However, we claim that if rank-one and rank-two square-zero matrices of are
mapped to square-zero matrices, we can guarantee that all square-zero matrices are preserved.
The following is a simplified argument of results appearing in [10] and is of independent interest.

Proposition 2.5. Letn > 4. If ¢ : sl,, — sl is a bijective linear map that sends rank-one and
rank-two square-zero matrices to square-zero matrices, then ¢ takes the form

(1) ¢(X)=cUXUL, or

(2) 6(X) = CUXTU,
where ¢ € C and U € M, (C) is invertible.

Proof. Given a square-zero matrix S € sl,, one can conclude using a Jordan normal form
argument that there exist k£ = rk(S) orthogonal rank-one square-zero matrices Si, Sa,..., S
such that

S=5+S5+- -+ Sk
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By hypothesis, ¢(5;)? = 0 and ¢(S; + Sj)% = #(S;) 0 ¢(S;) = 0 for all 1 <4, j < k. Hence
$(S)? = ¢(S1 + Sa + -+ 5)* = 0,
and so ¢ preserves all square-zero matrices. By [13], ¢ takes a standard form. O

Considering the examples above, there is little hope of obtaining a complete description of
bijective linear maps preserving square roots of ejo. Despite this, observe that in each example,
the space C was preserved and the image of sl(L£) completely contained si(L£). In fact these two
properties are equivalent, as the next theorem shows. Note that if n = 3 or n = 4, the theorem
trivially holds since A = C in both cases. We also discuss the case n = 6 in Remark 2.7.

Theorem 2.6. Letn > 5 andn # 6. If f: A — A is a bijective linear map such that
f(A)? = e1n whenever A? = e13. Then f(C) = C if and only if F(sU(L)) i) = sl(L). Moreover,
if either situation holds, then there is a bijective linear map ¢ : sl(L) — sl(L) preserving square-
zero matrices that extends to f.

Proof. If f(C) = C, then f is bijective, and so f(sl(£))|qz) = sl(L£). Conversely, assume
for a contradiction that f(sl(£))|sqz) = sl(L) but f(C) # C. Using this and the fact that
f(e12) € (e12) C C, there must be a j > 3 so that A = e1; + ej2 or A = iey; — iejp satisfies
f(A)siey = R # 0. Since f(A)? = e1o, we get that R is a square-zero matrix. By hypothesis
there is a bijective linear map ¢ : sl(£) — sl(£) that extends to f; that is, ¢(X) = f(X)|s(r)
for all X € sli(L). If n = 5, then ¢ sends rank-one square-zero matrices to square-zero matrices.
Since every square-zero matrix in sls is rank-one, it follows that ¢ preserves square-zero matrices.
If n > 7, then rank-one and rank-two square-zero matrices in sl(L£) are mapped to square-zero
matrices, and so by Proposition 2.5, ¢ preserves square-zero matrices as well. So we have

d(X)=cUXU or ¢(X)=cUXTU!

for all X € sl(L), where U € M,,_2(C) is invertible and ¢ € C\{0}.

By statement (2) of Lemma 2.4, we have that f(A) o f(ex;) = 0 whenever j # k,l and
k,l > 3 are distinct. Hence Ro f(ew)lsc) = Ro d(er) = Ro (cUeuU™") = 0. Equivalently,
U 'RU o e; = 0, and so the off-diagonal entries of U"'RU in the kth column and [th row are
zero. By varying k, [ over all possible choices, we conclude that U~'RU is a diagonal square-zero
matrix. The only diagonal square-zero matrix is the zero matrix, and so R = 0, a contradiction.
Thus the assumption that f(C) # C is false, proving the converse. O

Remark 2.7. In the case n = 3 or n = 4, the equivalence is trivial since A = C in both
cases. In the case n = 6, the space sl(L4) contains only rank-one and rank-two square-zero
matrices; but the rank-two square-zero matrices have maximum rank in sl{(£4). By Lemma
2.2, there is no matrix C' € C such that (C + S)? = e;2 when S € sl(L4) and 1k(S) = 2.
Hence it may be that f(S)? # 0, which explains the above exclusion. Note that a description
of bijective linear map sending rank-one square-zero matrices to square-zero matrices would be
a significant generalization of Semrl’s result [13] (and by extension, Proposition 2.5) that would
find application in many preserver problems. In particular, if such maps turn out to be standard,
then there is no need to exclude n = 6 in Theorem 2.6 above.
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One can use a similar method as in Remark 1.8 to extend to the arbitrary rank-one nilpotent
cases. Let N, M € M, (C) be rank-one nilpotents and f : M,(C) — M,(C) be a bijective linear
map such that f(A)2 = N, whenever A2 = M. Then writing N = UejoU ! and M = VeV !
for some invertible U,V € M,(C), the map X Uflf(VXVA)U is a bijective linear map
preserving the square roots of ejo.

Based on the complicated structure of the square roots of ej2 and the (nonstandard) maps
that preserve them, we believe that the characterization of maps preserving square roots of
arbitrary nilpotent matrices would also be quite challenging.
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