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1. Introduction

Graph, or network, domains are being used for many signal processing applications [1]. They provide a more
general framework than integer lattices, and they can be used to incorporate additional structural or geometric
information.

Our purpose here is to develop and analyze intrinsic interpolatory and near-interpolatory bases for graphs, with
the goal of introducing more approximation tools for graphs. Kernels on graphs were introduced in [2] within the
context of regularization operators. Both Gaussian and regularized Laplacian kernels were considered. Then,
interpolants on graphs were considered in [3], where the author defines variational splines and Lagrangian splines
that are similar to the interpolants that we propose. There, a perturbation factor is used to modify the Laplacian into
a positive definite matrix, making the basis functions analogs of the
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Matérn functions. Our approach is to work directly with the Laplacian, making our splines analogs of the
polyharmonic splines. Another distinction is that we work on weighted graphs. Properties of splines are also
discussed in [4]. In particular, the author considers approximation in Paley-Wiener spaces. Note that while we are
considering Lagrange functions, our approach (based on radial basis function theory) is different than that of [3-5],
and hence our notation is also different. Also, our main focus is in this paper is the decay/localization of these bases,
which was not previously addressed.

Our main result is an estimate on the decay of Lagrange functions as this is a key first step toward related
computationally efficient bases on graphs. Our reference point is the theory of Lagrange bases on Euclidean domains
and Riemannian manifolds. Lagrangian variational splines on general Riemannian manifolds were introduced in [6].
Decay and localization properties were established in [7,8]. On R¢, for example, it is known that polyharmonic
interpolating splines satisfy fast decay rates and form stable bases of L, spaces, among other desirable properties of
approximants. Moreover, on those continuous domains, it is known that more computationally efficient perturbations
of the Lagrange functions (local Lagrange functions) satisfy similar properties. We believe all of these results should
carry over to the graph setting.

While we use the continuous domain theory as a theoretical guideline, we expect the continuous and discrete
theories to be complementary. For example, there are empirically estimated constants in the continuous domain
results that should be more accessible for graph domains. One such constant determines how many basis functions
are needed to construct a good local Lagrange function. If these constants could be worked out precisely for graphs,
it could shed light on the situation in other settings.

Unlike the continuous domain, polyharmonic functions on graphs are not only bounded but also exhibit fast decay
[9], so the decay of the Lagrange functions could be deduced from this. In [9], the author deals with classes of
matrices in weighted spaces, and he shows that pseudo-inverses of such matrices live in the same class. Our goal is
to obtain more precise estimates of decay that depend on the density of the data, showing that the Lagrange functions
are actually much more localized than the original basis functions.

There are numerous potential applications of interpolants and quasi-interpolants on graphs. In Section 5 we discuss
one of these, namely kernel-based machine learning. Regression and classification problems based on many
parameters seem to be a natural application for a graph model. The space of parameters likely does not live in a
natural continuous ambient space. Using graphs, we can define the relationships that make sense and specify precisely
how connected two objects (vertices) are by a weighted edge. We present an algorithm for such problems and apply
it to sample data sets.

The remainder of the paper is organized as follows. We conclude this section with some notation and background
information about functions on graphs. In Section 2, we introduce the polyharmonic basis functions and verify some
basic properties. Section 3 contains our main results: the construction and properties of polyharmonic Lagrange
functions on graphs. We define local Lagrange functions in Section 4. In Section 5, we illustrate our results with
some examples, and, in Section 6, we summarize our results and discuss directions for future research.

1.1. Setting
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The general setting is a finite, connected, weighted graph G ={V,E mV x V,w,p} where V is the vertex set, E is the
edge set, and w: VxV - Rzo is a symmetric weight function. The weight between two vertices is zero if and only if
there is no edge connecting them.

We assume G has at least two vertices. We denote the maximum degree of the vertices in the graph by M € Z:1.
The weight function w specifies the adjacency matrix A of the graph. The jth diagonal entry of the diagonal matrix D

is equal to the jth row sum of A.

The function p : V xV - Rzo is a distance function on the graph. We require p to be positive on distinct pairs of

vertices. We denote the maximum distance between adjacent vertices as pmax. Given the distance between adjacent
vertices, the distance between non-adjacent vertices is the length of the shortest path connecting them.

For interpolation problems where data is known on a subset of the vertices, we assume this set is not empty and

we denote it as V. -{}{}

The normalized graph Laplacian is L = DV4(D A)D™2[10,11]. Let AxMo" and A« V=o' denote the eigenvectors
and eigenvalues of the Laplacian. The Laplacian is a positive semi-definite matrix, with a zero eigenvalue of
multiplicity one (since the graph is connected). We order the eigenvalues as

0=Ag<A <+ < An-L. (1)

The eigenvector Agis a multiple of D'/%e, where e is a constant vector.

The eigenvalues of L are bounded above by 2. This follows from Theorem 2.7 of [12].

Example 1.1. Let G be the cycle graph with N € Z>; nodes and edges of equal weight and distance 1. In this case the

Laplacian is the circulant matrix with rows ..., 0, 0, -1/2, 1, -1/2, 0, 0, ....

On a graph G, we denote the closed ball of radius r centered at v as B(v; r). The annulus centered at v with inner
and outer radii roand rj respectively is denoted as A(v; rq, r1). The annulus is defined by the set difference B(v; ri)\B(v;

ro). The radius r is computed with respect to the distance function p.

1.2. Background: smoothness spaces

A function on a graph is a mapping

FiVSR 2)
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The space of square-summable functions on any subset W C V is denoted »(W). In some instances it is advantageous
to specify these spaces in terms of the graph, so we also use the notation »(G) to represent functions on the vertex
set of G.

We shall primarily focus on (semi-)Hilbert spaces on graphs, and we measure smoothness using the

Laplacian. For any a > 0, we define the Sobolev semi-norm
wev fl#a@) = L) 3)

For a subset s

| Haw) = L2 fxw), “)

where L is the Laplacian on G.

Note that since L is real and symmetric, there is a real orthogonal matrix P such that
L=PDP (5)

and D is the diagonal matrix of eigenvalues [13, Chapter 4]. Hence, L¥?= PTD¥?P.
The Sobolev space H>%(G) is defined by the norm

fra(©) = f2@) + |f| Ha(G) . (6)

Note that every function is included in these spaces on a finite domain. The Sobolev norm allows us to measure the
smoothness of a function, and larger values of a penalize large jumps more than smaller values. This is analogous
to the scale of Sobolev spaces on continuous domains.

2. Conditionally positive definite basis functions

On Euclidean spaces, polyharmonic splines are defined as Green’s functions of powers of the Laplacian.

On the graph, since the Laplacian has a zero eigenvalue, we use the column vectors of powers of L', the MoorePenrose
pseudo-inverse of the Laplacian, as our Green’s functions. Using (5), the pseudo-inverse is

L'=P'D'P, @)

where D' is the diagonal matrix containing the multiplicative inverses of the non-zero entries of D. We refer the reader

to [13, Chapter 7] for additional details.

Definition 2.1. On a graph G, the order 2a polyharmonic spline centered at vk € V is denoted as ®a(-, vi). It
is the kth column of (L")%.
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An important property of polyharmonic functions on R¥is that they are conditionally positive definite [14], which
means that one can use them to construct interpolants to scattered data. Here we state this result for our polyharmonic
splines on graphs.

VcV

Proposition 2.2. Given a graph G, a collection of distinct vertices and data F= {f\jvev C R, we can form the

interpolant
= CAO + E ﬂu‘bn('
SFV
V) (®)
vEV
satisfying

>

va = CAO veV +6v(1)a(VO,V), (9)

for every vy € V. The vector of coefficients 8 is orthogonal to Ay restricted to V. Note that 8, C, and hence the

interpolant sev will depend on a.

Proof. The Laplacian has a single zero eigenvalue with corresponding eigenvector Ao. The same is true for the

pseudo-inverse of the Laplacian. Also note that the pseudo-inverse is conditionally positive definite. Hence the

submatrix corresponding to the rows and columns associated with ° is also conditionally positive definite.

In the previous proposition, the coefficients 8wand constant C are found by solving a matrix equation involving an
augmented interpolation matrix [14, Section 8.5].
2.1. Variational characterization

Another important property of conditionally positive definite functions is a variational characterization. In
particular, an interpolant of the form (8) should have the smallest norm over the collection of all interpolants in a

particular semi-Hilbert space. The semi-Hilbert space in question is the reproducing kernel Hilbert space (or native
space) associated with the kernel (L")

Definition 2.3. The native space Nq for the kernel (L")*is defined by the semi-inner product
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fa =L’f,L*g> , (10)
Ne @
where -, ) is the standard inner product on »(G). The semi-norm for Nais denoted as |- | Haa()-

Proposition 2.4. Under the assumptions of Proposition 2.2, the interpolant sev has minimal native space semi-norm
over all interpolants in Na.

Proof. The proof of this result is analogous to that of [14, Theorem 13.2]. We provide the details for the benefit of
the reader.

First, suppose g : V> Ris 0 on V. We have

2

vEV

9,5V o= g,68,Da(-,V)

= z Bug(v) "

(11) veV
=0.
Hence for any interpolant s B Ng,
2
SFV «= SFV,SFV
N=S NSt S
FV,SEV — Na (12)
= SFV,SNa
< SFV No | S Ne.
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Dividing by SFV o’ NeTesults in
SFV Ne< |s|N(13)

3. Polyharmonic Lagrange functions
We are now in a position to define the polyharmonic Lagrange functions, which are the primary objects of study

in this paper. Similar to the classical polynomial Lagrange functions, they are bases for constructing interpolants at

a collection of vertices VeV . The Lagrange function x(-, vo) centered at vo € v is a linear combination of

polyharmonic splines

>

x(,v)) = CAo veV +8,Da(,v), (14)

that satisfies

1, v=vy x(v,vo) = (15)
0, veV\{w}

The Lagrange functions depend on the parameter a.

3.1. Decay estimates for Lagrange functions

Our interest in Lagrange functions is based on their usefulness in constructing approximations to functions f: V -

R that are only known on a subset VeV . In particular,

i) The form of the approximation is very simple:
Sx(,v) (16) Yev

ii) As we shall see, the polyharmonic Lagrange functions are well localized, as are their continuous counterparts

[15].

In applications, localized bases are important for several reasons. For example, errors in the acquired sample data
are confined to a small region. Also, if new data is acquired, the approximation can be updated locally.
In order to establish the decay of the Lagrange functions, we use a bulk chasing argument similar to the one used

n [16]. This argument makes use of a zeros lemma, which we state as an assumption to preserve generality.
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Afterward, we verify it for certain classes of graphs. Essentially, it requires the interpolation vertices = to be dense

in G, where we measureV C V density in terms of the fill distance. Definition 3.1. The fill distance h of a subset is
defined as

h := maxminp(v,v"). (17)
VEV V'EV

We now state the assumption, which says that for functions with lots of zeros, the » norm is controlled by the
Sobolev semi-norm. A continuous domain version can be found in [17, Section 7.4].

Assumption 3.2. ForV - a graph G={V,E C V x VV 2,W,p< }, |WeV| assumex»" Vl that there is a nonempty

VVceV

subset with fill distance h satisfying the following property. There exists a constant C > 0 (depending on )

such that for every f: R that is zero on and for every ;
faw) Cfanw, (18)
where
V 1:={veV]|p(,Vi)<2h} (19)

A non-local version of this result for general graphs is provided in Appendix A. Let us also point out that Eq. (18)
is similar to a Poincare inequality [5,18,19]. There the authors give several estimates for such inequalities on various
types of graphs.

To verify the assumption above, we make use of coverings of a graph by subgraphs satisfying certain properties,
primarily Dirichlet boundary condition. Properties of the Laplacian on such subgraphs can be found in [11,12]. In
particular, we are interested in the eigenvalues of the submatrix of the Laplacian corresponding to these subgraphs.
Bounds on the smallest eigenvalue, called the Dirichlet eigenvalue for Dirichlet boundary conditions, can be found
in terms of the Cheeger constant of the subgraph [11,12].

Proposition 3.3. Assumption 3.2 is valid for functions on cycle graphs, independent of the distance function p.
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Proof. Let G be a cycle graph with vertices V = {va}"k=o~! with N > 3. Assume the vertices are labeled such that vo is
adjacent to vi1, vi is adjacent: to vz, ..., vn-21is adjacent to vn-1 and vn-1is adjacent to n-1 where n

vo. Denote the vertices of V as {vah=0 k< nk+1 for all k, and let fbe zero on V.

The idea for the proof is to cover V; (in fact we cover G to remove the dependence on V) by subgraphs

Gk, and show that the inequality holds on these smaller regions. We define the subgraphs so that they do not overlap
too much, and therefore the inequality holds on unions of the G«.

For simplicity, suppose N is even; our argument can be suitably modified otherwise. Define the following induced
subgraphs (which are paths connecting every other zero of f):

G0 = {Vny,VnotL,...,Vn:} G1 =
{vn,vnit1,...,vns}

.. (20)

GGGNiI-3 = Vanwnii 1-312, Vnnnni11-312+1,..., Vnni-1 1

N2 = Vn_,Vn_+1,...,UN-1,V0,...,Vno

Ni-1 = Vn _,Vn _+1,...,VN-1,V0,...,Vn

The length of each path Gkis at most 4h, where h is the fill distance. For any given set V1, there is a union of G«’s
such that the union of their interiors (denoted lnt(Gk)) cover Viand is contained in V . Let K be the index set for

such a collection; i.e.,

VIC int(G SV (21) ke

Also, note that each vertex is in at most two paths int(Gg).
The subgraphs Gk were constructed so that the function f satisfies Dirichlet boundary conditions on each one. For

each k, consider the submatrix Lini of the Laplacian, where the rows and columns correspond to the vertices of
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int(Gk). The minimal eigenvalue ofi this matrix (the Dirichlet eigenvalue [11]) is positive. We denote the Dirichlet

eigenvalue on int(Gk) as AS . We now have

2
For(n) < FEKS Ealint( a))g

1 2
SE(T?*

keX A
Lf22(int(Gx))
1\ frie
<, mx T t
= o< ¢ ) A 2 (22)
1 5
k 2 k
<2 max — 2 - O
0< <N (W) ]Lf (int(G )

—10JPJ KkEK k—i d AGo

k

12

Lf

In the proof of the previous proposition, we derived a constant C for (18). The constant depends only on the
Dirichlet eigenvalues for the subgraphs Gk, which were constructed to fit the density of the vertices v in V. In

particular, this means that the constant does not depend on the size of the graph. For example, if a cycle graph has
equally weighted edges and bounded fill distance h, then the constant C will have a bound that is independent of the
number of vertices N. In this case, the Dirichlet eigenvalues are actually known, cf. Lemma 1.14 of [20].

In order to verify Assumption 3.2, we believe that it is necessary to have a covering of the graph G by subgraphs
satisfying some boundary conditions. In Proposition 3.3, the subgraphs satisfy Dirichlet boundary condition. This is
relevant to certain machine learning applications where training data sets are larger than the collection of unknowns
being evaluated. Also note that one could consider other boundary conditions such as Neumann boundary conditions.

The next proposition describes how Assumption 3.2 is satisfied by certain graphs constructed for machine learning.
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Proposition 3.4. For a graph G, suppose the vertices are divided into two sets Vk and Vu corresponding to known
and unknown values for some function on G, and suppose that there are no edges connecting distinct vertices in

Vu. If the length of the edges in G are bounded below by pmax/2 and w = p~' on edges within the graph, then G

satisfies Assumption 3.2 with Vo Vk.

Proof. The idea for the proof is the same as for cycle graphs. We need to define a cover of G by subgraphs that have
bounded Dirichlet eigenvalues. Moreover, the subgraphs cannot be too large; in addition to covering V1, they must
lie within V5. This is the reason for the restriction on the edge distances. The fact that the minimum eigenvalue of
the Laplacian on these subgraphs is bounded will follow from a bound on the Cheeger constant for the subgraph [12,
Chapters 3,4].

We construct a subgraph, starting from a given vertex voand grow the subgraph until it is surrounded by vertices
from Vk. We introduce the notation Ny for the neighbors of a vertex v. To make our argument precise, let vo € V, and

consider the subgraph Gy consisting of the vertices

Q= {VO} Nvo /\ vo NV\/, (23)

VEN Vy

i.e. Qu,consists of the neighbors of vp and the neighbors of the neighbors that are in V.. As no two vertices of Vyare
connected by an edge, the boundary of int(Gw) consists entirely of vertices from V«.

To bound the Cheeger constant, and hence the minimum eigenvalue, on int(Gw), we note the following:

a) The number of vertices in Gw, depending on the maximum degree M, is at most 1 + M?

b) Given a nonempty subset U of int(Gw), the sum of the edge weights between U and its boundary in G is at least
P max' . Also, the sum of the edge weights (counting multiplicities) over the vertices of U is at most (M +

1 )M 2p—max1

Using these facts, we find a lower bound for the Cheeger constant for subgraphs of this type [12, Section 4.2]. In
particular the Cheeger constant h satisfies

—1
Prmax

h(int(Gw)) = (M + 1) M2pmax

(24)



1.P. Ward et al. / Appl. Comput. Harmon. Anal. 49 (2020) 540-557 351

1
(M +1)M2

, . . L .. . A .
Cheeger’s inequality then implies that the minimum eigenvalue *®o.° of Lincuw satisfies

Mo > LhGnt( W) G

2 (25)
S
8(m+ Dm
1 2
G < 4prd
Now, given a set Vi, we cover it by
€WV, int(Gv) c V_1. (27) v

Containment in V" | follows from the fact that pmax < 2(Pmax/2) < 2h. We also note that the construction of Gy means
that any given vertex v € G can be in the interior of at most M subgraphs of this type, and the number of vertices in

Gw, depending on the maximum degree M, is at most 1 + M?. We now finish the proof. Given any function f that is

zero on Vi, we have

2
oy €1 gffalimtl L)) o)

> ()

<SvEW: Ao

Lf2x(in(G,)) (28)

2
< 64(M + 1)*MALf €V Ea(imt( )

Gv
4205 2
< 64(M + 1)°M® ||ILf||g 9,y - O
We now proceed to a key lemma for deriving the decay of the Lagrange functions.

Lemma 3.5. Let G={V,E € V x Voo ,w,p- } and VeV satisfy the hypotheses of AssumptionV 3.2. Let vy € V, and
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consider the Lagrange function x(, vo) associated with (L')> and the vertex set with fill distance h.

If 0 <3pmaxt+2h <r<r; < , then there is a constant u < 1 such that

X2\ Bmgire)) S B IX|E20\BOmin)) | (29) where 1= 12— 20max— 2h and r4:=rs + 2h.

Proof. Our proof is similar to that of [8,7]. In this proof, all balls and annuli are centered at vo. We simplify our
notation by omitting the center: for example we write B(ro) rather than B(vo; ro). Let ¢ be a function satisfying

* 0<o(v)<1
* @(v)=1 for vl B(rp)

* @(v)=0 for v/MB(r3)
Recall the interpolation criterion for x

1, v=vy x(v,vo)= (30)
0, vEV\{w}

and notice that the product @y satisfies the same interpolation conditions. Hence the variational property of x
2 2
Xlzz9) < 19X m3(0) implics
|

(€1))
= [+]2 2
= IX|2(Btra—pmae) + 19XI B (ACra—pmairs)) .
Using the estimate above, we have
|
2 2
( 19X/ 3 Ara—prmcr) — DXl E3 (e
2 o2 2
Xlmzo\aemy = XImz0) — Xlmzea0a)
(32)

2 2 2 2
Simplifying the expression gives |XIH3(9\B(T=)) < IXIHE(B(fz—Pmu)) - |XIHE(B("=)) + |¢XIH§(A(f2—pmu.fs))

(33)
S |¢x|§l§(l{(rz —PmaxiTa))
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Using the definition of the semi-norm and properties of L,

2 2

2
< 4 "¢XI|£2(A(1'2—2M|"8)) (34)

Now we apply Assumption 3.2 with f= x, Vi=A(r2 —2pmax, r3), and

2
< 4Ixey Atrs—20mansrs) -
V' 1= A(r2 -2pmax —2h, r3+2h) = A(r,, rs). This implies that there is a constant Cy such that

26\ *6\ )
2
< 4Co Ix|mz(a(rira))

Writing the annulus as a set difference

|20 Bep < |xlawr B2D
(Xlmzonaeg) S 400 IXlmao\ainy — IXE3\B(r)) | (36)
which implies

2 2
(1+4Co) IX|zz(o\B¢re) = 4C0 IX[m3o\B(r)) . (37)

This is equivalent to

L} o

SO ﬂ - 400/(1 + 400)- O

The significance of u in the previous lemma and following theorem is that it specifies the exponential decay rate
of Lagrange functions: smaller values of u imply faster decay. A similar constant appears in the case of a continuous
domain [15,16].

Theorem 3.6. Under the assumptions of Lemma 3.5, the Lagrange function x(-, vo) satisfies exponential decay away
from its center. In particular, there are constants C, T >0 such that

[x(vi,vo) | < QU™ | x(-,v0) | Hx@), (39)

where u <1 comes from Lemma 3.5.

Proof. Let voll v and vill V such that p(vo, v<1) satisfies <

M(4h + 3pmax) + 2h + 20max p(vo,vi) M(4h + 3pmax) + 2h + 3Ppmax (40)
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for some positive integer M. We now define a sequence of balls, centered at vy, whose radii are shrinking by an
amount prescribed by Lemma 3.5

| WA (B(v1,2h))

B~ B(ut, (M ~ K)(4h + 3pn) + 20 + 2pis) @D

for k=0, ..., M.
Then

12 42 x(v1, )| < C32 (-, vo)
S Cﬂ IX('? vo)lHZZ(G\Bﬂ)

where Cycomes from Assumption 3.2. Applying

Lemma 3.5
x(w1, v0)] < Go’|x(:» o)
| 1, S0y HIX(,vo | H*(G\81)
1/2, M
< G i (- %) 2
1/2, Elel gl othosemn
<G ) e
1/2
= ¢V
_ants 4h-+3pmax) " p(u1,w
pBHEE o)
so in particular, ¢ = cm/zu-42hh+;+md T— (4h + Spme) ™. D +

Let us point out that, in addition to exponential decay, we have shown more precisely how the Lagrange functions
decay in terms of the fill distance h and the maximum distance between points pmax. This can be seen in (43). As h
and pmax decrease, the basis functions become more localized. This is analogous to B-splines on Euclidean spaces
that scale with the density of the sampling grid.

On infinite graphs, the Moore-Penrose pseudo-inverse of the Laplacian is known to satisfy exponential decay [9,
Theorem 5.1], and exponential decay of our Lagrange functions could be derived accordingly in that setting.
However, we would not be able to obtain the more precise decay of Theorem 3.6. In fact, it is clear from the examples
in the next section that the Lagrange functions on graphs are much more localized than the polyharmonic functions,
just as in the case of polyharmonic functions on continuous domains.

As a corollary of our theorem, we can deduce the exponential decay of the coefficients of the Lagrange functions.
This follows from the next proposition that relates the coefficients to a native space semi-inner product between two
Lagrange functions.

Proposition 3.7. Let vo, vi €V C V and consider the Lagrange functions associated with L*for a >0
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x(-,vo0) = CoAo+ va E (44) 8D (-,v)
vEV

>

X('; Vl) = CiAo+ vew )/vq:)a(‘, V)

Then we have

X(v0),X(v1) «= pui= By (45)
N

Proof. This follows from the definition of the native space norm and the symmetry of the Laplacian.

X('a 'UU):X('a ”1))_;\[“ = (LaX(" vo)i X(': ”1))15(9)

=la /\COAO veV Dol ,v) /,)((-,vl) )

> ©

wEW

= VVLD((DU(('I V),)((',V])
2G) (46)

2

veV

=veyx(,V
X(,v1) - E'Y
vEV 6)
= Yo,
v GV,X(" vl”‘a(ﬁ)

By symmetry, this is also equal to Bu- O

Corollary 3.8. The coefficients of the Lagrange functions associated with (L")* decay exponentially fast.

Proof. Let vy, vi € V. Considering Proposition 3.7, to show exponential decay of the coefficients, it suffices to show the

exponential decay of the semi-inner product x(0), X( ”1)>N'z. Now, suppose
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2M(4h + 3pmax) + 2h + 2pmax < p(vo,v1) £ 2M(4h + 3pmax) + 2h + 3Ppmax (47)

Consider decomposing the graph into the following sets based on the distance r = M(4h + 3pmax)
+ 2h + 2pmax. We define the sets

Xo={vBV | p(v,vp) <r}
(48)
Xi={vRV | p(v,vi) >r}

Then

XCrvo) X(5 1)) angy = OCavohs Xy v an o) T (XC 0} X5 1)) an e

49
< I 90300y XG> 91 3y + XG0 ey I 21 oy )

Let uo, 11 < 1 be the constants corresponding to the decay of x(-, vo) and x(-, vi) respectively. Also, define u = max{uo, p1}. Then

M M
X('a vU)sX('; Ull))N,(g) < IX(': UO) |H§(xo) Hy t+Hg |X('1 Ul) LA (X1)
2lv1yop)—2h—S3pmax
<Cup I O (50)
4. Local Lagrange functions

Given the exponential decay of the Lagrange coefficients, we can truncate the expansion to form truncated Lagrange
functions that closely approximate the full Lagrange functions. While these functions have a simpler form than the Lagrange
functions, they require the same amount of computation to construct. The purpose of the truncated Lagrange functions is to
provide a theoretical link between the Lagrange and local Lagrange functions defined below. Ultimately, we intend to use the
more computationally efficient local Lagrange functions.

The Lagrange function x(:, vo) centered at vis o € V  alinear combination of polyharmonic splines

X('a ”0) =CAg+ Zﬁuﬁa('

V). (51) veV
We form the truncated Lagrange function x(-, v)in terms of a - 0 distance K > 0.
In particular, we define a neighborhood K) and consider Bleo
X(-,t0) = CAo + "
BvDa(-,V). (52)
VllB(v KV

The coefficients are modified to ensure that they are orthogonal to Ao restricted to the neighborhood.

The local Lagrange functions x (-, vo) are constructed analogously to the Lagrange functions; however, they only use basis

functions centered at points of B(vo, K) and the interpolation conditions are only enforced on this ball.

Definition 4.1. Given a neighborhood B(vy, K) of vy € VeV with K > 0, we define the local Lagrange function
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X (vo)=C Ao+ 0 8 vDa(,v), (53)

where veB(v,K) V

Lv=vp
X (vvo) =(54)

0,v € B(vo, K)V\{ vo}

and the vector of coefficients 8 vis orthogonal to Agrestricted to the neighborhood.

Conjecture 4.2. The local Lagrange functions can be made arbitrarily close to the full Lagrange functions with a relatively
small K value.

This conjecture has been established for basis functions on continuous domains [21], and we experimentally establish the
connection in the next section.

5. Examples and simulations

5.1. Decay properties

The Green’s function and Lagrange function for a cycle graph are shown in Fig. 1. The graph has 256 nodes, where every
fourth vertex is an interpolation node. In Fig. 2, we compare the basis functions on a
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Fig. 1. Comparison of the Green’s functions with the Lagrange functions on the cycle graph with 256 nodes. All edges have weight and distance 1. Every fourth vertex is
an interpolation node. Left: Green’s function. Center: Greens function vs Lagrange function. Right: Zoomed view of Greens function vs Lagrange function.

T

.

38 4

R A B I I N B B R D I

EEE S I
.
.
.
|
T
|

4o 5 o & & & 5 & o 4+ | L 4 4 & & o




558 J.P. Ward et al. / Appl. Comput. Harmon. Anal. 49 (2020) 540-557

Fig. 2. Comparison of the Green’s functions with the Lagrange functions and local Lagrange functions on the lattice graph with 400 nodes. All edges have weight and
distance 1. The size of the node indicates the absolute value of the function at a vertex. Left: Green’s function. Center: Lagrange function. Right: Difference between the
Lagrange function and Local Lagrange using interpolation nodes within 6 units of the center. The values are magnified by a factor of 100.

lattice graph. We see that the Lagrange functions exhibit much faster decay and are much better localized than the
corresponding Green’s functions. We also see that the local Lagrange is very close to the Lagrange function, especially near
the center.

5.2. Experiment: interpolating smooth data

The purpose of this experiment is to show how the smoothness of the data affects the error of interpolation. The data was
generated as follows. We randomly construct 1000 data sites in the unit square [0, 1] x [0, 1], and we created a graph that
connects these data sites. Then we define a smooth function that is a sum of uniform translates of a bump function, and we
sample it at each data site. We use half of the data sites as known values and interpolate the other half.

We repeated this experiment with different values for the magnitude of the bump functions, which led to functions of
differing smoothness with respect to the graph. We measured the smoothness of the complete data using |-|#»and compared
it with the »-norm of the error of interpolation. A plot of this comparison is shown in Fig. 3. We see a clear trend indicating
that the smoothness of the underlying data is closely related to the error of interpolation. The bump function that was used is
a scaled version of the Wendland function defined by the radial profile

d(N=(-r*4r+1), (55)

for r in the interval [0, 1].

0.14
012
0.10

0.08 .o

Error

0.06
0.04 .
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0.00

10 15 20 25 3.0 35 40 45 5.0
Sobolev semi-norm
Fig. 3. Comparison of the smoothness of a given data set and the error of interpolation.

Table 1
Average MSE and standard deviation over twenty simulations with 10-fold cross validation for both NNR and
our proposed method Spline.

S = 0

—_

3.74653.76294.24635.140 5.5255.7225.296
2
1 5.25595.31285.69496.52186.2665.2319+++++0.1  54.92343.6792 6.8016.91397.16137.68467.92846.7378+++++0.1 38225.087
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4 0990.17780.14920.11610.10330.0944 +++3++0.10710.13450.0837  3550.14190.13260.10520.10250.0869 +++4+0.08670.1
1 0.07720.10310.0996 0.13310.10990.0
6

1

8

+ + + +
K Heating load Cooling load
NNR Spline NNR Spline

5.3. Experiment: comparison with nearest neighbors

One potential application of our proposed basis functions is kernel-based machine learning on graphs. The
considered problem is regression of energy efficiency data. We predict Heating Load and Cooling Load based on
seven numeric parameters: Relative Compactness, Surface Area, Wall Area, Roof Area, Overall Height, Orientation,
and Glazing Area. The data set comes from the UC Irvine Machine Learning Repository [22,23].

The data set contains 768 instances.

Our algorithm is the following. We normalize each parameter to have mean zero and standard deviation one. We
construct a graph of all the instances (known and unknown); each instance is a vertex. Every vertex is connected to
its K nearest neighbors, where K is a connectivity parameter that must be specified by the user. The edges are
weighted based on the distances between the parameters. Then we compute the Lagrange functions at the known
data sites. Using these basis functions, we interpolate to compute the approximate value for unknown data sites. We
measure error in terms of mean squared error (MSE) of the approximation.

For the simulation, we split the data set into ten groups for a 10-fold cross-validation. For a single test, one of
the groups was considered unknown while the others were used as known data. We ran the simulation twenty times,
randomizing the data each time. The displayed results are an average over these twenty simulations.

We include a comparison with a Nearest Neighbors Regression (NNR) algorithm, Table 1. To make a fair
comparison, both algorithms use the same initial clustering of data. After the graph is constructed, the NNR
algorithm computes a weighted average of the known neighbors of a given unknown vertex. We use the same
randomized data splits for each algorithm. We ran the experiment using a range of values for the connectivity
parameter K in the graph construction. In each case, we see that our method has a lower MSE than NNR.

6. Discussion

We have introduced the analog of radial basis functions on graphs and verified properties that are known to hold
on continuous domains. Our main result is the decay of the Lagrange functions. Our approach was a spatial domain
estimate, rather than the Fourier-based results that are commonly used for uniform data. This bulk-chasing argument
was adapted from the one used on continuous domains for non-uniform data. This connection is encouraging and
leads us to believe that additional properties will also carry over. A future goal is to show that quasi-interpolating
local-Lagrange functions satisfy analogous localization [21]. This is important as it reduces the computational cost
of computing the basis functions. The construction of such bases raises questions about how to properly truncate
coefficients and the basis functions themselves. Other important properties such as stability with respect to pare also
of interest. Establishing these results should benefit the continuous domain theory as the graph setting is more
precise in terms of bounding constants such as u of Theorem 3.6 as well as constants appearing in the footprint
radius of local Lagrange functions.

The potential applications of such bases include kernel-based machine learning algorithms, where data is well represented
using a graph framework. Preliminary results are promising, and we expect improved results by adding a refined training and
data clustering to our algorithm.
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Appendix A. Sobolev functions with zeros

In this appendix, we consider the unnormalized Laplacian L = D — A, where D and A are defined as in Section 1.1.

The Fourier transform of a function is defined in terms of the eigenvalues and eigenvectors of the Laplacian.
Fa)={/,A n
N -~
(A.1) Z f(An)An(v)
n=0
f(v) =

Lemma A.l. Let L denote the Laplacian (not normalized) on a graph G with N vertices. Let its eigenvectors and eigenvalues

N-1 N-1
be denoted as {An}ncn » {Ml}azo. Let f:V = R be a function satisfying f(vo) = 0 for some vertex vo
m\V. Then

VN

fa6) € Aa/1 2 | f| HaalG) (A.2)

Proof. Our proof is based on the proof of an analogous result in [17, Chapter 7]. First, we use Parseval’s identity to express
the left-hand side as a sum of Fourier coefficients

2+

f1(Ao)
F1(An)

Since fhas a zero at v,

f22: fI(An)

n=0
(A.3)
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0 = f(vo) = fA0)Ao(Vo) + F(An)An(Vo). (Ad)

n=1
The eigenvectors are assumed to have norm 1. In particular, A¢is the constant vector 1/VN. Substituting (A.4) into (A.3),

we have

f
| ¥
v

_N-1 N-1 2

N Y Fomdnt)| + 3 |Forn)

n=1 n=1
I
N—1 12 N1 (A.5)

Fomatun) + XY
n=1

n=1

:N(An)
Next, we apply the Cauchy-Schwartz inequality
N-1 2N-1 ! 2 N-1
2
£y S I 2
IN | An(vo)| fAn) f(An)

n=1n=1n=11 N-1 !
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2 N-1
— !
2
=N1 —f(An) + f(An)
N n=1 n=1(A.6) -N-1 !
2 N-1 ! 2
=(N Df(An) + f(An)
n=1n=1=N f'(An)
N-1 2
n=1
2
<
. £ =
Finally we havef ? T
N2 N—-1
> ar2Fon)
(A7) N n=1
_ 2
- O
Aa HE f |
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