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HADAMARD--BABICH ANSATZ FOR POINT-SOURCE ELASTIC
WAVE EQUATIONS IN VARIABLE MEDIA AT HIGH

FREQUENCIES\ast 

JIANLIANG QIAN\dagger , JIAN SONG\dagger , WANGTAO LU\ddagger , AND ROBERT BURRIDGE\S 

\bfA \bfb \bfs \bft \bfr \bfa \bfc \bft . Starting from Hadamard's method, we develop Babich's ansatz for the frequency-
domain point-source elastic wave equations in an inhomogeneous medium in the high-frequency
regime. First, we develop a novel asymptotic series, dubbed Hadamard's ansatz, to form the fun-
damental solution of the Cauchy problem for the time-domain point-source elastic wave equations
in the region close to the source. Using the properties of generalized functions, we derive governing
equations for the unknown asymptotics of the ansatz including the travel time functions and dyadic
coefficients. In order to derive the initial data of the unknowns at the point source, we further propose
a condition for matching Hadamard's ansatz with the homogeneous-medium fundamental solution at
the point source. To treat singularity of dyadic coefficients at the source, we then introduce smoother
dyadic coefficients. Directly taking the Fourier transform of Hadamard's ansatz in time, we obtain
a new ansatz, dubbed Hadamard--Babich ansatz, for the frequency-domain point-source elastic wave
equations. To verify the feasibility of the new ansatz, we truncate the ansatz to keep only the first two
terms, and we further develop partial-differential-equation--based Eulerian approaches to compute
the resulting asymptotic solutions. Numerical examples demonstrate the accuracy of our method.

\bfK \bfe \bfy \bfw \bfo \bfr \bfd \bfs . eikonal equations, Hadamard--Babich ansatz, elastic wave equations, Eulerian
geometrical optics

\bfA \bfM \bfS \bfs \bfu \bfb \bfj \bfe \bfc \bft \bfc \bfl \bfa \bfs \bfs \bfi fi\bfc \bfa \bft \bfi \bfo \bfn \bfs . 65N30, 65M60

\bfD \bfO \bfI . 10.1137/20M1322224

1. Introduction. Green's tensors for elastic wave equations are fundamental in
many applications. For a generic inhomogeneous medium, an analytic form of the
Green's tensor is in general not available. Direct methods such as finite-difference
or finite-element methods are usually employed to numerically compute such tensors.
However, at high frequencies, the direct methods suffer from the so-called pollution
errors [4], so that it is very costly to directly resolve these highly oscillatory waves.
Therefore, we seek alternative methods, such as asymptotic methods or methods of
geometrical optics (GO), to carry out scale separation so that we can solve (1.1) at
large frequencies. In this article, we propose a novel Hadamard--Babich GO ansatz
consisting of an infinite series of dyadics and generalized functions for solving point-
source elastic wave equations in an inhomogeneous medium at high frequencies.

We consider the following frequency-domain point-source (FDPS) elastic wave
equations in R3:
(1.1)
\rho \omega 2\bfitG +(\lambda +\mu )\nabla (\nabla \cdot \bfitG )+\mu \nabla 2\bfitG +\nabla \lambda (\nabla \cdot \bfitG )+\nabla \mu \times (\nabla \times \bfitG ))+2(\nabla \mu \cdot \nabla )\bfitG =  - \bfitI \delta (\bfitr  - \bfitr 0),
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HADAMARD--BABICH ANSATZ 47

where \bfitG = \bfitG (\bfitr ; \bfitr 0, \omega ) is the so-called Green's tensor at the source \bfitr 0, \bfitI is the 3\times 3
identity dyad, \omega is the frequency, \rho (\bfitr ) is the mass density, \lambda (\bfitr ) and \mu (\bfitr ) are so-called
Lam\'e's stiffness parameters, and \bfitr = (x1, x2, x3)

T . To avoid cluttered notations, we
will suppress \omega in the notation of \bfitG . In the following derivations, we assume that
the density and Lam\'e's parameters are smooth and are constants at infinity, which
allow us to impose the Sommerfeld radiation condition at infinity so as to compute
outgoing waves only.

An intuitive approach is to use the following Wentzel--Kramers--Brillouin GO
ansatz

(1.2) \bfitG (\bfitr ; \bfitr 0) =
\infty \sum 
l=0

\=\bfitA l

\omega l
(\bfitr ; \bfitr 0)e

i\omega \tau (\bfitr ;\bfitr 0),

where the unknowns \=\bfitA l and \tau are independent of \omega . Karal and Keller [13] derived the
governing equations for \=\bfitA l and \tau without specifying how to initialize these quantities
in computation. However, since the overall isotropic elastic waves consist of superpo-
sitions of two waves, the compressional (P) wave and the shear (S) wave, the common
GO wisdom of keeping only the leading-order term does not suffice to capture correct
singularities of the Green's tensor at the source which in turn will affect the overall
accuracy of the asymptotic solution, as will be seen in our numerical examples. Our
recent work [22] for Maxwell's equations confirmed such defects for inhomogeneous
media as well.

Moreover, such drawbacks cannot be easily resolved by using two or more terms in
(1.2), since a critical challenge is how to initialize \=\bfitA l at the source r0. To resolve these
issues for solving the scalar point-source Helmholtz equation, Babich in [2] proposed
an asymptotic series based on Hankel functions, dubbed Babich's ansatz, to expand
the highly oscillatory wavefield. This new ansatz yields a uniform asymptotic solution
as \omega \rightarrow \infty in the region of space containing the point source but no other caustics.
It is worth mentioning that his method of finding such an ansatz is closely bound up
with Hadamard's method of forming the fundamental solution of the Cauchy problem
for the time-domain point-source acoustic wave equation; details were given in [10]
and then were outlined by Courant and Hilbert [5]. While Babich's ansatz allows us to
systematically initialize scalar amplitude coefficients for scalar Helmholtz equations,
in [25, 16] we have developed systematic computational approaches to implement this
ansatz for solving the point-source Helmholtz equation. Nevertheless, as stated by
Babich himself on page 105 in [6], his ansatz cannot be trivially extended to the FDPS
elastic wave equations (1.1).

To address these initialization issues for the FDPS Maxwell's equations, in [15] we
proposed a novel ansatz, dubbed the Babich-like ansatz, based on the spherical Hankel
functions, and we have demonstrated that our Babich-like ansatz gives a uniform
asymptotic expansion of the underlying solution in the region of space containing
a point source but no other caustics. Later on, by using Hadamard's method, we
further showed in [17] that our Babich-like ansatz in fact is Babich's ansatz for the
FDPS Maxwell's equations, and we have dubbed it the Hadamard--Babich ansatz
for the FDPS Maxwell's equations. We remark in passing that, knowing about our
work in [15], Babich [3] tried to develop his own asymptotic ansatz for the FDPS
Maxwell's equations, but his construction of second- and higher-order approximations
faces significant difficulties: his second- and higher-order amplitude coefficients have
singularities at the source point, and he further admitted that he could not overcome
these difficulties. With the above as the backdrop, we are motivated to develop the
Hadamard--Babich ansatz for the FDPS elastic wave equations (1.1).
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48 J. QIAN, J. SONG, W. LU, AND R. BURRIDGE

Consequently, we start by developing a new ansatz based on generalized functions,
dubbed Hadamard's ansatz, for solving the time-domain point-source elastic wave
equations using Hadamard's method in a region close to the source but no other
caustics. Since the singularity induced by the point source is absorbed into the basis
functions, this new ansatz enables us to develop systematic approaches to initialize
the GO ingredients easily so that source singularities of Green's functions can be
captured faithfully.

Based on the properties of generalized functions, we derive eikonal equations
for both S and P waves and recursive systems of advection equations for dyadic
coefficients. Next, by comparing Hadamard's ansatz with the homogeneous-medium
fundamental solution, we propose a matching condition at the source which in turn
gives the initial data for the unknown asymptotic coefficients. By taking the Fourier
transform of Hadamard's ansatz in time, we immediately obtain the ansatz in the
frequency domain, dubbed the Hadamard--Babich ansatz for the FDPS elastic wave
equations (1.1). To verify the feasibility of the newly obtained ansatz, we truncate the
ansatz to keep only the first two terms so that we are able to compute the resulting
asymptotic solutions.

The rest of the article is organized as follows. In section 2, we develop Hada-
mard's method for elastic wave equations. In this long section, we first derive the
fundamental solution for elastic wave equations in a homogeneous medium, and this
fundamental solution motivates us to propose a novel generalized-function--based Ha-
damard's ansatz for solving elastic wave equations. This new ansatz leads us to solve
governing equations for asymptotic ingredients of S and P waves. We further propose
matching conditions to derive initial conditions so as to initialize those asymptotic
ingredients. Section 3 gives the Hadamard--Babich ansatz for the frequency-domain
elastic wave equations. Section 4 discusses numerical implementations. Section 5 gives
some numerical examples to validate our methodology. Section 6 concludes the paper
with some remarks. In Appendix A, we give derivations of some needed ingredients
for S and P waves. In Appendix B, we develop Hadamard's method for anisotropic
elastic wave equations, and we further show that Hadamard's method for isotropic
elastic wave equations developed in the context is a special case of the anisotropic
one.

2. Hadamard's method. To apply Hadamard's method, we consider the fol-
lowing Cauchy problem in time of the point-source elastic wave equations:

\rho \"\bfitG  - (\lambda + \mu )\nabla (\nabla \cdot \bfitG ) - \mu \nabla 2\bfitG  - \nabla \lambda (\nabla \cdot \bfitG )(2.1)

 - \nabla \mu \times (\nabla \times \bfitG )) - 2(\nabla \mu \cdot \nabla )\bfitG = \bfitI \delta (\bfitr  - \bfitr 0)\delta (t),

\bfitG (\bfitr , t; \bfitr 0)| t<0 = 0,(2.2)

and we may write it in the form

\rho \"Gij  - (\lambda + \mu )Gkj,ki  - \mu Gij,kk  - \lambda ,iGkj,k  - \mu ,kGij,k  - \mu ,kGkj,i = \delta ij\delta (\bfitr  - \bfitr 0)\delta (t),

(2.3)

Gij = 0, for t < 0.(2.4)

Here, the subscript and comma notation are employed, and \bfitr = (x1, x2, x3)
T . Specif-

ically, Gij denotes the ijth entry of \bfitG , Gij,k denotes the xk-derivative of Gij , so
Gij,kl denotes \partial 2xkxl

Gij for 1 \leq i, j, k, l \leq 3. Furthermore, the Einstein summation
convention is assumed so that Gij,kk = \Delta Gij , and \delta ij is the Kronecker delta.
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We seek the solution to (2.3) and (2.4) in terms of the generalized functions f
(k)
+

defined to be

(2.5) f
(k)
+ (x) =

xk+
k!

with x+ =

\biggl\{ 
x for x \geq 0,
0 otherwise

for k >  - 1; for other values of k, f
(k)
+ is defined by analytic continuation. Also, since

(2.6) f
(k)
+

\prime 
= f

(k - 1)
+ ,

f
(k)
+ can be defined for negative integer values of k by successive differentiation in the

sense of distribution. Since f
(0)
+ (x) = H(x), the Heaviside unit function, f

( - k - 1)
+ (x) =

\delta (k)(x), the kth derivative of the \delta -function for k = 0, 1, 2, . . . . For further discussion

of f
(k)
+ and related functions, see Chapter I, sections 3.4 and 3.5 of [9].
Using Duhamel's principle (pp. 202 and 729--730 in [5]), we may rewrite (2.3) and

(2.4) for t > 0 as

\rho \"Gij  - (\lambda + \mu )Gkj,ki  - \mu Gij,kk  - \lambda ,iGkj,k  - \mu ,kGij,k  - \mu ,kGkj,i = 0(2.7)

with initial conditions

Gij(\bfitr , 0; \bfitr 0) = 0,(2.8)

\.Gij(\bfitr , 0; \bfitr 0) =
1

\rho 0
\delta ij\delta (\bfitr  - \bfitr 0),(2.9)

where \rho 0 is the density at the source point \bfitr 0.

2.1. The case of a homogeneous medium. In the case when all elastic pa-
rameters are constants, we may write the isotropic elastic wave equations in a homo-
geneous medium in the form

\rho \"Gij  - (\lambda + \mu )Gkj,ki  - \mu Gij,kk = 0(2.10)

with initial conditions

Gij(\bfitr , 0; \bfitr 0) = 0,(2.11)

\.Gij(\bfitr , 0; \bfitr 0) =
1

\rho 
\delta ij\delta (\bfitr  - \bfitr 0).(2.12)

Following a suggestion of Friedlander [8] as we have done in [17], we will seek a
solution to (2.10)--(2.12) in the form

Gij = \varphi ,ij + \delta ij\psi ,kk  - \psi ,ij = \delta ij\psi ,kk + (\varphi ,ij  - \psi ,ij),(2.13)

where \varphi and \psi are to be determined. On substituting this into (2.10), we obtain

\partial i\partial j [\rho \"\varphi  - (\lambda + 2\mu )\Delta \varphi ] + [\delta ij\Delta  - \partial i\partial j ][\rho \"\psi  - \mu \Delta \psi ] = 0.(2.14)

Let us now decompose the initial condition (2.12) in a similar way using the fact

\delta (\bfitr  - \bfitr 0) = \Delta 

\biggl( 
 - 1

4\pi r

\biggr) 
,(2.15)
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where r = | \bfitr  - \bfitr 0| . Thus we may write

\delta ij\delta (\bfitr  - \bfitr 0) = \partial i\partial j

\biggl( 
 - 1

4\pi r

\biggr) 
+ [\delta ij\Delta  - \partial i\partial j ]

\biggl( 
 - 1

4\pi r

\biggr) 
.(2.16)

Consequently, we see that Gij given by (2.13) will satisfy (2.10)--(2.12) if

\rho \"\varphi  - (\lambda + 2\mu )\Delta \varphi = 0, t > 0,(2.17)

\varphi = 0, \.\varphi =
 - 1

4\rho \pi r
, t = 0,(2.18)

and

\rho \"\psi  - \mu \Delta \psi = 0, t > 0,(2.19)

\psi = 0, \.\psi =
 - 1

4\rho \pi r
, t = 0.(2.20)

We easily verify that (2.17)--(2.20) are satisfied by

\varphi =
R(t - \gamma P r)

4\pi \rho r
 - t

4\pi \rho r
=

\Biggl\{ 
 - \gamma P

4\pi \rho , \gamma 
P r \leq t,

 - t
4\pi \rho r , \gamma 

P r > t,
(2.21)

\psi =
R(t - \gamma Sr)

4\pi \rho r
 - t

4\pi \rho r
=

\Biggl\{ 
 - \gamma S

4\pi \rho , \gamma 
Sr \leq t,

 - t
4\pi \rho r , \gamma 

Sr > t,
(2.22)

where

R(\xi ) =

\biggl\{ 
\xi , \xi > 0,
0, \xi \leq 0,

(2.23)

and

(2.24) \gamma S =

\sqrt{} 
\rho 

\mu 
and \gamma P =

\sqrt{} 
\rho 

\lambda + 2\mu 
.

Carrying out the differentiations indicated in (2.13), we finally arrive at

Gij =
\gamma S

2
(\delta ij  - titj)

4\pi \rho r
\delta (t - \gamma Sr) +

(\delta ij  - 3titj)

4\pi \rho 

\biggl[ 
\gamma S

r2
H(t - \gamma Sr) +

1

r3
R(t - \gamma Sr)

\biggr] 
+
\gamma P

2
titj

4\pi \rho r
\delta (t - \gamma P r) - (\delta ij  - 3titj)

4\pi \rho 

\biggl[ 
\gamma P

r2
H(t - \gamma P r) +

1

r3
R(t - \gamma P r)

\biggr] 
,(2.25)

where r = | \bfitr  - \bfitr 0| and \bfitt = (\bfitr  - \bfitr 0)/r.
Now we need to figure out the relation between Gij and the generalized func-

tions f
(k)
+ . It turns out that the second-order time derivative of Gij has a simple

relation with f
( - 3)
+ and f

( - 2)
+ . In fact, adopting similar techniques as used in proving

Proposition 2.1 in [17], we can obtain

(2.26) \"Gij = \"GS
ij + \"GP

ij ,

where

(2.27) \"GS
ij =

\gamma S
3

\rho \pi 

\Bigl[ 
2\gamma S

2
r2(\delta ij  - titj)f

( - 3)
+ (t2  - \gamma S

2
r2) - 2\delta ijf

( - 2)
+ (t2  - \gamma S

2
r2)
\Bigr] 
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and

(2.28) \"GP
ij =

\gamma P
3

\rho \pi 

\Bigl[ 
2\gamma P

2
r2titjf

( - 3)
+ (t2  - \gamma P

2
r2) - \delta ijf

( - 2)
+ (t2  - \gamma P

2
r2)
\Bigr] 
.

Here the superscripts S and P refer to the S and P waves, respectively, and \gamma S and
\gamma P are the S and P wave slowness, respectively, as will become apparent later; the
vector \bfitt = (t1, t2, t3)

T is the unit tangent vector to the S or P ray as the case may be,
and the S and P rays coincide in this special case of a uniform medium.

To be convenient, we rewrite the above two functions in the following concise
forms:

\"\bfitG S
hom =

\gamma S
3

\rho \pi 

\Bigl[ 
2\gamma S

2
r2(\bfitI  - \bfitt \bfitt T )f

( - 3)
+ (t2  - \gamma S

2
r2) - 2\bfitI f

( - 2)
+ (t2  - \gamma S

2
r2)
\Bigr] 
,

where \bfitt is the unit tangent vector to the S ray, and

\"\bfitG P
hom =

\gamma P
3

\rho \pi 

\Bigl[ 
2\gamma P

2
r2\bfitt \bfitt T f

( - 3)
+ (t2  - \gamma P

2
r2) - \bfitI f

( - 2)
+ (t2  - \gamma P

2
r2)
\Bigr] 
,

where \bfitt is the unit tangent vector to the P ray.
We remark in passing that in the above derivation, we have constructed functions

\varphi and \psi to represent the P-wave and the S-wave related information, respectively, in
the spatial-temporal domain, so that we are computing outgoing waves at infinity. In
the time domain, since \gamma S and \gamma P are positive, (2.25) indicates that, as t > 0 increases,
the singularities of G move along either the outgoing cone \{ r = \gamma  - 1

S t\} or along the
outgoing cone \{ r = \gamma  - 1

P t\} so that the waves are indeed going outward. Taking the
Fourier transform in time of the Green's function Gij in (2.25), we can check that the
usual Sommerfeld radiation condition for elastic waves holds so that outgoing waves
are guaranteed at infinity [1].

2.2. The case of an inhomogeneous medium. When the elastic coefficients
vary with \bfitr , the formulas (2.27) and (2.28) for the constant case motivate us to seek
the solution of (2.1) in the following form of asymptotic series

(2.29) \"\bfitG (\bfitr , t; \bfitr 0) =
\infty \sum 
l=0

\bfitA l(\bfitr ; \bfitr 0)f
( - 3+l)
+ (t2  - T(\bfitr ; \bfitr 0)),

or in subscript notation

(2.30) \"Gij =
\infty \sum 
l=0

Al
ijf

( - 3+l)
+ (t2  - T),

where T(\bfitr ; \bfitr 0) = \tau 2(\bfitr ; \bfitr 0), and \tau (\bfitr ; \bfitr 0) is the travel time from the source \bfitr 0 to \bfitr .
We shall define \bfitA l(\bfitr ; \bfitr 0) \equiv 0 for l < 0.

Here, since the medium properties do not depend upon time, \bfitA l(\bfitr ; \bfitr 0) are as-
sumed to be time independent. This assumption can be justified from two perspec-
tives. On one hand, we could prove this by arguing that one would get the same
solution delayed if the source were delayed and so the wave operator commutes with
time shifts, where it is clear that \partial t can be passed through the wave operator when
the medium properties do not depend upon time. On the other hand, since \"\bfitG in
a homogeneous medium can be expressed as the sum of terms which separates time
and spatial variables, we believe that \"\bfitG in an inhomogeneous medium in a neighbor-
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hood of the source point should inherit such a property so that we seek unknowns \bfitA l

depending upon spatial variables only.
To derive the governing equations for \bfitA l and T, we need to use two simple prop-

erties of f
(k)
+ (x),

(2.31) f
(k)
+

\prime 
(x) = f

(k - 1)
+ (x),

(2.32) xf
(k)
+ (x) = (k + 1)f

(k+1)
+ (x).

Taking double time derivatives of (2.7) yields

(2.33) \rho \partial 4tGij = (\lambda + \mu ) \"Gkj,ki + \mu \"Gij,kk + \lambda ,i \"Gkj,k + \mu ,k
\"Gij,k + \mu ,k

\"Gkj,i.

To write (2.33) in terms of the generalized functions f
(k)
+ , we compute the follow-

ing double time derivative of \"\bfitG ,

\partial 4tGij =
\infty \sum 
l=0

Al
ij\partial 

2
t f

( - 3+l)
+ (t2  - T)(2.34)

=

\infty \sum 
l=0

4t2Al
ijf

( - 5+l)
+ (t2  - T) + 2Al

ijf
( - 4+l)
+ (t2  - T)

=
\infty \sum 
l=0

4TAl
ijf

( - 5+l)
+ (t2  - T) + 2(2l  - 7)Al

ijf
( - 4+l)
+ (t2  - T)

=
\infty \sum 
l=0

f
( - 5+l)
+ (t2  - T)[4TAl

ij + 2(2l  - 9)Al - 1
ij ],

and the following spatial derivatives of \"\bfitG ,

\"Gij,k =
\infty \sum 
l=0

 - T,kA
l
ijf

( - 4+l)
+ (t2  - T) +Al

ij,kf
( - 3+l)
+ (t2  - T)(2.35)

=
\infty \sum 
l=0

f
( - 5+l)
+ (t2  - T)[ - T,kA

l - 1
ij +Al - 2

ij,k],

\"Gkj,i =
\infty \sum 
l=0

f
( - 5+l)
+ (t2  - T)[ - T,iA

l - 1
kj +Al - 2

kj,i],(2.36)

\"Gkj,k =
\infty \sum 
l=0

f
( - 5+l)
+ (t2  - T)[ - T,kA

l - 1
kj +Al - 2

kj,k],(2.37)

\"Gkj,ki =
\infty \sum 
l=0

T,kT,iA
l
kjf

( - 5+l)
+ (t2  - T) - T,kA

l
kj,if

( - 4+l)
+ (t2  - T)

(2.38)

 - T,iA
l
kj,kf

( - 4+l)
+ (t2  - T) - T,kiA

l
kjf

( - 4+l)
+ (t2  - T) +Al

kj,kif
( - 3+l)
+ (t2  - T)

=
\infty \sum 
l=0

f
( - 5+l)
+ (t2  - T)[T,kT,iA

l
kj  - T,kA

l - 1
kj,i  - T,iA

l - 1
kj,k  - T,kiA

l - 1
kj +Al - 2

kj,ki],
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\"Gij,kk =
\infty \sum 
l=0

f
( - 5+l)
+ (t2  - T)[T,kT,kA

l
ij  - T,kA

l - 1
ij,k  - T,kA

l - 1
ij,k  - T,kkA

l - 1
ij +Al - 2

ij,kk].

(2.39)

Inserting the above derivatives into (2.33) and according to the meaning of an

asymptotic series being zero, we vanish the coefficients of f
( - 5+l)
+ successively to

obtain

0 = 4\rho TAl
ij  - (\lambda + \mu )T,kT,iA

l
kj  - \mu T,kT,kA

l
ij

+ 2\rho (2l  - 9)Al - 1
ij + (\lambda + \mu )T,iA

l - 1
kj,k + (\lambda + \mu )T,kA

l - 1
kj,i + (\lambda + \mu )T,kiA

l - 1
kj

+ 2\mu T,kA
l - 1
ij,k + \mu T,kkA

l - 1
ij + \lambda ,iT,kA

l - 1
kj + \mu ,kT,kA

l - 1
ij + \mu ,kT,iA

l - 1
kj

 - (\lambda + \mu )Al - 2
kj,ki  - \mu Al - 2

ij,kk  - \lambda ,iA
l - 2
kj,k  - \mu ,kA

l - 2
ij,k  - \mu ,kA

l - 2
kj,i.(2.40)

Setting l = 0 in (2.40) and remembering that Al
ij is zero for l < 0, we obtain

(2.41) 4\rho TA0
ij  - (\lambda + \mu )T,kT,iA

0
kj  - \mu T,kT,kA

0
ij = 0

or, in vector notation,

(2.42) (4\rho T  - \mu | \nabla T| 2)\bfitA 0
j = (\lambda + \mu )\nabla T(\nabla T \cdot \bfitA 0

j ).

Here \bfitA 0
j denotes the jth column of the coefficient matrix \bfitA 0, which means \bfitA 0 =

(\bfitA 0
1,\bfitA 

0
2,\bfitA 

0
3).

Two cases arise, and we will call them Case I and Case II.
Case I, both sides of (2.42) are zero; since \bfitA 0

j for 1 \leq j \leq 3 is assumed to be
nonzero, we have

(2.43) \nabla T \cdot \bfitA 0
j = 0, and 4\rho T  - \mu | \nabla T| 2 = 0;

Case II, both sides of (2.42) are nonzero; then we have

(2.44) \bfitA 0
j \| \nabla T, and 4\rho T  - (\lambda + 2\mu )| \nabla T| 2 = 0,

where the latter equation can be obtained by taking the scalar (or dot) product of
(2.42) with \nabla T.

2.3. Case I, the S wave: \bfnabla T \cdot \bfitA \bfzero 
\bfitj = 0 and 4\bfitrho T  - \bfitmu | \bfnabla T| \bftwo = 0. Here

(2.45) | \nabla T| 2 =
4\rho T

\mu 
.

Let us set T = \tau 2. Then we see that

(2.46) | \nabla \tau | 2 =
\rho 

\mu 
,

the usual eikonal equation for the S-wave travel time, and so T is the square of the
S-wave travel time \tau . The rays are obtained in the process of solving (2.45) or (2.46)
by the method of characteristics, which gives

(2.47)
dxi
pi

=
d\tau 
\rho 
\mu 

=
dpi

1
2 (

\rho 
\mu ),i

,
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where pi = \tau ,i and from (2.46),

(2.48)
1

2

\Bigl( 
| p| 2  - \rho 

\mu 

\Bigr) 
= 0.

In our development whenever convenient we shall use T rather than the more
usual \tau . The advantage is that the argument \Gamma = t2  - T = t2  - \tau 2 is linear in T but
quadratic in \tau so that in using T, differentiation with respect to xj does not generate
factors of 2 and \tau , leaving the resulting formula easier to read.

For reference here we repeat (2.40), omitting the first and third terms as they
cancel by (2.45). Thus

0 = - (\lambda + \mu )T,kT,iA
l
kj

+ 2\rho (2l  - 9)Al - 1
ij + (\lambda + \mu )T,iA

l - 1
kj,k + (\lambda + \mu )T,kA

l - 1
kj,i + (\lambda + \mu )T,kiA

l - 1
kj

+ 2\mu T,kA
l - 1
ij,k + \mu T,kkA

l - 1
ij + \lambda ,iT,kA

l - 1
kj + \mu ,kT,kA

l - 1
ij + \mu ,kT,iA

l - 1
kj

 - (\lambda + \mu )Al - 2
kj,ki  - \mu Al - 2

ij,kk  - \lambda ,iA
l - 2
kj,k  - \mu ,kA

l - 2
ij,k  - \mu ,kA

l - 2
kj,i.(2.49)

2.3.1. S-wave transport equations for \bfitA \bfzero and \bfitA \bfone . First, we derive the
governing equation for \bfitA 0. Setting l = 1 in (2.49) and knowing that A - 1

ij = 0, we get

0 = - (\lambda + \mu )T,kT,iA
1
kj  - 14\rho A0

ij + (\lambda + \mu )T,iA
0
kj,k(2.50)

+ 2\mu T,kA
0
ij,k + \mu T,kkA

0
ij + \mu ,kT,kA

0
ij + \mu ,kT,iA

0
kj ,

where we have made use of T,kA
0
kj = 0 by \nabla T \cdot \bfitA 0

j = 0, and its derivative

(T,kA
0
kj),i = T,kA

0
kj,i + T,kiA

0
kj = 0.

Form the scalar product of (2.50) with T,i to get

(2.51) 0 =  - (\lambda + \mu )T,iT,iT,kA
1
kj + (\lambda + \mu )T,iT,iA

0
kj,k + 2\mu T,kT,iA

0
ij,k + \mu ,kT,iT,iA

0
kj .

But

0 = 2(T,kT,iA
0
ij),k = 2(T,kkT,iA

0
ij + T,kT,ikA

0
ij + T,kT,iA

0
ij,k)

= (T,kT,k),iA
0
ij + 2T,kT,iA

0
ij,k

=

\biggl( 
4\rho T

\mu 

\biggr) 
,i

A0
ij + 2T,kT,iA

0
ij,k,(2.52)

so that

2\mu T,iT,kA
0
ij,k =  - \mu 

\biggl( 
4\rho T

\mu 

\biggr) 
,i

A0
ij .(2.53)

Thus (2.51) becomes

(\lambda + \mu )
4\rho T

\mu 
T,kA

1
kj = (\lambda + \mu )

4\rho T

\mu 
A0

kj,k  - \mu 

\biggl( 
4\rho T

\mu 

\biggr) 
,i

A0
ij + \mu ,k

4\rho T

\mu 
A0

kj

= (\lambda + \mu )
4\rho T

\mu 
A0

kj,k  - \mu 2

\biggl( 
4\rho T

\mu 2

\biggr) 
,k

A0
kj ,(2.54)
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so that we can obtain the following relationship between A0
kj and T,kA

1
kj ,

T,kA
1
kj = A0

kj,k  - \mu 3

\rho (\lambda + \mu )

\biggl( 
\rho 

\mu 2

\biggr) 
,k

A0
kj .(2.55)

Inserting (2.55) into (2.50) results in the following transport equation for A0
ij ,

T,kA
0
ij,k +

1

2\mu 
((\mu T,k),k  - 14\rho )A0

ij +
\mu 

2\rho 

\biggl( 
\rho 

\mu 

\biggr) 
,k

A0
kjT,i = 0.(2.56)

Or, in vector notation,

(\nabla T \cdot \nabla )\bfitA 0 +
1

2\mu 
(\nabla \cdot (\mu \nabla T) - 14\rho )\bfitA 0 +

\mu 

2\rho 
\nabla T

\biggl[ 
\nabla 
\Bigl( \rho 
\mu 

\Bigr) 
\cdot \bfitA 0

\biggr] 
= 0,(2.57)

where \nabla ( \rho \mu ) \cdot \bfitA 
0 = (( \rho \mu ),iA

0
i1, (

\rho 
\mu ),iA

0
i2, (

\rho 
\mu ),iA

0
i3) results in a row vector.

Next, we will derive the governing equation for the amplitude coefficient \bfitA 1.
Setting l = 2 in (2.49), all terms exist, so that we can get a relationship between
\nabla T \cdot \bfitA 2, \bfitA 1, and \bfitA 0:

0 = (\lambda + \mu )( - T,kA
2
kj +A1

kj,k)T,i  - 10\rho A1
ij + (\lambda + \mu )(T,kA

1
kj),i(2.58)

+ 2\mu T,kA
1
ij,k + \mu T,kkA

1
ij + \lambda ,iT,kA

1
kj + \mu ,kT,kA

1
ij + \mu ,kT,iA

1
kj

 - (\lambda + \mu )A0
kj,ki  - \mu A0

ij,kk  - \lambda ,iA
0
kj,k  - \mu ,kA

0
ij,k  - \mu ,kA

0
kj,i.

To make our formulas easy to read, we introduce some notations. By the relation
(2.55), we define

a0j \equiv T,kA
1
kj = A0

kj,k  - \mu 3

\rho (\lambda + \mu )

\biggl( 
\rho 

\mu 2

\biggr) 
,k

A0
kj ,(2.59)

so that \bfita 0 = (a01, a
0
2, a

0
3) is a row vector depending only on A0

kj , and

B0
ij \equiv (\lambda + \mu )A0

kj,ki + \mu A0
ij,kk + \lambda ,iA

0
kj,k + \mu ,kA

0
ij,k + \mu ,kA

0
kj,i.(2.60)

Next we take the scalar product of (2.58) with T,i to get

0 = (\lambda + \mu )( - T,kA
2
kj +A1

kj,k)T,iT,i  - 10\rho a0j + (\lambda + \mu )a0j,iT,i + 2\mu T,kA
1
ij,kT,i

+ \mu T,kka
0
j + \lambda ,ia

0
jT,i + \mu ,kT,ka

0
j + \mu ,kT,iA

1
kjT,i  - B0

ijT,i.(2.61)

Introduce

b0j \equiv 10\rho a0j  - (\lambda + \mu )T,ia
0
j,i  - \mu T,kka

0
j  - \lambda ,iT,ia

0
j  - \mu ,iT,ia

0
j +B0

ijT,i,(2.62)

where \bfitb 0 = (b01, b
0
2, b

0
3) is also a row vector. Consequently, (2.61) becomes

0 = (\lambda + \mu )( - T,kA
2
kj)T,iT,i + (\lambda + \mu )A1

kj,kT,iT,i

+ 2\mu T,kA
1
ij,kT,i + \mu ,kT,iA

1
kjT,i  - b0j .(2.63)

Inserting (2.63) into (2.58) and employing the following relationship,

(2.64) 2\mu T,kA
1
ij,kT,i = 2\mu T,k(T,iA

1
ij),k  - 4\rho T,iA

1
ij  - 4\mu T

\biggl( 
\rho 

\mu 

\biggr) 
,i

A1
ij ,
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we obtain the following transport equation for A1
ij ,

(2.65) T,kA
1
ij,k +

1

2\mu 
((\mu T,k),k  - 10\rho )A1

ij +
\mu 

2\rho 
A1

kj

\biggl( 
\rho 

\mu 

\biggr) 
,k

T,i = R0
ij ,

where

(2.66) R0
ij \equiv  - 

a0jT,i

2T
+
\mu a0j,kT,kT,i

4\rho T
 - 
b0jT,i

8\rho T
 - 

(\lambda + \mu )a0j,i
2\mu 

 - 
\lambda ,ia

0
j

2\mu 
+
B0

ij

2\mu 
.

Or, in vector notation,

(\nabla T \cdot \nabla )\bfitA 1 +
1

2\mu 
[\nabla \cdot (\mu \nabla T) - 10\rho ]\bfitA 1 +

\mu 

2\rho 
\nabla T

\biggl[ 
\nabla 
\biggl( 
\rho 

\mu 

\biggr) 
\cdot \bfitA 1

\biggr] 
= \bfitR 0,(2.67)

where

\bfitR 0 \equiv  - \nabla T\bfita 0

2T
+
\mu \nabla T[(\nabla T \cdot \nabla )\bfita 0]

4\rho T
 - \nabla T\bfitb 0

8\rho T
 - \nabla \lambda \bfita 0

2\mu 
 - (\lambda + \mu )\nabla \bfita 0

2\mu 
+

\bfitB 0

2\mu 
.(2.68)

Here \nabla T\bfita 0 = (T,ia
0
j )3\times 3 and \nabla \bfita 0 = (a0j,i)3\times 3 are 3 by 3 matrices.

2.3.2. S-wave transport equations for general \bfitA \bfitl . By proceeding in a sim-
ilar manner to the above, we can derive the governing equations for other \bfitA l when
l \geq 2. Hence we may conclude that the general amplitude coefficients \bfitA l satisfy

(\nabla T \cdot \nabla )\bfitA l +
1

2\mu 
[\nabla \cdot (\mu \nabla T) + (4l  - 14)\rho ]\bfitA l +

\mu 

2\rho 
\nabla T

\biggl[ 
\nabla 
\biggl( 
\rho 

\mu 

\biggr) 
\cdot \bfitA l

\biggr] 
= \bfitR l - 1,(2.69)

where

\bfitR l - 1 \equiv  - \nabla T\bfita l - 1

2T
+
\mu \nabla T[(\nabla T \cdot \nabla )\bfita l - 1]

4\rho T
 - \nabla T\bfitb l - 1

8\rho T
 - \nabla \lambda \bfita l - 1

2\mu 

 - (\lambda + \mu )\nabla \bfita l - 1

2\mu 
+

\bfitB l - 1

2\mu 
.(2.70)

Here \bfitB l - 1, \bfita l - 1, and \bfitb l - 1 are given by

\bfitB l - 1 \equiv (\lambda + \mu )\nabla (\nabla \cdot \bfitA l - 1) + \mu \nabla 2\bfitA l - 1 +\nabla \lambda (\nabla \cdot \bfitA l - 1)

+ \nabla \mu \times (\nabla \times \bfitA l - 1) + 2(\nabla \mu \cdot \nabla )\bfitA l - 1,(2.71)

(2.72)

\bfita l - 1 \equiv \nabla T \cdot \bfitA l

= \nabla \cdot \bfitA l - 1 +
1

\lambda + \mu 
\nabla \mu \cdot \bfitA l - 1 +

2\mu 2

(\lambda + \mu )4\rho T
\nabla T \cdot [(\nabla T \cdot \nabla )\bfitA l - 1] - \mu \bfitb l - 2

(\lambda + \mu )4\rho T
,

\bfitb l - 1 \equiv 2\rho ( - 2l + 7)\bfita l - 1  - (\lambda + \mu )(\nabla T \cdot \nabla )\bfita l - 1  - \mu \nabla 2T\bfita l - 1

 - (\nabla T \cdot \nabla \lambda )\bfita l - 1  - (\nabla T \cdot \nabla \mu )\bfita l - 1 +\nabla T \cdot \bfitB l - 1,(2.73)

where \bfitb l, \bfita l, \bfitB l, and \bfitR l are zero for all l < 0.
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2.3.3. S wave: Verification in a homogeneous medium. In a homogeneous
medium, the parameters \rho , \lambda , and \mu are constants so that we have the exact solution
(2.27) for the S-wave, which we rewrite here as

(2.74) \"GS
ij =

\gamma S
3

\rho \pi 
[2\gamma S

2
r2(\delta ij  - titj)f

( - 3)
+ (t2  - \gamma S

2
r2) - 2\delta ijf

( - 2)
+ (t2  - \gamma S

2
r2)].

To simplify the derivation, we assume that r0 = 0 in this subsection. From the exact
solution we know that

A0
ij = 2

\gamma S
3

\rho \pi 
\gamma S

2
r2(\delta ij  - titj),(2.75)

A1
ij =  - 2

\gamma S
3

\rho \pi 
\delta ij .(2.76)

In this case, the last term of (2.57) disappears, and also, since in a homogeneous

medium T = \gamma S
2
r2 = \rho 

\mu r
2, we see that \nabla \cdot (\mu \nabla T) = 6\rho . Hence (2.56) reduces to

(2.77) T,kA
0
ij,k  - 4

\rho 

\mu 
A0

ij = 0.

From the exact formula for A0
ij in (2.75), we see that

T,kA
0
ij,k = 2

\rho 

\mu 
xk

\Biggl( 
2
\gamma S

3

\rho \pi 
\gamma S

2
r2(\delta ij  - titj)

\Biggr) 
,k

= 2
\rho 

\mu 
xk2

\gamma S
3

\rho \pi 
\gamma S

2
(2xk\delta ij  - xj\delta ik  - xi\delta jk)

= 2
\rho 

\mu 
4
\gamma S

3

\rho \pi 
\gamma S

2
r2(\delta ij  - titj)

= 4
\rho 

\mu 
A0

ij .(2.78)

This verifies (2.56).
Now we verify (2.55) in a homogeneous medium, i.e., T,iA

1
ij = A0

ij,i. We have

A0
ij,i =

\Biggl( 
2
\gamma S

5

\rho \pi 
r2(\delta ij  - ti tj)

\Biggr) 
,i

= 2
\gamma S

5

\rho \pi 
(r2\delta ij  - xixj),i

= 2
\gamma S

5

\rho \pi 
(2xi\delta ij  - 3xj  - xj)

=  - 4
\gamma S

5

\rho \pi 
xj .(2.79)

Again using T = \rho 
\mu r

2 and T,i = 2 \rho 
\mu xi, we obtain

(2.80) T,iA
1
ij =  - 4

\gamma S
5

\rho \pi 
xj ,

which is the same as (2.79), thus verifying (2.55).
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Finally we may check the governing equation (2.67) for \bfitA 1 in a homogeneous
medium. Using formulas (2.75) and (2.79), we obtain

a0j =  - 4
\gamma S

5

\rho \pi 
xj ,(2.81)

a0j,k =  - 4
\gamma S

5

\rho \pi 
\delta jk,(2.82)

B0
ij =  - 4

(\lambda + \mu )\gamma S
5

\rho \pi 
\delta ij +

8\mu \gamma S
5

\rho \pi 
\delta ij .(2.83)

Also using the fact that T = \rho 
\mu r

2, T,i = 2 \rho 
\mu xi, and T,kk = 6 \rho 

\mu , we can get

b0j = 10\rho a0j  - (\lambda + \mu )T,ia
0
j,i  - \mu T,kka

0
j +B0

ijT,i

=  - 40\gamma S
5

\pi 
xj +

8(\lambda + \mu )\gamma S
5
xj

\mu \pi 
+

24\gamma S
5
xj

\pi 
 - 8(\lambda + \mu )\gamma S

5
xj

\mu \pi 
+

16\gamma S
5
xj

\pi 

= 0.(2.84)

Hence we can obtain R0
ij as the following,

R0
ij =  - 

a0jT,i

2T
+

\mu 

4\rho T
a0j,kT,kT,i  - 

b0jT,i

8\rho T
 - 

(\lambda + \mu )a0j,i
2\mu 

+
B0

ij

2\mu 

= 4
\gamma S

5
xixj

\rho \pi r2
 - 4

\gamma S
5
xixj

\rho \pi r2
+ 2

(\lambda + \mu )\gamma S
5
\delta ij

\mu \rho \pi 
 - 2

(\lambda + \mu )\gamma S
5
\delta ij

\mu \rho \pi 
+ 4

\gamma S
5
\delta ij

\rho \pi 

= 4
\gamma S

5
\delta ij

\rho \pi 
.(2.85)

For the left-hand side of (2.67), we use formula (2.76) to get

(2.86) T,kA
1
ij,k +

1

2\mu 
((\mu T,k),k  - 10\rho )A1

ij =  - 2
\rho 

\mu 
A1

ij = 4
\gamma S

5

\rho \pi 
\delta ij ,

which is the same as R0
ij derived above. Similarly, we can also verify the amplitude

coefficients Al
ij = 0 for l \geq 2 in a homogeneous medium.

2.3.4. S wave: Initial conditions for \bfitA \bfitl . In this section, we shall initialize
those amplitude coefficients \bfitA l for the S wave at the source \bfitr 0 in the three dimensional
space. In a center-deleted neighborhood of \bfitr 0, say 0 < | \bfitr  - \bfitr 0| < x0, where x0 is a
positive constant, we propose the following matching condition

( \"\bfitG S(\bfitr ; t) - \"\bfitG S
hom(\bfitr ; t))tn \in L1(\{ t; (0, T )\} )(2.87)

over any finite time period (0, T ) for any nonnegative integer n, where

(2.88) \"\bfitG S
hom =

\gamma S0
3

\rho 0\pi 
[2\gamma S0

2
r2(\bfitI  - \bfitt \bfitt T )f

( - 3)
+ (t2  - \gamma S0

2
r2) - 2\bfitI f

( - 2)
+ (t2  - \gamma S0

2
r2)]

with \bfitt = \bfitr  - \bfitr 0

| \bfitr  - \bfitr 0| being the unit tangent vector to the S ray. Here \bfitt \bfitt T = (titj)3\times 3

is a matrix. And \gamma S0 =
\sqrt{} 

\rho 0

\mu 0
is the slowness for the S wave with \rho 0 = \rho (\bfitr 0) and

\mu 0 = \mu (\bfitr 0).
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HADAMARD--BABICH ANSATZ 59

Since f
( - 3+l)
+ (t2  - T) \in L1(\{ t; (0, T )\} ) for l \geq 3, the above matching condition

can be reduced to

\"\bfitG n
diff = [ \"\bfitG S(\bfitr ; t) - \"\bfitG S

hom(\bfitr ; t)]tn(2.89)

= \bfitA 0f
( - 3)
+ (t2  - T(\bfitr ))tn +\bfitA 1f

( - 2)
+ (t2  - T(\bfitr ))tn

+\bfitA 2f
( - 1)
+ (t2  - T(\bfitr ))tn  - \"\bfitG S

homt
n

= \bfitA 0\delta (2)(t2  - T(\bfitr ))tn +\bfitA 1\delta (1)(t2  - T(\bfitr ))tn +\bfitA 2\delta (t2  - T(\bfitr ))tn

 - \gamma S0
3

\rho 0\pi 
[2\gamma S0

2
r2(\bfitI  - \bfitt \bfitt T )\delta (2)(t2  - \gamma S

2
r2) - 2\bfitI \delta (1)(t2  - \gamma S0

2
r2)]tn

\in L1(\{ t; (0, T )\} )

for any \bfitr satisfying 0 < | \bfitr  - \bfitr 0| < x0.
For \bfitr sufficiently close to \bfitr 0 such that all \delta -related functions do not vanish, one

gets \int T

0

\delta (k)[t2  - T(\bfitr )]tndt =

\int T 2 - T(\bfitr )

 - T(\bfitr )

\delta (k)(\~t)
1

2
(\~t+ T(\bfitr ))

n
2  - 1

2 d\~t(2.90)

=
( - 1)k

2
[(\~t+ T(\bfitr ))

n - 1
2 ](k)| \~t=0

=
( - 1)k

2

k - 1\prod 
j=0

\biggl( 
n

2
 - 1

2
 - j

\biggr) 
[T(\bfitr )]

n
2  - 1

2 - k.

Since k is at most 2 in our situation, n
2  - 

1
2  - k \geq 0 for n \geq 5 so that we are concerned

about the five cases n = 0, 1, 2, 3, 4 only. Therefore, we enforce\int T

0

\"\bfitG 0
diffdt =

3

8

\Biggl[ 
\bfitA 0

T(\bfitr )
5
2

 - 2\gamma S0
5
r2

\rho 0\pi (\gamma S0 r)
5
(\bfitI  - \bfitt \bfitt T )

\Biggr] 
(2.91)

+
1

4

\Biggl[ 
\bfitA 1

T(\bfitr )
3
2

+
2\gamma S0

3

\rho 0\pi (\gamma S0 r)
3
\bfitI 

\Biggr] 
+

\bfitA 2

2T(\bfitr )
1
2

=
3

8

\bfitA 0

T(\bfitr )
5
2

+
1

4

\bfitA 1

T(\bfitr )
3
2

+
\bfitA 2

2T(\bfitr )
1
2

 - 1

4\rho 0\pi r3
(\bfitI  - 3\bfitt \bfitt T ) = O(1),

\int T

0

\"\bfitG 1
diffdt =

\bfitA 2

2
= O(1),(2.92)

\int T

0

\"\bfitG 2
diffdt =  - 1

8

\Biggl[ 
\bfitA 0

T(\bfitr )
3
2

 - 2\gamma S0
5
r2

\rho 0\pi (\gamma S0 r)
3
(\bfitI  - \bfitt \bfitt T )

\Biggr] 
(2.93)

 - 1

4

\Biggl[ 
\bfitA 1

T(\bfitr )
1
2

+
2\gamma S0

3

\rho 0\pi (\gamma S0 r)
\bfitI 

\Biggr] 
+

\bfitA 2

2
T(\bfitr )

1
2

=  - 1

8

\bfitA 0

T(\bfitr )
3
2

 - 1

4

\bfitA 1

T(\bfitr )
1
2

+
\bfitA 2

2
T(\bfitr )

1
2  - \gamma S0

2

4\rho 0\pi r
(\bfitI + \bfitt \bfitt T ) = O(1),
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60 J. QIAN, J. SONG, W. LU, AND R. BURRIDGE\int T

0

\"\bfitG 3
diffdt =  - 1

2

\Biggl[ 
\bfitA 1 +

2\gamma S0
3
\bfitI 

\rho 0\pi 

\Biggr] 
+

1

2
\bfitA 2T(\bfitr ) = O(1),(2.94)

\int T

0

\"\bfitG 4
diffdt =

3

8

\Biggl[ 
\bfitA 0

T(\bfitr )
1
2

 - 2\gamma S0
5
r2

\rho 0\pi (\gamma S0 r)
(\bfitI  - \bfitt \bfitt T )

\Biggr] 
(2.95)

 - 3

4

\Biggl[ 
\bfitA 1T(\bfitr )

1
2 +

2\gamma S0
3

\rho 0\pi 
(\gamma S0 r)\bfitI 

\Biggr] 
+

\bfitA 2

2
T(\bfitr )

3
2

=
3

8

\bfitA 0

T(\bfitr )
1
2

 - 3

4
\bfitA 1T(\bfitr )

1
2 +

\bfitA 2

2
T(\bfitr )

3
2  - 3\gamma S0

4
r

4\rho 0\pi 
(3\bfitI  - \bfitt \bfitt T ) = O(1)

for 0 < | \bfitr  - \bfitr 0| < x0.
Hiding O(1) terms above, we get

3

8

\bfitA 0

T(\bfitr )
5
2

+
1

4

\bfitA 1

T(\bfitr )
3
2

+
\bfitA 2

2T(\bfitr )
1
2

 - 1

4\rho 0\pi r3
(\bfitI  - 3\bfitt \bfitt T ) = O(1),(2.96)

 - 1

8

\bfitA 0

T(\bfitr )
3
2

 - 1

4

\bfitA 1

T(\bfitr )
1
2

 - \gamma S0
2

4\rho 0\pi r
(\bfitI + \bfitt \bfitt T ) = O(1),(2.97)

3

8

\bfitA 0

T(\bfitr )
1
2

= O(1).(2.98)

Considering (2.96) \times T(\bfitr ) + (2.97), we can obtain the initial condition for \bfitA 0 as
\bfitr \rightarrow \bfitr 0,

\bfitA 0 =
T

5
2

\rho 0\pi r3
(\bfitI  - 3\bfitt \bfitt T ) +

\gamma S0
2
T

3
2

\rho 0\pi r
(\bfitI + \bfitt \bfitt T ) +O(T

3
2 ).(2.99)

Moreover, since \tau is the travel time from the source \bfitr 0 to \bfitr which is proportional to
r = | \bfitr  - \bfitr 0| , T = \tau 2 is proportional to r2 as \bfitr \rightarrow \bfitr 0, leading to \bfitA 0 = O(1) as \bfitr \rightarrow \bfitr 0.

Next (2.96)\times 4T(\bfitr )
3
2 gives rise to the initial condition for \bfitA 1 as \bfitr \rightarrow \bfitr 0,

\bfitA 1 = - 3

2

\bfitA 0

T
+

T
3
2

\rho 0\pi r3
(\bfitI  - 3\bfitt \bfitt T ) + 2\bfitA 2T(\bfitx ) +O(T

3
2 )

= - 3

2

\bfitA 0

T
+

T
3
2

\rho 0\pi r3
(\bfitI  - 3\bfitt \bfitt T ) +O(T).(2.100)

Substituting (2.99) into (2.100), we could obtain

\bfitA 1 = - 1

2

T
3
2

\rho 0\pi r3
(\bfitI  - 3\bfitt \bfitt T ) - 3

2

\gamma S0
2
T

1
2

\rho 0\pi r
(\bfitI + \bfitt \bfitt T ) +O(T

1
2 ).(2.101)

Similarly to the case for \bfitA 0, we may conclude that \bfitA 1 = O(1) as \bfitr \rightarrow \bfitr 0.

Finally, (2.96)\times 2T(\bfitr )
1
2 gives rise to the initial condition for \bfitA 2 as \bfitr \rightarrow \bfitr 0,

\bfitA 2 =  - 3

4

\bfitA 0

T2
 - 1

2

\bfitA 1

T
+

T
1
2

2\rho 0\pi r3
(\bfitI  - 3\bfitt \bfitt T ) +O(T

1
2 ).(2.102)

When substituting (2.100) into (2.102), the first three terms on the right-hand side
of (2.102) will be canceled. Hence we may conclude that \bfitA 2 = O(1) as \bfitr \rightarrow \bfitr 0 which
is also consistent with (2.92).
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HADAMARD--BABICH ANSATZ 61

2.3.5. S wave: Governing equations for desingularizing \bfitA \bfitl . We enforce
the condition that \bfitA l is bounded at the source for all l \geq 0, which may not be
amenable to numerical computation. Therefore, we define new dyadic coefficients to
be

\~\bfitA l = \bfitA l\tau 2l(2.103)

so that

\bfitA l = O(1) as \bfitr \rightarrow \bfitr 0,

\~\bfitA l = O(\tau 2l) as \bfitr \rightarrow \bfitr 0.

We introduce \~\bfitA l here since \bfitA l may not be smooth at the source \bfitr 0 for an in-
homogeneous medium; this can be seen from the initial conditions (2.99)--(2.102). It
is easy to derive governing equations for \~\bfitA l from those for \bfitA l for l = 0, 1 as the
following,

(\nabla T \cdot \nabla ) \~\bfitA 0 +
1

2\mu 
[\nabla \cdot (\mu \nabla T) - 14\rho ] \~\bfitA 0 +

\mu 

2\rho 
\nabla T

\biggl[ 
\nabla 
\biggl( 
\rho 

\mu 

\biggr) 
\cdot \~\bfitA 0

\biggr] 
= 0,(2.104)

(\nabla T \cdot \nabla ) \~\bfitA 1 +
1

2\mu 
[\nabla \cdot (\mu \nabla T) - 18\rho ] \~\bfitA 1 +

\mu 

2\rho 
\nabla T

\biggl[ 
\nabla 
\biggl( 
\rho 

\mu 

\biggr) 
\cdot \~\bfitA 1

\biggr] 
= \~\bfitR 0,(2.105)

where

\~\bfitR 0 \equiv  - \nabla T\~\bfita 0

2
+
\mu \nabla T[(\nabla T \cdot \nabla )\~\bfita 0]

4\rho 
 - \nabla T\~\bfitb 0

8\rho 
 - T\nabla \lambda \~\bfita 0

2\mu 
 - (\lambda + \mu )T\nabla \~\bfita 0

2\mu 
+

T \~\bfitB 0

2\mu 
.

(2.106)

Here \~\bfitB 0, \~\bfita 0, and \~\bfitb 0 are given by

\~\bfitB 0 \equiv (\lambda + \mu )\nabla (\nabla \cdot \~\bfitA 0) + \mu \nabla 2 \~\bfitA 0 +\nabla \lambda (\nabla \cdot \~\bfitA 0)

+ \nabla \mu \times (\nabla \times \~\bfitA 0) + 2(\nabla \mu \cdot \nabla ) \~\bfitA 0,(2.107)

\~\bfita 0 \equiv \nabla \cdot \~\bfitA 0 +
1

\lambda + \mu 
\nabla \mu \cdot \~\bfitA 0 +

2\mu 

(\lambda + \mu )| \nabla T| 2
\nabla T[(\nabla T \cdot \nabla ) \~\bfitA 0],(2.108)

\~\bfitb 0 \equiv 10\rho \~\bfita 0  - (\lambda + \mu )(\nabla T \cdot \nabla )\~\bfita 0  - \mu \nabla 2T\~\bfita 0

 - (\nabla T \cdot \nabla \lambda )\~\bfita 0  - (\nabla T \cdot \nabla \mu )\~\bfita 0 +\nabla T \cdot \~\bfitB 0.(2.109)

The governing equations for general \~\bfitA l for l \geq 2 are

(\nabla T \cdot \nabla ) \~\bfitA l +
1

2\mu 
[\nabla \cdot (\mu \nabla T) - (4l + 14)\rho ] \~\bfitA l +

\mu 

2\rho 
\nabla T

\biggl[ 
\nabla 
\biggl( 
\rho 

\mu 

\biggr) 
\cdot \~\bfitA l

\biggr] 
= \~\bfitR l - 1,

(2.110)

where

\~\bfitR l - 1 \equiv  - \nabla T\~\bfita l - 1

2
Tl - 1 +

\mu \nabla T[(\nabla T \cdot \nabla )\~\bfita l - 1]

4\rho 
Tl - 1  - \nabla T\~\bfitb l - 1

8\rho 
Tl - 1  - \nabla \lambda \~\bfita l - 1

2\mu 
Tl

 - (\lambda + \mu )\nabla \~\bfita l - 1

2\mu 
Tl +

\~\bfitB l - 1

2\mu 
Tl.(2.111)

Here the explicit formulas for \~\bfitB l - 1, \~\bfita l - 1, and \~\bfitb l - 1 are given in Appendix A.
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62 J. QIAN, J. SONG, W. LU, AND R. BURRIDGE

Now we consider the initialization for \~\bfitA l. First, we can obtain the following initial
conditions for \~\bfitA 0, \~\bfitA 1, and \~\bfitA 2 from (2.99) to (2.103),

\~\bfitA 0 =
T

5
2

\rho 0\pi r3
(\bfitI  - 3\bfitt \bfitt T ) +

\gamma S0
2
T

3
2

\rho 0\pi r
(\bfitI + \bfitt \bfitt T ) +O(T

3
2 ),(2.112)

\~\bfitA 1 = - 3

2
\~\bfitA 0 +

T
5
2

\rho 0\pi r3
(\bfitI  - 3\bfitt \bfitt T ) +O(T2),(2.113)

\~\bfitA 2 = - 3

4
\~\bfitA 0  - 1

2
\~\bfitA 1 +

T
5
2

2\rho 0\pi r3
(\bfitI  - 3\bfitt \bfitt T ) +O(T

5
2 ).(2.114)

Next, we give the details to initialize the general \~\bfitA l from the governing equations
(2.110) and the initial conditions (2.112)--(2.114) for \~\bfitA l with 0 \leq l \leq 2.

In an isotropic medium, the travel time function \tau (\cdot ; \bfitr 0) solving the eikonal equa-
tion | \nabla \tau (\bfitr ; \bfitr 0)| = \gamma S(\bfitr ) is locally smooth near the source except at the source point
\bfitr 0 itself [19, 27].

Assuming that the refractive index \gamma S
2
(\bfitr ) is analytic, \gamma S

2
(\bfitr ) can be written as

the following power series centered at the source point,

(2.115) \gamma S
2
(\bfitr ) =

\infty \sum 
k=0

\Phi k(\bfitr ; \bfitr 0),

where \Phi k is the homogeneous polynomial of degree-k term in the Taylor expansion of

\gamma S
2
about the source \bfitr 0 and \Phi 0 = \gamma S0

2
with \gamma S0 = \gamma S(\bfitr 0).

Assuming that T = \tau 2 is analytic, we have in the source neighborhood [15]

(2.116) \tau 2  - 
\biggl( 
\Phi 0 +

1

2
\Phi 1 +

1

3
\Phi 2  - 

1

48\Phi 0
| \nabla \Phi 1| 2r2

\biggr) 
r2 = O(r5).

This in fact gives rise to the following estimate: for any k \in \bfitR , as r \rightarrow 0,\biggl( 
\tau 

\gamma S0 r

\biggr) k

= 1 +
k

2\Phi 0

\biggl( 
\Phi 1

2
+

\Phi 2

3
 - | \nabla \Phi 1| 2

48\Phi 0
r2
\biggr) 
+
k

4

\biggl( 
k

2
 - 1

\biggr) 
\Phi 2

1

4\Phi 2
0

+O(r3).(2.117)

Then using formulas (2.116) and (2.117), we can rewrite (2.112)--(2.114) as follows.
(a) The sequence \{ \~\bfitA 0k\} is initialized by

\~\bfitA 00 = 0, \~\bfitA 01 = 0, \~\bfitA 02 =
2\gamma S0

5
r2

\rho 0\pi 
(\bfitI  - \bfitt \bfitt T ).(2.118)

(b) The sequence \{ \~\bfitA 1k\} is initialized by

\~\bfitA 10 = 0, \~\bfitA 11 = 0, \~\bfitA 12 =  - 2\gamma S0
5
r2

\rho 0\pi 
\bfitI ,(2.119)

\~\bfitA 13 =  - 3

2
\~\bfitA 03 +

5\gamma S0
3
\Phi 1r

2

4\rho 0\pi 
(\bfitI  - 3\bfitt \bfitt T ).

(c) The sequence \{ \~\bfitA 2k\} is initialized by

\~\bfitA 20 = 0, \~\bfitA 21 = 0, \~\bfitA 22 = 0, \~\bfitA 23 = 0,

(2.120)

\~\bfitA 24 =  - 3

4
\~\bfitA 04  - 

1

2
\~\bfitA 14 +

\gamma S0
3

2\rho 0\pi 
(\bfitI  - 3\bfitt \bfitt T )

\biggl[ 
5\Phi 2

6
r2 +

15\Phi 2
1

32\Phi 0
r2  - 5| \nabla \Phi 1| 2

96\Phi 0
r4
\biggr] 
.
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HADAMARD--BABICH ANSATZ 63

If we further assume that log \mu (\bfitr ), \~\bfitA l, and \~\bfitR l - 1 for all l \geq 0 are analytic at
the source \bfitr 0, then those asymptotic behaviors (2.112)--(2.114) for \~\bfitA 0, \~\bfitA 1, and \~\bfitA 2,
respectively, can be further clarified, and the exact solutions of \~\bfitA l for general l near
the source can be constructed recursively.

We first expand these ingredients as Taylor series about the source as

log \mu (\bfitr ) =
\infty \sum 
k=0

Uk(\bfitr ),(2.121)

\~\bfitA l(\bfitr ) =
\infty \sum 
k=0

\~\bfitA lk(\bfitr ),(2.122)

\~\bfitR l - 1(\bfitr ) =
\infty \sum 
k=0

\~\bfitR l - 1,k(\bfitr ),(2.123)

where the term with subscript k denotes a homogeneous polynomial of degree k. As
T = \tau 2 is analytic near the source neighborhood, we denote its Taylor series as

T(\bfitr ) = \tau 2(\bfitr ) =

\infty \sum 
k=0

Tk(\bfitr ).(2.124)

We see from the eikonal equation that T0 = T1 = 0 and T2 = \Phi 0r
2. Thus the

transport equation (2.110) for the S wave can be rewritten as

\infty \sum 
k=0

\Phi k(\bfitr )

\Biggl( \infty \sum 
k=2

\nabla Tk(\bfitr ) \cdot \nabla 

\Biggr) \infty \sum 
k=0

\~\bfitA lk(\bfitr ) +
1

2

\infty \sum 
k=2

\nabla Tk(\bfitr )

\Biggl[ \infty \sum 
k=0

\nabla \Phi k(\bfitr ) \cdot 
\infty \sum 
k=0

\~\bfitA lk(\bfitr )

\Biggr] 

+
\infty \sum 
k=0

\Phi k(\bfitr )

\Biggl[ 
1

2

\infty \sum 
k=2

\Delta Tk(\bfitr ) +
1

2

\infty \sum 
k=2

\nabla Tk(\bfitr ) \cdot 
\infty \sum 
k=0

\nabla Uk(\bfitr )

\Biggr] \infty \sum 
k=0

\~\bfitA lk(\bfitr )

+
\infty \sum 
k=0

\Phi k(\bfitr )

\Biggl[ 
 - (2l + 7)

\infty \sum 
k=0

\Phi k(\bfitr )

\Biggr] \infty \sum 
k=0

\~\bfitA lk(\bfitr )

=
\infty \sum 
k=0

\Phi k(\bfitr )
\infty \sum 
k=0

\~\bfitR l - 1,k(\bfitr ).

(2.125)

Comparing the qth degree polynomial of both sides, we have

0 = \Phi 0(\nabla T2 \cdot \nabla ) \~\bfitA lq +\Phi 0(
1

2
\Delta T2  - (2l + 7)\Phi 0) \~\bfitA lq

+
1

2

q - 1\sum 
s=0

\sum 
j+k=q - s,j,k\geq 0

\nabla T2+k(\nabla \Phi j \cdot \~\bfitA ls) +

q - 1\sum 
s=0

\sum 
j+k=q - s,j,k\geq 0

\Phi j(\nabla T2+k \cdot \nabla ) \~\bfitA ls

+

q - 1\sum 
s=0

\sum 
j+k=q - s,j,k\geq 0

\Phi j

\left(  \Delta T2+k

2
+

1

2

\sum 
m+n=k,m,n\geq 0

\nabla T2+m \cdot \nabla Un  - (2l + 7)\Phi k

\right)  \~\bfitA ls

 - 
\sum 

j+k=q,j,k\geq 0

\Phi j
\~\bfitR l - 1,k.

(2.126)

D
ow

nl
oa

de
d 

07
/2

2/
21

 to
 3

5.
8.

11
.3

. R
ed

is
tri

bu
tio

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.si

am
.o

rg
/p

ag
e/

te
rm

s



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

64 J. QIAN, J. SONG, W. LU, AND R. BURRIDGE

Using the fact that (\nabla T2 \cdot \nabla ) \~\bfitA lq = 2q\Phi 0
\~\bfitA lq and \Delta T2 = 6\Phi 0, we get

0 = (2q  - (2l + 4))\Phi 2
0
\~\bfitA lq

+
1

2

q - 1\sum 
s=0

\sum 
j+k=q - s,j,k\geq 0

\nabla T2+k(\nabla \Phi j \cdot \~\bfitA ls) +

q - 1\sum 
s=0

\sum 
j+k=q - s,j,k\geq 0

\Phi j(\nabla T2+k \cdot \nabla ) \~\bfitA ls

+

q - 1\sum 
s=0

\sum 
j+k=q - s,j,k\geq 0

\Phi j

\left(  \Delta T2+k

2
+

1

2

\sum 
m+n=k,m,n\geq 0

\nabla T2+m \cdot \nabla Un  - (2l + 7)\Phi k

\right)  \~\bfitA ls

 - 
\sum 

j+k=q,j,k\geq 0

\Phi j
\~\bfitR l - 1,k.

(2.127)

Hence we obtain a recursive formula to compute the qth degree polynomial \~\bfitA lq

of the lth amplitude coefficient \~\bfitA l.
It is clear that (2.127) is not valid for computing \~\bfitA lq\ast when q\ast = l + 2, since

the coefficient of \~\bfitA lq\ast becomes 0. However, in this case, we first notice that when

l \geq 3, \~\bfitA l has been assumed to be O(Tl) = O(r2l) = o(rl+2) due to 2l \geq l+2, so that
\~\bfitA lq\ast = 0 when q\ast = l + 2. In addition, we have three special cases: (1) l = 0 so that

q\ast = 2, but \~\bfitA 02 has been initialized according to (2.118); (2) l = 1 so that q\ast = 3,
but \~\bfitA 13 has been initialized according to (2.119); (3) l = 2 so that q\ast = 4, but \~\bfitA 24

has been initialized according to (2.120).
In the recursive formula (2.127), \~\bfitR l - 1,k depends on \~\bfitA l - 1 but does not depend on

\~\bfitA l; therefore, the power series of \~\bfitA l is computable via (2.127) once \~\bfitA l - 1 is available
near the source.

2.4. Case II, P wave: \bfitA \bfzero 
\bfitj \| \bfnabla T and 4\bfitrho T  - (\bfitlambda + 2\bfitmu )| \bfnabla T| \bftwo = 0. Let us

repeat (2.40) here for reference,

0 = 4\rho TAl
ij  - (\lambda + \mu )T,kT,iA

l
kj  - \mu T,kT,kA

l
ij

+ 2\rho (2l  - 9)Al - 1
ij + (\lambda + \mu )T,iA

l - 1
kj,k + (\lambda + \mu )T,kA

l - 1
kj,i + (\lambda + \mu )T,kiA

l - 1
kj

+ 2\mu T,kA
l - 1
ij,k + \mu T,kkA

l - 1
ij + \lambda ,iT,kA

l - 1
kj + \mu ,kT,kA

l - 1
ij + \mu ,kT,iA

l - 1
kj

 - (\lambda + \mu )Al - 2
kj,ki  - \mu Al - 2

ij,kk  - \lambda ,iA
l - 2
kj,k  - \mu ,kA

l - 2
ij,k  - \mu ,kA

l - 2
kj,i.(2.128)

Rewriting the first line using the fact that in Case II,

(2.129)  - \mu T,kT,kA
l
ij = (\lambda + \mu )T,kT,kA

l
ij  - 4\rho TAl

ij ,

we have

0 = (\lambda + \mu )(T,kT,kA
l
ij  - T,kT,iA

l
kj)

+ 2\rho (2l  - 9)Al - 1
ij + (\lambda + \mu )T,iA

l - 1
kj,k + (\lambda + \mu )T,kA

l - 1
kj,i + (\lambda + \mu )T,kiA

l - 1
kj

+ 2\mu T,kA
l - 1
ij,k + \mu T,kkA

l - 1
ij + \lambda ,iT,kA

l - 1
kj + \mu ,kT,kA

l - 1
ij + \mu ,kT,iA

l - 1
kj

 - (\lambda + \mu )Al - 2
kj,ki  - \mu Al - 2

ij,kk  - \lambda ,iA
l - 2
kj,k  - \mu ,kA

l - 2
ij,k  - \mu ,kA

l - 2
kj,i.(2.130)

2.4.1. P-wave transport equations for \bfitA \bfzero and \bfitA \bfone . First, we derive the
governing equation for \bfitA 0. We set l = 1 in (2.130) and then take the scalar product
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of (2.130) with T,i to obtain

0 = - 14\rho T,iA
0
ij + (\lambda + \mu )T,iT,iA

0
kj,k + (\lambda + \mu )T,iT,kA

0
kj,i + (\lambda + \mu )T,iT,kiA

0
kj

(2.131)

+ 2\mu T,iT,kA
0
ij,k + \mu T,iT,kkA

0
ij + \lambda ,iT,iT,kA

0
kj + \mu ,kT,iT,kA

0
ij + \mu ,kT,iT,iA

0
kj ,

where we have made use of the eikonal equation, 4\rho T = (\lambda + 2\mu )T,iT,i. Also the last
line does not contribute since A - 1

ij = 0.

Since \bfitA 0
j is parallel to \nabla T for 1 \leq j \leq 3, we may write it as

A0
ij = \alpha 0

jT,i,(2.132)

where \bfitalpha 0 = (\alpha 0
1, \alpha 

0
2, \alpha 

0
3) is a row vector.

Inserting (2.132) into (2.131), we get

0 = - 14\rho T,i\alpha 
0
jT,i + 2(\lambda + 2\mu )T,iT,i\alpha 

0
j,kT,k + 2(\lambda + 2\mu )T,iT,k\alpha 

0
jT,ik(2.133)

+ (\lambda + 2\mu )T,iT,iT,kk\alpha 
0
j + (\lambda ,k + 2\mu ,k)T,kT,iT,i\alpha 

0
j .

Employing the following relations

[(\lambda + 2\mu )T,iT,i],kT,k = (\lambda + 2\mu ),kT,iT,iTk + 2(\lambda + 2\mu )T,iT,ikT,k,(2.134)

(4\rho T),kT,k = 4\rho ,kT,kT + 4\rho T,kT,k,(2.135)

we can get

0 = - 14\rho \alpha 0
jT,iT,i + 2(\lambda + 2\mu )T,iT,iT,k\alpha 

0
j,k + (\lambda + 2\mu )\alpha 0

jT,kkT,iT,i

+ 4\rho ,kT,kT\alpha 
0
j + 4\rho T,kT,k\alpha 

0
j .(2.136)

Simplifying the result, we obtain

T,i\alpha 
0
j,i +

\biggl[ 
1

2\rho 
(\rho T,i),i  - 

5\rho 

\lambda + 2\mu 

\biggr] 
\alpha 0
j = 0.(2.137)

Next, we can derive the governing equation for \bfitA 1. Here we use vector notation
instead of subscript notation for simplicity. To determine \bfitA 1, we set l = 1 in (2.130)
and form the cross product of the resulting equation with \nabla T:

0 = - (\lambda + \mu )| \nabla T| 2\nabla T \times \bfitA 1  - (\lambda + \mu )\nabla T \times \nabla (\nabla T \cdot \bfitA 0)

 - 2\mu \nabla T \times [(\nabla T \cdot \nabla )\bfitA 0] - (\nabla T \times \nabla \lambda )(\nabla T \cdot \bfitA 0).(2.138)

To go further, we need to use the following relations which can be verified directly,

\nabla T \times [(\nabla T \cdot \nabla )\bfitA 0] = 2T\nabla T \times 
\biggl( 
\nabla 
\biggl( 

\rho 

\lambda + 2\mu 

\biggr) 
\bfitalpha 0

\biggr) 
(2.139)

and

\nabla T \times \nabla (\nabla T \cdot \bfitA 0) =
4\rho T

\lambda + 2\mu 
\nabla T \times \nabla \bfitalpha 0 + 4T\nabla T \times 

\biggl( 
\nabla 
\biggl( 

\rho 

\lambda + 2\mu 

\biggr) 
\bfitalpha 0

\biggr) 
.(2.140)

Inserting the above two relations into (2.138), we can obtain

\nabla T \times 
\biggl( 
\bfitA 1 +\nabla \bfitalpha 0 +

(\lambda + 2\mu )2

\rho (\lambda + \mu )
\nabla 
\biggl( 

\rho 

\lambda + 2\mu 

\biggr) 
\bfitalpha 0 +

\nabla \lambda \bfitalpha 0

\lambda + \mu 

\biggr) 
= 0.(2.141)
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From (2.141) we may conclude that

\bfitA 1 = \bfitC 0 +\nabla T\bfitalpha 1,(2.142)

where \bfitalpha 1 = (\alpha 1
1, \alpha 

1
2, \alpha 

1
3) is a row vector to be determined, and

\bfitC 0 =  - \nabla \bfitalpha 0  - (\lambda + 2\mu )2

\rho (\lambda + \mu )
\nabla 
\biggl( 

\rho 

\lambda + 2\mu 

\biggr) 
\bfitalpha 0  - \nabla \lambda \bfitalpha 0

\lambda + \mu 
.(2.143)

To find \bfitalpha 1, we set l = 2 in (2.130) and form the scalar product of the resulting
equation with \nabla T, yielding

0 = 10\rho (\nabla T \cdot \bfitA 1) - (\lambda + \mu )\nabla T \cdot \nabla (\nabla T \cdot \bfitA 1) - (\lambda + \mu )| \nabla T| 2(\nabla \cdot A1)

 - 2\mu \nabla T \cdot [(\nabla T \cdot \nabla )\bfitA 1] - \mu \nabla 2T(\nabla T \cdot \bfitA 1) - (\nabla \lambda \cdot \nabla T)(\nabla T \cdot \bfitA 1)

 - (\nabla \mu \cdot A1)| \nabla T| 2  - (\nabla \mu \cdot \nabla T)(\nabla T \cdot \bfitA 1)

+ (\lambda + \mu )\nabla T \cdot \nabla (\nabla \cdot \bfitA 0) + \mu \nabla T \cdot (\nabla 2\bfitA 0) + (\nabla \lambda \cdot \nabla T)(\nabla \cdot \bfitA 0)

+ \nabla T \cdot [\nabla \mu \times (\nabla \times \bfitA 0)] + 2\nabla T \cdot [(\nabla \mu \cdot \nabla )\bfitA 0].(2.144)

Inserting (2.142) into (2.144), we obtain

0 = [10\rho  - \mu \nabla 2T  - \nabla T \cdot \nabla (\lambda + \mu )]| \nabla T| 2\bfitalpha 1  - (\lambda + \mu )\nabla T \cdot \nabla (| \nabla T| 2\bfitalpha 1)

 - (\lambda + \mu )| \nabla T| 2\nabla \cdot (\nabla T\bfitalpha 1) - 2\mu \nabla T \cdot [(\nabla T \cdot \nabla )(\nabla T\bfitalpha 1)] - (\nabla \mu \cdot \nabla T)| \nabla T| 2\bfitalpha 1

+ [10\rho  - \mu \nabla 2T  - \nabla T \cdot \nabla (\lambda + \mu )](\nabla T \cdot \bfitC 0) - (\lambda + \mu )\nabla T \cdot \nabla (\nabla T \cdot \bfitC 0)

 - (\lambda + \mu )| \nabla T| 2(\nabla \cdot \bfitC 0) - 2\mu \nabla T \cdot [(\nabla T \cdot \nabla )\bfitC 0] - (\nabla \mu \cdot \bfitC 0)| \nabla T| 2 + \bfitd 0,(2.145)

where

\bfitd 0 = (\lambda + \mu )\nabla T \cdot \nabla (\nabla \cdot \bfitA 0) + \mu \nabla T \cdot \nabla 2\bfitA 0 + (\nabla \lambda \cdot \nabla T)(\nabla \cdot \bfitA 0)

+ \nabla T \cdot [\nabla \mu \times (\nabla \times \bfitA 0)] + 2\nabla T \cdot [(\nabla \mu \cdot \nabla )\bfitA 0].(2.146)

Using the following relations

\nabla T \cdot [(\nabla T \cdot \nabla )(\nabla T\bfitalpha 1)] = (\nabla T \cdot \nabla \bfitalpha 1)| \nabla T| 2 + 1

2
\nabla T \cdot \nabla (| \nabla T| 2)\bfitalpha 1(2.147)

and

\nabla \cdot (\nabla T\bfitalpha 1) = \nabla T \cdot \nabla \bfitalpha 1 +\nabla 2T\bfitalpha 1,(2.148)

we may simplify (2.145) into

\nabla T \cdot \nabla \bfitalpha 1 +

\biggl[ 
1

2\rho 
\nabla \cdot (\rho \nabla T) - 3\rho 

\lambda + 2\mu 

\biggr] 
\bfitalpha 1 = \bfitc 0,(2.149)

where \bfitc 0 is defined to be

\bfitc 0 \equiv 1

8\rho T
\{ [10\rho  - \mu \nabla 2T  - \nabla T \cdot \nabla (\lambda + \mu )](\nabla T \cdot \bfitC 0) - (\lambda + \mu )\nabla T \cdot \nabla (\nabla T \cdot \bfitC 0)

 - (\lambda + \mu )| \nabla T| 2(\nabla \cdot \bfitC 0) - 2\mu \nabla T \cdot [(\nabla T \cdot \nabla )\bfitC 0] - (\nabla \mu \cdot \bfitC 0)| \nabla T| 2 + \bfitd 0\} .(2.150)
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2.4.2. P-wave transport equations for general \bfitA \bfitl . Similarly, we can derive
governing equations for \bfitA l when l \geq 2, which are stated as the following:

\bfitA l = \bfitC l - 1 +\nabla T\bfitalpha l,(2.151)

where \bfitalpha l is to be determined, and \bfitC l - 1 is available from already computed quantities
by using the following formula,

\bfitC l - 1 \equiv 1

(\lambda + \mu )| \nabla T| 2
\{  - \rho (4l  - 18)\bfitA l - 1

 - (\lambda + \mu )\nabla (\nabla T \cdot \bfitA l - 1) - 2\mu (\nabla T \cdot \nabla )\bfitA l - 1  - \mu \nabla 2T\bfitA l - 1

 - \nabla \lambda (\nabla T \cdot \bfitA l - 1) - (\nabla \mu \cdot \nabla T)\bfitA l - 1 + (\lambda + \mu )\nabla (\nabla \cdot \bfitA l - 2)

+ \mu \nabla 2\bfitA l - 2 +\nabla \lambda (\nabla \cdot \bfitA l - 2) +\nabla \mu \times (\nabla \times \bfitA l - 2) + 2(\nabla \mu \cdot \nabla )\bfitA l - 2\} .(2.152)

Accordingly, we can derive the recursive equations for \bfitalpha l,

\nabla T \cdot \nabla \bfitalpha l +

\biggl[ 
1

2\rho 
\nabla \cdot (\rho \nabla T) +

(2l  - 5)\rho 

\lambda + 2\mu 

\biggr] 
\bfitalpha l = \bfitc l - 1,(2.153)

where \bfitc l - 1 satisfies

\bfitc l - 1 \equiv 1

8\rho T
\{ [(14 - 4l)\rho  - \mu \nabla 2T  - \nabla T \cdot \nabla (\lambda + \mu )](\nabla T \cdot \bfitC l - 1)

 - (\lambda + \mu )\nabla T \cdot \nabla (\nabla T \cdot \bfitC l - 1) - (\lambda + \mu )| \nabla T| 2(\nabla \cdot \bfitC l - 1)

 - 2\mu \nabla T \cdot [(\nabla T \cdot \nabla )\bfitC l - 1] - (\nabla \mu \cdot \bfitC l - 1)| \nabla T| 2

+ (\lambda + \mu )\nabla T \cdot \nabla (\nabla \cdot \bfitA l - 1) + \mu \nabla T \cdot \nabla 2\bfitA l - 1 + (\nabla \lambda \cdot \nabla T)(\nabla \cdot \bfitA l - 1)

+\nabla T \cdot [\nabla \mu \times (\nabla \times \bfitA l - 1)] + 2\nabla T \cdot [(\nabla \mu \cdot \nabla )\bfitA l - 1]\} (2.154)

with \bfitC l = 0 and \bfitc l = 0 for l < 0.

2.4.3. P wave: Verification in a homogeneous medium. In a homogeneous
medium, the parameters \rho , \lambda , and \mu are constants. In this case, (2.137) reduces to

T,i\alpha 
0
j,i  - 

2\rho 

\lambda + 2\mu 
\alpha 0
j = 0.(2.155)

Here we have T = \gamma P
2
r2 = \rho 

\lambda +2\mu r
2 in a homogeneous medium. We have the exact

Green's function for the P wave, which we rewrite here as

(2.156) \"GP
ij =

\gamma P
3

\rho \pi 
[2\gamma P

2
r2titjf

( - 3)
+ (t2  - \gamma P

2
r2) - \delta ijf

( - 2)
+ (t2  - \gamma P

2
r2)].

To simplify the derivation, we assume that the source is at the origin in this subsection.

From this, we obtain A0
ij = 2\gamma P 5

\rho \pi xixj and A1
ij =  - \gamma P 3

\rho \pi \delta ij . So for any 1 \leq j \leq 3,

A0
ij =

\gamma P 3

\rho \pi T,ixj , and the corresponding \alpha 0
j = \gamma P 3

\rho \pi xj . Since \alpha 
0
j,i =

\gamma P 3

\rho \pi \delta ij , we have

(2.157) T,i\alpha 
0
j,i  - 

2\rho 

\lambda + 2\mu 
\alpha 0
j = 2

\gamma P
5

\rho \pi 
xi\delta ij  - 2

\gamma P
5

\rho \pi 
xj = 0,

which verifies (2.155).
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Now we verify (2.142) in a uniform medium, i.e., A1
ij = C0

ij+\alpha 
1
jT,i. From (2.143),

we have

(2.158) C0
ij =  - \alpha 0

j,i =  - \gamma 
P 3

\rho \pi 
\delta ij ,

yielding

(2.159) A1
ij  - C0

ij =  - \gamma 
P 3

\rho \pi 
\delta ij +

\gamma P
3

\rho \pi 
\delta ij = 0,

which implies that \alpha 1
j = 0.

To see that \alpha 1
j = 0 satisfies (2.149) in a homogeneous medium, we just need to

check that c0j defined in (2.150) vanishes,

(2.160) c0j =
1

8\rho T
\{ (10\rho  - \mu T,kk)C

0
ijT,i  - (\lambda + \mu )T,i(C

0
kjT,k),i + d0j\} .

First we find that d0 in (2.146) is given by

d0j = (\lambda + \mu )T,iA
0
kj,ki + \mu T,iA

0
ij,kk

= 16(\lambda + \mu )
\gamma P

7

\rho \pi 
xj + 8\mu 

\gamma P
7

\rho \pi 
xj .(2.161)

Inserting this into (2.160), we can obtain

c0j =
1

8\rho T

\Biggl\{ 
 - 20\gamma P

5
xj

\pi 
+

12\mu \gamma P
7
xj

\rho \pi 
+

4(\lambda + \mu )\gamma P
7
xj

\rho \pi 
+

16(\lambda + \mu )\gamma P
7
xj

\rho \pi 
+

8\mu \gamma P
7
xj

\rho \pi 

\Biggr\} 
(2.162)

= 0.

Similarly, we can verify that the coefficients Al
ij are 0 for l \geq 2 in a homogeneous

medium.

2.4.4. P wave: Initial conditions for \bfitA \bfitl . In this section, we shall initialize
those amplitude coefficients\bfitA l for the P wave at the source \bfitr 0 in the three dimensional
space. In a center-deleted neighborhood of \bfitr 0, say 0 < | \bfitr  - \bfitr 0| < x0, where x0 is a
positive constant, we propose the following matching condition,

( \"\bfitG P (\bfitr ; t) - \"\bfitG P
hom(\bfitr ; t))tn \in L1(\{ t; (0, T )\} )(2.163)

over any finite time period (0, T ) for any nonnegative integer n, where

(2.164) \"\bfitG P
hom =

\gamma P0
3

\rho 0\pi 

\Bigl[ 
2\gamma P0

2
r2\bfitt \bfitt T f

( - 3)
+ (t2  - \gamma P0

2
r2) - \bfitI f

( - 2)
+ (t2  - \gamma P0

2
r2)
\Bigr] 

with \bfitt = \bfitr  - \bfitr 0

| \bfitr  - \bfitr 0| being the unit tangent vector to the P ray. Here \bfitt \bfitt T = (titj)3\times 3

is a matrix, and \gamma P0 =
\sqrt{} 

\rho 0

\lambda 0+2\mu 0
is the slowness for the P wave with \rho 0 = \rho (\bfitr 0),

\mu 0 = \mu (\bfitr 0), and \lambda 0 = \lambda (\bfitr 0).
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Since f
( - 3+l)
+ (t2  - T) \in L1(\{ t; (0, T )\} ) for l \geq 3, the above matching condition

can be reduced to

\"\bfitG n
diff = [ \"\bfitG P (\bfitr ; t) - \"\bfitG P

hom(\bfitr ; t)]tn(2.165)

= \bfitA 0f
( - 3)
+ (t2  - T(\bfitr ))tn +\bfitA 1f

( - 2)
+ (t2  - T(\bfitr ))tn

+\bfitA 2f
( - 1)
+ (t2  - T(\bfitr ))tn  - \"\bfitG P

homt
n

= \bfitA 0\delta (2)(t2  - T(\bfitr ))tn +\bfitA 1\delta (1)(t2  - T(\bfitr ))tn +\bfitA 2\delta (t2  - T(\bfitr ))tn

 - \gamma P0
3

\rho 0\pi 
[2\gamma P0

2
r2\bfitt \bfitt T \delta (2)(t2  - \gamma P0

2
r2) - \bfitI \delta (1)(t2  - \gamma P0

2
r2)]tn

\in L1(\{ t; (0, T )\} )

for any \bfitr satisfying 0 < | \bfitr  - \bfitr 0| < x0.
For \bfitr sufficiently close to \bfitr 0 such that all \delta -related functions do not vanish, one

gets \int T

0

\delta (k)[t2  - T(\bfitr )]tndt =

\int T 2 - T(\bfitr )

 - T(\bfitr )

\delta (k)(\~t)
1

2
(\~t+ T(\bfitr ))

n
2  - 1

2 d\~t(2.166)

=
( - 1)k

2

k - 1\prod 
j=0

\biggl( 
n

2
 - 1

2
 - j

\biggr) 
[T(\bfitr )]

n
2  - 1

2 - k.

Since k is at most 2 in our situation, n
2  - 

1
2  - k \geq 0 for n \geq 5 so that we are concerned

about the five cases n = 0, 1, 2, 3, 4 only. Therefore, we enforce\int T

0

\"\bfitG 0
diffdt =

3

8

\Biggl[ 
\bfitA 0

T(\bfitr )
5
2

 - 2\gamma P0
5
r2

\rho 0\pi (\gamma P0 r)
5
\bfitt \bfitt T

\Biggr] 
(2.167)

+
1

4

\Biggl[ 
\bfitA 1

T(\bfitr )
3
2

+
\gamma P0

3

\rho 0\pi (\gamma P0 r)
3
\bfitI 

\Biggr] 
+

\bfitA 2

2T(\bfitr )
1
2

=
3

8

\bfitA 0

T(\bfitr )
5
2

+
1

4

\bfitA 1

T(\bfitr )
3
2

+
\bfitA 2

2T(\bfitr )
1
2

+
1

4\rho 0\pi r3
(\bfitI  - 3\bfitt \bfitt T ) = O(1),

\int T

0

\"\bfitG 1
diffdt =

\bfitA 2

2
= O(1),(2.168)

\int T

0

\"\bfitG 2
diffdt =  - 1

8

\Biggl[ 
\bfitA 0

T(\bfitr )
3
2

 - 2\gamma P0
5
r2

\rho 0\pi (\gamma P0 r)
3
\bfitt \bfitt T

\Biggr] 
(2.169)

 - 1

4

\Biggl[ 
\bfitA 1

T(\bfitr )
1
2

+
\gamma P0

3

\rho 0\pi (\gamma P0 r)
\bfitI 

\Biggr] 
+

\bfitA 2

2
T(\bfitr )

1
2

=  - 1

8

\bfitA 0

T(\bfitr )
3
2

 - 1

4

\bfitA 1

T(\bfitr )
1
2

+
\bfitA 2

2
T(\bfitr )

1
2  - \gamma P0

2

4\rho 0\pi r
(\bfitI  - \bfitt \bfitt T ) = O(1),

\int T

0

\"\bfitG 3
diffdt =  - 1

2

\Biggl[ 
\bfitA 1 +

\gamma P0
3

\rho 0\pi 

\Biggr] 
+

1

2
\bfitA 2T(\bfitr ) = O(1),(2.170)
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0

\"\bfitG 4
diffdt =

3

8

\Biggl[ 
\bfitA 0

T(\bfitr )
1
2

 - 2\gamma P0
5
r2

\rho 0\pi (\gamma P0 r)
\bfitt \bfitt T

\Biggr] 
(2.171)

 - 3

4

\Biggl[ 
\bfitA 1T(\bfitr )

1
2 +

\gamma P0
3

\rho 0\pi 
(\gamma P0 r)\bfitI 

\Biggr] 
+

\bfitA 2

2
T(\bfitr )

3
2

=
3

8

\bfitA 0

T(\bfitr )
1
2

 - 3

4
\bfitA 1T(\bfitr )

1
2 +

\bfitA 2

2
T(\bfitr )

3
2  - 3\gamma P0

4
r

4\rho 0\pi 
(\bfitI + \bfitt \bfitt T ) = O(1)

for 0 < | \bfitr  - \bfitr 0| < x0.
Hiding the O(1) terms above, we get

3

8

\bfitA 0

T(\bfitr )
5
2

+
1

4

\bfitA 1

T(\bfitr )
3
2

+
\bfitA 2

2T(\bfitr )
1
2

+
1

4\rho 0\pi r3
(\bfitI  - 3\bfitt \bfitt T ) = O(1),(2.172)

 - 1

8

\bfitA 0

T(\bfitr )
3
2

 - 1

4

\bfitA 1

T(\bfitr )
1
2

 - \gamma P0
2

4\rho 0\pi r
(\bfitI  - \bfitt \bfitt T ) = O(1),(2.173)

3

8

\bfitA 0

T(\bfitr )
1
2

= O(1).(2.174)

Considering (2.172) \times T(\bfitr ) + (2.173), we can obtain the initial condition for \bfitA 0

as \bfitr \rightarrow \bfitr 0,

\bfitA 0 =  - T
5
2

\rho 0\pi r3
(\bfitI  - 3\bfitt \bfitt T ) +

\gamma P0
2
T

3
2

\rho 0\pi r
(\bfitI  - \bfitt \bfitt T ) +O(T

3
2 ).(2.175)

Moreover, since \tau is the travel time from the source \bfitr 0 to \bfitr which is proportional to
r = | \bfitr  - \bfitr 0| , T = \tau 2 is proportional to r2 as \bfitr \rightarrow \bfitr 0, leading to \bfitA 0 = O(1) as \bfitr \rightarrow \bfitr 0.

Next, (2.172)\times 4T(\bfitr )
3
2 gives rise to the initial condition for \bfitA 1 as \bfitr \rightarrow \bfitr 0,

\bfitA 1 = - 3

2

\bfitA 0

T
 - T

3
2

\rho 0\pi r3
(\bfitI  - 3\bfitt \bfitt T ) + 2\bfitA 2T +O(T

3
2 )

= - 3

2

\bfitA 0

T
 - T

3
2

\rho 0\pi r3
(\bfitI  - 3\bfitt \bfitt T ) +O(T).(2.176)

Substituting (2.175) into (2.176), we get

\bfitA 1 =
1

2

T
3
2

\rho 0\pi r3
(\bfitI  - 3\bfitt \bfitt T ) - 3

2

\gamma P0
2
T

1
2

\rho 0\pi r
(\bfitI  - \bfitt \bfitt T ) +O(T

1
2 ).(2.177)

Similar to the case for \bfitA 0, we have \bfitA 1 = O(1) as \bfitr \rightarrow \bfitr 0.

Finally, (2.172)\times 2T(\bfitr )
1
2 gives rise to the initial condition for \bfitA 2 as \bfitr \rightarrow \bfitr 0,

\bfitA 2 =  - 3

4

\bfitA 0

T2
 - 1

2

\bfitA 1

T
 - T

1
2

2\rho 0\pi r3
(\bfitI  - 3\bfitt \bfitt T ) +O(T

1
2 ).(2.178)

When substituting (2.176) into (2.178), the first three terms on the right-hand side
of (2.178) will be canceled. So we have \bfitA 2 = O(1) as \bfitr \rightarrow \bfitr 0 which is also consistent
with (2.168).
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2.4.5. P wave: Governing equations for desingularizing \bfitA \bfitl . Although
we enforce the condition that \bfitA l are O(1) near the source for all l \geq 0, they are
not necessarily smooth at the source \bfitr 0 in an inhomogeneous medium; this can be
seen from the initial conditions (2.175)--(2.178). Therefore, we desingularize \bfitA l by
introducing a new set of dyadic coefficients,

\~\bfitA l = \bfitA l\tau 2l,(2.179)

so that

\bfitA l = O(1) as \bfitr \rightarrow \bfitr 0,

\~\bfitA l = O(\tau 2l) as \bfitr \rightarrow \bfitr 0.

According to (2.151) and (2.179), we can set

\~\bfitA l = \~\bfitC l - 1 +\nabla T \~\bfitalpha l,(2.180)

where \~\bfitC l - 1 = \bfitC l - 1Tl and \~\bfitalpha l = \bfitalpha lTl. Hence, we can derive transport equations for
\~\bfitalpha l from transport equations for \bfitalpha l for l = 0, 1 as the following,

\nabla T \cdot \nabla \~\bfitalpha 0 +

\biggl[ 
1

2\rho 
\nabla \cdot (\rho \nabla T) - 5\rho 

\lambda + 2\mu 

\biggr] 
\~\bfitalpha 0 = 0,(2.181)

\nabla T \cdot \nabla \~\bfitalpha 1 +

\biggl[ 
1

2\rho 
\nabla \cdot (\rho \nabla T) - 7\rho 

\lambda + 2\mu 

\biggr] 
\~\bfitalpha 1 = \~\bfitc 0,(2.182)

where \~\bfitc 0 can be computed by the following formula,

\~\bfitc 0 \equiv 1

8\rho 
\{ 10\rho  - \mu \nabla 2T  - \nabla T \cdot \nabla (\lambda + \mu )](\nabla T \cdot \bfitC 0) - (\lambda + \mu )\nabla T \cdot \nabla (\nabla T \cdot \bfitC 0)

 - (\lambda + \mu )| \nabla T| 2(\nabla \cdot \bfitC 0) - 2\mu \nabla T \cdot [(\nabla T \cdot \nabla )\bfitC 0] - (\nabla \mu \cdot \bfitC 0)| \nabla T| 2 + \bfitd 0\} ,(2.183)

where \bfitC 0 and \bfitd 0 are defined in (2.143) and (2.146) since \~\bfitA 0 = \bfitA 0.
For general l \geq 2, we can similarly derive the following governing equations,

\nabla T \cdot \nabla \~\bfitalpha l +

\biggl[ 
1

2\rho 
\nabla \cdot (\rho \nabla T) - (2l + 5)\rho 

\lambda + 2\mu 

\biggr] 
\~\bfitalpha l = \~\bfitc l - 1,(2.184)

where \~\bfitc l - 1 = Tl\bfitc l - 1, and \bfitc l - 1 is the same as (2.154). The detailed formula for \~\bfitc l - 1

is given in Appendix A.
We are interested in the initialization for \~\bfitalpha l, but we only have the relation (2.180)

between \~\bfitalpha l and \~\bfitA l. It will become apparent later that we can initialize both \~\bfitalpha l and
\~\bfitA l based on the relation (2.180) and the governing equations (2.184) for \~\bfitalpha l.

First, we consider the initialization for \~\bfitA l, 0 \leq l \leq 2. We can get the following
initial condition for \~\bfitA 0, \~\bfitA 1, and \~\bfitA 2 from (2.175)--(2.179),

\~\bfitA 0 = - T
5
2

\rho 0\pi r3
(\bfitI  - 3\bfitt \bfitt T ) +

\gamma P
2
T

3
2

\rho 0\pi r
(\bfitI  - \bfitt \bfitt T ) +O(T

3
2 ),(2.185)

\~\bfitA 1 = - 3

2
\~\bfitA 0  - T

5
2

\rho 0\pi r3
(\bfitI  - 3\bfitt \bfitt T ) +O(T2),(2.186)

\~\bfitA 2 = - 3

4
\~\bfitA 0  - 1

2
\~\bfitA 1  - T

5
2

2\rho 0\pi r3
(\bfitI  - 3\bfitt \bfitt T ) +O(T

5
2 ).(2.187)
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72 J. QIAN, J. SONG, W. LU, AND R. BURRIDGE

Assuming that the refractive index \gamma P
2
(\bfitr ) is analytic, \gamma P

2
(\bfitr ) can be written as

the following power series

(2.188) \gamma P
2
(\bfitr ) =

\infty \sum 
k=0

\Psi k(\bfitr ; \bfitr 0),

where \Psi k are homogeneous polynomials of degree k in the Taylor expansion of \gamma P
2

about the source \bfitr 0 and \Psi 0 = \gamma P0
2
with \gamma P0 = \gamma P (\bfitr 0).

In an isotropic medium, when \gamma P is smooth, the travel time function \tau (\cdot ; \bfitr 0)
solving the eikonal equation | \nabla \tau (\bfitr ; \bfitr 0)| = \gamma P (\bfitr ) is locally smooth in the source
neighborhood except at the source itself [19, 27]. Therefore, we may assume that \tau 2

is analytic, so that we have in the source neighborhood [15],

(2.189) \tau 2  - 
\biggl( 
\Psi 0 +

1

2
\Psi 1 +

1

3
\Psi 2  - 

1

48\Psi 0
| \nabla \Psi 1| 2r2

\biggr) 
r2 = O(r5).

Similarly to the case for the S wave, we can derive the initial conditions for the
first three dyadic coefficients.

(a) The sequence \{ \~\bfitA 0k\} is initialized by

\~\bfitA 00 = 0, \~\bfitA 01 = 0, \~\bfitA 02 =
2\gamma P0

5
r2

\rho 0\pi 
\bfitt \bfitt T .(2.190)

(b) The sequence \{ \~\bfitA 1k\} is initialized by

\~\bfitA 10 = 0, \~\bfitA 11 = 0, \~\bfitA 12 =  - \gamma 
P
0

5
r2

\rho 0\pi 
\bfitI ,

\~\bfitA 13 =  - 3

2
\~\bfitA 03  - 

5\gamma P0
3
\Psi 1r

2

4\rho 0\pi 
(\bfitI  - 3\bfitt \bfitt T ).(2.191)

(c) The sequence \{ \~\bfitA 2k\} is initialized by

\~\bfitA 20 = 0, \~\bfitA 21 = 0, \~\bfitA 22 = 0, \~\bfitA 23 = 0,

(2.192)

\~\bfitA 24 =  - 3

4
\~\bfitA 04  - 

1

2
\~\bfitA 14  - 

\gamma P0
3

2\rho 0\pi 
(\bfitI  - 3\bfitt \bfitt T )

\biggl[ 
5\Psi 2

6
r2 +

15\Psi 2
1

32\Psi 0
r2  - 5| \nabla \Psi 1| 2

96\Psi 0
r4
\biggr] 
.

If we further assume that log \rho (\bfitr ), \~\bfitalpha l, \~\bfitC l - 1, and \~\bfitc l - 1 for l \geq 0 are all analytic
in a neighborhood of the source \bfitr 0, we can expand these functions as Taylor series at
the source,

log \rho (\bfitr ) =

\infty \sum 
k=0

Pk(\bfitr ),(2.193)

\~\bfitalpha l(\bfitr ) =
\infty \sum 
k=0

\~\bfitalpha lk(\bfitr ),(2.194)

\~\bfitC l - 1(\bfitr ) =

\infty \sum 
k=0

\~\bfitC l - 1,k(\bfitr ),(2.195)
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HADAMARD--BABICH ANSATZ 73

\~\bfitc l - 1(\bfitr ) =
\infty \sum 
k=0

\~\bfitc l - 1,k(\bfitr ),(2.196)

where the term with subscript k denotes a homogeneous polynomial of degree k.
As T = \tau 2 is analytic near the source neighborhood, we denote its Taylor series

as

T(\bfitr ) = \tau 2(\bfitr ) =
\infty \sum 
k=0

Tk(\bfitr ).(2.197)

Moreover, from the formula (2.180), \~\bfitalpha l can be expanded

\infty \sum 
k=0

\~\bfitA lk =
\infty \sum 
k=0

\~\bfitC l - 1,k +
\infty \sum 
k=0

\nabla Tk

\infty \sum 
k=0

\~\bfitalpha lk.(2.198)

Equating the (q + 1)th degree polynomials of both sides, we can get

\nabla T2 \~\bfitalpha lq = \~\bfitA l,q+1  - \~\bfitC l - 1,q+1  - 
q - 1\sum 
k=0

\nabla Tq+2 - k \~\bfitalpha lk,(2.199)

and forming the dot product of the above with \nabla T2 yields

\~\bfitalpha lq =
1

4\Psi 2
0r

2

\Biggl( 
\nabla T2 \cdot \~\bfitA l,q+1  - \nabla T2 \cdot \~\bfitC l - 1,q+1  - 

q - 1\sum 
k=0

(\nabla T2 \cdot \nabla Tq+2 - k) \~\bfitalpha lk

\Biggr) 
,(2.200)

which is useful for initializing the computation of \~\bfitalpha l.
On the other hand, the transport equations (2.184) for \~\bfitalpha l can be expanded,

\infty \sum 
k=2

\nabla Tk(\bfitr ) \cdot 
\infty \sum 
k=0

\nabla \~\bfitalpha lk(\bfitr )

+

\Biggl[ 
1

2

\infty \sum 
k=2

\Delta Tk(\bfitr ) +
1

2

\infty \sum 
k=2

\nabla Tk(\bfitr )
\infty \sum 
k=0

\nabla Pk(\bfitr ) - (2l + 5)
\infty \sum 
k=0

\Psi k(\bfitr )

\Biggr] \infty \sum 
k=0

\~\bfitalpha lk(\bfitr )

=
\infty \sum 
k=0

\~\bfitc l - 1,k(\bfitr ).

(2.201)

Equating qth degree polynomials of both sides, we have

(2q  - 2l  - 2)\Psi 0 \~\bfitalpha lq = \~\bfitc l - 1,q  - 
q - 1\sum 
k=1

\nabla T2+q - k \cdot \nabla \~\bfitalpha lk  - 1

2

q - 1\sum 
k=0

\Delta T2+q - k \~\bfitalpha lk

+ (2l + 5)

q - 1\sum 
k=0

\Psi q - k \~\bfitalpha lk  - 1

2

q - 1\sum 
k=0

\~\bfitalpha lk

\left(  q - k\sum 
j=1

\nabla T2+q - j - k \cdot \nabla Pj

\right)  .(2.202)

Hence we obtain a recursive formula to compute the qth degree polynomial \~\bfitalpha lq. It
is clear that (2.202) is not valid for computing \~\bfitalpha lq\ast for q\ast = l+1 since the coefficient
of \~\bfitalpha lq\ast vanishes. Two cases arise here: case (a) for l \geq 3 and case (b) for 0 \leq l \leq 2.
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Consider case (a) for l \geq 3 first; in this case, \~\bfitA l have been assumed to be O(Tl) =
O(r2l). From the formula (2.180), it implies that \~\bfitalpha l behaves at least O(r2l - 1) =
o(rl+1) due to 2l \geq l + 2, and we further have that \~\bfitalpha lq\ast = 0 for q\ast = l + 1.

Next, consider case (b) for 0 \leq l \leq 2; in this case, \~\bfitalpha 01, \~\bfitalpha 12 and \~\bfitalpha 23 can be
directly initialized from initial conditions (2.190)--(2.192) and the recursive formula
(2.200), respectively.

In the recursive formula (2.202), \~\bfitc l - 1,q depends on \~\bfitalpha l - 1 but does not depend on
\~\bfitalpha l; therefore, the power series of \~\bfitalpha l is computable via (2.202) once \~\bfitalpha l - 1 is obtained
near the source.

3. Hadamard--Babich ansatz in the frequency domain. The Fourier trans-
form of (2.29) in time yields the FDPS elastic wave equations (1.1) with

\bfitG (\bfitr ; \bfitr 0) =

\int \infty 

0

\bfitG (\bfitr , t; \bfitr 0)e
i\omega tdt,(3.1)

so that by (2.29), (2.103), and (2.179), we get the following frequency-domain asymp-
totic ansatz,

\bfitG (\bfitr ; \bfitr 0) =
\infty \sum 
l=0

\~\bfitA l(\bfitr ; \bfitr 0)

 - \omega 2Tl

\int \infty 

0

ei\omega tf
( - 3+l)
+ (t2  - \tau 2(\bfitr ; \bfitr 0))dt.(3.2)

The integral in (3.2) has the following closed form [17],\int \infty 

\tau 

ei\omega tf
(\nu  - 1

2 )
+ (t2  - \tau 2(\bfitr ; \bfitr 0))dt =

1

2
i
\surd 
\pi 

\biggl( 
2\tau 

\omega 

\biggr) \nu 

ei\omega \nu H(1)
\nu (\omega \tau ) \equiv f\nu (\omega , \tau ),(3.3)

where f\nu (\omega , \tau ) is exactly the basis function used in Babich's ansatz [2].
By (3.2) and (3.3), we immediately find that the frequency-domain Hadamard's

ansatz should be

\bfitG (\bfitr ; \bfitr 0) =
\infty \sum 
l=0

\~\bfitA l(\bfitr ; \bfitr 0)

 - \omega 2Tl
f - 3+l+ 1

2
(\omega , \tau (\bfitr ; \bfitr 0)),(3.4)

which we refer to as the Hadamard--Babich ansatz.

4. Numerical implementation.

4.1. Numerical computation for S waves. Numerically, it is impossible to
construct \{ \~\bfitA l\} for all l \geq 0 so that we have to truncate the ansatz in our implemen-
tation. To make sure that this truncated ansatz is at least capable of reproducing
the homogeneous fundamental solution (2.26), we truncate the formula to obtain the
following ansatz,

\bfitG S(\bfitr ; \bfitr 0) =
\~\bfitA 0(\bfitr ; \bfitr 0)

 - \omega 2
f - 3+ 1

2
(\omega , \tau (\bfitr ; \bfitr 0)) +

\~\bfitA 1(\bfitr ; \bfitr 0)

 - \omega 2T(\bfitr ; \bfitr 0)
f - 2+ 1

2
(\omega , \tau (\bfitr ; \bfitr 0)).(4.1)

Therefore, we have to compute \tau , \~\bfitA 0, and \~\bfitA 1 to approximate the Green's function
\bfitG S .

For the sake of convenience, we restate the governing equations for \tau S , \~\bfitA 0, and
\~\bfitA 1 along with their initial conditions. We have that \tau S satisfies

(4.2) | \nabla \tau S | = \gamma S

with the initial condition \tau S(\bfitr 0; \bfitr 0) = 0.
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We have that \~\bfitA 0 satisfies

(\nabla T \cdot \nabla ) \~\bfitA 0 +
1

2\mu 
[\nabla \cdot (\mu \nabla T) - 14\rho ] \~\bfitA 0 +

\mu 

2\rho 
\nabla T

\biggl[ 
\nabla 
\biggl( 
\rho 

\mu 

\biggr) 
\cdot \~\bfitA 0

\biggr] 
= 0(4.3)

with the initial condition

\~\bfitA 0 =
T

5
2

\rho 0\pi r3
(\bfitI  - 3\bfitt \bfitt T ) +

\gamma S0
2
T

3
2

\rho 0\pi r
(\bfitI + \bfitt \bfitt T ) +O(T

3
2 ),(4.4)

where \bfitt is the unit tangent vector to the S ray.
We also have that \~\bfitA 1 satisfies

(\nabla T \cdot \nabla ) \~\bfitA 1 +
1

2\mu 
[\nabla \cdot (\mu \nabla T) - 18\rho ] \~\bfitA 1 +

\mu 

2\rho 
\nabla T

\biggl[ 
\nabla 
\biggl( 
\rho 

\mu 

\biggr) 
\cdot \~\bfitA 1

\biggr] 
= \~\bfitR 0(4.5)

with the initial condition

\~\bfitA 1 =  - 3

2
\~\bfitA 0 +

T
5
2

\rho 0\pi r3
(\bfitI  - 3\bfitt \bfitt T ) +O(T2),(4.6)

where

\~\bfitR 0 =  - \nabla T\~\bfita 0

2
+
\mu \nabla T[(\nabla T \cdot \nabla )\~\bfita 0]

4\rho 
 - \nabla T\~\bfitb 0

8\rho 
 - T\nabla \lambda \~\bfita 0

2\mu 
 - (\lambda + \mu )T\nabla \~\bfita 0

2\mu 
+

T \~\bfitB 0

2\mu 
.

(4.7)

Here \~\bfitB 0, \~\bfita 0, and \~\bfitb 0 are given by

\~\bfitB 0 = (\lambda + \mu )\nabla (\nabla \cdot \~\bfitA 0) + \mu \nabla 2 \~\bfitA 0 +\nabla \lambda (\nabla \cdot \~\bfitA 0)

+ \nabla \mu \times (\nabla \times \~\bfitA 0) + 2(\nabla \mu \cdot \nabla ) \~\bfitA 0,(4.8)

\~\bfita 0 = \nabla \cdot \~\bfitA 0 +
1

\lambda + \mu 
\nabla \mu \cdot \~\bfitA 0 +

2\mu 

(\lambda + \mu )| \nabla T| 2
\nabla T[(\nabla T \cdot \nabla ) \~\bfitA 0],(4.9)

\~\bfitb 0 = 10\rho \~\bfita 0  - (\lambda + \mu )(\nabla T \cdot \nabla )\~\bfita 0  - \mu \nabla 2T\~\bfita 0

 - (\nabla T \cdot \nabla \lambda )\~\bfita 0  - (\nabla T \cdot \nabla \mu )\~\bfita 0 +\nabla T \cdot \~\bfitB 0.(4.10)

To compute (4.1) numerically, we need to solve the eikonal equation to obtain \tau S ,
and the vectorial transport equations (4.3)--(4.5) to obtain \~\bfitA 0 and \~\bfitA 1 for S waves. To
obtain a first-order accurate approximation of \~\bfitA 1, we have to achieve a third-order
accurate approximation of \~\bfitA 0 due to the term \Delta \~\bfitA 0 appearing in (4.5). However, to
obtain a third-order accurate approximation of \~\bfitA 0, we need a fifth-order accurate \tau as
\Delta \tau 2 appearing in (4.3) for \~\bfitA 0. Therefore, we employ fifth-order weighted essentially
nonoscillatory (WENO) [20, 14, 11] Lax--Friedrichs fast sweeping schemes developed
in [12, 26, 29, 30, 25, 16] to solve the eikonal equation (4.2), where the upwind source
singularity at the source point is treated by the factorization idea [21, 28, 7, 18, 25,
16]. As for \~\bfitA 0 and \~\bfitA 1, their components are coupled in the transport equations,
and we cannot directly employ high-order Lax--Friedrichs schemes developed [25, 16].
However, since the transport equations for \~\bfitA l are analogous to those of Maxwell's
equations in [15], we will directly use the method developed in [15] to transform these
strongly coupled systems into decoupled scalar equations and then use high-order
Lax--Friedrichs WENO schemes to compute those solutions accordingly.
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4.2. Numerical computation for P waves. Similarly, to compute the Green's
function for P waves, we can also truncate the formula to obtain the following ansatz

\bfitG P (\bfitr ; \bfitr 0) =
\~\bfitA 0(\bfitr ; \bfitr 0)

 - \omega 2
f - 3+ 1

2
(\omega , \tau (\bfitr ; \bfitr 0)) +

\~\bfitA 1(\bfitr ; \bfitr 0)

 - \omega 2T(\bfitr ; \bfitr 0)
f - 2+ 1

2
(\omega , \tau (\bfitr ; \bfitr 0)).(4.11)

Therefore, we also have to compute \tau , \~\bfitA 0, and \~\bfitA 1 to approximate the Green's function
\bfitG P .

However, in the P-wave case, we can decouple related transport equations easily
due to the property of P waves. Here we restate the governing equations for those
related ingredients. We have

(4.12) | \nabla \tau P | = \gamma P

with the initial condition \tau P (\bfitr 0; \bfitr 0) = 0;

\nabla T \cdot \nabla \~\bfitalpha 0 +

\biggl[ 
1

2\rho 
\nabla \cdot (\rho \nabla T) - 5\rho 

\lambda + 2\mu 

\biggr] 
\~\bfitalpha 0 = 0(4.13)

with the initial condition \~\bfitalpha 0 =
\gamma P
0

3

\rho 0\pi 
(\bfitr  - \bfitr 0) as \bfitr \rightarrow \bfitr 0;

\nabla T \cdot \nabla \~\bfitalpha 1 +

\biggl[ 
1

2\rho 
\nabla \cdot (\rho \nabla T) - 7\rho 

\lambda + 2\mu 

\biggr] 
\~\bfitalpha 1 = \~\bfitc 0(4.14)

with the initial condition \~\bfitalpha 1 = 0 as \bfitr \rightarrow \bfitr 0, where \~\bfitc 0 is

\~\bfitc 0 =
1

8\rho 
\{ 10\rho  - \mu \nabla 2T  - \nabla T \cdot \nabla (\lambda + \mu )](\nabla T \cdot \bfitC 0) - (\lambda + \mu )\nabla T \cdot \nabla (\nabla T \cdot \bfitC 0)

 - (\lambda + \mu )| \nabla T| 2(\nabla \cdot \bfitC 0) - 2\mu \nabla T \cdot [(\nabla T \cdot \nabla )\bfitC 0] - (\nabla \mu \cdot \bfitC 0)| \nabla T| 2 + \bfitd 0\} ,(4.15)

where \bfitC 0 and \bfitd 0 are defined in (2.143) and (2.146).
Numerically, we apply similar considerations as those for computing S waves to

compute the ingredients of P waves, and we omit the details here.

5. Numerical examples. In this section, we will study several numerical ex-
amples. To obtain a reference solution, if necessary, we apply the finite-difference
time-domain (FDTD) method directly to the time-domain elastic wave equations to
obtain a numerical solution in time, and then take the Fourier transform in time to
obtain a numerical solution in the frequency domain.

In the following, \bfitG 1 and \bfitG 2 indicate the one-term and the two-term truncations
of the Hadamard--Babich ansatz, respectively.

Example 1: Constant model. We take \lambda = 1, \mu = 1, and \rho = 1. The
computational setup for our asymptotic method is the following:

\bullet The computational domain is [0, 0.5]\times [0, 0.5]\times [0, 0.5].
\bullet The mesh size is 51\times 51\times 51 with grid size h = 0.01.
\bullet The angular frequency \omega = 16\pi or \omega = 32\pi .
\bullet The source point is (0.25, 0.25, 0.25)T .

In this example, since all elastic parameters are constants, we use the exact solution
to check the accuracy of our numerical solutions.
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(a) (b) (c)

Fig. 5.1. Example 1 with \bfitr 0 = (0.25, 0.25, 0.25)T and \omega = 16\pi . The yy-component of \bfitG (\bfitr ; \bfitr 0)
at x = 0.25 computed via (a) one-term ansatz \bfitG 1; (b) two-term ansatz \bfitG 2; (c) exact solution \bfitG hom.

(a) (b) (c)

Fig. 5.2. Example 1 with \bfitr 0 = (0.25, 0.25, 0.25)T and \omega = 16\pi . The yy-component of \bfitG (\bfitr ; \bfitr 0)
at x = 0.25 and at (a) y = 0.25; (b) y = 0.23; (c) y = 0.15. Green dash line: \bfitG 1; black circle line:
\bfitG 2; red solid line: exact solution \bfitG hom.

(a) (b) (c)

Fig. 5.3. Example 1 with \bfitr 0 = (0.25, 0.25, 0.25)T and \omega = 32\pi . The zz-component of \bfitG (\bfitr ; \bfitr 0)
at y = 0.25 computed via (a) one-term ansatz \bfitG 1; (b) two-term ansatz \bfitG 2; (c) exact solution \bfitG hom.

We first compare the results at \omega = 16\pi . Figure 5.1 shows the contour plots of
the yy-component of \bfitG 1, \bfitG 2, and \bfitG hom at x = 0.25. Figure 5.2 shows the detailed
comparisons along three different lines. These results clearly show that the two-term
ansatz can correctly capture singularities near the source.

Next, we consider frequency \omega = 32\pi so that there are roughly eight waves
propagating in the computational domain and about five to six points are used per
wavelength. Figure 5.3 shows the zz-components of \bfitG 1, \bfitG 2, and \bfitG hom at y = 0.25.
Figure 5.4 shows the detailed comparisons along three different lines. Therefore, in
a homogeneous medium, the two-term approximation is able to faithfully reproduce
source singularities of the exact solution.

In Table 5.1, we list numerical errors in the L2-norm between our new ansatz-
based solutions and exact solutions for the component Gyy in the computational
domain excluding a neighborhood of the source at which the Green's functions \bfitG is
singular. In terms of Gyy, although the one-term ansatz-based solution approximates
the exact solution asymptotically in terms of O(1/\omega ), our two-term ansatz-based
solution approximates the exact solution not only asymptotically in terms of O(1/\omega )
but also with very high accuracy.
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78 J. QIAN, J. SONG, W. LU, AND R. BURRIDGE

(a) (b) (c)

Fig. 5.4. Example 1 with \bfitr 0 = (0.25, 0.25, 0.25)T and \omega = 32\pi . The zz-component of \bfitG (\bfitr ; \bfitr 0)
at y = 0.25 and at (a) x = 0.25; (b) x = 0.23; (c) x = 0.15. Green dash line: \bfitG 1; black circle line:
\bfitG 2; red solid line: exact solution \bfitG hom.

Table 5.1
Example 1: L2-norm errors between the new ansatz-based solutions and the FDTD solution in

a region excluding a neighborhood of the source.

\omega 8\pi 16\pi 32\pi 64\pi 
1/\omega 4E-2 2E-2 1E-2 5E-3

one-term L2
Gyy

error 3.4E-2 1.6E-2 8.9E-3 4.3E-3

two-term L2
Gyy

error 3.2E-9 1.6E-9 8.3E-10 4.3E-10

Example 2: A variable density model. We take \lambda = 1 and \mu = 1 but variable
\rho :

\rho =
1

(0.5 - (y  - 0.25))2
.

In this case, the exact solution is not available, so we compute the FDTD-based
solution to check the accuracy of our method.

The computational setup for our asymptotic methods is the following:
\bullet The computational domain is [0, 0.5]\times [0, 0.5]\times [0, 0.5].
\bullet The mesh size is 51\times 51\times 51 with grid size h = 0.01.
\bullet The angular frequency \omega = 8\pi or \omega = 16\pi .
\bullet The source point is (0.25, 0.25, 0.25)T .

We first compare the results at frequency \omega = 8\pi . Figure 5.5 shows the contour
plots of the yy-component of \bfitG 1, \bfitG 2, and \bfitG FDTD at x = 0.25. Figure 5.6 shows the
detailed comparisons along three different lines. We can see that \bfitG 2 matches \bfitG FDTD

much better than \bfitG 1.
Next, we compare the results at frequency \omega = 16\pi . Figure 5.7 shows the contour

plots of the yy-component of \bfitG 1, \bfitG 2, and \bfitG FDTD at x = 0.25. Figure 5.8 shows
the detailed comparisons along three different lines. At high frequencies, the discrep-
ancy between \bfitG 1 and \bfitG FDTD concentrates near the source, and such a discrepancy
disappears between the two-term solution \bfitG 2 and \bfitG FDTD. Therefore, in an inhomo-
geneous medium the two-term approximation is able to faithfully reproduce source
singularities of the exact solution and yields a uniform asymptotic expansion in the
region of space containing the point source but no caustics.

Example 3: A Gaussian model. We take \rho = 9 but variable \lambda and \mu . Here
we set \lambda = \mu and

\mu =

\biggl( 
3.0 - 1.75e - 

(x - 0.25)2+(y - 0.25)2+(z - 0.125)2

0.125

\biggr) 2

.

In this example, we compute the FDTD-based solution to check the accuracy of our
method.
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(a) (b) (c)

Fig. 5.5. Example 2 with \bfitr 0 = (0.25, 0.25, 0.25)T and \omega = 8\pi . The yy-component of \bfitG (\bfitr ; \bfitr 0) at
x = 0.25 computed via (a) one-term ansatz \bfitG 1; (b) two-term ansatz \bfitG 2; (c) FDTD-based solution.

(a) (b) (c)

Fig. 5.6. Example 2 with \bfitr 0 = (0.25, 0.25, 0.25)T and \omega = 8\pi . The yy-component of \bfitG (\bfitr ; \bfitr 0)
at x = 0.25 and at (a) y = 0.25; (b) y = 0.23; (c) y = 0.15. Green dash line: \bfitG 1; black circle line:
\bfitG 2; red solid line: FDTD-based solution.

(a) (b) (c)

Fig. 5.7. Example 2 with \bfitr 0 = (0.25, 0.25, 0.25)T and \omega = 16\pi . The yy-component of \bfitG (\bfitr ; \bfitr 0)
at x = 0.25 computed via (a) one-term ansatz \bfitG 1; (b) two-term ansatz \bfitG 2; (c) FDTD-based solution.

(a) (b) (c)

Fig. 5.8. Example 2 with \bfitr 0 = (0.25, 0.25, 0.25)T and \omega = 16\pi . The yy-component of \bfitG (\bfitr ; \bfitr 0)
at x = 0.25 and at (a) y = 0.25; (b) y = 0.23; (c) y = 0.15. Green dash line: \bfitG 1; black circle line:
\bfitG 2; red solid line: FDTD-based solution.

The computational setup for our asymptotic methods is the following:
\bullet The computational domain is [0, 0.5]\times [0, 0.5]\times [0, 0.5].
\bullet The mesh size is 51\times 51\times 51 with grid size h = 0.01.
\bullet The angular frequency \omega = 16\pi or \omega = 32\pi .
\bullet The source point is (0.25, 0.25, 0.25)T .
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(a) (b) (c)

Fig. 5.9. Example 3 with \bfitr 0 = (0.25, 0.25, 0.25)T and \omega = 16\pi . The zz-component of \bfitG (\bfitr ; \bfitr 0)
at y = 0.25 computed via (a) one-term ansatz \bfitG 1; (b) two-term ansatz \bfitG 2; (c) FDTD method.
Mesh in (a) and (b): 51\times 51\times 51; mesh in (c): 101\times 101\times 101.

(a) (b) (c)

Fig. 5.10. Example 3 with \bfitr 0 = (0.25, 0.25, 0.25)T and \omega = 16\pi . The zz-component of \bfitG (\bfitr ; \bfitr 0)
at y = 0.25 and at (a) x = 0.25; (b) x = 0.23; (c) x = 0.15. Green dash line: \bfitG 1; black circle line:
\bfitG 2; red solid line: FDTD-based solution.

(a) (b) (c)

Fig. 5.11. Example 3 with \bfitr 0 = (0.25, 0.25, 0.25)T and \omega = 16\pi . The yy-component of \bfitG (\bfitr ; \bfitr 0)
at x = 0.25 computed via (a) one-term ansatz \bfitG 1; (b) two-term ansatz \bfitG 2; (c) FDTD method. Mesh
in (a) and (b): 51\times 51\times 51; mesh in (c): 101\times 101\times 101.

(a) (b) (c)

Fig. 5.12. Example 3 with \bfitr 0 = (0.25, 0.25, 0.25)T and \omega = 16\pi . The yy-component of \bfitG (\bfitr ; \bfitr 0)
at x = 0.25 and at (a) y = 0.25; (b) y = 0.23; (c) y = 0.15. Green dash line: \bfitG 1; black circle line:
\bfitG 2; red solid line: FDTD-based solution.

We compare the results at frequency \omega = 16\pi . Figures 5.9 and 5.10 show the
solutions of the zz-component of \bfitG 1, \bfitG 2, and \bfitG FDTD at y = 0.25. Figures 5.11 and
5.12 show the solutions of the yy-component of \bfitG 1, \bfitG 2, and \bfitG FDTD at x = 0.25.
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Table 5.2
Example 3: L2-norm errors between the two-term ansatz solution and the FDTD solution in a

region excluding a neighborhood of the source.

\omega 8\pi 16\pi 32\pi 
1/\omega 4E-2 2E-2 1E-2
L2
Gxy

2.4E-3 2.4E-3 2.9E-3

L2
Gyy

6.3E-3 3.6E-3 6.3E-3

Table 5.2 shows numerical differences between our two-term ansatz-based solution
and the FDTD solution for the two particular components, \bfitG xy and \bfitG yy. Since
the computed FDTD solution is a numerical rather than ``exact"" solution which is
not accurate enough, the numerical comparison did not indicate a clear asymptotic
convergence pattern in terms of O(1/\omega ), but we can still conclude that our numerical
solutions agree well with the FDTD solution with accuracy on the order of O(1/\omega ).

6. Conclusion. Based on Hadamard's method, we develop a novel ansatz for
the vectorial three dimensional point-source elastic wave equation in inhomogeneous
media at high frequencies. We develop a new Hadamard's ansatz to form the fun-
damental solution of the Cauchy problem for the time-domain point-source elastic
wave equations (2.3) and (2.4) in the region close to the point source. We derive the
governing equations for asymptotics involved in the ansatz, such as travel time and
the dyadic coefficients. We further propose matching conditions to deduce initial con-
ditions of amplitude coefficients at the source. Consequently, the Fourier transform of
Hadamard's ansatz in time directly yields the Hadamard--Babich ansatz for the FDPS
elastic wave equations (1.1). Finally, to validate our method, we truncate the ansatz
after two terms and apply high-order Lax--Friedrichs WENO schemes to compute the
involved asymptotic ingredients. Numerical results demonstrate that our new ansatz
is capable of producing accurate asymptotic solutions in the region of space containing
the point source but no other caustics. Incorporating this new ansatz into Huygens'
principle to treat caustics consists of an ongoing project. Another ongoing project is
to implement the Hadamard--Babich ansatz for anisotropic elastic wave equations.

Appendix A. Derivation of some ingredients for governing equations of
S and P waves.

A.1. The formula of \~\bfitR \bfitl  - \bfone for the S wave in (2.110). Let us rewrite the
governing equation for \~\bfitA l as the following:

(\nabla T \cdot \nabla ) \~\bfitA l +
1

2\mu 
[\nabla \cdot (\mu \nabla T) - (4l + 14)\rho ] \~\bfitA l +

\mu 

2\rho 
\nabla T

\biggl[ 
\nabla 
\biggl( 
\rho 

\mu 

\biggr) 
\cdot \~\bfitA l

\biggr] 
= \~\bfitR l - 1,(A.1)

where

\~\bfitR l - 1 = - \nabla T\~\bfita l - 1

2
Tl - 1 +

\mu \nabla T[(\nabla T \cdot \nabla )\~\bfita l - 1]

4\rho 
Tl - 1  - \nabla T\~\bfitb l - 1

8\rho 
Tl - 1  - \nabla \lambda \~\bfita l - 1

2\mu 
Tl

 - (\lambda + \mu )\nabla \~\bfita l - 1

2\mu 
Tl +

\~\bfitB l - 1

2\mu 
Tl.(A.2)
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Here \~\bfitB l - 1, \~\bfita l - 1, and \~\bfitb l - 1 are defined as

\~\bfitB l - 1 \equiv (\lambda + \mu )

\biggl[ 
l(l  - 1)

Tl+1
\nabla T(\nabla T \cdot \~\bfitA l - 1) - l  - 1

Tl
\nabla (\nabla T \cdot \~\bfitA l - 1)

(A.3)

 - l  - 1

Tl
\nabla T(\nabla \cdot \~\bfitA l - 1) +

1

Tl - 1
\nabla (\nabla \cdot \~\bfitA l - 1)

\biggr] 
+ \mu 

\biggl[ 
l(l  - 1)4\rho 

\mu Tl
\~\bfitA l - 1  - (l  - 1)\nabla 2T

Tl
\~\bfitA l - 1

 - 2(l  - 1)

Tl
(\nabla T \cdot \nabla ) \~\bfitA l - 1 +

1

Tl - 1
\nabla 2 \~\bfitA l - 1

\biggr] 
+ \nabla \lambda 

\biggl[ 
 - l + 1

Tl
\nabla T \cdot \~\bfitA l - 1 +

1

Tl - 1
\nabla \cdot \~\bfitA l - 1

\biggr] 
+

1

Tl - 1
\nabla \mu \times (\nabla \times \~\bfitA l - 1) - l  - 1

Tl
\nabla \mu \times (\nabla T \times \~\bfitA l - 1)

+ 2

\biggl[ 
 - l  - 1

Tl
(\nabla \mu \cdot \nabla T) \~\bfitA l - 1 +

1

Tl - 1
(\nabla \mu \cdot \nabla ) \~\bfitA l - 1

\biggr] 
,

\~\bfita l - 1 \equiv  - (l  - 1)

Tl
\nabla T \cdot \~\bfitA l - 1 +

1

Tl - 1
\nabla \cdot \~\bfitA l - 1 +

1

(\lambda + \mu )Tl - 1
\nabla \mu \cdot \~\bfitA l - 1

(A.4)

 - 2\mu (l  - 1)

(\lambda + \mu )Tl
\nabla T \cdot \~\bfitA l - 1 +

\mu 2

(\lambda + \mu )2\rho Tl
\nabla T \cdot [(\nabla T \cdot \nabla ) \~\bfitA l - 1] - \mu \~\bfitb l - 2

(\lambda + \mu )4\rho T
,

\~\bfitb l - 1 \equiv 2\rho ( - 2l + 7)\~\bfita l - 1  - (\lambda + \mu )(\nabla T \cdot \nabla )\~\bfita l - 1  - \mu \nabla 2T\~\bfita l - 1

 - (\nabla T \cdot \nabla \lambda )\~\bfita l - 1  - (\nabla T \cdot \nabla \mu )\~\bfita l - 1 +\nabla T \cdot \~\bfitB l - 1.(A.5)

A.2. The formula of \~\bfitc \bfitl  - \bfone for the P wave in (2.184). We rewrite the gov-
erning equation for \~\bfitalpha l as the following:

\nabla T \cdot \nabla \~\bfitalpha l +

\biggl[ 
1

2\rho 
\nabla \cdot (\rho \nabla T) - (2l + 5)\rho 

\lambda + 2\mu 

\biggr] 
\~\bfitalpha l = \~\bfitc l - 1,(A.6)

and \~\bfitc l - 1 = Tl\bfitc l - 1, where \bfitc l - 1 is the same as (2.154). The formula for \~\bfitc l - 1 is

\~\bfitc l - 1 \equiv 1

8\rho 
\{ [(14 - 4l)\rho  - \mu \nabla 2T  - \nabla T \cdot \nabla (\lambda + \mu )]

1

T
(\nabla T \cdot \~\bfitC l - 1)

+
(\lambda + \mu )4\rho l

(\lambda + 2\mu )T
(\nabla T \cdot \~\bfitC l - 1) - (\lambda + \mu )

T
\nabla T \cdot \nabla (\nabla T \cdot \~\bfitC l - 1)

+
(\lambda + \mu )4\rho l

(\lambda + 2\mu )T
(\nabla T \cdot \~\bfitC l - 1) - (\lambda + \mu )4\rho 

(\lambda + 2\mu )
(\nabla \cdot \~\bfitC l - 1)

+
8\mu \rho l

(\lambda + 2\mu )T
(\nabla T \cdot \~\bfitC l - 1) - 2\mu 

T
\nabla T \cdot [(\nabla T \cdot \nabla ) \~\bfitC l - 1]

 - 4\rho 

\lambda + 2\mu 
(\nabla \mu \cdot \~\bfitC l - 1) + Tl - 1\nabla T \cdot \~\bfitD l - 1\} ,(A.7)

D
ow

nl
oa

de
d 

07
/2

2/
21

 to
 3

5.
8.

11
.3

. R
ed

is
tri

bu
tio

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.si

am
.o

rg
/p

ag
e/

te
rm

s



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

HADAMARD--BABICH ANSATZ 83

where \~\bfitC l - 1 = \bfitC l - 1Tl satisfies

\~\bfitC l - 1 \equiv \lambda + 2\mu 

(\lambda + \mu )4\rho 
\{  - \rho (4l  - 18) \~\bfitA l - 1 +

(l  - 1)(\lambda + \mu )

T
\nabla T(\nabla T \cdot \~\bfitA l - 1)

 - (\lambda + \mu )\nabla (\nabla T \cdot \~\bfitA l - 1) +
8(l  - 1)\rho \mu 

\lambda + 2\mu 
\~\bfitA l - 1  - 2\mu (\nabla T \cdot \nabla ) \~\bfitA l - 1

 - \mu \nabla 2T \~\bfitA l - 1  - \nabla \lambda (\nabla T \cdot \~\bfitA l - 1) - (\nabla \mu \cdot \nabla T) \~\bfitA l - 1 + Tl - 1 \~\bfitD l - 2\} ,(A.8)

and \~\bfitD l - 1 satisfies

\~\bfitD l - 1 \equiv (\lambda + \mu )

\biggl[ 
l(l  - 1)

Tl+1
\nabla T(\nabla T \cdot \~\bfitA l - 1) - l  - 1

Tl
\nabla (\nabla T \cdot \~\bfitA l - 1)

 - l  - 1

Tl
\nabla T(\nabla \cdot \~\bfitA l - 1) +

1

Tl - 1
\nabla (\nabla \cdot \~\bfitA l - 1)

\biggr] 
+ \mu 

\biggl[ 
l(l  - 1)4\rho 

\mu Tl
\~\bfitA l - 1  - (l  - 1)\nabla 2T

Tl
\~\bfitA l - 1

 - 2(l  - 1)

Tl
(\nabla T \cdot \nabla ) \~\bfitA l - 1 +

1

Tl - 1
\nabla 2 \~\bfitA l - 1

\biggr] 
+\nabla \lambda 

\biggl[ 
 - l + 1

Tl
\nabla T \cdot \~\bfitA l - 1 +

1

Tl - 1
\nabla \cdot \~\bfitA l - 1

\biggr] 
+

1

Tl - 1
\nabla \mu \times (\nabla \times \~\bfitA l - 1) - l  - 1

Tl
\nabla \mu \times (\nabla T \times \~\bfitA l - 1)

+ 2

\biggl[ 
 - l  - 1

Tl
(\nabla \mu \cdot \nabla T) \~\bfitA l - 1 +

1

Tl - 1
(\nabla \mu \cdot \nabla ) \~\bfitA l - 1

\biggr] 
.(A.9)

Appendix B. Hadamard's ansatz for anisotropic wave equations.

B.1. Derivation of eikonal equations and transport equations. To de-
velop Hadamard's ansatz for waves in anisotropic elastic solids, we start with the
fundamental equations. Hooke's law states that the stress \sigma ij is related to the strain
ekl through a stiffness tensor Cijkl by the relation

(B.1) \sigma ij = Cijklekl.

Therefore, the motion equation without body force takes the form

(B.2) \rho 
\partial 2\bfitU 

\partial t2
= \nabla \cdot \sigma ,

where \bfitU = (Ui) is the displacement vector. By the relation between strain and
displacement,

(B.3) ekl =
1

2

\biggl( 
\partial Uk

\partial xl
+
\partial Ul

\partial xk

\biggr) 
,

and the symmetry of the stiffness tensor, the motion equation leads to the wave
equation

(B.4) \rho 
\partial 2Uj

\partial t2
=

\partial 

\partial xi

\biggl( 
Cijkl

\partial Uk

\partial xl

\biggr) 
.
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Inspired by our work for isotropic elastic waves, we shall seek an asymptotic
solution of (B.4) in the following form:

(B.5) \"Ui(\bfitx , t) =
\infty \sum 
l=0

U l
i (\bfitx )f

(l - 3)
+ (t2  - T(\bfitx )).

To derive the governing equations for the unknowns U l
i and T, we shall need \partial 4tUi

and spatial derivatives of Ui. Since this is quite similar to our derivations for the
isotropic elastic case, we can just use the formulas (2.34)--(2.39) directly. Inserting
those formulas into the following equation

(B.6) \rho 
\partial 4Uj

\partial t4
=

\partial 

\partial xi

\biggl( 
Cijkl

\partial \"Uk

\partial xl

\biggr) 
,

which is the second time derivative of (B.4), and equating individual coefficients of

f
(l - 5)
+ to zero successively, we can obtain

0 = 4\rho TU l
j  - CijklT,lT,iU

l
k + 2\rho (2l  - 9)U l - 1

j + Cijkl,iT,lU
l - 1
k

+ CijklT,lU
l - 1
k,i + CijklT,iU

l - 1
k,l + CijklT,liU

l - 1
k

 - Cijkl,iU
l - 2
k,l  - CijklU

l - 2
k,li .(B.7)

Setting l = 0 and remembering that \bfitU l = 0 for l < 0, we obtain the Christoffel's
equation

(B.8) (CijklT,lT,i  - 4\rho T\delta jk)U
0
k = 0,

which leads to the anisotropic eikonal equation for T,

(B.9) det(CijklT,lT,i  - 4\rho T\delta jk) = 0,

where T(\bfitx ) = \tau 2(\bfitx ), and \tau is the travel time. So we can obtain the eikonal equation
for T,

(B.10) det(CijklT,lT,i  - 4\rho T\delta jk) = det(aijklplpi  - \delta jk) = 0,

which is the same as the eikonal equation in [23, 24]. Here \bfitp = (pi) = \nabla \tau , aijkl =
Cijkl/\rho are the density-normalized elastic parameters.

Next setting l = 1 yields

0 = 4\rho TU1
j  - CijklT,lT,iU

1
k  - 14\rho U0

j + Cijkl,iT,lU
0
k

+ CijklT,lU
0
k,i + CijklT,iU

0
k,l + CijklT,liU

0
k .(B.11)

By (B.8), \bfitU 0 is a multiple of the normalized eigenvector \bfitg of the matrix (aijklplpi),
\bfitU 0 = U0\bfitg . By the symmetry of the stiffness tensor Cijkl and (B.8), we can obtain
the equation for the amplitude U0,

0 = - 14\rho U0 + Cijkl,iT,lU
0gkgj

+ CijklT,l(U
0gk),igj + CijklT,i(U

0gk),lgj + CijklT,liU
0gkgj .(B.12)
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B.2. Verification of (B.9) in an isotropic medium. When the wave prop-
agates in an isotropic medium, the stiffness tensor Cijkl has the following form:

(B.13) Cijkl = \lambda \delta ij\delta kl + \mu (\delta ik\delta jl + \delta il\delta jk).

This involves only two independent parameters, \lambda and \mu , known as Lam\'e's moduli.
So (B.8) reduces to

(B.14) ((\lambda + \mu )T,jT,k + \mu T,lT,l  - 4\rho T\delta jk)U
0
k = 0

or, in vector notation,

(B.15) ((\lambda + \mu )\nabla T\nabla TT + (\mu \nabla T \cdot \nabla T  - 4\rho T)\bfitI )\bfitU 0 = 0.

Since \nabla T\nabla TT is a rank-one matrix, the eigenvalues are \nabla T \cdot \nabla T, 0, and 0. Hence
if det((\lambda +\mu )\nabla T\nabla TT +(\mu \nabla T \cdot \nabla T - 4\rho T)\bfitI ) = 0, we can obtain two eikonal equations,

(B.16) \mu | \nabla T| 2 = 4\rho T

and

(B.17) (\lambda + 2\mu )| \nabla T| 2 = 4\rho T.

The corresponding eigenvectors are \bfitU 0 \bot \nabla T for (B.16) and \bfitU 0 \| \nabla T for (B.17). We
can see that these are actually the two cases that we find in section 2.2. Hence we
have verified (B.9).
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