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We investigate the multi-azimuthal angle (MAA) effect on collective neutrino oscillation by considering
the three-dimensional neutrino momentum distribution in a realistic electron-capture supernova model with
an 8.8 M⊙ progenitor. We find that the MAA effect induces collective flavor conversions at epochs when it
is completely suppressed under the axial-symmetric approximation. This novel activity is switched on/off
by the growth of the MAA instability and imprints additional time evolution in the expected neutrino event
rate. We validate our results by extending the linear stability analysis into the three-flavor scheme including
mixing angles, and confirm that the onset of collective neutrino oscillation matches the steep growth of
flavor instability. We discuss how the MAA effect alters neutrino detection at Super-Kamiokande and
DUNE.
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I. INTRODUCTION

The core collapse of a massive star leads to the formation
of a proto-neutron star and emission of ∼1058 neutrinos.
The escaping neutrinos possess about 99% of the gravita-
tional energy released from the core collapse and, via
neutrino-matter interactions, can power a shock wave. If
this process overpowers the matter accretion, the shock can
eventually breakout of the photosphere and trigger a core-
collapse supernova (CCSN) [1–8]. In addition to the
explosion mechanism, neutrinos have important roles in
explosive nucleosynthesis. Thus, the observation of neu-
trinos from nearby CCSNe helps us to confirm our under-
standing of the CCSN mechanisms and related physics
[9,10], e.g., provides information on the equation of state of
nuclear matter from the spectral energy distribution.
Neutrino flavor conversions have a large influence on the

contents of a detected neutrino signal [11–13]. Since
neutrinosmix in propagation, the original flavor information
is changed by the time neutrinos are detected by terrestrial
neutrino experiments. In CCSNe, flavor mixing consists of
three types of neutrino oscillations: vacuum oscillation,
matter oscillation, and collective neutrino oscillation.

The first two are linear effects and well-understood by
several neutrino experiments, and the only remaining
unknown is the mass ordering problem. In particular, the
Mikheev-Smirnov-Wolfenstein (MSW) effect induced by
background matter describes large flavor transitions at two
typical electron densities [14,15]. On the other hand, the
third phenomenon is a complex nonlinear effect induced by
neutrino-neutrino coherent forward scattering interactions,
and is still poorly understood. The neutrino-neutrino inter-
action is important at high neutrino density and depends
strongly on the neutrino trajectories and intersection angles.
The self-coupling interaction synchronizes flavor oscillation
phases among different trajectories and causes collective
neutrino oscillation. The interaction system is a complicated
seven-dimensional problem and often approximated by
relaxing the complexity into simplified descriptions, e.g.,
the bulb model [16]. The bulb model requires many
assumptions and symmetries on neutrino emission and
background environments, especially axial symmetry in
neutrino direction. But it allows the computation of flavor
conversions.
Collective neutrino oscillation is frequently initiated by a

condition known as flavor instability and the behaviors of
various flavor instabilities strongly depend on whether the
neutrino mass ordering is normal or inverted. Flavor*mzaizen@astron.s.u-tokyo.ac.jp
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evolution occurs due to the bimodal instability in the
inverted mass ordering (IO), while the multi-zenith-angle
(MZA) instability induces flavor conversion in the normal
mass ordering (NO). It is well known that collective
neutrino oscillation presents simple spectral splits in the
IO case [17,18]. On the other hand, in the NO case, the
MZA instability are often self-suppressed by neutrinos
themselves especially in the early phase of CCSNe. Since
the neutrino mass ordering is still unsettled, many previous
studies have investigated separately both mass ordering
cases in order to verify the dependence on the mass
ordering [19–25]. However, recently global analyses
including multiple neutrino experimental results suggest
that the NO is favored over the IO at ∼3σ level [26–30].
While up-to-date neutrino oscillation data reduced the
strong preference, the NO still remains preferred [31,32].
Linear stability analyses for collective neutrino oscillation

have revealed that axial symmetry breaking produces a new
instability, so-called themulti-azimuthal-angle (MAA) insta-
bility [33–36]. This instability could be enhanced even inNO
under which the MZA instability is completely suppressed.
The axial-symmetry breaking corresponds to a departure
from the bulb model approximation, moving from two-
dimensional momentum space into a three-dimensional one.
This more precise model provides interesting differences
between the MZA (bimodal) and MAA case, but makes the
numerical investigation more challenging.
Previous numerical studies of MAA effects have pre-

sented significant flavor evolution in NO, under otherwise
stable case (MZA) [34–36]. However,many approximations
have been used to reduce computational costs. For example,
previous works have employed non-realistic CCSN models
for numerical simulations, using parametric supernova
properties and neglecting the ordinary matter term by
mimicking matter suppression [34,35]. When realistic
models are used,monochromatic spectra are adopted instead
of multienergy distributions [36]. Moreover, these inves-
tigations have assumed the two-flavor framework, not three-
flavor. Under these assumptions, we cannot obtain accurate
flavor conversions and estimates of neutrino detection.
In this paper, we perform the first-ever numerical study

of the three-flavor collective neutrino oscillation consider-
ing three-dimensional momentum distribution in a realistic
supernova model. We focus on the NO case. We also
compare our numerical results with a linear stability
analysis to confirm the validity of our numerical results.
To this end, we extend two-flavor linear stability analyses
in the literature to a three-flavor scheme including mixing
angles. Finally, we estimate the observed neutrino events at
current and future neutrino detectors by using our obtained
energy spectra. The results are organized as follows. In
Sec. II, we introduce our numerical schemes for the
hydrodynamical model and neutrino oscillation with
MAA effects, and show the setup of three-flavor stability
analysis including mixing angles. In Sec. III, we present

simulation results, compare them with those from linear
analyses, and finally discuss the signal predictions from a
Galactic CCSN event. In Sec. IV, we summarize our results
and conclude.

II. METHODOLOGY

A. Supernova model

We employ a two-dimensional electron-capture super-
nova (ECSN) model with an 8.8 M⊙ progenitor [37] (the
setup of the envelope is same to that of Ref. [38]). As was
done in Ref. [39], the hydrodynamic simulation has been
performed by the 3DnSNe code (see the references [40–43]
for recent applications). The method for the hydrodynamic
evolution is summarized in Ref. [39]. The two-dimensional
simulation is computed on a spherical polar coordinate with
spatial resolution of ðNr; NΘÞ ¼ ð512; 128Þ. While the
radial grid is logarithmically spaced and covers from
0 to 5000 km, the polar grids covers from 0 to π uniformly.
The equation of state used in the simulation is the

Lattimer and Swesty with incompressibility of K ¼
220 MeV [44]. Although the code employs the relatively
simple neutrino transport scheme of IDSA (isotropic
diffusion source approximation) [45], it nevertheless can
provide consistent results on neutrino luminosities and
average energies with more sophisticated schemes (see
Ref. [41] for a detailed comparison).
Figure 1 shows the time evolution of neutrino luminosity

Lν, averaged neutrino energy hEνi, and rms energy
ffiffiffiffiffiffiffiffiffi
hE2

νi
p

.
In these neutrino properties, νX means the nonelectron type
neutrinos νμ; ν̄μ; ντ, and ν̄τ. We describe the initial neutrino
spectra ϕi

ν with a normalized Gamma distribution [46–48],

ϕi
νðEÞ ¼

Eξ

Γξþ1

�
ξþ 1

hEνi
�

ξþ1

exp

�
−ðξþ 1Þ E

hEνi
�
; ð1Þ

where the pinching parameter ξ is defined by the averaged

energy and rms energy as ξ ¼ hE2
νi−2hEνi2

hEνi2−hE2
νi . Time is measured

after core bounce (i.e., post-bounce time) unless otherwise
stated.

B. Collective neutrino oscillation

We extend the bulb model to three-dimensional momen-
tum space by relaxing the assumptions of axial symmetry
and investigate the effects of axial symmetry breaking on
neutrino trajectories. Spatial spherical symmetry and
azimuthal symmetry breaking cannot be globally self-
consistent. When we extend the geometry to three-
dimensional momentum space, the flavor evolution along
the transverse direction to the neutrino propagation line
should emerge under axial symmetry breaking. Then, the
flavor evolution is induced by both homogeneous and
inhomogeneous modes [49,50]. The inhomogeneity produ-
ces small-scale spatial variations but can only shift the flavor
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instability to more inner radius in the context of stability
analysis. Therefore, the traditional homogeneous mode still
remains the most sensitive and dominant instability. The
small-scale modes can not break the multi-angle matter
suppression when the largest-scale mode is completely
suppressed. However, the issue can be more complicated
if we consider non-stationary modes. In Refs. [51,52], the

pulsating modes can compensate the matter-induced phase
dispersion and pull the flavor instability up on the plane of
matter density and radius. Thereby, the inhomogeneous
modes can become unstable even at inner radius at higher
density. The combination of the inhomogeneous and pulsat-
ing modes can have large influence on the flavor evolution.
However, as mentioned above, the possible impact of the
transverse evolution is small unless we consider the non-
stationarity simultaneously.
Here, we assume that the inhomogeneous variations

always remain small and we ignore the transverse evolution
as imposed in Refs. [34–36]. The assumption enables us to
extend the bulb model into treatable description. Also, we
want to consider only the influence of the MAA instability,
so we neglect the neutrino halo effect [39,53–55] and fast
flavor conversions [56–63]. In our work, we choose
neutrino oscillation parameters as in Ref. [64]: Δm2

21 ¼
7.37 × 10−5 eV2, jΔm2

31j ¼ 2.56 × 10−3 eV2, sin2 θ12 ¼
0.297, sin2 θ13 ¼ 0.0214, and CP-violation phase δ ¼ 0.
We consider only the NO caseΔm2

31 > 0 because the MAA
instability is more active and interesting for the NO case.
Also, recent experiments tend to favor it over IO [26–32].
The flavor evolution is described as the evolution for a

density matrix ρν. The equation of motion along the radial
direction in steady state is

i∂rρν ¼ ½Hþ
E;u;φ; ρν� ð2Þ

i∂rρ̄ν ¼ ½H−
E;u;φ; ρ̄ν� ð3Þ

H�
E;u;φ ¼ 1

vr;u

�
�U

M2

2E
U† þ

ffiffiffi
2

p
GFneL

�

þ
ffiffiffi
2

p
GF

4πr2

Z
dE0du0dφ0

2π

�
1 − vr;uvr;u0 − β · β0

vr;uvr;u0

�

× ðρ0ν − ρ̄0νÞ; ð4Þ

where U is the Pontecorvo-Maki-Nakagawa-Sakata matrix
[65],M2 is a neutrino mass square matrix, ne is the electron
number density, and L is diagð1; 0; 0Þ. The radial velocity
vr;u with an angular mode u is defined as

vr;u ¼ cos θ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − u

R2
ν

r2

r
ð5Þ

u ¼ sin2 θR; ð6Þ

where θ is an intersection angle and θR is an emission angle
relative to the radial direction on the surface of an emission
source Rν, which is fixed at 30 km. Finally, β is the
transverse velocity and the azimuthal-angle term

FIG. 1. Time evolution of neutrino emission of the core
collapse of an 8.8M⊙ progenitor. The top panel shows the
neutrino luminosity, the center panel shows the mean energy, and
the bottom panel shows the rms energy. Flavors νe, ν̄e, and νX
(¼ νμ; ν̄μ; ντ; ν̄τ) are shown by red solid, blue dotted, and black
dashed lines, respectively.
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β · β0 ¼ sin θ sin θ0 cosðφ − φ0Þ

¼
ffiffiffiffiffiffiffi
uu0

p R2
ν

r2
cosðφ − φ0Þ ð7Þ

breaks the traditional axial symmetry [33]. If the initial
condition ρiν possesses any axial perturbations, the nonaxial
symmetry can grow and lead to flavor conversions. If the
initial neutrino flux is axial symmetric, the azimuthal angle
term is equal to zero due to the periodic integral of the cosine
and this MAAHamiltonianHE;u;φ is identical toHE;u in the
traditional bulbmodel.Note that nonzero numerical errors in
the periodic integral

R
dφ for axial-symmetric flux act like

initial perturbations and such artificial seeds can grow via
theMAA instability even if we do not provide any instability
seed in the azimuthal angle distribution.
We use a resolution of NE ¼ 200 between ½0; 60� MeV,

Nu ¼ 2048 between [0, 1], and Nφ ¼ 64 between ½0; 2π�
when binning the three-dimensional momentum space
ðE; u;φÞ. We have checked that numerical results with
Nφ ¼ 64 are identical to those with Nφ ¼ 128. The
azimuthal-angle resolution is less than the polar-angle
one. The different polar-angular modes travel along the
different distance and the matter-induced phase dispersion
requires the fine polar-angle resolution. On the other hand,
the travel path does not change on the each azimuthal-
angular mode and the matter-induced potential does not
affect the azimuthal-angle resolution unless we employ the
multi-dimensional matter background.
We describe the flavor difference with polarization

vectors P and P̄ in solving the equation of motion.
Here, we adopt the rotated frame of ðe − x − yÞ flavor
state instead of ðe − μ − τÞ flavor state [18,24]. This rotated
frame enables us to understand three-flavor conversions
easily. The polarization vector reflects independent com-
ponents of the density matrix and we can transform Eq. (3)
from matrix differential equations including complex
values to vector differential equations composed only of
real values as

ρν ¼
1

3
I3 þ

1

2
P · Λ ð8Þ

∂rPðE; uÞ ¼ HE;u;φ × PðE; u;φÞ; ð9Þ

where Λ is a vector of the Gell-Mann matrices. This three-
flavor formalism is based on Refs. [18,24]. Then, P3 and P8

correspond to the diagonal terms of the density matrix ρν
and initial conditions are written as

Pi
3ðE; u;φÞ ¼ fνeðE; u;φÞ − fνxðE; u;φÞ ð10Þ

Pi
8ðE; u;φÞ ¼

fνeðE; u;φÞ þ fνxðE; u;φÞ − 2fνyðE; u;φÞffiffiffi
3

p :

ð11Þ

Initial axial perturbation included in neutrino flux fνα leads
to the MAA instability via the azimuthal-angle term. Here,
we assume cosinusoidal axial angular perturbation as initial
conditions

fναðE; uÞ → f0ναðE; u;φÞ ¼ fναðE; uÞð1þ ε cosφÞ; ð12Þ

where we set perturbation with ε ∼ 1%. This produces
nonzero azimuthal-angle integration and gives instability
seed into the MAA Hamiltonian HE;u;φ.

C. Linear analysis

Here, we introduce our linear analysis framework, which
we will use to check our numerical results (see Sec. III B).
Many previous works have adopted a simple two-flavor
system ignoring mixing angles in order to probe the
possibility of flavor oscillation, but these results cannot
faithfully reproduce three-flavor effects. Especially, recent
works suggested that non-small mixing angle θ13 leads to
the new instability associated with Δm2

21 in NO [25,66]. In
the three-flavor framework, the adopted values of mixing
angles become more important. So we develop a three-
flavor stability analysis with the format including mixing
angles θ12 and θ13.
In order to see the evolution of the off-diagonal terms of

the density matrix, we can decompose it into

ρν ¼
TrðρνÞ

3
1þ fνe − fνx

3

0
B@

s1 S1 0

S�1 −s1 0

0 0 0

1
CA

þ fνe − fνy
3

0
B@

s2 0 S2
0 0 0

S�2 0 −s2

1
CA

þ fνx − fνy
3

0
B@

0 0 0

0 s3 S3
0 S�3 −s3

1
CA ð13Þ

¼ TrðρνÞ
3

1þ
X3
j¼1

gjSj; ð14Þ

where complex Sj and real sj describes flavor coherence
and flavor conversion, respectively. If the employed super-
nova model gives fνx ¼ fνy , the third term, j ¼ 3, is
canceled. In this situation, the e − x and e − y sectors
are decoupled in the linear regime [67].
In a fast-rotating frame [68], the vacuummatrix is simply

expressed as
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Hvac → hHvaci ¼
1

2E

0
B@

0 0 0

0 Δm2
21 0

0 0 Δm2
31

1
CA

¼ diagð0;ωL;ωHÞ: ð15Þ

Subscripts H=L are in conjunction with the notation of the
MSW resonances and express the e − y and e − x sectors,
respectively. To linear order, we can assume jSjj ≪ 1 and
sj ¼ 1, and we obtain the linearized equation for Sj as

ivr;u∂rSj ¼ ðμjþ λj−ωjÞSj
−

ffiffiffi
2

p
GF

Z
dΓ0ð1− v · v0Þðg0jS0j− ḡ0jS̄

0
jÞ; ð16Þ

where

μj ¼
ffiffiffi
2

p
GF

Z
dΓ0ð1 − v · v0Þðg0j − ḡ0jÞ ð17Þ

λ1 ¼ λ2 ¼ λ¼
ffiffiffi
2

p
GFne; λ3 ¼ 0 ð18Þ

ω1 ¼ ωL; ω2 ¼ ωH; ω3 ¼ ωH − ωL: ð19Þ

Especially, in the identical nonelectron type case g3 ¼ 0
and isotropic emission case, the self-interaction potential μj
is simply

μ1 ¼ μ2 ¼ ϵμ; μ3 ¼ 0; ð20Þ

ϵμ ¼
ffiffiffi
2

p
GF

Φνe −Φν̄e

4πr2
; ð21Þ

where Φνα ¼ Lνα=hEναi is a neutrino flux of α flavor and ϵ
is a flavor asymmetry parameter [19] defined as

ϵ ¼ Φνe −Φν̄e

Φν̄e −Φν̄x

: ð22Þ

In the following, we re-define the energy distribution gj
normalized by ðΦν̄e −Φν̄xÞ as

R
dΓgj ¼

R∞
−∞ dωj

R
1
0 du×R

2π
0

dφ
2π gj ¼ ϵ. Under the large-distance approximation

r ≫ Rν,

v−1r;u ¼
�
1 − u

R2
ν

r2

�−1=2
≃ 1þ u

R2
ν

2r2
: ð23Þ

Therefore, the linearized equation is given by

i∂rSj ¼ ðuλ̄j − ωjÞSj
− μ�

Z
dΓ0½uþ u0 − 2

ffiffiffiffiffiffiffi
uu0

p
cosðφ − φ0Þ�g0jS0j:

ð24Þ

Here, we adopt the effective matter potential λ̄j by using the
multi-angle potential μ� and λ� as follows:

λ̄j ¼ μ�j þ λ�j ¼ ðμj þ λjÞ
R2
ν

2r2
: ð25Þ

We can write the solutions as Sj ¼ Qje−iΩjr in the
Fourier modes. The nontrivial solutions for eigenvectors
Qj are

DjðΩjÞ≡ ðIj;1 − 1Þ2 − Ij;0Ij;2 ¼ 0 ðfor MZAÞ ð26Þ

≡ Ij;1 þ 1 ¼ 0 ðfor MAAÞ; ð27Þ

where

Ij;n ¼ μ�
Z

dωjdu
ungj

uλ̄j − ωj −Ωj
: ð28Þ

The flavor conversions could occur under conditions
satisfying the exponential growth, ImðΩjÞ≡ κj > 0.
However, the stability analysis in this fast-rotating frame

does not provide the new instability associated with Δm2
21

in NO because it completely ignores mixing angles. We
therefore follow the approach in Ref. [66] and diagonalize
the Hamiltonian of linear effects:

H0
diag

≈

0
B@
λþωHðs213þηc213s

2
12Þ 0 0

0 ωHηc212 0

0 0 ωHðc213þηs212s
2
13Þ

1
CA;

ð29Þ

where η ¼ ωL=ωH is the mass-squared difference ratio,
sij ¼ sin θij, and cij ¼ cos θij. Comparing this H0

diag with
Hdiag in the fast-rotating frame, we find simple substituting
relations

λ → λþ ωHðs213 þ ηc213s
2
12Þ ð30Þ

ωL → ωHηc212 ð31Þ

ωH → ωHðc213 þ ηs212s
2
13Þ: ð32Þ

We substitute these relations into Eq. (28) considering the
deformation into Eq. (24),

I1;n ¼ μ�
Z

dωHdu
ung1

uλ̄ − ωHLmix −Ω1

ð33Þ

I2;n ¼ μ�
Z

dωHdu
ung2

uλ̄ − ωHHmix −Ω2

; ð34Þ

where
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Lmix ¼ ηðc212 − s212c
2
13Þ − s213 ð35Þ

Hmix ¼ cos 2θ13ð1 − ηs212Þ: ð36Þ

By using these expanded stability analysis, we can inves-
tigate the flavor conversions within three-flavor framework.

III. RESULTS

In the following, we first present our numerical results on
collective flavor conversions including the MAA effects in
Sec. III A. Then, we compare them with our linear stability
analyses in Sec. III B. We finally discuss how the MAA
instability influences the neutrino detection rates at Super-
Kamiokande and DUNE in Sec. III C.

A. Flavor conversion

The top panel of Fig. 2 shows the time evolution of the
averaged shock radius (black curve) and the matter density
(color contours). The (neutrino-driven) shock expansion

can be seen at around postbounce time tpb ¼ 100 ms, and
the accreting matter is blown out. Thereby, the matter
density increases until around 200 ms at radii where
collective neutrino oscillation can be induced. The growth
of the shock front has a large influence on the activity of
collective flavor conversion, and we can divide the behav-
iors into four phases. As we explain below, these are the
suppression phase, window phase, re-suppression phase,
and revival phase.
The bottom panel of Fig. 2 shows the electron number

density along the northern pole at the representative snap-
shots of each phase, 100, 150, and 300 ms. During the early
epoch of SNe, collective neutrino oscillation is suppressed
by the excess of electron neutrinos due to the neutronization
burst and heavy accreting matter; this is the suppression
phase which corresponds to a timescale of tpb < 100 ms.
After that, shock propagation creates awindowof timewhen
collective effects can overcome matter-induced phase
dispersion; this is the window phase lasting from 100 ms ≤
tpb < 150 ms. As time goes on, the ejected shockedmaterial
later increases thematter density and thematter effects again
suppress the collective flavor conversions; this is the
resuppression phase and spans the times 150 ms ≤ tpb <
250 ms. Finally, the self-induced effects revive during the
cooling epoch as the matter density decreases; this is the
revival phase beginning at tpb ¼ 250 ms.
Figure 3 shows the radial evolution of the transition

probability of electron neutrinos averaged over energy
and angular distributions at 100 and 300 ms. Collective
neutrino oscillation is completely suppressed at 150 ms in
both cases and we do not show it in this figure. Here, we
divide it into two types of transition probability in e − x
sector and e − y sector. These two sectors are associated
with solar mass-squared difference Δm2

21 and atmospheric
mass-squared difference Δm2

31, respectively. Note that the
two-flavor frameworks adopted by previous works do not
show the three-flavor effects and can only provide flavor
conversion in the e − y sector.
At 100 ms (top panel of Fig. 3), collective neutrino

oscillation only occurs in the MAA case (solid lines); the
MZA case (dotted lines) is completely suppressed. The
different behavior stems from the large flavor asymmetry ϵ
at this snapshot and it gives stable flavor mode for MZA
case in NO [19]. In the MAA case (solid lines), the e − y
sector starts flavor mixing from 250 km and the e − x sector
from around 500 km. This difference in the onset radius
results from the balance between the vacuum term and the
collective term. Collective neutrino oscillation arising in
our calculation is sometimes called “slow” mode and is
induced on scales of the vacuum frequency ωH=L, different
from fast flavor conversions [56]. The oscillation frequency
μ is slower as the neutrino density decreases and the growth
rate becomes large at the radius satisfying μ ∼ ω.
Consequently, the onset for the e − x sector associated
with Δm2

21 is more delayed by the mass-squared difference

FIG. 2. Top: black line is the time evolution of the averaged
shock radius. Colored contours represent the time evolution of the
averaged density profile. Bottom: electron number density profile
ne along the north pole at postbounce time tpb ¼ 100, 150, and
300 ms.
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ratio η compared to the e − y sector. This is a simple
understanding and actually the onset radius also depends
on mixing angles. We will discuss this dependence in
Sec. III B. Although e − x flavor conversions occur, the
transition probability is less than 10%. The e − y flavor
conversions remain dominant and hence it is akin to a two-
flavor system even in the MAA case at 100 ms. Transition
probability in the e − y sector gradually appears to increase
beyond 1000 km in both the MAA and MZA cases, but
these are induced by the H-resonance of matter oscillation,
not by self-interactions.
At 300 ms (bottom panel of Fig. 3), the situation is

largely different and flavor conversions in both the MAA
and MZA cases occur. e − y conversions in the MZA case
(dotted blue line) starts from 200 km and grows most
around 300 km. Especially, the e − x sector in the MZA
case (dotted red line) shows large flavor mixing beyond

around 1000 km. The matter density does not still reach the
region satisfying λ ∼ ωH and this peculiar flavor conversion
is not related to the H-resonance as observed at 100 ms.
This snapshot is a case with a flux ordering commonly
called multiple crossings and this case has been inves-
tigated in Refs. [20,69–71]. Multiple crossings provide
three-flavor effects leading to e − x mixing and this
behavior can happen in both IO and NO. On the other
hand, the onset radius in the MAA case is much smaller
than in the MZA cases for both e − x and e − y sectors. In
the MAA case, e − y conversions start from 130 km and
e − x conversions from 220 km. e − x conversions in the
MAA case is quicker compared to the MZA case. The
reason will be discussed in Sec. III B. And the transition
probabilities for ordinary neutrinos of each flavor lead to
almost 1=3 and hence the neutrino ensemble appears to
reach flavor equilibrium. This multiangle decoherence
induced by the MAA instability was reported by
Ref. [34]. Neutrinos do not reach flavor equilibrium at
100 ms when flavor asymmetry ϵ is large. This fact is
consistent with previous works within the two-flavor
framework [34].
Figure 4 shows the radial evolution of the dipole term in

cosφ of the off-diagonal term of the density matrix ρν at
100, 150, and 300 ms. This value indicates the growth of
azimuthal-angle instability [34] and is defined as

PðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðPð1ÞÞ2 þ ðPð2ÞÞ2

q
ð37Þ

PðyÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðPð4ÞÞ2 þ ðPð5ÞÞ2

q
; ð38Þ

where

PðmÞ ¼
Z

dEdudφ
2π

PðmÞ
E;u;φ cosφ: ð39Þ

These Pð1;2;4;5Þ correspond to real and imaginary compo-
nents of the off-diagonal terms in the density matrix ρν and
they are initially identical to zero. Flavor conversions driven
by the MAA instability occur at a radius where this dipole
term approaches of order unity. If other instability domi-
nantly leads to flavor conversions, this dipole term does not
need to sufficiently grow. Comparing these off-diagonal
terms with transition probabilities in the MAA case, steep
growing features are directly linked to the onset radius of
flavor conversions. In otherwords, flavor conversions at 100
and 300 ms are derived by the MAA instability. Also, we
find that this flavor instability cannot grow sufficiently due
to the dense background matter at 150 ms in spite of given
perturbation seeds.
Figure 5 shows neutrino and antineutrino spectra at

1500 km at 100 ms. Left panels are the MAA case and right
panels are the MZA case. Top panels are neutrino spectra
and bottom panels are the antineutrino sector. At this time

FIG. 3. Radial evolution of the transition probability of electron
neutrinos into non-electron types at 100 ms (top panel) and
300 ms (bottom panel). Solid lines correspond to the MAA case
and dotted lines correspond to the MZA case. At 100 ms, the
MZA instability is completely suppressed, while the MAA effects
lead to flavor conversions. At 300 ms, flavor conversions are
seen in both MZA and MAA cases, especially beyond 1000 km
where oscillation appears in the MZA case in the e − x sector.
Also, transition probabilities are almost identical to 1=3 in the
MAA case.
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snapshot, flavor conversions are completely suppressed in
the MZA case and propagating neutrinos only experience
the H-resonance beyond 1000 km. The H-resonance
provides almost complete e − y conversion for the neutrino
sector in the NO case, and we find spectral swaps only in
the low-energy region less than 5 MeV because neutrinos
do not reach high energy region yet. In the MAA case,
spectral splits in the e − y sector occur beyond 10 MeVand
they are tiny in the e − x sector. In the antineutrino sector,
the final electron antineutrino spectrum is almost converted

to the original nonelectron type spectrum. And x − y
conversion is seen above 15 MeV. These are three-flavor
effects and arise due to the nonlinear evolution. These swap
features resemble spectral splits induced by the bimodal
instability in IO [25]. This is due to the large flavor
asymmetry ϵ > 1 and we observe the quasi-single angle
behavior [19,34]. Bump features in the νy spectrum are
transferred into electron neutrinos through the H-resonance
at larger radius.
Figure 6 shows the neutrino and anti-neutrino spectra at

300 ms. At this time snapshot, flavor conversions occur in
both the MAA and MZA cases. Averaged transition prob-
abilities for each flavors in the neutrino sector are almost 1=3
in the MAA case and the final spectra are actually identical
below a crossing energy of 15 MeV. This behavior is also
seen in the antineutrino sector and three-flavor states reach
the samenumber density above 20MeV.Hence, the neutrino
ensemble obtains a partial flavor equilibrium through the
MAA effects. And MSW resonances do not have large
effects on the final spectra under flavor equilibrium. On the
other hand, flavor equilibrium is not established in theMZA
case. Spectral splits arising in the e − y sector in neutrino
spectra at around 300 km are transferred into the νx spectrum
through large radius oscillations in the e − x sector. Swap
structures escape into the nonelectron neutrinos but return
through subsequent MSW resonances.

B. Results of stability analysis

In this section, we discuss our linear stability analyses to
interpret our numerical results. In particular, we focus on
three-flavor effects on the MAA instability because pre-
vious works have discussed only within the two-flavor
framework. We show the growth rate maps of the MZA and
MAA instability at 100 and 300 ms obtained by solv-
ing Eq. (34).
Figure 7 shows contours of growth rates κH=L in the

MZA case at 100 ms. In the top panel, the density profile
(solid red line) passes through between the instability
regions in both the e − x and e − y sectors, and this
situation is consistent with our numerical results that flavor
conversions do not happen. The density profile does not
deeply invade into the fast growth regions and instead goes
across the narrow region of e − x sector growth. This is not
enough for flavor instability to grow because the growth
rate immediately becomes weaker again.
The behaviors of three-flavor effects in the MZA case

depend on the value of θ13 as mentioned in Ref. [66].
Adopting a small or zero value, the stability analysis
presents different growth rate especially in the e − x sector.
In order to understand the effects of the mixing angle, we
discuss the effects within the three-flavor framework
adopting a small mixing angle θ13 ¼ 10−3, as was done
in Refs. [18,70,71]. This is shown in the bottom panel of
Fig. 7. Comparing these two mixing angle cases, the
instability region in the e − x sector is shifted into smaller

FIG. 4. Radial evolution of the dipole term in cosφ of off-
diagonal terms at 100 ms (top), 150 ms (middle), and 300 ms
(bottom). Purple lines correspond to the e − x sector and green
lines to the e − y sector. At 100 ms and 300 ms, flavor instability
steeply grows, while the growth is suppressed at 150 ms.
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radii. In addition, the growth rate is significantly smaller. If
we ignore the mixing angles and solve Eq. (28) and not
Eq. (34), the instability region in the e − x sector is shifted
to smaller radii. Therefore, flavor evolution can be sup-
pressed because of the small growth rate even if the density
profile intersects the instability region. Even in the ordinary
case, adopting experimental values, the growth rate in the
e − x sector is still smaller, but it sufficiently satisfies
κLr > 1 and is larger than in the e − y sector. There is a
possibility that collective flavor conversion can occur only in
the e − x sector, depending on the model investigated as
mentioned in Ref. [66]. Also, we observe that the instability
region in the e − y sector depends veryweakly on thevalue of
θ13. So long as we discuss the possibility of flavor evolution
within the two-flavor framework, the inclusion of θ13 does
not have any influence. However, it is necessary to take
mixing angles into account on the linear stability analysis if
performing three-flavor calculations as in this work.
Figure 8 shows the instability contour maps in the MAA

case at 100 ms. We divide the e − x and e − y sectors into
two separate panels (top and middle) because the instability
regions partly overlap. We show the onset radius of
collective neutrino oscillation found by our numerical
treatment in each sector as a vertical dotted line. This

indicator clearly corresponds to the intersection point of the
density profile (red solid) with the instability regions. It is
easy to see it even in comparison with the radial evolution
of the dipole mode of off-diagonal terms in Fig. 4. Dipole
modes in the off-diagonal terms steeply evolve at a radius
where the propagating neutrinos obtain large growth rates
inside the instability regions. Compared to the growth rate
in the e − y sector, that in the e − x sector is much smaller
and does not satisfy the condition κLr > 1. Nevertheless,
e − x flavor conversion appears in our numerical results.
This is because in the linear regime, we only calculate the
linearized equations by considering the two sectors are
completely decoupled. But in the numerical treatment, the
system is nonlinear and the rapid evolution of the e − y
sector kicks instability seeds in the e − x sector and the
growth is more rapid compared to that predicted [70]. Such
behaviors also appear in the radial evolution of the dipole
mode of the off-diagonal terms. Indeed, the growth of
instability in the e − x sector starts to develop only after the
e − y sector evolves.
The dependence of the instability regions on mixing

angles in the e − x sector has been discussed in the MZA
case. Since it is likely to appear in the MAA case, we
similarly perform the stability analysis. Interestingly, the

FIG. 5. Neutrino and antineutrino spectra at 1500 km at 100 ms. Left panels are the MAA case and right panels are the MZA case. Top
panels are neutrino spectra and bottom panels are the antineutrino sector. The dotted lines are for original spectra and the solid ones are
for final spectra after collective neutrino oscillation. In the MAA case, spectral splits appear, while flavor conversions are completely
suppressed in the MZA case. Low-energy transitions in neutrino spectra occur due to the H-resonance.
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bottom panel adopting small mixing angle θ13 ¼ 10−3

shows larger growth rates that are also shifted to larger
radii compared to the non-small mixing angle case shown
in the middle panel. This is contrary to the MZA case,
where the non-small mixing angle θ13 enhances the
instability associated with Δm2

21. This difference in behav-
ior stems from the different oscillation mechanisms
between the MAA and MZA. According to Ref. [25],
the sign of the Bloch vector B of the vacuum Hamiltonian
affects whether flavor mixing becomes unstable in the bulb
model or not,

Be−y ∼ −
Δm2

31

2E
cos 2θ13 ð40Þ

Be−x ∼ −
Δm2

21

2E
ðcos 2θ12 − cos2 θ12 sin2 θ13Þ

þ Δm2
31

2E
sin2 θ13: ð41Þ

In the IO case, Eq. (40) is always positive due to the sign of
Δm2

31 and the positive sign is preferable for unstable flavor

instability. In NO, Eq. (40) is always negative and e − y
conversions are stable in the MZA case. On the other hand,
the sign of Eq. (41) depends on the value of mixing angle
θ13 and the selection of a sufficiently large value changes
the sign from negative to positive. In that case, flavor
stability in the e − x sector becomes unstable and obtains
faster growth rates compared to the small mixing angle
case. On the other hand, e − y conversions occur in the
MAA case though the MZA case is potentially stable. It can
be considered that the MAA effect reverses the meanings of
the sign and the negative is preferable for unstable
instability. This is consistent with the behaviors that
the dependence of the growth rate in the e − x sector on
the mixing angle θ13 is contrary to the MZA case. Also, the
intersection point of the density profile in the e − x sector
occurs at approximately 800 km and obviously does not
match the onset radius ∼500 km in Fig. 3, though the
position in the e − y sector changes little. As with the MZA
case, the instability region is more shifted if we ignore
mixing angles. Thus, the linear stability analysis scheme
ignoring mixing angles or using different values can
incorrectly indicate the possibility of flavor conversions
or lack thereof within three-flavor framework.

FIG. 6. The same as Fig. 5, but for 300 ms. Neutrino spectra of three flavors are almost identical and there are no splits in the MAA
case. The same features are observed for antineutrinos. In the MZA case, split features in the neutrino sector are shifted by e − x
conversion subsequent to e − y conversion. In the antineutrino case, e − x conversion is tiny and a small low-energy splits occurs in the
e − y sector only.
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Figure 9 shows the contour maps in the MZA and MAA
cases at 300 ms. Again, the onset radius in numerical
results (vertical dotted) is consistent with the intersection
points of the density profile (red solid) with the instability
regions. In the MZA case, the density profile invades into
the instability regions and flavor conversions truly occur,
different from the 100 ms snapshot. Multiple spectral
crossings provide unstable modes and break the self-
induced suppression at small radius. In the MAA case,
the density profile enters the instability region at 100 km
and passes through until larger radii. Therefore, the growth
rate does not become weaker suddenly and flavor insta-
bility sufficiently evolves, unlike in the 100 ms snapshot.
Interestingly, comparing the MAA case with the MZA case,
we find that the narrow region of footprint in the MZA case
stays on higher density and flavor instability in the MAA
case is weaker than that in the MZA case. Previous work
[35] has reported that the MAA instability is easily sup-
pressed for neutrino spectra with multiple crossings.
Actually, the lowness of the narrow region indicates
suppression behaviors in the MAA case.

C. Signal prediction

Finally, we make signal predictions at current and future
detectors, namely, Super-Kamiokande and DUNE. We
numerically calculate the flavor evolution including vac-
uum, matter, and collective effects until 1500 km. At this
radius, the neutrino density is small enough and self-induced

FIG. 7. Contour map of the growth rate κH=L in the MZA case at
100 ms. Top panel is for ordinary mixing angle case and bottom is
for small mixing angle case, θ13 ¼ 10−3. The regions for the
e − y and e − x sectors are labeled. The red line shows the density
profile. Flavor instability can grow if the density profile intersects
the patched regions.

FIG. 8. The same as Fig. 7, but for the MAA case. Here, e − y
(top) and e − x (middle and bottom) sectors are separately
plotted. We do not show the plot in e − y sector in the small
mixing angle case because it is almost identical as the ordinary
case. The vertical dotted line indicates the onset radius of
collective neutrino oscillations found by our numerical treatment
in each sector.
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effects cease. The emitted neutrinos propagate through the
H- and L-resonance in the outer layer of the progenitor and
undergo additional mixing. Here, we assume these MSW
effects produce adiabatic resonances and simple flavor
mixing. For NO case, the MSW flavor mixing is described
in [18] as

fobsνe ¼ s212ðs213fCNOνe þ c213f
CNO
νy Þ þ c212f

CNO
νx ð42Þ

fobsν̄e ¼ c212ðc213fCNOν̄e
þ s213f

CNO
ν̄y

Þ þ s212f
CNO
ν̄x

; ð43Þ

where fobs is a neutrino flux at the surface of SN and fCNO is
after collective neutrino oscillation vanishes at 1500 km.We
evaluate the event rate, assuming a SN of an 8.8 M⊙
progenitor at d ¼ 10 kpc as a representative distance in
our Galaxy.
Super-Kamiokande has high sensitivity to inverse beta

decay (IBD) detecting electron antineutrinos. The threshold
energy of the recoil positron kinetic energy is 3.5 MeV
[72,73]. For ν̄ is Eth ∼ 4.79 MeV because of the mass
difference between the proton and neutron. We take the
cross section σ of IBD from Ref. [74] and the detector size
to be the full inner-detector volume of 32.5 kton in the
observation of short burst events like SNe, larger than the
fiducial volume [9]. The event rate is simply evaluated as,

dN
dt

¼ Ntar

4πd2

Z
Eth

dEfναðEÞσðEÞ; ð44Þ

where Ntar is the number of target particles in the detector
and fναðEÞ is the angle-averaged neutrino flux. In Super-
Kamiokande, the target particle is protons of pure water
H2O in the tank. Here, we do not consider actual detection
efficiency, detector responses, or energy resolution for
simplicity.
Figure 10 shows the time evolution of the event rate per

50 ms at Super-Kamiokande. Here, we present three types
of cases: the MZA, MAA, and MSWonly cases, all for NO.
The behaviors of suppression phenomena are switched as
time passes and four phases emerge. This phase evolution is
due to the shock expansion. The inclusion of collective
neutrino oscillation tends to increase the event rate. This is
related to the high-energy tail of the neutrino spectrum. The
higher the neutrino energy, the larger the cross section of
IBD, so the high-energy tail is important for the event
number. Since the high-energy tail is more prominent in the
nonelectron type neutrinos, howmuch the spectral tail of νX
is mixed into electron neutrinos explains the difference in
event rates. In the NO case, the transition probability
through the H-resonance is cos2 θ13 ∼ 0.98 and that through
the L-resonance is cos2 θ12 ∼ 0.7. In the MSW only case,
only 30% of the νx spectrum is mixed into electron
neutrinos. On the other hand, the inclusion of collective
neutrino oscillation provides additional e − X conversions
and leads to increase of the event rate by ∼20% in
300 ms case.
The Deep Underground Neutrino Experiment (DUNE) is

a liquid argon time-projection chamber which can detect
electron neutrinos via the charged-current reaction,
40Ar þ νe → e− þ40 K�, where the de-activation of K�
can be picked up with a photon system. Therefore,
simultaneous observations with DUNE and Super-
Kamiokande enables complementary information of

FIG. 9. The same as Fig. 7, but for 300 ms and we also show
both the MAA and MZA cases. The top panel is the MZA case in
both the e − x and e − y sectors. The middle and bottom panels
are the MAA case in the e − x and e − y sectors, respectively.
Here, we show only the non-small mixing angle case.
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ordinary and anti electron neutrinos. DUNE will be
composed of four detectors and the total fiducial volume
of liquid argon is designed to be 40 kton. The threshold
energy of this charged-current reaction has not been
precisely determined yet [75], and here we assume that
the electron energy cut-off is 5 MeV. Due to the energy
difference between 40Ar and 40K�, the threshold energy for
electron neutrinos is 8.28 MeV. We take the cross section
from Ref. [76].
Figure 11 shows the time evolution of event rate at

DUNE, again per 50 ms bins and a SN distance of 10 kpc.
As with the Super-Kamiokande case, the shock propaga-
tion affects the expected neutrino event rate. However, the
effect of collective neutrino oscillation in DUNE is the
opposite. The inclusion tends to decrease the event rate in
DUNE. This trend is derived from complete conversions
through the H-resonance. The tail components are impor-
tant similar to Super-Kamiokande and the H-resonance
switches electron neutrinos and nonelectron neutrinos. On
the other hand, the final spectrum of electron neutrinos are
not purely the nonelectron type spectra because
of collective flavor conversions that occur before the
H-resonance in the MZA and MAA cases. So the event
rate also decreases because collective neutrino oscillation
decreases the contribution of high energy tail of original
nonelectron type neutrinos on detected electron neutrino
spectrum. Also, the difference between the MZA and
MAA cases is clearly shown. At 300 ms, collective
neutrino oscillation easily occurs because multiple cross-
ings provide unstable conditions even in the MZA case.
On the other hand, the MAA instability causes multi-angle
decoherence and leads to flavor equilibrium of the
neutrino ensemble. The observed electron neutrino spec-
trum has relatively high contribution of the spectral tail of

the νX after passing through the MSW resonances because
the spectral shapes of the νx and νy are identical in the
MAA case. Therefore, the electron neutrino spectrum in
the MZA case is more different from in MSW only case
than in the MAA case.

IV. CONCLUSIONS

We have performed the first-ever numerical study of
three-flavor collective neutrino oscillation considering
three-dimensional momentum distribution in a realistic
ECSN model of an 8.8 M⊙ progenitor. The azimuthal
angular distribution of emitted neutrinos triggers axial-
symmetry breaking and causes MAA effects. The MAA
instability can be enhanced even in NO, under which axial
symmetric (MZA) case is potentially stable. To interpret
our results, we have also extended the linear stability
analysis into three-flavors including mixing angles.
Finally, we make signal predictions for a Galactic super-
nova event considering current and future detectors by
using our obtained neutrino spectra.
We found that the MAA effects can occur during time

snapshots when the MZA instability is completely sup-
pressed. The oscillation feature is similar to the flavor
conversion induced by the bimodal instability in the IO
case and spectral splits appear. The e − y split is
dominant, but a tiny e − x conversion also appears.
The growth rate in the e − x sector is much smaller than
in the e − y sector and provides partial flavor conversion.
Also, interesting is the influence of the mixing angle θ13
on the e − x sector evolution. In the MZA case, the
application of the latest non-small experimental value
rises the instability associated with Δm2

21 and can cause
e − x flavor conversions even in NO. However, the
addition of the MAA effect reverses the oscillation
criterion and weakens the growth rate. In this sense,
the MAA case in NO resembles the bimodal instability
in IO at early time snapshots. Considering the axial-

FIG. 11. The same as Fig. 10, but for νe CC at DUNE. In
contrast to ν̄e, the inclusion of collective neutrino oscillation
tends to decrease the νe event rate.

FIG. 10. Detected IBD event rate per 50 ms bins at Super-
Kamiokande from an ECSN at 10 kpc. The MAA case, the MZA
case, and the MSW only case are shown as orange solid, blue
dotted, and green dashed lines, respectively. The inclusion of
collective neutrino oscillation tends to increase the IBD event
rate.
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symmetry breaking, we can therefore find spectral split
features in both IO and NO.
We found that the neutrino event rates at Super-

Kamiokande and DUNE show systematic changes when
collective neutrino oscillation survives against the multi-
angle matter suppression. During the neutronization burst
and the accretion phase, collective neutrino oscillation is
suppressed by the excess of electron neutrinos and heavy
accreting matter; we call this the suppression phase. Later,
flavor conversions overcome matter suppression around
100 ms in our ECSN model, and we call this the window
phase. Neutrinos undergo matter suppression effects again
around 150 ms as the matter profile increases and the
neutrino flux decreases; we call this the resuppression
phase. Finally, the self-induced effects revive around
300 ms during the cooling phase; we call this the revival
phase. Note that these phases are only what we found on
our ECSN model and they may not necessarily be generic.
In the MZA case, the re-suppression phase starts very

early and the window phase does not exists. Thus, the
consideration of the MAA effect opens the possibility for
the multiangle matter and self-induced suppression in NO
and provides a different evolution of the neutrino event rate.
During the cooling phase, small flavor asymmetry and
multiple crossings break the synchronization of neutrino
ensembles and make possible flavor conversions in both
mass ordering. The behavior of multiangle decoherence in
the MAA case changes the final spectral shapes and the
difference in the neutrino event rate is enhanced.
In summary, we investigated the influence of the MAA

instability on flavor evolution within the three-flavor
framework. The inclusion of the MAA effects alters the
suppression behaviors and provides additional time evo-
lution in the signal prediction. However, the behaviors
found here are for our employed ECSN model, and
expected results would be different for other more massive
progenitor cases. In particular, the window phase could be
shorter or vanish due to stronger matter suppression for
iron-CCSN models. Also, to obtain a treatable description,

we imposed the assumption that the transverse evolution
can be ignored in order to extend the bulb model. The
small-scale transverse variations should actually grow and
could smear the observed signals at the Earth. Also, the
inclusion of the temporal evolution can compensate the
matter-induced phase dispersion and enhance the impact of
the inhomogeneous modes on the flavor evolution.
In addition, we also ignored the neutrino halo effect
and fast flavor conversion. These effects require the
inclusion of neutrino scattering and more detailed super-
nova simulations. But they are expected to influence the
signal prediction. The investigation of the global solutions
including the multidimensional spatial and temporal evo-
lution is still open and there is still much work needed to
challenge the computational complexity of the self-induced
interactions.
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