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Scaling law of Brownian rotation in dense hard-rod suspensions
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Self-diffusion in dense rod suspensions are subject to strong geometric constraints because of steric interac-
tions. This topological effect is essentially anisotropic when rods are nematically aligned with their neighbors,
raising considerable challenges in understanding and analyzing their impacts on the bulk physical properties. Via
a classical Doi-Onsager kinetic model with the Maier-Saupe potential, we characterize the long-time rotational
Brownian diffusivity for dense suspensions of hard rods of finite aspect ratios, based on quadratic orientation
autocorrelation functions. Furthermore, we show that the computed nonmonotonic scalings of the diffusivity as
a function of volume fraction can be accurately predicted by an alternative tube model in the nematic phase.
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I. INTRODUCTION

Highly concentrated, or dense, suspensions of rodlike mi-
croparticles (e.g., polymers, macromolecules, and colloids)
are abundant in both nature and the environment, where the
rod motions are simultaneously subjected to the enhanced
many-body interactions and thermal fluctuations [1–3]. Study-
ing particle self-diffusion in these systems has a fundamental
importance in understanding fluid and mass transport in bi-
ology, physics, chemical engineering, and material sciences
and may suggest new control mechanisms such as particle
self-assembly in microfluidic environments to form complex
microstructures and patterns [4–6].

While prior studies have mostly focused on the dilute or
semidilute cases, the diffusive properties of dense rod sus-
pensions are poorly understood. Consider measuring the rota-
tional diffusivity Dr for rods that undergo Brownian motions,
which can be generally reconstructed from the relaxation
history of the orientation autocorrelation function (OACF)
[7]. In the semidilute regime, it approximately follows an
exponential decay whose decay rate determines the unique
value of Dr [2,3]. In the past decades, several mean-field-type
models have been built to reveal the intrinsic scaling laws of
Dr by virtually embedding a probe into the rod meshwork
[2,8,9]. As an example, in the famous tube model proposed
by Doi and Edwards (DE hereafter) [2], the probe is assumed
to lie within an imaginary tube formed by neighbors. By
estimating the probe’s rotation angle before it disengages from
the tube, the model predicts Dr ∼ (n�3)−2, where n is the
number density and � the rod length. These semidilute models
have been verified in both experiments and particle simulation
studies, and have been widely used in characterizing Brown-
ian rotations in polymers and liquid crystals [10–15].

When the volume fraction further increases, more
and more frequent rod-rod collisions can drive isotropic-
anisotropic (nematic, smectic, etc.) order transitions for
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densely packed rods [1,2]. Intriguingly, experiments have
revealed that the OACFs may exhibit multiscale and shape-
dependent behaviors for rods with different aspect ratios as
the phase transition occurs [16–18], which raise considerable
challenges in characterizing Dr . On the one hand, it is difficult
to resolve the fast-growing complexity of many-body inter-
actions using the theories of cluster-expansion type [19,20]
when the expansion goes beyond the pairwise-level in virial
expansion of free energy. On the other hand, the mean-field
models like DE’s are not applicable in the ordered phases
(nematic or smectic) when the rods are subjected to strong
anisotropic steric confinements. Hence there is a general lack
of theoretical models for dense rod suspensions that are able
to (1) precisely extract Dr from the measured OACF data and
(2) interpret their analytical properties.

In this article we characterize the long-time Brownian
rotational diffusivity Dr for dense rod suspensions via a
Doi-Onsager model where a Maier-Saupe (MS) potential is
employed to capture the isotropic-nematic (I-N) phase tran-
sition. When the hydrodynamic interactions are neglected,
we show that the measured nonmonotonic Dr over a wide
range of aspect ratios can be explained by a modified DE’s
tube model. By using a geometric constrained Brownian
dynamics (GCBD) algorithm [21], we build our theory based
on extensive numerical simulation data of N Brownian sphe-
rocylinders, each with length �, diameter b, and orientation
p, in a cubic domain of length L. This method verified
the classic Brownian spherocylinders without hydrodynamic
interactions investigated by Bolhuis et al. [22] (see Ref. [21]
for more details). Our simulations cover a wide range of
aspect ratio γ = �/b and extend to volume fraction φ =
πn( b

3

6 + �b2

4 ) over 50% (i.e., close to the nematic-smectic
phase transition [22]), where n = N/L3 is the particle number
density. As shown by the open squares in Fig. 1, we perform
an ensemble average and calculate the (global) orientational
order parameter S = 3

2N

∑N
i=1 (pi · n̂)2 − 1

2 and n̂ the average
orientation of spherocylinders (i.e., the director [1,2]), which
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FIG. 1. Equilibrium orientational order parameter S as a function
of φ. The open squares represent the GCBD simulation data. The
solid lines are calculated using �eq in Eq. (2). Inset: Instantaneous
snapshots at φ = 20% and 40% for γ = 10 correspond to the I and
N phase, respectively.

captures the first-order I-N transition as bifurcations of S(φ)
curves.

II. KINETIC MODEL FOR Dr

A classical Doi-Onsager kinetic model [2] accurately de-
scribes the above mentioned critical behaviors via a time
evolution equation

∂�

∂t
= DrR ·

[
R� + �

kBT
RUs(p)

]
, (1)

where � is a probability distribution function (PDF) for a
rod’s orientation (unit) vector p, andR = p × (∂/∂p) is a ro-
tational operator. In the above, Dr characterizes the long-time
Brownian rotational diffusion for an equilibrium rod system
[2,15]. A mean-field torque is imposed on the rod’s rotational
dynamics via the MS potential [23–25] Us(p) = −ζ0pp:Q
due to the crowdedness nature of densely packed rods, where
Q = 〈pp − I/3〉 is the nematic-order-parameter tensor with
〈 〉 a configurational average of p, and ζ0 is a strength co-
efficient. At equilibrium (i.e., ∂�

∂t = 0), we rewrite the MS

potential asU (eq)
s = −ζ0pp:Qeq withQeq = S(n̂n̂ − I/3), and

then balance the rotational diffusion and the steric torque to
obtain the equilibrium PDF,

�eq(θ ) = exp
( Sζ0
2kBT

cos 2θ
)

2π
∫ π

0 exp
( Sζ0
2kBT

cos 2θ ′) sin θ ′ dθ ′ , (2)

with θ = arccos (p · n̂) [24,26]. As shown by the solid lines
in Fig. 1, the equilibrium PDF can be fixed by calibrating
the coefficient ζ0 using the order parameter S measured in the
GCBD simulations (see details in Appendix A).

We examine the orientation relaxation process of a free
probe in an equilibrium particle bath. As examples of γ =
20 shown in Fig. 2(a), direct measurements of long-time
〈p(t ) · p(0)〉 often show overly complicated evolution behav-
iors as the system deviates from the isotropic cases (e.g.,
φ = 10%) whose OACFs decay exponentially to zero [2]. In
the weak nematic (W-N) regimes (e.g., φ = 17%), however,
the functions may exhibit extraordinary slow decays after
the initial transient [27], which is different from the quick
decays observed in the strong nematic (S-N) regime (e.g., φ =
40%). As an alternative approach shown in Fig. 2(b), when
measuring the quadratic form 〈[p(t ) · p(0)]2〉 (or equivalently
〈P2[p(t ) · p(0)]〉, P2 represents the Legendre polynomial of

<p
(t)

⋅p
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FIG. 2. Orientation relaxation characterized by 〈p(t ) · p(0)〉
(a) and 〈[p(t ) · p(0)]2〉 (b) across φ for γ = 20. The open symbols
represent the GCBD data. Schematics of configurational space of
p(t ) are highlighted at the bottom for the different phases. In panel
(b), the solid lines represent the fitting function in Eq. (3). Inset:
Zoom-in window highlights that the short-time relaxation of OACF
fits an exponential decay governed by a single timescale τR.

order 2 [2,14,28]); we observe that for all cases, the OACFs
approach constant values after the initial decay, which can be
fitted into a universal form

[p(t ) · p(0)]2〉 = (1 − A∞) exp

(
− t

τR

)
+ A∞ (3)

with the steady-state value of A∞ and the correlation time τR
that dominates the decay. In the isotropic regime (φ < 15%),
A∞ = 1/3, which has been proven analytically [2].

These behaviors can be qualitatively understood by ex-
amining the long-time orientation distribution of p(t ) with
respect to p(0). As sketched in the bottom of Fig. 2(a), the
configurational space of p(t ) exhibits spherical symmetry
with the formed angle α = arccos [p(t ) · p(0)] ∈ [0, π ]. In
the S-N regime, it approximately reduces to a small and
narrow cone-shaped domain with an acute angle α when
the probe rotation is strongly confined around p(0). The
cone shape can be described by its maximum opening angle
estimated as αmax ∼ π/2 − arcsin(S). In the W-N regime
where rods are weakly aligned, p(t ) can simultaneously fall
into two large cones that are symmetric about α = π/2 but
with unequal probabilities as marked by different colors for
the cones. A biased distribution of p(t ) towards α = 0 will
cause a slower relaxation process (e.g., φ = 17%) towards
a finite equilibrium value as t → ∞. On the other hand, as
shown in Fig. 2(b), a quadratic OACF maintains the fore-aft
symmetry, i.e., 〈[p(t ) · p(0)]2〉 = 〈[−p(t ) · p(0)]2〉. Hence the
configurational domain of p(t ) automatically switches from a
half sphere in the isotropic regime to a single cone domain
in the nematic regime, leading to all positive correlations at
equilibrium (i.e., A∞ > 0).

Next, we construct a mathematical model to connect
the quadratic OACF with the Brownian diffusivity Dr de-
fined in Eq. (1). We follow DE’s theory [2,28] to define
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FIG. 3. Dr/Dr0 as functions of n�3 across φ for various γ . The
open squares represent the data extracted from GCBD simulations
via Eq. (6). The solid and dashed lines represent the scaling laws in
Eqs. (10) and (12), respectively. The solid red square on the γ = 20
curve marks the location of the data for fitting β. Inset: 〈|p × p′|〉pp′
and 〈|p · p′|〉pp′ as functions of S, evaluated using �eq (solid lines) and
the quadratic-closure approximation (dashed lines), respectively.

〈[p(t ) · p(0)]2〉 = ∫
(pp:p′p′)G(p,p′; t )�eq(p′)dp dp′ where

a Green’s function G(p,p′; t ) represents a conditional (or
joint) probability that the probe is in the direction p at time t ,
given that it was in the direction p(0) at t = 0. Starting from
Eq. (1) withUs = U (eq)

s , we can derive the evolution over time
(see Appendix B)

∂

∂t
〈[p(t ) · p(0)]2〉

= −6Dr

{
(1 + q)〈[p(t ) · p(0)]2〉 −

(
q + 1

3

)}
, (4)

where q(S) = 2ζ0
9kBT

S(S + 1
2 ) captures the intrinsic I-N transi-

tion and admits the time-dependent solution

[p(t ) · p(0)]2〉 = 2 exp[−6(1 + q)Drt] + 3q + 1

3(1 + q)
. (5)

Therefore, comparing Eq. (3) and (5) yields A∞ = 3q+1
3(1+q) and

Dr = 1 − A∞
4τR

, (6)

which enable us to extract Dr from OACF data. It recovers
the classical results A∞ = 1/3 in the isotropic regime when
q = 0 [2,14]. For all cases, we present the ratio Dr/Dr0

(Dr0 is the diffusivity of an isolated rod) as functions of a
dimensionless number density n�3 in Fig. 3. After the I-N
transition, Dr/Dr0 for short rods (e.g., γ = 5) switches to an
even faster decay, suggesting stronger hindrance on diffusion
in the nematic phase. In contrast, reverse growths are seen
for long rods (e.g., γ > 10) right after the I-N transition;
while in the deep nematic regime, Dr/Dr0 becomes descend-
ing again as the diffusive motions are fully constrained. All
these results qualitatively agree with the experimental ob-
servations for rodlike molecules with different aspect ratios
[16–18,29–31].

III. TUBE MODEL

To understand the complex scaling laws of Dr , as sketched
in Fig. 4(a), we envision the rotation of a probe to be

FIG. 4. GCBD simulations motivate a new tube model.
(a) Schematic of a virtual tube with penetrations from both the side-
wall and the two ends. (b) Fractional contributions of the averaged
collision numbers on the sidewall (λI ) and the ends (λII ) for γ = 5
and 20 as functions of φ. (c) The collision number ratio λI/(γ λII )
as functions of S for various γ . (d) The OPCF g(r⊥) in the nematic
regime as functions of the dimensionless transverse distance r⊥/b.

confined by surrounding neighbors that are nematically
aligned. Inspired by DE’s classical theory [2], we enclose the
probe in a virtual tube. Unlike DE’s original semidilute model
which considers only one effective side-by-side interaction
between an infinitesimally thin probe and its nearest neigh-
bor, we simultaneously track multiple interactions (contacts)
attributed from two types of collisions: side-side collisions
(denoted by “type I”) and end-side or end-end collisions
(denoted by “type II”). Intuitively, type II collisions, which
were neglected in DE’s model, may significantly change the
rotational motion because the collision forces have longer
moment arms when it occurs at the probe’s end.

The conceptual image in Fig. 4(a) of a restricted collision-
driven rotational motion is supported by a series of GCBD
simulation data that reveal intriguing geometric features. As
shown in Fig. 4(b), we examine the fractional contributions
of the two types of collisions relative to the total number of
collisions, i.e., λI,II = NI,II/(NI + NII ), where NI,II represent
the time-average collision numbers. For short rods (e.g., γ =
5), the type II collisions dominate in both the isotropic and
nematic regimes; while for relatively long rods (e.g., γ = 20),
the type I collisions are more frequent in the isotropic regime,
but they are significantly reduced after the I-N transition and
become much less compared to the type II collisions in the ne-
matic regime. Not surprisingly, all data for a rescaled collision
number ratio λI/(γ λII ) approximately collapse onto a master
curve since the collision numbers are purely determined by
the surface areas of the sidewall and the ends. In Fig. 4(d) we
define an orientational pair-correlation function (OPCF) in the
rod’s transverse direction [32–34]

g(r⊥) =
∑

i 
= j 〈P2(pi · p j )δ[r⊥ −
√

|ri j |2 − (ri j · pi )2]〉∑
i 
= j 〈δ[r⊥ −

√
|ri j |2 − (ri j · pi )2]〉

, (7)

012608-3



SHENG CHEN, WEN YAN, AND TONG GAO PHYSICAL REVIEW E 102, 012608 (2020)

where ri j connects the center-of-mass positions of the ith and
jth rods, and r⊥ measured the projected distance between
the rods in perpendicular direction of pi. Again, all data for
a rescaled OPCF g(r⊥ )−gmin

gmax−gmin
by using the maximum (when

r⊥ = b) and minimum (when r⊥ > 4b) values of g, especially
for rods of high aspect ratios, approximately fall onto a master
curve. These shape-independent features provides guidance of
how to construct analytical models that accurately reflect the
relative contributions of two types of steric interactions.

As illustrated in Fig. 4(a), we assume a probe oriented in
the p direction has a thickness b and length �, sitting among
nematically aligned neighbors whose orientation distribution
can be described by �eq. We estimate the number of pen-
etrations into a virtual tube that has the same rod length �.
As suggested by Fig. 4(d), the tube radius aT approximately
varies between b and 3b where the OPCFs exhibit significant
correlations. Following DE’s approach [2], we consider the
number of rods that penetrate a small surface area �S with
a unit normal vector n that can be calculated as �N =
n��S〈|p′ · n|〉 where the configurational average is performed
in a representative volume along the p′ direction. For the
sidewall intersections (i.e., n⊥p) arising from the type I
collisions, we reuse DE’s calculation [2] to sum �N over
half of the sidewall area SI = πaT � by taking into account the
double penetration from a vicinal rod, and obtain the number
NI = SIn�〈|p · n|〉pp′ = 2naT �2〈|p × p′|〉pp′ (see the derivation
details in Ref. [2]). Here 〈 〉pp′ represents configurational av-
erages over both p and p′. Likewise, the number of rods
intersecting from the two ends (i.e., n//p and the total area
SII = 2πa2T ) can be calculated in a straightforward manner as
NII = SIIn�〈|p · n|〉pp′ = 2nπa2T �〈|p · p′|〉pp′ by assuming that
the surrounding rods penetrate the tube only once.

To avoid double counting the neighboring rods that pene-
trate from the side and one end simultaneously, we calculate
the total penetration number as

Np = ωINI + ωIINII

= 2ωInaT �2〈|p × p′|〉pp′ + 2ωIInπa
2
T �〈|p · p′|〉pp′ . (8)

Since the calculations of NI,II have incorporated the shape
effect, according to Fig. 4(c), we assume the weights ωI,II (S)
are shape-independent and will be selected such that NI and
NII coexist in the isotropic regime but NI vanishes in the
“sharply aligned” limit where all rods are perfectly aligned
(i.e., S = 1). We assume the probe rotates a small angle δφ as
it moves for a distance of rod length � during the “reptation”
timescale τ0 ∝ D−1

r0 , which leads to Dr = δφ2/τ0 = βδφ2Dr0

with β a shape-dependent constant. Considering the fact that
the probe encounters these Np penetrations with equal proba-
bility, we estimate δφ = aT

Np�
, yielding

Dr

Dr0
= β(n�3)−2

[
ωI〈|p × p′|〉pp′ + πωII

(
aT
�

)
〈|p · p′|〉pp′

]−2

.

(9)

The β value for each γ case can be numerically fitted by
matching Dr/Dr0 with the GCBD data on a point where the
I-N transition occurs (as one example, see the solid red square
marked on the γ = 20 curve in Fig. 3) [2,11,12,35,36].

After β is fixed, we find that choosing ωI = 〈|p × p′|〉pp′ ,
ωII = 〈|p · p′|〉pp′ , and the tube radius aT ≈ 2b leads to ana-
lytical results (lines) that are in excellent agreement with the
GCBD data (symbols) as shown in Fig. 3. The analytical form
can be written as

Dr

Dr0
= β(n�3)−2

[(
〈|p × p′|pp′

)2
+ 2π

γ

(
〈|p · p′〉pp′

)2
]−2

,

(10)

where the two double-configurational averages are evaluated
by using �eq. The inset of Fig. 3 reveals the intrinsic com-
peting mechanism for the nonmonotonic critical behaviors
of Dr . Mathematically, we see that the enhanced rotational
diffusions observed in the nematic phase are caused by the
divergent behaviors of Eq. (10) as 〈|p × p′|〉pp′ approaches
zero at large S, which suggests weakened side-side steric
interactions as the probe reptates. Such “tube dilation” effect
is regulated by the enhanced end-steric effects in the nematic
regime as 〈|p · p′|〉pp′ dominates, especially for relatively short
rods with small γ . Furthermore, we adopt a quadratic closure
(see Appendix C) to approximate

〈|p × p′|〉pp′ ≈
√
2

3
(1 − S2), 〈|p · p′|〉pp′ ≈

√
1

3
(1 + 2S2).

(11)
Then Eq. (10) can be rewritten as

Dr

Dr0
≈ β(n�3)−2

[(
1 + π

γ

)
+

(
2π

γ
− 1

)
S2

]−2

. (12)

As shown by the dashed lines in Fig. 3, the above equation
provides an accurate yet convenient form without using �eq.
For thin rods (γ → ∞), Eq. (12) captures the DE’s semidilute
theory in the isotropic regime when S = 0. It also recovers
DE’s correction in the nematic regime when S > 0 and γ →
∞ by considering the tube-dilation effect only [2,37,38],
which, however, becomes singular in the limit S → 1. We
can further predict that such dilation effects occur only for
rods with γ > 2π as the resultant negative sign of the S2 term
directly causes reverse growing. This can be verified by the
γ = 7 case where Dr/Dr0 approximately follows the (n�3)−2

law in the nematic regime.

IV. CONCLUSION

In summary, we have built a Doi-Onsager model for
characterizing the long-time Brownian diffusivity Dr in the
nematic regime for concentrated rod suspensions. The non-
monotonic critical behaviors of Dr are accurately captured
via an alternative tube model. We have shown that when
appropriately incorporating steric hindrances around a probe
rod, DE’s tube concept can elegantly yet accurately describe
topologically constrained rod rotation in a concentrated mesh-
work without scrutinizing detailed rod-rod interactions. While
hydrodynamic interactions are neglected, we expect our scal-
ing law remains accurate for dense rod suspensions where
the short-range steric shielding dominates. We anticipate this
model will provide an alternative angle in characterizing
Brownian rotations in a wide variety of computational and
experimental studies of soft condensed matter.
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APPENDIX A: EQUILIBRIUM PDF SOLUTION

The rod system can be described by a probability distribu-
tion function �(p) as a function of the orientation vector p,
evolved through the Smoluchowski equation (1). The equilib-
rium solution satisfies

∇p ln�eq = 2ζ0
kBT

(I − pp) · Q · p. (A1)

In an isotropic state, � = 1
4π with the coefficient ζ0 = 0.

In the nematic regime, we assume the rods are distributed
axisymmetrically around the director n̂, yielding [24,25]

Q = S

(
n̂n̂ − I

3

)
, (A2)

where the order parameter S can be expressed as

S = 1

2

∫ 2π

0

∫ π

0
�(3 cos2 θ − 1) sin θ dθ dφ. (A3)

By substituting (A2) and (A3) into (A1), we can solve �(θ )
in spherical coordinates as

�eq(θ ) = exp [χ cos (2θ )]

2π
∫ π

0 exp [χ cos (2θ ′)] sin θ ′ dθ ′ , (A4)

with the coefficient χ = Sζ0
2kBT

. For a given φ and γ , χ can
be measured through the following steps: (1) take log on
both sides of (A4), yielding log�eq = χ cos (2θ ) + const;
(2) construct a discrete orientation probability distribution

θ/π

Ψ
eq

(θ
)

0 0.2 0.4 0.6 0.8 1

0
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3

Nematic
40%

20%
30%

φΨeqGCBD
IsotropicIsotropicIsotropic
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FIG. 5. Examples of orientational PDF for γ = 10 at φ =
20%, 30%, 40%. Open squares represent the GCBD data, and the
solid lines represent the results by using �eq in Eq. (2).

from particle simulation by dividing θ uniformly into small
intervals 
θ = π/400; and (3) take log on the discrete orien-
tation probability distribution and convert it to be a function
of cos (2θ ) and use the linear fitting to get χ . After χ is
measured, a continuous PDF can be constructed based on
(A4). As examples shown in Fig. 5 for γ = 10 cases, the
reconstructed PDF �eq accurately represent the numerical
data.

APPENDIX B: MEASURING Dr FROM QUADRATIC OACFs

Here we construct a mathematical model to connect
the quadratic OACF with the Brownian diffusivity Dr de-
fined in Eq. (1). We follow DE’s theory [2,28] to define
〈(p(t ) · p(0))2〉 = ∫

(pp:p′p′)G(p,p′; t )�eq(p′)dp dp′ where
a Green’s function G(p,p′; t ) represents a conditional (or
joint) probability that the probe is in the direction p at time
t , given that it was in the direction p(0) at t = 0. It can be de-
rived from the Smoluchowski equation that the time evolution
of G(p,p′; t ) follows ∂G

∂t = DrR · (RG + G
kBT

RUs), with the
initial condition G(p,p′; t = 0) = δ(p − p′). Then the time
derivative of 〈(p(t ) · p(0))2〉 becomes

∂

∂t
〈[p(t ) · p(0)]2〉

= Dr

∫ [
R2(pp):p′p′ − 1

kBT
(R(pp):p′p′) · RUs

]

× G(p,p′; t )�eq(p′)dp dp′ (B1)

with the first term R2(pp):p′p′ = −6pp:p′p′ + 2. Substitut-
ing expression ofU (eq)

s into the second term, it derives

− 1

kBT
[R(pp):p′p′] · RUs = 4ζ0S

kBT
[(n̂n̂ · pp):(p′p′)

− (n̂ · p)2(pp:p′p′)]. (B2)

Then we make an approximation

(n̂n̂ · pp):(p′p′) = |(n̂ · p′)(n̂ · p)||p · p′| ≈ (n̂ · p)2|p · p′|.
(B3)

A Taylor expansion of the above equation yields |p · p′| ≈
1
2 (pp:p

′p′) + 1
2 . The term (n̂ · p)2 can approximated through

the steady-state value of 〈pp:n̂n̂〉, which is (Qeq + I
3 ) : n̂n̂ and

it gives (n̂ · p)2 ≈ 2
3S + 1

3 . Substituting these into Eq. (B1)
and Eq. (B2) gives the evolution over time

∂

∂t
〈[p(t ) · p(0)]2〉

= −6Dr

{
(1 + q)〈[p(t ) · p(0)]2〉 −

(
q + 1

3

)}
(B4)

with q(S) = 2ζ0
9kBT

S(S + 1
2 ) captures the intrinsic I-N transi-

tion. It admits the solution

〈[p(t ) · p(0)]2〉 = 2

3(1 + q)
exp[−6(1 + q)Drt] + 3q + 1

3(1 + q)
.

(B5)
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APPENDIX C: EVALUATING
DOUBLE-CONFIGURATIONAL AVERAGES

We perform an analytical calculation of the two configu-
rational averages 〈|p × p′|〉pp′ and 〈|p · p′|〉pp′ . We first define
m = pp − I/3 and rewrite

|p · p′| =
√
pp:p′p′ =

√
1

3

√
1 + 3m:m′,

|p × p′| =
√
1 − pp:p′p′ =

√
2

3

√
1 − 3

2
m:m′. (C1)

For the first expression in (C1), we perform Taylor expansions
in terms of m:m′, leading to

|p · p′|=
√
1

3

[
1 + 3

2
m:m′ − 9

8
(m:m′)2 + 27

16
(m:m′)3 + · · ·

]
.

(C2)

Then we employ a quadratic closure to express the high-order
moments in terms of the lower-order moments, leading to

〈
N︷ ︸︸ ︷

mm · · ·mm〉p =
N︷ ︸︸ ︷

QQ · · ·QQ. Hence we have

〈|p · p′|〉pp′

≈
√
1

3

[
1 + 3

2
Q:Q′ − 9

8
(Q:Q′)2 + 27

16
(Q:Q′)3 + · · ·

]

=
√
1

3

√
1 + 2S2. (C3)

Similarly, the second term in (C1) can be calculated as

〈|p × p′|〉pp′ ≈
√
2

3

√
1 − S2. (C4)
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