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Abstract

The needs of high speed performance electronic devices for various applications require novel ma-

terials and new physical phenomena. For these purposes we propose to study new physical effects

based on electron scattering on magnetic skyrmions and vortices distributed in a 2D ferromagnetic

material. We show that the topological spin Hall effect (TSHE) can be efficiently employed for the

filtering, switching, and separation of spin currents. For some values of the parameters (conduction

electron concentrations, and skyrmion/vortex sizes) it is possible to separate Hall currents for dif-

ferent electron spin projections as it is like for different carrier charges (electrons and holes) in the

normal Hall effect. The calculations are performed using the Boltzmann kinetic equation for the

nonequilibrium distribution function and the Lippmann-Schwinger equation for the transition ma-

trix in the whole range of the adiabaticity parameter. The spin filtering due to the skyrmion/vortex

scattering can be several orders of magnitude more efficient in the narrow range of the electron

concentrations than that of the ordinary ferromagnetic spin polarization in spintronics.

1



The nature of topological spin Hall effect (TSHE) is different than a charge Hall effect

where a charge is deviated from its straight line trajectory due to the Lorentz force in an

external magnetic field. A TSHE appears due to the interaction of conducting electrons

(holes) with the localized magnetic moment textures – skyrmions,1–14 which are due to

spin-orbit interaction, i.e., specifically Dzyaloshinski-Moriya interaction term.1,10

There are several approaches to calculate TSHE for weak conducting electron-skyrmion

interaction. A topological spin current can be found15,16 For adiabatic electron-skyrmion

scattering, the tight-binding approximation17,18 and the Berry phase approach14,19 were also

employed. However, the semiclassical approach based on the nonequilibrium Boltzmann

equation1,20–30 allows us to find spin currents in the whole range of the adiabaticity param-

eter. In this approach the main problem is in the calculation of a collision integral, which is

due to the conduction electron scattering at the localized magnetic moment texture.

For applications it is important to understand how partial spin current densities depend

on various parameters such as an electron density, a magnetic moment of the ferromag-

net, Fermi energy, an exchange integral for localized and conduction electron spins. The

effect of electron scattering at skyrmions and vortices can have a tremendous impact on the

development of novel spintronic devices. In this research we demonstrate that the current

density strongly depends on a spin orientation and other parameters of the system. We show

that the currents can be separated according their spin projection (separation). At some

values of the parameters electric current with spin-down can be substantially suppressed

(filtration). We demonstrate that, despite spin polarization can also take place in an ordi-

nary ferromagnet, the presence of skyrmions can additionally enhance the polarization by

several orders of magnitude. Thus, in this work we are interested in partial spin-oriented

currents driven by the TSHE. In particular, we consider a free electron particle moving in

a 2D crystal where a spin texture is introduced by localized magnetic moments (skyrmions

and vortices) at low concentrations where each scattering is independent of other scattering

processes. The schematic picture of the spin Hall electron scattering is shown in Fig. 1.

To describe the topological spin Hall scattering we employ the s-d Hamiltonian where the

interaction between the localized moments and spins of the conduction electrons is chosen

in the exchange form:31

H =
k2

2m
− JS(r) · σ, (1)

where the first term represents the kinetic energy of conduction electrons, J is an exchange
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FIG. 1: (a) Skyrmion and (b) the system of the magnetic skyrmions randomly distributed in a 2D

material where the electron current is due to an external electric field.

integral, S(r) is a localized magnetic moment (in this work we only consider skyrmions

and vortices), and σ is a vector with the three Pauli matrix projections for the conduction

electron spins. We choose the S(r) texture in the following form:

S(r) = S0 · ez +
∑
i

δS(r− ri), (2)

where S0 is uniform out-of-plane background magnetization and δS(r− ri) is a deviation of

magnetic moment due to the skyrmion or vortex. The conduction electrons are a uniform

electron gas embedded into the ferromagnetic and skyrmion environment. Because of the

splitting of the energy for different spin projections, we can introduce two types of carriers

depending on a spin orientation. For spin ↑ and spin ↓ we write the following kinetic

energies ε↑,↓(k) = k2/(2m)± J/2. For the two types of electrons we can define momenta in

the following way:

k↑,↓ =

√
2m(ε± J/2)

~
. (3)

To determine electron current density in x- and y-directions we have to find a nonequilibrium

distribution function described by the Boltzmann equation in the stationary state,32 where

the transition probability, W ss′

pp′ , can be determined in terms of a transition matrix T ss′

pp′ :

W ss′

pp′ =
2π

~
nt

∣∣∣T ss′

pp′

∣∣∣2 δ(ε− ε′), (4)

where s, s′ are free electron spin projections. The transition matrix can be found from the

Lippmann-Schwinger equation equation:33

T̂ = V̂ + V̂ Ĝ0T̂ , (5)
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where Ĝ0 is a retarded free electron Green’s function.34 The potential energy for a single

spin texture is given by the following matrix:

V̂ (r) = −JS0

 nz − 1 nx − iny

nx + iny −nz + 1

 . (6)

Here n2
x + n2

y + n2
z = 1. Furthermore, we assume that the skyrmion amplitude is the same

as that of the background magnetization. We solve the Boltzmann equation for a non-

equilibrium distribution function, which is presented as f s(k) = f0(k) + f s
1 (k). Here f0 is

the Fermi equilibrium distribution function and the non-equilibrium part, f s
1 , is expressed

in the following way:32

f s
1 (k) = −∂f0

∂ε
χs(ε) · k, (7)

where χs is an unknown vector function depending on the electron energy. The Boltzmann

equation for χs is a 4× 4 algebraic matrix equation that can be easily solved if the matrix

elements are known. To determine these matrix elements we have to find the solution of the

Lippmann-Schwinger equation (5) and then determine the transition probability (4).

Eq. (5) is a 4× 4 integral equation that can be numerically solved the k-representation.

The 2D-free electron wave functions are used as a basis set. For spin textures such as

skyrmions and vortices, there is a polar symmetry in a 2D k-space. Indeed, polar symmetry

takes place where the transfer matrix elements T ss′

kk′ are independent of the incident and

scattering angles separately and depend only on the angle between k and k′ wave vectors.

This feature substantially simplifies the calculations. By applying the Fourier transform,

the radial symmetry allows us to present the T-matrix in a block-diagonal form. Within the

conditions mentioned above we have found the solution for T-matrix for any strength of the

scattering potential, i. e., in the whole range of the adiabaticity parameter.30

As soon as a nonequilibrium function is determined (see Eq. (7)) at zero-temperature,

the energy derivative over the Fermi distribution becomes the delta function, and then the

2D electric current densities in x- and y-directions becomes:32

jsx,y = e

∫
vx,yf

s
1 (k)dkxdky =

e

4π~
ksFχ

s
x,y. (8)

From this equation we conclude that only electrons with k↑ = k↑F and k↓ = k↓F contribute

to the current. k↑F and k↓F are defined by Eq. (3).
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In this research we are interested in the spin-↑ and spin-↓ current densities depending on

the following dimensionless parameters:

κa =

√
2mJ

~
a, Γ =

2εF
J
. (9)

The first parameter, κa, describes a dimensionless skyrmion (vortex) size. The second

parameter, Γ, defines dimensionless Fermi energy that is proportional to the electron density

of a 2D free electron gas. As far as skyrmion and vortex analytic formulas are concerned,

we choose the following forms describing Bloch skyrmion35 and vortex shapes, respectively:

nz(r) = cos

[
π

(
1− exp

(
−r

2

a2

))]
,

nz(r) = cos

[
π

(
exp

(
−r

2

a2

)
− exp

(
−(c1r)

2

a2

))
c2

]
. (10)

The first equation corresponds to a skyrmion and the second one describes a vortex, where

the coefficients c1 and c2 allow us to change the minimum location and normalize the spin

distribution function. For the calculations we choose c1 = 3.2, that places minimum approxi-

mately at r = 0.5a, and c2 ' 1.4255. For both skyrmion and vortex, the x- and y-components

of the spin textures are determined as nx = cos (ϕ)
√

1− n2
z and ny = − sin (ϕ)

√
1− n2

z,

respectively. Here ϕ is a polar angle.

For the calculations we choose skyrmions with the topological charge Q = 1 and vortices

with the topological charge Q = 0. In Fig.2 a and b for both skyrmions and vortices we

present conductivities α↑,↓xx (see Fig.2a), and α↑,↓xy (see Fig.2b), respectively.

In Fig. 2a κa = 0.05, i.e., the size of the skyrmion is very small, and the spin-up electric

conductivity in the x-direction for both skyrmions and vortices is large and represented

by straight lines. For spin-down the conductivity vanishes at Γ = 1 according to Eq.

(3). As far as xy-conductivity is concerned (the Hall conductivity), it is the five orders of

magnitude smaller than the xx-conductivity as shown in Fig. 2b. The spin Hall conductivity

demonstrates nonlinear monotonic growth for both skyrmions and vortices and also spin-up

and spin-down projections. However, the skyrmion-induced spin Hall conductivity is larger

than the vortex one. For all dependencies the spin-down conductivity is always larger than

the spin-up one. For small value of Γ the ratio of spin-up to spin-down xy-conductivity can

be very large. Thus, we observe a filtering effect for small Γs.

For the intermediate values of skyrmion and vortex sizes, κa = 1.0, the dependencies are

nonlinear and more dramatic. Indeed, for αxx the skyrmion spin-up conductivity decreases
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(a) (b)

FIG. 2: (a) α↑,↓xx for both skyrmion and vortex (b) α↑,↓xy for both skyrmion and vortex for small

skyrmion and vortex size with κa = 0.05. Here α0 is a normalization electroconductivity, the same

for all calculations,

(a) (b)

FIG. 3: (a) α↑,↓xx for both skyrmion and vortex (b) α↑,↓xy for both skyrmion and vortex for intermediate

skyrmion and vortex size with κa = 1.0.
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in the broad range of Γ and then slowly increases. The vortex spin-up conductivity exhibits

the minimum at Γ ' 1.4 and then goes up. The spin-down conductivities are nonlinear but

monotonic and, as shown in Fig. 3a, it is larger for the vortex than for the skyrmion. The

Hall conductivity is only about one order of magnitude smaller than αxx. The spin-up Hall

conductivity dependencies on the Γ parameter (electron concentration) exhibit the maxima

at Γ = 1.1− 1.2 for both skyrmion and vortex scattering. The spin-down Hall conductivity

for the vortex demonstrates the maximum. This picture is entirely different than that of the

small skyrmion sizes (see Fig. 2b). Such dependencies are nonlinear and difficult to predict.

(a) (c)(b)

FIG. 4: (a) α↑,↓xx for both skyrmion and vortex (b) α↑,↓xy for both skyrmion and vortex for large

skyrmion and vortex size with κa = 5.0.

For the large skyrmion size (κa = 5.0), the electron scattering is adiabatic and large.

The skyrmion and vortex spin-dependent αxx and αxy are of the same order of magnitude.

As shown in Fig. 4a, αxx are monotonically growing functions for both skyrmion and

vortex and for spin-up and spin-down electrons. In this case the spin-down conductivity

is of the same order of magnitude as the spin-up one. For the spin Hall effect (Fig. 4b)

we observe the separation of currents for spin-up and spin-down states. Interestingly, the

spin-up and spin-down conductivities for a vortex are monotonically decreasing and almost

parallel functions of Γ. In the skyrmion case, the dependence is significantly different.

The spin-up spin Hall conductivity α↑xy is a linearly growing function while α↓xy is linearly
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decreasing function. For both skyrmion and vortex, spin-down current is negative while

spin-up is always positive. Thus, we observe the separation of spin current (left and right)

that can be used in applications.

(a) (c)(b)

FIG. 5: Filtration coefficient, F , for the skyrmion/vortex sizes: (a) κa = 0.05 (b) κa = 1.0 , and

(c) κa = 5.0. The grey dashed line represents the ferromagnetic filtering coefficient, FFM .

Despite of the topological spin texture like a skyrmion and vortex, there is spin filtering

due to the existence of the background ferromagnetic ordering. In this case, it is important

to understand, which effect contributes at most: the ferromagnetic polarization or filtering

due to skyrmion scattering. The filtering effect will be calculated as a filtration coefficient

defined as follows:

F ≡ α↑xx

α↓xx
. (11)

For the ferromagnetic filtering, α↑xx ∼ k↑F and α↓xx ∼ k↓F , so, using Eqs. 3 the ratio equals

FFM =
√

(Γ + 1)/(Γ− 1). F can be also calculated for the skyrmion and vortex spin

textures. We compare these two cases for different values of κa (0.05, 1.0, 5.0) as a function

of Γ. The results are presented in Fig. 5 a, b, and c.

As shown in Fig. 5a, the skyrmion/vortex curves are close to the FFM one at the inter-

mediate and large Γs, while there is a significant difference, about one order of magnitude,
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at small values of Γs. At larger Γs, the filtration coefficient difference between FFM and

FSK/V OR is lower, but noticeable.

For the intermediate skyrmion/vortex sizes (κa = 1.0) we find that the filtering coefficient

for the skyrmion is higher than that of the vortex as shown in Fig. 5b. At small Γs the

ratio FSK/V OR/FFM is greater than one order of magnitude, indicating that the filtering is

mostly due to skyrmion/vortex rather than the ferromagnetic polarization.

For the large skyrmion (vortex) sizes (κa = 5.0), the situation is significantly different.

In contrast to the intermediate skyrmion size (Fig. 5b), the filtering in more efficient for

vortices rather than skyrmions. Moreover, we observe the nonmonotonic behavior, i.e., the

peak at Γ = 1.2 for the skyrmion and Γ = 1.3 for the vortex. In the case of the skyrmion

the filtration coefficient is almost the same as that of FFM . Thus, for this case, the filtration

is mostly determined by the ferromagnetic background.

For estimations we take the following parameters in Fe(4)/Co(4) multilayer film: a =

10 nm, m = 0.1me, J = 0.1 eV , and εF = 0.3 eV .36 In this case Γ = 3 and κa =

5. According to Fig. 4b the relative skyrmion spin separation Hall current is very large,

(α↑xy − α↓xy)/(α↑xx + α↓xx) = 0.6. For the small skyrmion with κa = 0.05 (see Fig. 2b) the

relative spin Hall conductivity is extremely small, (α↑xy−α↓xy)/(α↑xx+α↓xx) = 6.8 ·10−6. Thus,

the relative spin Hall splitting is significantly increased by five orders of magnitude due to

the skyrmion electron scattering.

In conclusion, we have studied the behavior of electric currents is x- and y- (Hall effect)

directions depending on the skyrmion/vortex sizes and carrier concentrations. We have

found the strong filtering and spin separation for specific values of the parameters. For

small skyrmion sizes the filtering can reach one order of magnitude in the x-direction. At

small values of Γ the filtering in x- and y-directions can be many orders of magnitude. The

filtering effect is due to both skyrmions scattering and ferromagnetic spin polarization. As

shown in Fig. 5a, the filtering can be as much as ten times more efficient than that of the

ferromagnetic background polarization. For the intermediate values of skyrmion sizes, we

find the nonmonotonic behavior in αxx and αxy for skyrmions and vortices. At small values

of Γ, the spin-up spin Hall current exhibits a sharp peak in the narrow range of Γs (carrier

concentrations) that can be used as a switch. For the intermediate skyrmion sizes, the

filtration is even more efficient than that of the small sizes. For large values of skyrmion size

we have found the strong separation in spin Hall currents for both skyrmions and vortices.
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For skyrmions, the separation is even more efficient.

Filtering and separation in topological Hall effect can be employed in spin electronic

devices and as efficient elements in computers.
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