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Abstract

We provide a complete picture of asymptotically minimax estimation of L,-norms
(for any r > 1) of the mean in Gaussian white noise model over Nikolskii—-Besov
spaces. In this regard, we complement the work of Lepski et al. (Probab Theory
Relat Fields 113(2):221-253, 1999), who considered the cases of r = 1 (with poly-
logarithmic gap between upper and lower bounds) and r even (with asymptotically
sharp upper and lower bounds) over Holder spaces. We additionally consider the case
of asymptotically adaptive minimax estimation and demonstrate a difference between
even and non-even r in terms of an investigator’s ability to produce asymptotically
adaptive minimax estimators without paying a penalty.
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1244 Y.Han etal.

1 Introduction

Estimation of functionals of data generating distributions is a fundamental problem in
statistics. Whereas relevant issues in finite dimensional parametric models are compar-
atively well understood [3,47], corresponding nonparametric analogues are often much
more challenging and have attracted tremendous interest over the last two decades. In
this regard, initial efforts have focused on the inference of linear and quadratic func-
tionals in Gaussian white noise and density models and have contributed immensely
to the foundations of ensuing research. We do not attempt to survey the extensive lit-
erature in this area. However, the interested reader can find a comprehensive snapshot
of the literature in [4,5,7-9,14-16,18,28,31,38,44] and the references therein.

For treatment of more general smooth functionals in Gaussian White Noise model
(for smoothness measured in terms of differentiability in L, ), the excellent monograph
of [38] provides detailed analyses and references of cases where efficient parametric
rate of estimation is possible. Further, in recent times, some progress has also been
made towards the understanding of more complex nonparametric functionals over
substantially more general observational models. These include causal effect func-
tionals in observational studies and mean functionals in missing data models. For
more details, we refer to [37,41,42], which considers a general recipe to yield min-
imax estimation of a large class of nonparametric functionals common in statistical
literature. However, apart from general theory of estimating linear functionals, most of
the research endeavors, at least from the point of view of optimality, have focused on
“smooth functionals” (see [42] for a more discussions on general classes of “smooth
functionals™).

In contrast, the results on the asymptotically minimax estimation of non-smooth
functionals have been comparatively sporadic ([22,29,30]). The paradigm got an impe-
tus from the seminal papers of [35] and [10] which considered the estimating of
L,-norms in Gaussian mean models. Subsequently, significant progress has been made
regarding inference of non-smooth functionals in discrete distribution settings ([19,25—
27,46,49]). However, even in the simpler setting of Gaussian white noise model, a
complete picture of minimax optimality for estimating integrated non-smooth func-
tionals remain unexplored. This paper is motivated by taking a step in that direction by
providing a complete description of asymptotically minimax estimation of L,-norms
(for r > 1) of the mean in Gaussian white noise model over Nikolskii—-Besov spaces.
We additionally consider the case of adaptive minimax estimation and demonstrate a
difference between even and non-even r in terms of an investigator’s ability to produce
asymptotically adaptive minimax estimators without paying a penalty.

More specifically, we consider noisy observation {Y (¢)};¢[0,1] in the Gaussian white
noise model with known variance 0% as

o
dY(t) = f(t)dt + ﬁdB(t), (1.1)

where f : [0, 1] — R is the unknown mean function and {B(¢)};¢[0,1] is the standard
Brownian motion on [0, 1]. The main goal of this paper is to consider adaptive minimax

1/r
estimation of the L,-norm of the mean function f (i.e. || f|l £ (f[o 1 |f(t)|’dt>
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On estimation of L,-norms in Gaussian white noise models 1245

for r > 1) over Nikolskii—Besov spaces %’;’ so(L) in L,[0, 1], p > 1 of smoothness
s > 0 (defined in Sect. 2). It is worth noting here, that the specific cases of the mean
function f being uniformly bounded away from O is significantly easier since in that
case a natural plug-in principle yields asymptotic optimality.

As mentioned earlier, significant progress towards understanding these specific
functionals has been made in [35] and [10]. In particular, [35] considers estimation of
the L,-norm over Holder spaces of known smoothness and demonstrate rate optimal
minimax estimation for r even positive integers. For r = 1 their results are suboptimal
and leave a poly-logarithmic gap between the upper and lower bounds for the rate of
estimation. Moreover, for general non-even r, [35] provides no particular estimator.
Finally, their results are non-adaptive in nature and requires explicit knowledge of the
smoothness index of the underlying function class. Our main contribution is improving
the lower bound argument (over function spaces similar to Holder balls) to close the
gap in non-adaptive minimax estimation of L,-norm of the signal function. Moreover,
for general non-even r > 1, the analysis extends further to demonstrate adaptive min-
imax estimators without logarithmic penalties which are typical in smooth functional
estimation problems. However, the situation is different for even integers r where our
results show that a poly-logarithmic penalty is necessary. In this effort, the funda-
mental work of [10], which considered estimating the L-norm of the mean of an
n-dimensional multivariate Gaussian vector, serves as a major motivation. In Sect. 3
we comment more on the main motivating ideas from [10] as well as the fundamental
differences and innovations.

The main results of this paper are summarized below.

(a) We produce minimax rate optimal estimator L, norm of the unknown mean func-
tion f in Gaussian White noise model (1.1) with known variance.

(b) For non-even r, an accompanying adaptive minimax optimal estimator is also
provided. In contrast, for even integers r, we argue along the lines of standard
results from [23,24] that at least poly-logarithmic penalty needs to be paid for
adaptation. The lower bound on this penalty is not sharp in this regard and only
serves to demonstrates the lack of adaptation without paying a price.

(c) Similar to [10], both our upper and lower bounds rely on best polynomial approx-
imations of suitable functions on the unit interval, which might be of independent
interest.

1.1 Organization

The rest of the paper is organized as follows. In Sect. 2 we discuss function spaces rel-
evant to this paper as well as best polynomial approximations of continuous functions
on compact intervals along with properties of Hermite polynomials, which are useful
ingredients in the construction of our estimators. Section 3 contains the main results
of the paper and is divided into two main subsections based on the non-even or even
nature of r while estimating || f||,,. For non-even » > 1 (Sect. 3.1), we first lay down
the basic principles for r = 1 (Sect. 3.1.1) followed by the general r (Sect. 3.1.2). The
case of even r is well understood from [35] and is mostly presented here (Sect. 3.2)
for completeness and discussing issues of adaptive estimation. In Sect. 4 we discuss
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remaining issues and future directions. Proofs of the main theorems are collected in
Sect. 5 followed by proofs of several technical lemmas in Sect. 6.

1.2 Notation

In this paper, Poly, denotes the set of all polynomials over [—1, 1] with real coeffi-
cients and degree at most K. For any finite set S we denote its cardinality by |S|. For
a function defined on [0, 1], for 1 < ¢ < oo we let |hlly := (f;o {, [(x)[9dx)"/4
denote the L, semi-norm of A, ||hllcc := sup,¢[g 1) [2(x)| the Lo semi-norm of h.
We say h € Lg4[0, 1] for g € [1, 00] if ||k]l; < oo. The results in this paper are
mostly asymptotic (in n) in nature and thus requires some standard asymptotic nota-
tions. If a, and b, are two sequences of real numbers then a, > b, (and a, < by,)
implies that a,/b, — oo (and a,/b, — 0) as n — 00, respectively. Similarly
a, 2, b, (and a, < b,) implies that lim inf a,, /b, = C for some C € (0, co] (and
lim sup a, /b, = C for some C € [0, 0c0)). Alternatively, a, = o(b,) will also imply
ap < by, and a, = O(b,) will imply that lim supa, /b, = C for some C € [0, 00).
Finally we comment briefly on the various constants appearing throughout the text and
proofs. Given that our primary results concern convergence rates of various estimators,
we will not emphasize the role of constants throughout and rely on fairly generic nota-
tion for such constants. In particular, for any fixed tuple v of real numbers, C(v) will
denote a positive real number which depends on elements of v only. Finally, whenever
we use the symbol < in the asymptotic sense above, the hidden positive constant C
will depend on the known parameters of the problem.

2 Function spaces and approximation

We begin with some standard definitions of function spaces [12,21] that we work
with throughout. In the study of nonparametric functional estimation problem, many
studies were devoted to the case where f is assumed to lie in a Holder ball defined as

IfO) — FOW)

lx — yl«

H(s,L)é{feL2[O,1]: §L,Vx7éye[0,1]},

where s = r + « > 0 is the smoothness parameter, » € N, « € (0, 1]. In this paper,
we consider another function class which is close but not identical to the Holder ball
where the dependence of the upper and lower bounds on #» matches. The r-th symmetric
difference operator A}, is defined as [12]

Apf(x) = i(—l)r—k <]:>f (x+(xk=3)n).

k=0

with the agreement that A} f(x) = 0 when either x + 5/ or x — 5h does not belong
to [0, 1]. Then the r-th order modulus of smoothness is defined as [12]
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o (f.0)p = sup |14} fllp, 2.1)

O<h<t

with p € [1, co]. Now define the Besov norm of a function f as [2]

1
[0} (f t)p) . ﬂ]q 1< 00
Il = 1f1p+ [fo ( o ‘ =4= (2.2)
’ o (1) _
SUP;0 — s q =00

with parameters s > 0, p,q € [1,00], and r = [s] + 1. Then the corresponding
Besov ball is defined by

By, (L) 2 (f € L710.1]: || fll, < L).

We note that the definition of Besov ball is a generalization of Holder ball via the
relationship H(s, L") = B 00 (L) for non-integer s. Moreover, by the monotonicity
of L, norms on [0, 1], we have %;,,q(L) ) C@Z,’q (L) for p < p’. As a result, for
1<p<oo, %' oo(L) 2 B, o (L) is afunction class slightly larger than the Holder
ball H(s, L"). In this paper we work with %), (L) for s > 0, p > 1. These spaces

are related to Nikolskii—spaces (see [39] for relevant embeddings) and hence we shall
refer them to as Nikolskii—-Besov spaces throughout.

Polynomial approximations of continuous functions on compact intervals around
the origin plays an important role in this paper. To introduce the basic ideas, consider
the following best degree-K polynomial approximation of ||” on [—1, 1]:

(r) r
ar mln max — .
ZgK it o a2 [Q(u) — |pl"|

In order to estimate such polynomials based on a sample X ~ A4 (u, 1), we will
need the notion of Hermite polynomials. In particular, the Hermite polynomial of
degree k defined by

2 k 2
X d X
Hj 2 (—k —) - — - 2.3
k) £ (=Dfexp(3) - T [exp( 5 )} 2.3)
The properties of the Hermite polynomials in the context of estimating moments of
Gaussian random variables will be important for us and are summarized in Lemma
6.1.

3 Main results

We divide our main results in two subsections based on the non-even or even nature of
r. In particular, the construction of our estimator changes according to this distinction
of r. However, before we go into the details of these constructions, we need a few
definitions.
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Consider the kernel projection fj,(x) of f(x) defined as

X —U

h

1 1
fh(x)=/0 f(u)~EKM< )du, x €10, 1], 3.1

where Ky (+) is akernel which maps all polynomials of degree at most M to themselves,
and fol | K pr ()M du < 0o. The choice of M will be clear from the statements of the

main results in Sect. 3. We assume that Ky is supported on [— %, %], and the boundary
of f(x) (i.e., x € [0,h/2] or x € [1 — h/2,1]) is handled using the same way
as [35].

The corresponding unbiased kernel estimator of fj(x) defined as

e = [ Lk (1) ay
fh(x)—/o " M( - ) W)

admits a usual decomposition into deterministic and stochastic components as
follows:

Fin(xX) = fr(x) + Anén(x). (3.2)
Above
. /E( [k (ﬂ).idg(u)>z_M
h = 0 7 M A \/ﬁ = \/E s
e (R g 33
Sh(x)—m 0 M< A >ﬁ (u). (3.3)

Clearly &, (x) ~ 47(0, 1) and random variables &, (x) and &;, (y) are independent when
[x —y| > h.

The reason for introducing the kernel projection estimator is simple and standard
in nonparametric statistics. In particular, for a suitable chosen bandwidth #, || f;, —
fll is small, and it suffices to consider estimation of || ;|| based on the Gaussian
model (3.2). Indeed, a crucial part is to estimate | f, (x)|". Whereas, for r an even
positive integer, this task is relatively simpler [35], the case of non-even r poses a
more subtle problem due to non-differentiability of the function u# +> |u|" near the
origin. Consequently, for such cases, recent techniques for estimating non-smooth
functionals needs to employed.

3.1 Non-evenr

In this case, the construction depends on the best polynomial approximation of the
function u — |u|" over the interval [—1, 1] and borrows heavily from a recent line
of work by [10,19,26,49]. The general principle of the construction goes along the
following heuristic steps.
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— Approximate f by a kernel projection f3 (as in (3.1)) and consider estimating
Il frll- instead at a cost of incurring a truncation bias.

— A “large value” of the kernel estimator | fh (x)| (referred to as “smooth regime”
hereafter) gives indication of a corresponding “large value” of | f, (x)| and a plug-in
type estimator for | f, (x)|" is reasonable.

— Arelatively “small value” of | fh(x)| (referred to as “non-smooth regime’ hereafter)
gives indication of a correspondingly “small value” of | f, (x)| and a plug-in type
estimator for | f;(x)|" is no-longer reasonable owing to the non-differentiable
nature of the absolute function near the origin. In this case, similar to [10,19,26,49],
an estimator based on the best polynomial approximation of the function u +— |u|"
is employed.

— The final estimator integrates over this two regimes of | fh(x)| followed by an
optimal choice of & to trade off squared bias and variance.

Below we make the program laid down above more concrete and refer readers to
[19,26] for a detailed discussion of the general principle of estimating non-smooth
functionals. The same procedure also works for estimating other non-smooth nonpara-
metric functionals, e.g., the differential entropy [20]. It turns out that the treatment for
r = 1 is easier, more transparent and slightly different than general non-even r > 1.
Consequently, we will present the case for r = 1 first for the sake of clarity followed
by the more general case.

Any candidate estimator below will be defined by the parameter tuple (%, ¢y, c2, €)
where & is the bandwidth of the kernel projection (3.1) and (cy, c2, €) are constants
depending on the known parameters of the problem (i.e. the variance o and radius
of Besov balls L) to be specified later. More specifically, ¢; will be chosen as large
as possible whereas ¢, and € will be desirably small. In general we suppress the
dependence of our estimators on (cy, ¢z, €). However, our adaptive estimator makes
a data driven choice of the bandwidth /. Therefore we index our estimator by this
bandwidth, namely, 7},.

311 r=1

We follow the general principle laid down above. Recall that {gg(l’)k},fzo are the coef-
ficients of the best polynomial approximation of u# +— |u| of degree K on [—1, 1] and
Hj is the Hermite polynomial of degree k. With this in mind, the construction of our
estimator 7}, for every bandwidth . can be described the following steps.

(I) Using the sample splitting technique for the Brownian motion [38] to obtain two
independent observations fh 1(x) and fh 2(x) for any x € [0, 1]. This reduces
the effective sample size n by half and for simplicity of notation we redefine
n/2 asn.

(II) For any x define an estimator of | fj,(x)| as

T (x) = | fra OIL( fr200)] = erapvInn) + P(fr1 ) LA fp2(x)] < e1apv/Inn),
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1250 Y.Han etal.

where

P(u) = min{max{P (u), —n’ 1}, n*x;}, with

K
1—k u
P(u) = Zgg?k (201Ahvlnn) -AI;lHk <E) ,
k=0

where K = [cy Inn].
(II) Finally, an estimator for || | is defined as

1
Ty Arnin{L,rnax{O,/ Th(x)dx}}.
0

The following Theorem describes the mean squared error of estimating || f||; by
Ty, over %;’OO(L).

Theorem 3.1 Choose M > [s] and consider the corresponding kernel projection fj,
based on K yy defined by 3.1. Suppose (h, c1, ca, €) satisfy 46% >c,colnn>1,¢; >
8,7caIn2 < € € (0, 1). Then for any p € [1, 0o], we have

1

2
1 1
sup Ep (Th — | flID)? Sc(hs-i- + >,
(fe,%;.oom ! Vahlnn — n(=9/2

for a constant C > 0 depending on s, p, L, 0.

As an immediate consequence of Theorem 3.1, by choosing € > 0 sufficiently
small (i.e., choose a small ;) and by setting

h= mlnn)~ e ,
we have the following result.

Corollary 3.1 Under the assumptions of Theorem 3.1, for h < (nln n)_ﬁ we have

1

2
( sup Ef<Th—||f||1)2> < C(nlnn) 57,
feRB) (L)

for a constant C > 0 depending on s, p, L, o.

The same asymptotic upper bound was demonstrated with a different estimator by
[35]. However, their results were over Holder Balls corresponding to p = oo and
require a uniform upper bound on || f||~ for all f. In contrast, we do not require any
such knowledge of upper bound and produce results for any p € [1, oo]. Moreover,
the next theorem shows that our results are rate optimal in terms of matching lower
bounds for any 1 < p < oo.
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On estimation of L,-norms in Gaussian white noise models 1251

Theorem 3.2 Forany 1 < p < 00, we have

1

R 2\ 2 .
inf sup By (T—1711)") =Cmm 5,
T ey o)

for a constant C' > 0 depending on s, p, L, o and where the infimum above is taken
over all measurable maps of {Y (t)}i[0,1]-

Corollary 3.1 along with Theorem 3.2 provide a complete picture of the minimax
rate of estimation of | f||1 over %), (L) forany 1 < p < co. We remark that our
lower bound proof does not provide matching results for p = oo, and thus the gap in
the exact framework considered by [35] remains. However, our result provides strong
moral evidence that upper bound of Theorem 2.1 of [35] is rate optimal and it is the
lower bound that stands to be improved.

3.1.2 r > 1, non-even

Forr > 1 notan even integer, the general philosophy of the construction of a candidate
estimator Ty, is similar to the case of » = 1 in Sect. 3.1.1 and follows in three steps
as before. However, the simple plug-in principle employed in the smooth regime (i.e.,
when | fh (x)] is large) incurs significant bias. As a consequence, Step II of the con-
struction needs to be modified based on the following heuristics of Taylor expansion.
The reason why we require r to be non-even is that the function # +— |u|" is not an
analytical function in this case.
Using the notation from Sect. 3.1.1, the heuristic Taylor expansion gives

Rorr=1 o r—k+1) - 2
Sy & DO RED oy ) — faa)h G4

= k!

where we choose R = |2r] to reduce the approximation error of (3.4) to a desired
order (cf. Lemma 6.14). Based on this approximate Taylor expansion, the right hand
side of (3.4) is a natural candidate estimator for f3,(x)". However, such an estimator
is infeasible due to its dependence on unknown f;(x). Consequently, we replace
(frn(x)— fh’l (x)¥in (3.4) by an unbiased estimator constructed as follows: let fh,g (%)
be an independent copy of fh 1(x) obtained via the sample splitting technique of the
Brownion motion [38]. Then Lemma 6.1 gives

k

SN (fe@) - : k o ‘
2. |2 () ;’H’( S >(_fh’1(x))k_J =3 () et

J=0 j=0

e k
= (fn(x) = fn1(x))",
i.e., the estimator inside the expectation is an unbiased estimator of ( f5, (x) — fh LK.
With the above intuition and notation in mind, the construction of our estimator 7},

for every bandwidth 4 can be described the following steps.
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1252 Y.Han etal.

(I) Using the sample splitting technique for the Brownian motion [38] to obtain three
independent observations fh 1(x), fh 2(x) and fh 3(x) forany x € [0, 1]. Redefine
n/3 as n for simplicity.

(II) For any x € [0, 1] define an estimator of | f (x)|" as

Th(x) = Pr(fu 1 )L fr3(x)| < cragy/Inn)
+ S, (Fn1 (), fu2GNL(fr3(x) > c1apInn)
+ S, (= fa 1 (X), = fr 2O L(fa3(x) < —c1apv/Inn),

where

Rrr=1r—k+1) ,_, < .
Sty = J O D (5 B (1)

k=0 ' =0 M

1 (u > %‘,\h\/mn) , (3.5)
and

P, (t)_mln{maX{P(t) —Arn€Y, Arn®€),  with

r—k t
P =30, (2err/inn) Ak H(o),
k=0 M

where K = [c Inn], Hy is the Hermite polynomial of degree k and { g;(r?k} ,fzo is
the coefficient of the best polynomial approximation of # — |u|" on [—1, 1].
(IIT) Finally, the overall estimator for || f||, is

1
1 v
Ty, £ min { L, (max {0/ Th(x)dx})
0

The following Theorem describes the optimal mean squared error of estimating
If1l- by Ty over ), (L).

Theorem 3.3 Let r > 1 be non-even and p € [r, o0]. Choose M > [s] and consider
the corresponding kernel projection fj, based on Ky defined by (3.1). Suppose that
(h, c1, 2, €) satisfy cf > 16, colnn > l,4c% > ¢, 7cpIn2 < € € (0,1) and

h = (nlnn)" 5. Then
1

2
sup By (Th— | fI0?*] < Clrlnn) v,
fePp, (L)

for a constant C > 0 depending on s, p,r, L, o.
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The next theorem shows that the upper bounds in Theorem 3.3 are rate optimal in
terms of matching lower bounds for any 1 < p < oo.

Theorem 3.4 For any non-evenr > l andr < p < o0,

1

. 2\ 2 s
(inf sup Ky (T_”f”r)) > C'(nlnn)” =+,

T fe# (L)

for a constant C' > 0 depending on s, p,r, L, c and where the infimum above is
taken over all measurable maps of {Y (t)}i<[0,1]-

Theorem 3.3 along with Theorem 3.4 provides a complete picture of the minimax
rate of estimation of || f||, over c%’fy’oo(L) for any non-even r > l and r < p < oo.
This is a generalization of the result in [35].

3.1.3 Adaptive estimation

It is worth noting that the choice of / in Corollary 3.1 and Theorem 3.3 depends
explicitly on the smoothness index s. Consequently, the resulting rate of estimation by
Ty, is non-adaptive over different possibilities of smoothness. However, the experienced
reader will notice the structure of errors in Theorem 3.1 for a general 7}, indicates a
possible data driven adaptive choice of bandwidth 4. In particular, a Lepski type
argument [32-34,36] is standard in such situations and turns out to be sufficient for
our purpose when » = 1. The similar construction for general non-even integer » > 1
is more subtle due to the unavailability of a transparent error analysis as in Theorem
3.1. Consequently, we describe the adaptive procedure slightly more generally below—
without specifically alluding to the case of r = 1.

Let » > 1 be non-even, and s € (0, spmax] for some given 0 < spax < 00 and
consider adaptive estimation of || || over UsE(O,smax]%Z,oo(L) with a known L. The
knowledge of smax Will be necessary for construction of kernels providing optimal
approximations in Nikolskii—-Besov spaces. Given access to an upper bound Ly,
our construction of the adaptive estimator can also adapt to the scaling parameter L,
by noting that the construction of 7}, does not require the knowledge of L (except
for the final truncation step, where L can be replaced by L,x without affecting the
multiplicative constants in Theorems 3.1 and 3.3). However, since the dependence
of the minimax risk on L is not the main focus of this paper, we assume that L is
known and do not elaborate on the adaptation to L. In this framework, a Lepski type
construction for an adaptive estimator can be achieved as follows.

1
’39'-~ )

1
where hmin = (n1n1) "', hmax = (n1nn) ™ FmaxT

(I Let

= [hminv hmax] N {1,

N =
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(IT) Define the data-driven bandwidth

. A2
hAmu{he%W(n—]msz%l-Vﬂeﬁﬁﬂgh}. (3.6)

s
nn

(IIT) The final estimator is T = T;.
Our next theorem justifies the adaptive nature of T.

Theorem3.5 Let r > 1 be non-even and p € [r,00]. Choose M > [Smax]
and consider the corresponding kernel projection f), based on Ky defined by
(B.1). If 4resmax + 1) < 1 and the constant C* is large enough (depending on
(p, 7, Smax» €1, €2, 0, L, Kyp)),

A 2\ 2 .
( sup Ef(T—||f||r)) < Cnlnm) ™57,

feRB) 00 (L)
for a constant C > 0 depending on s, Smax, p, ¥, L, 0, c1, €, C*.

Theorem 3.5 shows the existence of an adaptive minimax estimator for || f || without
any penalty on the minimax rate. One of the main challenges in the proof of Theorem
3.5 is to demonstrate desired tail bounds of {7} },,c #, for the candidate estimators in
{Th},e v rely on truncated Hermite polynomials of high degrees evaluated at Gaussian
random variables.

3.2 Evenr

The case of non-adaptive minimax estimation of || f||, for r an even positive integer
can be obtained by methods described in [35]. Although their results were obtained
over the Holder Balls, the case of Nikolskii—Besov type spaces that we consider are
very similar due to the same nature of approximation error of f by f;,. However, for
the sake of exposition and completeness, we provide the details here again.

The crux of the construction on the fact that for » an even positive integer, the
function u +— |u|" = u” is analytic. Consequently, it is possible to construct
unbiased estimator of u” based on samples from X ~ A (u, 02). In particular,
if X ~ 4 (u,0?) then arguing as Lemma 4.4 of [35], E ((X 4+ ic&)"|X), with
& ~ (0, 1) independent of X, is an unbiased estimator of u”. As aresult, a sequence
estimator for || f||,, indexed by bandwidth & can now be constructed in the following
steps.

(I) Approximate f by akernel projection f;,(x) (asin (3.1)) and consider estimating
Il fn 1l instead at a cost of incurring a truncation bias.
1) Fix & ~ A (0, 1) independent of B(7). For every x € [0, 1] estimate f;(x)" by
T (x) 2 Ee[(fa(x) +ir6)"].
(ID) Estimate || fi,|I” = fi f7(x)dx by [} T (x)dx.
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(IV) Finally, an estimator for || f|| is defined as

1 1/r
T, & (max {O/ Th(x)dx}> .
0

Note that the construction changes from the construction of estimators when r is
non-zero only in the definition of 7, (x) and indeed this is due to the ability to produce
estimate of analytic functions of Gaussian means. The following theorem describes
the optimal mean squared error of estimating || f || by 7;, over %’;, oo (L).

Theorem3.6 Let 2 < r < p and r be even. Choose M > [s] and consider the
corresponding kernel projection fy based on K py in (3.1). Letting h = n~1/@s+1=1/r),

1

2
( sup ]Ef(Th—IIfIIr)2> < Cn w7,
feBp.00(L)

for a constant C > 0 depending on s, p,r, L, 0.

Recall from Sect. 2 that the approximation error || f — f3||, is always bounded
by C(L, Ky)h® for any [ € %’;’OO(L). Hence, the proof of Theorem 3.6 can be
obtained verbatim from the proof of Theorem 2.3 of [35] and is hence omitted. In
fact, proof of the lower bound in Theorem 2.3 of [35] implies that the proposed
T, with h = n~V/@sH1=1/7) s in fact asymptotically minimax rate optimal over
any %; oo (L) as well. Therefore, as before, it remains to explore adaptive minimax
estimation over a collection of smoothness classes. In this regard, once can argue
along the lines of standard results from [23,24], that unlike non-even r, adaptation
over a range of smoothness indices is not possible without paying a poly-logarithmic
penalty. In particular, consider testing Ho : f =0vs Hy : f € B (L), I fllr = pn
with s varying over a range of values [Smin, Smax] € (0, 00). Whereas the minimax
testing rate of separation for p, with known s equals n=/@s*+1=1/") (See [23] and
proof of [11, Theorem 3.4 (b)] for details), i.e., the minimax rate of estimation of
Il £ Il -, the adaptation over [smin, Smax] needs an additional penalty for p, which equals
(Inlnn)€"* for a constant C(r,s) > 0 depending on r and s. The proof of this
additional poly-logarithmic penalty is proved for » = 2 in [43] (see also proof of [17,
Theorem 8.1.1]). The proof of this additional penalty needed for adaptive hypothesis
testing builds on the usual second moment method type lower bound argument for
non-adaptive testing and involves putting an additional uniform prior on a suitably
discretized subset [Smin, Smax]- Using similar ideas, the proof of a required penalty
for adaptation for general even r-can be obtained by combining proof technique of
[11, Theorem 3.4 (b)] for non-adaptive testing and adaptive lower bound arguments
as in [17,43]. The details are omitted and we simply comment on the implications
of the result. Indeed, such a poly-logarithmic penalty needed for adaptive hypothesis
testing in L,-norm, yields a penalty for adaptive estimation of | f |, over %} , (L).
We believe that this poly-logarithmic penalty is not sharp for adaptive estimation of
Il f 1l norms for even r and only serves to demonstrates the lack of adaptation without
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paying a price. In particular, we have shown elsewhere that a careful application of
Lepski’s method along with an involved computation of all central moments of 7, can
yield a penalty which behaves (In n)€ "9 for a constant C'(r, s) > 0 depending on
r and s. In future work, we plan to explore the exact nature of this poly-logarithmic
penalty necessary for adaptation. Finally, careful readers will notice that, although the
poly-logarithmic penalty on adaptive hypothesis testing is ubiquitous for any r, the
result is interesting to us only for even values of r, since otherwise the minimax rate
of estimation of || f|, is strictly slower than minimax rate of testing in L,-norm.

4 Discussion and open problems

In this paper we complement the results in [35] to provide a complete picture of
asymptotically minimax estimation of L,-norm of the mean in a Gaussian White Noise
model. Unlike [35], our results are rate optimal from both perspectives of upper and
lower bounds. In this effort, best polynomial approximation of non-smooth functions
plays a major role and might be of independent interest.

Several interesting questions remain open as challenging future directions. In partic-
ular, closing the lower bound gap over Holder spaces, the actual premise considered
by [35], is definitely a question of interest. Understanding the sharp nature of the
penalty required for adaptive estimation of || ||, when r is even is another question
that remain unanswered. We plan to study these issues in detail in future work.

5 Proof of main results
5.1 Proof of Theorem 3.1

The proof of the Theorem hinges on the following lemma, the derivation of which can
be found in Sect. 6. To state the lemma, consider

E(X,Y) 2 P(X)L(Y] < ciips/Inn) + | XI1(|Y] = ciin/Inn)

used for estimating u with independent X, Y ~ 4" (u, A%) and Aj, defined by (3.3).

Lemma 5.1 Under the assumptions of Theorem 3.1, for any fixed u, k > 2, and
c1 > +/8k, we have that there exists constants C (depending on (c1, c2, €, Kyr)) and
C»> (depending on (c1, c2, €, Ky, k)) such that

Ci
~nhlnn '

k
EIE(X, ) — EEXC V) < € (™)

IEE(X,Y) — |ull =

Note that Lemma 5.1 yields bounds on all even central moments of £(X, Y), aresult
that will be helpful in subsequent proof of adaptation. For now, we will only use the
result for k = 2 which corresponds to bound on the variance of £(X, Y).
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Coming back to the proof of Theorem 3.1, note that there are three types of errors:
1. Approximation error incurred by replacing || |1 with || f1;
2. The bias of fol Tj, (x)dx in estimating || fl1;
3. The variance of fol T, (x)dx in estimating || f511-

We bound these errors separately. For the approximation error, by an alternative
characterization of Besov balls [21], for f € %;’OO(L) we have that for a constant C
depending on L and K}y,

If = full, < Coh®,  Vh > 0.
As a result, the approximation error is upper bounded by

WA =W fallil < 0w = fl < Wfw = fllp < Coht®.

Secondly we upper bound the bias. By Lemma 5.1, there exists a constant C;
(depending on (cy, 2, €, Kjr)) such that

1 1
’E /O Ty ()dx — | full| < fo ETy(x) — fi()ldx

/‘ Ci Ci

< dx = .

0 +/nhlnn vnhlnn

Finally we upper bound the variance of 7j,. Note that 7 (x) and Tj(y) are inde-

pendent as long as |x — y| > h. Therefore by Lemma 5.1, there exists a constant C»
(depending on (cy, 2, €, Kjr)) such that

1 1 pl
Var (/ Th(x)dx) = / / Cov(Ty(x), Th(y))dxdy
0 0 JO

= // Cov(Ty(x), Ty (y))dxdy
lx—yl<h

- // Var(Th(x))erVar(Th(y))dxdy
[x—yl<h

1
=2h/ Var(Tp(x))dx
0

1
1
< Czh/O e
C

nl—€’

Note that 0 < || f|l; < L forany f € f@f,’oo(L), and consequently

1
[Tn = I1f Nl = /0 Th(x)dx — [ fll1|-
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In summary, for any f € %), ,,(L), by triangle inequality we have

1 | 2\ 7
(E@m - 1710?)’ < (E (f meoax =) )

1
< ~/§(|I|fI|1 — I fnllil + ‘E/O Th(x)dx — || fullt

1
+\/Var (/ Ty (x)dx>
0

1 1
<C*(h' ,
- ( * Vnhlnn * n(l_é)ﬂ)

where C* is a constant depending on (cy, ¢3, 0, €, L, K)7) which in turn satisfies the
conditions of Theorem 3.1. This completes the proof of the theorem.

5.2 Proof of Theorem 3.3

The proof of the Theorem hinges on the following lemma.

Lemma 5.2 Under the conditions of Theorem 3.3, the following hold for all x €
[0, 1], k = 2, c1 > +/8k, and constants C1 (depending on (c1, c2, €, 0, Kyr)) and Co
(depending on (c1, ¢z, €, 0, Ky, k)).

ETj(x) — | fn()I"] < Ci(nhInn)~2,
2ke
EIT;(x) — ET, (0)F < Co— (lfh(x)|<’—”k + (nh)—“’z”k).

(nh)2

We postpone the proof of the lemma to Sect. 6 and complete the proof of Theorem
3.3 assuming its validity.

As is in the case of L1 norm estimation, there are three types of error incurred by
our estimator 73, i.e., the approximation error, the bias and the variance. We analyze
these errors separately.

For the approximation error, by the property of Besov spaces [21] we know that
there exists a constant Co depending on L and K, such that for all f € %;’OO(L) the
kernel approximation error satisfies || f — fx ||, < Coh®. Hence, by the monotonicity
of L, norms on [0, 1] and r < p, we know that

W = Wl < 0 = fulle 0 = fullp < Coh®. (5.1

where Co > 0 is some universal constant which only depends on radius L and the
kernel K.

For the bias and the variance, we look at the bias and variance of @;, = fol Ty (x)dx,
which is the estimator for | f;,||”.. Similar to the proof of Theorem 3.1, one can show
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using Lemma 5.2 that for C (depending on (c1, c2, €, 0, K)r)) and C; (depending on
(c1,¢2,€,0,Kpy))

|E®y — || full7] < Ci(nhlnn)~2,

e 2r—2 1
Var(@p) <h- |~ (|fh(x>| +(nh),_1)dx

1
(”fh 33+ h),_1> . (5.2)

For the estimation performance of our final estimator 7}, first note that || f||, < L
implies

1
1 Th = 1f 1| < | max{0, @p}r — [1f I

Seth = (nln n)fTIH, and € > O sufficiently small satisfying the conditions of
Theorem 3.3. We then divide our analysis into two cases.

First suppose that || f ||, < 2Coh*, with Co defined in (5.1). Then || fu I, < I fII» +
If — fullr < 3Coh®, and by the bias bound of @, in (5.2), |E®,| < C3h*" for a
constant C3 depending on (Co, C1, r, s). Hence, by Lemma 6.6,

(B - ||f||r)2)%

1
< (E(maX{O, @h}% - ||f||r)2)2

2( E[max{0, &;)7 ] + ||f||r)

2\ 4 K
= 2(E§Dh)2r +2Cph

1 1
< 2E®,|7 +2(Var(®p)) > + 2Coh’

1
1 2
< 2(03 + Co)h* +2[ (llth%; §+( h)H)] (by (5.2))

C C Kv)h™ 1+1/r r—1 r—1
<2c} +C0)hs+2[ 26( . Kpp) WA

>i| (by Lemma 6.6)

(nh)r WV —L
r e p2str=1) % 1 > . 53
< Cy + - + W€ ()1 <3C4h”, (5.3)

where C4 is a constant depending on Cy, C1, C2, C3, 7, Kjy, s.
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Second suppose that || f||, > 2Coh®, then || full; = | fll- — IIf — fullr > Coh®.

Using |[a" — b"| > b la — b| for any a, b > 0 and r > 1, we have

\To = £ < 1T = 1 fullr| + Coh*
AT =l s

—1
(bl
 1Pn = I fally |

Camy 1 T Col® = CoThT @ — L fullz| 4 Coh

As aresult, by triangle inequality we have

1

1 1
(BT = 1£10?)7 = €7 n0= (B, = 1£11)) + Coh*

< iR E®y, — || filll] + CA T RATIS WNar(@y) + Coh?®
(I=r)s  psr (=r)s \/pe—1p—1+1/r j2s(r—1)
<C4Pz 17 4 W75 e =177,

N
R =T (ui) == 4 s :| < Csh’,

(5.4)

where the second inequality in the above display follows similar to before by equation
(5.2) and Lemma 6.6 with C4 being a constant depending on Cy, C1, Ca, C3, 1, Ky, 5.
Combining inequalities (5.3) and (5.4) completes the proof of Theorem 3.3.

5.3 Proof of Theorem 3.2 and Theorem 3.4

The outline for the proof of lower bounds (i.e., Theorems 3.2 and 3.4) is as follows. In
Sect. 5.3.1, we reduce the nonparametric problem to a parametric subproblem in the
Gaussian location model. The minimax lower bound for the parametric submodel is
proved by a generalized version of Le Cam’s method involving a pair of priors, also
known as the method of two fuzzy hypotheses [45]. In Sect. 5.3.2 we construct the
priors using duality to best approximation and Sect. 5.3.3 finishes the proof.

In the sequel we assume that r > 1 is a fixed non-even real number.

5.3.1 Reduction to parametric submodel

Fix a smooth function g (x) vanishing outside [0, 1] with || g ||33;‘Loo = 1,and ||g]l; > O.
Set

h=(nlnn) 5,

N=nh",

andlet I, ..., Iy be the partition of the interval [0, 1] into N subintervals of length &
each (without loss of generality we assume that N is an integer), and let #; be the left
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endpoint of subinterval [;. With a point 6 = (61, ...,0y) € [-+/In N, +/In NN we
associate the function

N
fot)=1L' Z@i«/lnN h'g (%) )

i=1

Lemma5.3 If
1Y 2\
0e®2[—v/InN,VInNI"n{o:— 9-”<(—> , 5.5
[—vInN, vInN] N;u (= (5.5)

then for some constant L' > 0 independent of n, we have fy(t) € %;,OO(L).

Proof Letsg = |s] + 1. Observe that

1
N P
) 1
Ifall, = L'llgllph* - VInN <NZ|95|P> ,
i=1

the condition (5.5) ensures that 2™*|| fg||, is upper bounded by a numerical constant
proportional to L’. By (6.10) in Lemma 6.10, this implies that there exists a constant
Co independent of n such that w,, (f, "), < CoL't* for any t > h. Moreover,

1
N P
N ¢ —§, 1
LS = L8O ™ - Vi N (NZ '9"'17> |

i=1

the condition (5.5) ensures that ~2%0~%|| fa(‘m) | » is upper bounded by a numerical con-
stant proportional to L’. By (6.9) in Lemma 6.10, this implies that there exists a
constant Cy independent of n such that wy, (f, ") < CoL't* for any t < h. Now by
the definition of the Besov norm in (2.2), a suitable choice of the scale parameter L’
ensures that fj(t) € ‘%Z,w(l‘)' O

Fix any choice of L’ given by Lemma 5.3. Note that for any r > 1, we have

1
N r
s 1
I fall = L'llgl (1 Inm)" = - Vin N (y ) |e,-|f) : (5.6)
i=1

Hence, a sufficient condition for Theorem 3.2 and Theorem 3.4 is that

2
L X v 1 \2 |
infsupEy | T — —E 6;" Z( ) =—, (5.7
T (-?eg (N i=1| 4 ) JIn N InN
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where the infimum is taken over all estimators 7 which is a measurable real-valued
function of {Y (t)}s¢(0,1]-

Finally, we note that by the factorization theorem, to estimate (% ZlN: 1 16; |’>
for & € @, the vector y = (y1, ..., yy) with

= dy(@), i=1,...,N,
> a||g||zf/< ) :

constitute a sufficient statistic for the Gaussian white noise model. Note that

yi = ab; + &, i=1,...,N, (5.8)
with 8 € ®, and
ol *‘L/||g||2n‘/2hf+‘/2 -InN =<1,
(5
IIgllzx/_

As aresult, &, ..., &y are i.i.d. .47(0, 1) random variables. Hence, we may further
assume that our observation model is

vi X ¥, 1), i=1,...,N, (5.9)

which is a Gaussian location model with & € @, and the estimator 7 in B.7)is a
function of (y1, ..., yn). Note that when r = 1, this parametric subproblem is similar
to but very different from the problem considered in [10], where the authors did not
have the second constraint in (5.5).

5.3.2 Construction of two priors

The minimax lower bound (5.7) follows from the generalized Le Cam’s method involv-
ing two priors, which is known as the method of two fuzzy hypotheses presented in
[45]. Suppose we observe a random vector Z € (%, «/) which has distribution Py
where 6 € ©. Let og and o1 be two prior distributions supported on ®@. Write F; for
the marginal distribution of Z when the prior is o; fori = 0, 1. Let T = T(Z) be an
arbitrary estimator of a function 7 () based on Z, and V (P, Q) be the total variation
distance between two probability measures P, Q on the measurable space (%, .<).
Concretely,

A 1
V(P, Q) = sup |P(A) — Q(A)| = §/|P —qldv,
Aedf

where p = du .q = ‘; , and v is a dominating measure so that P < v, 0 < v. We

have the following general minimax lower bound.
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Lemma 5.4 [45, Theorem 2.15] Suppose that there exist{ € R, § > 0,0 < o, B1 < 1
such that

000 : T(O) =¢—=6)=1—po,
01(0:T@O)=¢+68) =1-p1.

IfV(Fy, Fy) <n < 1, then

I—n—pBo— B

inf sup Py <|f"—T(9)| Z8> > )

T 6eO

where F;,i = 0, 1 are the marginal distributions of Z when the priors are o;, i = 0, 1,
respectively.

In the remainder of this section, we aim to construct two priors g, (41 supported
on [—+/In N, +/In N] such that the following conditions hold (the numerical constant
d > 0 is chosen later):

/tlm(dt) =/tl,u0(dt), foralll =0,1,...,K 2 [dInNT, (5.10)
/Itlrm(dt)—/ltlruo(dt)Z(ln N)72, (5.11)

/|t|1’ui(dt) <(OnN)"Z, fori=0,1. (5.12)

In the next section we will choose the priors o7, i = 0, 1 in Lemma 5.4 to be close to
the product measure M1®N ,i = 0, 1 with each copy given above. The condition (5.10)
ensures a small total variation distance V (Fy, Fp) in Lemma 5.4, the condition (5.11)
ensures a large § < (In N )’% in Lemma 5.4, and the condition (5.12) ensures that the
support of ui@N is almost supported on @ given in (5.5).

The following result is simply the duality between the problem of best uniform
approximation and moment matching.

Lemma 5.5 Foranyboundedinterval I C R not containing zero, integersq > 0, K >
0 and continuous function f on I, let

K
Eqrx(f3 D) &infsup| Y aix’ — f(x)

@il xel i=—q+1

denote the best uniform approximation error of [ by rational functions spanned by
(xatt x=a4%2 . xKY Then

2E4—1,k(f; 1) = max /f(t)w(dt)—/f(t)m(dt),
(5.13)
5.1, /tlvl(dt) :/tlvo(dt), l=—q+1,...,K,
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where the maximum is taken over pairs of probability measures vy and v\ supported
onl.

Lemma 5.5 extends the duality results in [10, Lemma 1], [26, Lemma 10, Lemma
12] to rational functions. We list two possible proofs of Lemma 5.5. The first proof
relies on the Hahn—Banach theorem and the Riesz representation theorem, where the
essential argument is given in [35]. The second proof makes use of the fact that the
rational functions {x~9t!, x=4*2 . xX} form a Chebyshev system in C (/) and
therefore the Chebyshev alternation theorem holds [12, Chapter 3, Theorem 5.1], so
that the probability measures vy and v; can be explicitly constructed following the
similar lines to [49, Appendix E]. For completeness we include the second proof in
Sect. 6.4.

Here we apply this lemma to f,(¢) = 1~9%3 and

_ _ 1 P
K =[dIn N7, 1_[(IHN)2,1}, q_b]

The following lemma provides a lower bound for the approximation error of f; (¢).

Lemma 5.6 Fix a non-even realr > 1, an integer q > r /2, and some constant ¢ > 0.
r
For f,(t) = 17972, we have

liminfn =GB, (f:]501]) 2 ¢
n

n—oo

where the constant ¢’ > 0 only depends on c, g and r.

By Lemma 5.6 and our definitions of f, I and K, we conclude that
Eq_1.k(f: 1) 2 (InN)*".

Let vg, v; be the maximizers of (5.13). We define probability measures vy, v; by

- 1 1 ? ,
v,-(dx) = |:1 — ]EXNU; <W)i| SO(dx) + (W) Ui(d.x) 1= 0, 1,

where 8o (-) is the delta measure at zero. It is straightforward to verify that v; forms a
probability measure supported on [0, 1], and

1. [#'D(dt) = [1'Do(dt), foralll =0,1,...,q +K;
2. [1201(dt) — [12¥p(dt) > (InN)™";
3. [t99;(dt) = (InN)~%, fori =0, 1.

Finally, we define the measures j1, @1 as follows. Fori = 0, 1,let X; follow the dis-
tribution ¥;, the measure y; is defined as the probability distribution of €;4/X; -In N,
where ¢; ~ Unif({£1}) is independent of X;. Clearly the measures (g, (| are sup-
ported on [—+/In N, +/In N], and it remains to check the conditions (5.10) to (5.12).
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For (5.10), since p; is symmetric around zero, the condition clearly holds for odd
[. For even | = 2k with 0 < k < K, by the first property of v; we have

/ ' (dr) = / (V1 -InN)* i (dr) = (In N)YF f t* 1 (dr)
= (In N)* / t*uo(de) = f (V1 -In N po(dr) = f ' wo(dn),

i.e., (5.10) holds. Similarly, the condition (5.11) is checked via
/ 17 1 (d) — / 1 o (dr) = (in N5 / 5 (B1(dr) — Ba(dn)) = (n NS
Finally, for (5.12), first note that
/tzqui(dt)=(lnN)q/t‘ffz,-(dt)z(lnN)"f, i=0,1.

Since 2q > p, Holder’s inequality yields

1 1
(f |t|f’u,-(dr)>p < (/ |t|2qm<dr>)2" < Jhll_N

i.e., (5.12) holds. Hence, the construction of i, 1 satisfies all conditions in (5.10) to
(5.12). This construction is partially inspired by [49]. We remark that the construction
heavily relies on the fact that p is finite, where for p = oo, Lemma 5.6 fails and
the condition (5.12) would require that the priors wg, 1 be supported on a smaller

interval [—\/ﬁ, \/ﬁ]

5.3.3 Minimax lower bound in the parametric submodel

In this section we invoke Lemma 5.4 to finish the proof of (5.7), thereby proving
the lower bound in Theorems 3.2 and 3.4. Consider the probability measures g, i1
constructed in the Sect. 5.3.2, and define

A=/|tlrm(dt)—f|llruo(dt) = (InN)">.
Denote by M?N the N-fold product of u;. Consider the following event:
1 & A
Ei2{0:0e0)n16: NZIWJ‘V—EWWV < (- =01
/:
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By Chebyshev’s inequality it is easy to show that fori =0, 1,

)4

1 1 P
<ufV 16 =) 16;1” —E, 1017
N

1\ 1
<(— - Var — 5617
(7)) v L
_ ( : )2p Var,, (1017)

T N\VInN H

1 1
SN\/_ 2P . (VInN)*? = 0,

and
1 & A 16
N . r r
I 0: NZW —Eulof| > 71| = g5 Var,en Z|9|

VIn N)? = 0.

Az(

Hence, by the union bound, we have
1< A
PUED) = N0 0 ¢ ONAPY (10115 D 101 —Elol| = o ] >0

foranyi =0, 1.
Now we are ready to apply Lemma 5.4 to

Y
T(9>=(N§|9i|> ,

B (EM?N[T(Q)’] +EM?N[T(9)’]>5

- 2

and let the prior o; be the conditional distribution of ,u?N conditioning on Ej, i.e.,
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By definition of E;, the measure o; is a valid prior on ®. Moreover, under o1 we
have

-
&=z

By definition of £ and @, under o1 we have

N
T@) = 0;1" =\ = ;17 = )
o= (vger) < (vger) <
1
E(f ) m(dt)) +1 (/ " Mo(dt)>
1
(/Itl”/u(dt)> 41 </|tlp,uo(dt)) <——.

Hence, using the inequality a” — b" < r(a” "' + b ") (a — b) foranya > b > 0 and
r > 1, the previous inequalities yield that under o7,

V2N
A

I /\

> .
TrTOr '+ Y qany-5 T VInN

T®) - [renyr -¢ o A 1

. . _ < _; .
Similarly, under ¢ we have T(0) — ¢ < N hence in Lemma 5.4 we can set

e ! ,
In N

so that By = 81 = 0.

Now denote by Fy, F the marginal distributions of Z based on priors oy, o1, and
the counterparts Gy, G1 based on priors ugz’N , M?N . By the data-processing property
of the total variation distance, we have

V(Fi, G) < V(oi, i) = uPN(E)) — 0, i=0,1.

Moreover, [10] shows that the Xz distance between G and G is upper bounded as

dinN\ N
2 30{211'1N/2 OlelnN
Go,G1) < (1 —_— — 1.
x“(Go 1)_(+e (dlnN

Hence, for choosing d > 0 large enough, x2(Go, G1) is upper bounded by a universal
constant C. Now by Lemma 6.8, we have

1
V(Go. G1) = 1= Zexp(=C).
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In summary, the triangle inequality for total variation distance yields
1
V(Fo, F1) = V(Fo, Go) + V(Go, G1) + V(G1, Fi) — 1 = Zexp(=C) < 1,

and Lemma 5.4 together with Markov’s inequality yields

| 02
infsupBg | T— (=D l6il" Z8z-iqfsup]P(|f"—T(9)|33)
T 6eO N = T 6eO
11 1
> — = —C)> —,
SN 1PCOZ LY

which is (5.7), as desired.

5.4 Proof of Theorem 3.5

For s € [0, smax ] define the ideal bandwidth 2* : [0, spax] — 7 by

h*(s) = —L(n lnn)ﬁj.

Then
E(7 - 17l)
=E [(T = ||f||r)2 1 (= h*(s))} +E [(T = ||f||r)2 1 (k< h*(s))}
=I1+1I

First note that

2 2. (1
1= 2{B[ (T — 171 ] +E[(7; = Tew) 1 (b = )]}
2 % )‘%*(s) * 25
<23Co(nlnn) =+ + C Tnn < Cy(nlnn) 2541, (5.14)
nn
where the last line follows from the definitions of 2*(s) and respectively, and Cy is
a constant that depends on (c1, ¢2, €, Smax, 0, L).
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To upper bound II, we have
~ 2 ~ ~
N=FE [(T — ||f||,) 1 (h < h*(s))] < L2 -P(h < h*(5))

C*
<L ) P(|Th—Th*m|>Ah mn)’ (5.15)

h<h*(s):heH

where the first inequality is due to that 7,1 fllr € [0, L], and the second inequality
follows from the fact that 42*(s) is not a feasible condidate in (3.6). Let

*

Yu(h) = A o
nn

below we reduce the control of P (|T = Thes)l > wn (h)) to suitable controls over

k

1
E' / (Ty(x) — ETy(x))dx
0

for some k to be chosen a large enough constant depending on the tuple (syax, 7, 0, p).
Consequently, in the following lemma we demonstrate the desired control over central

moments of fol Ty (x)dx for every h € 7.

Lemma5.7 Let f € %";’OO(L) and r > 1 be non-even. Then, under the assumptions
of Theorem 3.5, for any h € € and integer k > 2,

k

1
E / (Ty(x) — ET) (x))dx
0

krpk—1 k
SC(V,k,Cl,a)n2k€< Ay (B0 + h?) ))

_ k(r—1 k k(r—1
Ak RV Fallg 2 + R 1 s )
where C(r, k, c1, 0) is a constant depending on (r, k, c1, o).

By Lemma 6.6 and % € [0, 1], the following corollary is immediate.

Corollary 5.1 Under the assumptions of Theorem 3.5, for any h € ¢ and integer
k>2,

k

1
E' / (T (x) — ET; (x))dx
0

k(r—1)/2 k(r—1)/2

= C/(r9ksclva)n2k€ k.
+har | flIr Il ol

k k=1 k—1)(r—1 —
P RS Ty i WA 1)

where C'(r, k, c1, o) is a constant depending on (r, k, c1, o).
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We defer the proof of Lemma 5.7 to Sect. 6 and complete the proof of Theorem 3.5
assuming its validity. Recall that || f — fi ||, < C1h® for some C; = C(s, r, L, Kyr)
forany f € %), ,(L). We divide the subsequent analysis into two cases. First consider

then

Ci
<
the case when || fj ||, < —=,

n n (h
P (ITh — The(s)| > vu(h)) EIP’(Th yulh )> +P(Th*(s) > yé )>

<P (Th V”é’“) P ( —V"(h;(s))) . (5.16)

where the last inequality uses the monotone decreasing nature of # — y,,(h). By (5.2)
and the triangle inequality, we have

1 1
/ ET, (x)dx < || full; + ’/ ETy(x)dx — || full;| < C2(nhlnn)~2,
0 0

where C, > 0 is a constant depending on (cy, ¢z, r, C1). Choosing C* large enough
such that

(#) > Cynhinn) =5,

for any k > 2 we have

1 r
]P’(Th > y,,(h)) < IP’(/ Tn(x)dx > (yn(h)) )
2 0 2
1 1
<P (/ Tn(x)dx — E </ Ty (x)dx>
0 0
> <—””§h)> — Cy(nh 1nn)—£)
1
SIF’(‘/ Th(x)dx—E< Tn(x)d )
0 0

B |f) Thdx — B (fy Tuds
) A

(7))

‘ k

However, note that

C
<|f- + < C1h* + ———= < C3ya(h),
1Al < L = Sullr + 1 fallr = C N 3vn(h)
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where C3 is a constant depending on (Cy, C*), Corollary 5.1 yields

k

1
E / (T (x) — ETj (x))dx
0

< Cn™ < WS 4+ 30Ty D k(Y]

< Csn®™<(Inn)? - hry, (W),

where C4, Cs are constants depending on (r, k, ¢, o, C1, C3, C*). Consequently, we
have shown that for any 7 < h*(s),

kr ~_ 2ke L
P(Th — Tres)l > va(h)) <47 Csn™"“(Inn)2 - h2r. (5.17)
Next consider the case when || f5 | > \/nchlm Note that

U frr syl = W fnllel < W fieisy = Flle + 10— Fllr < 2C1R* (),
thus if C* is large enough such that y,, (k) > 6C(h*(s))", triangle inequality yields
P(ITh = Tiro)| > va(h))

o o
5P(|Th— TARE V; )) +P(|Th*m— el > V; )). (5.18)

In this case, once again using |a" — b"| > p1 la — b|foranya,b > 0andr > 1,

1
Ty = 1fll7] _ Lo Tw)dx — | fully]
(P71 Il

1Th = L fullr| < : (5.19)

where the last inequality follows from 0 < || f|l, < L. Fix any & < h*(s), (5.19)
yields

n(h
P(|Th—||fh||r|> V; )>

1 n h
§P<'/O TCodx — il | > 2% )nfhn:‘l)
()

1 1
<P ( / Th(x)dx — E </ Th(x)dx> > —
0 0 3

where in the last line we have used (5.2) again. Choosing C* large enough so that

I fall;~" = Ca(nh 1nn)—£) ,

Yn(h)
3

r_ vn(h)

I full ™" — CanhInn)~2 > Tnfhu:*‘,
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. . . C .
P —
which is possible due to the assumption || f5 ||, > —A— and noting that

1A < Wfnllr +1LF = fullr < + Cih* < 2( fallr,

Cy
vnhlnn

Corollary 5.1 yields that for integer k > 2,

(|Th— Wl > 2 )>

k

< T (x)dx — (/ Th(x)dx>

<Vn(h)||fh|| ) ’/ 0

Co n2ke (Hkrps kg L k(r—1)

S Ap h2+)»hh2'||fhll

Y ORI fi 1 ( )

) 3 k(r—1) )
< Cn®<(lnn)? - h5< " ) s
Il frll

< Cgn*<inm? - n¥, (5.20)

where C¢, C7, Cg are constants depending on (r, k, c1, 0, Ky, C1, C*), and the last
step follows from our assumption that || f5 ||, > <

Vnhlnn®
Combining (5.17), (5.18) and (5.20) we get that for any h < h*(s), r < p, integer

k>2,

sup P (|Th — Tyeo)| > yu(h)) < max{Cs, Cg}n(nm)? -h%,  (521)
feRBy so(L)

1
given that the constant C* is large enough. Note that 4 < h*(s) < (nlnn) ™ Zma+T, the
inequality (5.21) yields that as long as 4re (2smax + 1) < 1, choosing k large enough
will give
Co
sup P (I — Tl > va (W) < =5 (5.22)
fePBp 00 (L) n

Plugging the previous tail bound into (5.15), we arrive at

CoL2|#|  CoL?h_] In :
<= 3| L& cmin — 12 22 < Clgninm) B,
n n n
and thereby complete the proof. O

6 Technical Lemmas

In this section we collect some necessary technical lemmas necessary to prove the
main results of this paper. We begin with a collection of lemmas available in literature
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which will serve as necessary tools to prove the other technical lemmas involved in
the arguments laid down in Sect. 5.

Lemma 6.1 [10] For Hermite polynomial Hy(x) of order k, if X ~ N (1, 1), we have
E[H (0] = u*.
Moreover, if |u| < M and k < M2, we have
E[H{(X)] = @MH).
Lemma 6.2 [1,48] For any r > 0, the best polynomial approximation error of |x|" on

[—1, 1] satisfies

inf  sup |Q(x)— |x|"| < &,
QePoly, xe[—1,1] n’

where B, > 0 is a universal constant depending on r only. Moreover, for n large
enough, we can choose B to be the Bernstein constant 8, = 0.280169499.

Lemma 6.3 [6] For X ~ A (u, 02), we have

l2
P(IX — p| = 10) < exp (—3) :

Lemma 6.4 Let X ~ N (u, 02) with i@ > co+/Inn, where ¢ > 0,n > 2. Then for
any o € R and any integer k > 2, we have

. (X _ cov/inn Wn) x%| < D,
- Y -

1 (X . co 2lnn> xe —IE(IL(X . co 2lnn)_Xo[)

where Dy, Dy x > 0 are universal constants depending on o, k and c only.

E

k

E < Dy ot Dk,

Proof Throughout the proof we use the asymptotic notation < to denote universal
constants depending only on («, ¢, k).
For the first inequality, define
{X:%§X§2u}, and

Eq X <

RS

éixﬁ_vzlnnf

(1>

E

E3 & {X:X >2ul).
By Lemma 6.3 and the triangle inequality, we have
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3
co Ol
E|1 (Xz ‘2 ) §:1IE|11(E) X
gmax{(”‘ ) } P(E1)+max[(’2’“) ,(2,u)“‘]+IE|X“]l(X22M)|

2
< ((evVInn)* + u%) -exp (—;2) +u% +EXY1L(X > 2w)|.
o

For the last term, note that X* < (1 + 2%)(X — w)* holds for any « € R when
X > 2u, and

E[(X — )™ 1(X — 1t = co)] S 0™

by the scaling property of the Gaussian random variable X — . ~ .47(0, ). Hence,
by Lemma 6.3 and Cauchy—Schwartz,

EIXYL(X > 20)] SE(X — w¥1(X > 2]
<EY21X%1(x > 20| - P1/2(X > 2p0)

2 2
<EY2(X — )™ L(X — = co)lexp | —+— | So%exp|—+— |.
462 462

Combining the previous inequalities, we arrive at

1 2
E|1 (X > Q) X% < (0% 4 (ov/Inn)? + u) - exp (—%) F . (6.1)
o
If « > 0, the desired inequality follows from ¢% < (o+/Inn)* < u* and
2
exp(—%) < 1. For a < 0, the facts

W o 1 2
CNETEET exp(——z)sl, —exp(——z)s max_ e~/ < 1
8o Ma 8o t>c+/Inn

complete the proof of the desired inequality.
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As for the second inequality, we first show the following chain of inequalities:

k
E

IL(sz_vle).Xa_Ma

k
1 1
<E[1 (X > %) CXO — p®)| + pkep <X < %) 6.2)
3 2
<N E[I(E) - | XY — pu¥|k ke — 6.3
Nl_:Z]Hm w1+ exp( 802) 6.3)
Mz
SE[L(E) - |X* — T+ (1 + (0vInn) ) exp (—@) (6.4)
S E[L(E)) - | X — u® [} + o@Dk (6.5)
< sup  [E[FTDE[L(EY) - 1X — plf]+ ofpem D (6.6)
&elp/2,2u]
< okp @bk, 6.7)

We elaborate on the inequalities (6.2) to (6.7) here:

1. Inequality (6.2) follows from the triangle inequality |a + b|* < 2¥=(ja|* + |b|%);
2. Inequality (6.3) follows from Lemma 6.3 and co+/Inn < u;

3. Inequality (6.4) follows from dealing with events E and E3 separately. Forall @ €

IR, the condition co+/Inn/2 < X < p/2 implies that | X* — u%| < (o+/Inn)* +
u®. Hence, by Lemma 6.3,

E[L(E}) - |X* — n¥[*] S P(E)) - (04 Inn)® 4+ p®)k

2
< (15 + (o/Inn) ) exp (—%) .

As for the event E3, if « < 0 we have | X% —u%| < u® when X > 2u, and Lemma
6.3 gives

2
E[1(E3) - |X* — u*F] < p**P(E3) < u** exp (‘;_z) .
o

If @ > 0, the condition X > 2u ensures that
X —pn% < X* <2%(X — w*,
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and thus Lemma 6.3 with Cauchy—Schwartz yields

E[1(E3)|X* — 1] S E[L(E3)(X — w)*]
< P'2(E3) - EY2[(X — )]

2 2
w w
S otexp (‘@) S i exp (‘@) ’

where the last step is due to the assumption o < u;
4. If o > 0, inequality (6.5) follows from (o +/In n)ke < ke and

k 2

2

,u_k - exp <_,u_2) < max tfe™"8 <
o 8o t>c/Inn

for any integer k > 2. If o < 0, the desired inequality follows from

/J/ka + (O_ /lnn)k(x go_k(x

and

k(1—a) 2 ,
% - exp (—'u—z) < max 1798 <
o « 8o t>c/Inn

for any integer k > 2;

5. Inequality (6.6) follows from X% — u® = a&*"1(X — u) with some & lying
between X and u, as well as the definition of E»;

6. Inequality (6.7) follows from E|X — u|f < o* for X ~ A (u, 02).

Now observe that for any random variable Y and integer k > 2, by the triangle
inequality and Jensen’s inequality, the following inequality
E|Y — EY[< < 2k (E|Y —cff + |EY — c|k)
< okl (E|Y —clF +EJY — c|k>
=2FElY — ¢|f

holds for any ¢ € R. Hence, a combination of the previous two inequalities concludes
the proof of the upper bound on k-th central moment. O

Lemma 6.5 [40, Thm. E] Let p,(x) = Y \_yavx’ be a polynomial of degree at
most n such that |p,(x)| < 1 for x € [—1, 1]. Then, |a,_3,| is bounded above by
the modulus of the corresponding coefficient of T, for u = 0,1, ..., |n/2], and
|an—1-24| is bounded above by the modulus of the corresponding coefficient of T,
foru=0,1,...,|(n —1)/2]. Here T,(x) is the n-th Chebyshev polynomials of the
first kind.
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Lemma 6.6 Let f and fj, be defined in Sect. 3, and let r > 1 and k > 1 be integers.
There exists some universal constant ¢ depending only on r, k and the kernel K such
that

k(r—1 k—1)(—1+1 k—1)(r—1 -1
Il ) < ch*=DEIHD ) ) G=Dl=Dy g =t

Proof The proof follows from the proof of [35, Lemma 4.4] and is hence omitted. O

Lemma 6.7 Suppose 1(A) is an indicator random variable independent of X and Y
andlet Z = X1(A) 4+ Y1(AC). Then

Var(Z) = Var(X)P(A) + Var(Y)P(AS) + (EX — EY)2P(A)P(AS).
In general for any integer k > 2,
E|Z —Ez[k < 2k-! (IE|X —EX[*P(A) + E|Y — EY*P(A°) + |EX — IEY|kIP’(A)IP’(AC)) .

Proof The identity for Var(Z) follows from [10, Lemma 4]. For general k, by taking
the expectation with respect to 1(A) first, we have

E|Z —EZ* = E|X1(A) + Y1(A®) — E(X1(A) 4+ YL(A“)
=PAE|X — EX - P(A) — EY - P(A9)|
+P(A9E)Y —EX - P(A) — EY - P(A9) X

By triangle inequality,

E|X —EX -P(A) —EY - P(AY)[* = E[(X — EX) + (EX — EY)P(A%) ¥
< okl <E|x —EX[* + |EX — EY|"]P’(AC)"> ,

and thus

E|Z —EZF < PA) - 2L E|X — EXF + P(AO¥|EX — EY[5)
+P(AS) - 2L (E)Y — EY[F + P(AXIEX — EY %)
< okl (IE|X —EX[P(A) + E|Y — EY|FP(A®) + |[EX — EY|’<P(A)P(AC)) ,

where the last step uses P(A)¥~! + P(A)F—1 < P(A) + P(A°) = 1 fork >2. O

Lemma 6.8 [45] The total variation distance and the chi-squared distance are related
via the following inequality:

1
V(P,Q)<1-— Eexp(—XZ(P, 0)).
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Lemma 6.9 [21, Theorem C.2] Let g > 2 and let X1, ..., X,, be independent random
variables such that E(X;) = 0 and E| X;|? < oo.

n q n n q/2
E(va>scw ZEWM+<ZEW#)
i=1

i=1 i=1

Finally, Lemma 6.10 presents the equivalence between Peetre’s K -functional and
modulus of smoothness on R. For p € [1, co] and r € N, the Peetre’s K -functional
for f defined on R is defined as

Kxﬁfnéng—mu+fmmm,

where the infimum is taken over all functions g defined on R such that the derivative
g~V is locally absolutely continuous. Also recall the definition of the modulus of
smoothness w, (f, 1), in (2.1).

Lemma 6.10 For any p € [1,00] and r € N, there exist universal constants M =
M(r, p) and to = to(r, p) such that for any 0 < t < to and f defined on R,

MK (f 1)y <ap(fo 1)) < MK(f, 1), (6.8)
Furthermore,
o (fo)p <M, 0<1 <10, (6.9)
and
or(f,)p <271 fllp, t>0. (6.10)

Proof The first inequality (6.8) is due to [12, Chapter 6, Theorem 2.4]. For the other
inequalities, (6.9) follows from (6.8) by choosing ¢ = f, and (6.10) follows from the
definition (2.1) and the triangle inequality. O

6.1 Proof of Lemma 5.1

The proof of Lemma 5.1 follows in turn from sequence of lemmas. We first consider
the case where | f, (x)| is small for which the next lemma is crucial.

Lemma6.11 Let |p| < 2ciap+/Inn, and X ~ N (u, A2). ThenforcyInn > 1,4c¢} >
¢, the bias and variance of P(X) in estimating |it| can be upper bounded as

2cipr
«/1nn7

Var(P(X)) < 2’2 4e2c2)2 (Inn),

[EP(X) — |ull =

where the constant 81 appears in Lemma 6.2.
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Proof By Lemma 6.1 we know that

K
EP(X) =) gkxQciipvinn)' ™.y,

k=0

By Lemma 6.2, we have

X B
k 1
sup | Y graxt — x| < .
xel-1.11 {55 K
. . w .
By a variable substitution x — ST we obtain

K
> gk aQerrpVinn) 7Rk —

< % -2ciipNInn.
k=0

sup
[u|=<2ciAp/Inn

Hence, the bias of P (X) is upper bounded by

Bi 2c1B1 A
EP(X)— < — . 2ciipMVInn = . ,
[EP(X) — |ull < X 1hh Y

as desired.
As for the variance, first Lemma 6.5 tells us

lekxl <2%K,  k=0,1,...,K.
Hence, with the help of Lemma 6.1, we know that

Var(P(X)) < E[P(X)%]

K 2
X
< (K41 gk xl*@eiapyInn)> 0 0K R |:Hk (/\-) }

k=0

K
< 25K K e vInn)* R 3k 220, Vin )
k=0
K
< PILRES ¢ Z C%)\% Inn
k=0
< 27K+4C%K2)»i Inn,

where we have used the fact that k < K < (2¢1+/Inn)?. O

The next lemma is useful to analyze the plug-in approach where f, (x) is large. The
key observation in this regime is that the plug-in approach is almost unbiased due to
the measure concentration property of Gaussian distribution.
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Lemma6.12 Let || > %Ah\/ln n X~ AN(u, A%), and k > 2 be any integer. Then

IE|X| — ||| < — = -n—€1/8,
civ/Inn

E|X| — E|X||F < C(c1, k)AL,

where C(cy, k) is a universal constant depending on k and c1 only. In particular, when

k =2, we have
Var(|X|) < C(c1, 2)A7.

Proof By symmetry we can assume that ;1 > 5 A,+/Inn, then the bias can be written

as
IE|X| — pu| = [E|X| — EX| = 2E|X|1(X < 0).

With the help of the Gaussian tail bound (Lemma 6.3), we have

0
IEIX| — u| = 2/ P(X < t)dt

—00

0
X — t—
:2/ IP’( Mg M)dt
—00 A A

0 t— 2
52/ exp (—% dt
oo :

Il
|N
N
=N
10
S}
|
|t
(3]
S—"
o
N
>~
ol
|
o)
(i8]
~
[oe]

which completes the proof of the bias bound.
As for the k-th central moment, we have

E||X| - E|X|[*
< 37 (BIX| = X[ + EIX - puff + [BIX]| - ul¥)

4 k
< 31 <2kE|X|k]l(X <0)+ Ak — D+ (—” -n—ff/g) )

civ/Inn
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where we have used the previous bias bound for the last term. Using the same technique
as before,

0
E[X[F1(X <0) = k/ 11 "P(X < 1)dt

—00

0 2
t —
< k/ 1115~ exp (—#) dr
- 222

0 —r\"! t— )2

< k)\];;/ — (M ) exp ( l;) dt
—oo A Ah 2,

= kak . 27E (zk*‘ 1 ( > </ ))

2
< Caneilte,

cl
2

where Z = “;—X ~ A0, 1) is a standard normal random variable, the constant C

depends on ¢ and k, and the last inequality is due to Cauchy—Schwartz
E (zk 51 (z > ?/m n)) < E!2(z2%-2)pl/2 (z > —«/ln n)

and Lemma 6.3. Hence the k-th central moment bound is proved. O

Proof of Lemma 5.1 Throughout the proof, for any two sequences ay,, b,, we will use
the notation a, < b, whenever |Z—:| is upper bounded by a universal constant which
only depends on ¢y, ¢, k.

Note that X, Y are independent, Lemma 6.7 can be employed here to establish
upper bounds on k™ central moments of £(X, Y). We distinguish into three cases:

1. Case It |u] < %‘)»h«/ln n. By Lemma 6.11 and Markov’s inequality,

IEP(X) — |uull < IEP(X) — |l + E|P(X) — P(X)]
= [EP(X) — |ul| + EIP(X)L(P(X)| > n*Ap)|
b EIPOOP M

< + < Zh 6.11)
Inn n2€ iy, JInn  n¢
Hence,
IEE(X,Y) — |ull
< |EP(X) — ||l + (E|P(X)| + E|X]) - P([Y| > ciapv/Inn)
- Y — c
S|]EP(X)—|M||+(n26)»h+lul+)»h)'ﬁ”( a 2—lvlnn>
S My Ay % + LapInn + ap) 08 < My
JInn n€ 2 Jnn'

where
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(a) the first inequality follows from the triangle inequality;

(b) the second inequality follows from E|X| < u + E|X — u| < u + Ap;

(c) the third inequality follows from (6.11), the assumption || < %th and
Lemma 6.3;

(d) the last inequality follows from ¢ > +/8k.

As for the k-th central moment, Lemma 6.7 yields

ElE(X,Y) —E&(X, V)|f
SEIP(X) —EP(X) + EI1X| - EIX| + [EP(X) — EIX|[)

-P(|Y| > ciAipvInn)
SEPX)f + ()J;l + (% + |l +Ah)k> < nk,

where the second inequality follows from the triangle inequality, Lemma 6.12 and
[EP(X) — E|X|| < [EP(X)| + |ul + EIX — p| < n*hp + ] + h.

2. Case II: %th < || < 2¢1an+/Inn. For the bias bound, we employ the
triangle inequality, (6.11) and Lemma 6.12 to obtain

IE&(X, Y) — |ull < [EP(X) — |ul| + [EIX| — |l]
D R S By S

S + —+ S .
JInn n¢  Inn VInn

As for the k-th central moment, by Lemma 6.7 we have

El&(X,Y) —E&(X, V)
SEIP(X) —EP(X)|F +E||X| - EIX|[* + [EP(X) — E[X|*
SEIPX)F +ENX| —EIX|[* + [EPX) — |ul* + [EIX| — |ulf
< 26k 4 2k <)‘_h )‘_h)k ()‘_h —C%/8>k< 2eyk
S pn™)  + A + + + n S (Apn=©)”,

JInn  n€ VInn

where the third inequality follows from Lemma 6.12 and (6.11).
3. Case III: || = 2c1Ap+/Inn. By Lemma 6.12 and Lemma 6.3, the bias bound is
given by

IBE(X, Y) — |ull < [E[X| — |ull + EIX] +E[P(X)]) - P(Y| < c1ApvInn)

~ Y —p [l
< |E[X]| — |ull + EIX]+EPXO] - P > —
An 2An
An —e w? Ah
< onad 4 + A 4 Ann€) - exp(— —) < ——,
~ Jinn (Il T N T

@ Springer



On estimation of L,-norms in Gaussian white noise models 1283

where the last inequality follows from c; > +/8k and

2 1
sup |ulexp (—“—2> <.
I|=2¢1Apv/Inn S)Lh n

By Lemmas 6.3, 6.7 and 6.12, the k-th central moment can be upper bounded as

ElE(X,Y) — E&(X, V)*
SE(X| - EIXDF 4+ (E|P(X) — EP(X)* + [EIX| — EP(X)5)
-P(Y| < ciipvinn)

2
<k () (il + d + a6 - exp (—&) <Ak
h

where again the last step follows from taking supremum over || > 2ciAp+/Inn.
Combining these three cases completes the proof of the lemma. O

6.2 Proof of Lemma 5.2

The proof of Lemma 5.2 follows in turn from sequence of lemmas. We first consider
the case where | fj, (x)| is small for which the next lemma is crucial.

Lemma 6.13 Let || < 2ciipv/Inn, and X ~ N (u, )»i). Thenforcolnn > 1, 40% >
¢y, the bias and variance of P,(X) in estimating |i|" can be upper bounded as

IEP,(X) — |ul"] < B - ( 21 )
cA/Inn

Var(P, (X)) < 272 +2:2(Inn)? . (21 apv/Inn)>

where the constant B, appears in Lemma 6.2.

Proof By Lemma 6.1 we know that
K
EP-(X) =Y gl Qeripy/Inn) = k.
k=0
By Lemma 6.2, we have

sup

b
xe[—1,1] K

K
Yo giuxt — Il
k=0

@ Springer



1284 Y.Han etal.

By a variable substitution x — , we obtain

201)\;,\/

K
Y gk xerpinny ™k —

k=0

2ciip/Inn '
< B - T .

m|<2q)uh«/lnn

Hence, the bias of P.(X) is upper bounded by

2cl)»h\/1nn)r P < 2c1hp >r
LNTTY — g ,

[EP-(X) — ul"| < By - ( K c2v/Inn
2

as desired.
As for the variance, first Lemma 6.5 tells us

lex il <2’ k=0,1,....K.
Hence, with the help of Lemma 6.1, we know that

Var(P, (X)) < E[P.(X)?]

K
. _ X
< (K+ 1Y I P @eripy/Inn)?r =0 524 E [Hk(ﬁ)z}

k=0
K
< 25K K S Qe Inn)? R 0K 220 Vin )
k=0
K
< 27KHE Y Qe Inm)?
k=0

< 27K 2K202¢1 v/ Inn)?,

where we have used the fact that k < K < (2¢1+/In n)z. O

Next we analyze the “smooth” regime where | fj,(x)| is large. If f;(x) > 0, the
Taylor expansion based estimator Sy, ( fh,l(x), fh,z(x)) is analyzed in detail in the
following lemma. The analysis of the estimator S;,, (— fh 1(x), — ho,z(x)) in the case
fn(x) < O then follows by symmetry. Subsequently, we can take into account the
sample splitting approach, and following the same approach as of the proof of Lemma
5.1 one can complete the proof of Lemma 5.2. We omit the details.

Lemma6.14 Ler 1 > %‘Ah«/lnn, k > 2 be any integer, and X1, Xy ~ N (u, )\%) be
independent. The bias and k-th central moment of Sy, (X1, X2) in estimating 1" can
be upper bounded as

IES;, (X1, X2) — 1| < 25 (VInn) ~R=1 4 (y/Inny n=c1/32,
E[Sy, (X1, X2) — ESy, (X1, X2)[F < C(r, k)Ak =1k,

@ Springer



On estimation of L,-norms in Gaussian white noise models 1285

where C (r, k) > 0is a universal constant depending only onr, k and ci. In particular,
for k =2 we have
Var(S;, (X1, X2)) < C(r, 2)xi u 2.
Proof Throughout the proof we use the notation a, < b, to show that |“” | is upper
bounded by a universal constant which only depends on ¢y, k and r.
First we analyze the bias. By Lemma 6.1 and independence of X and X»,

ESy, (X1, X2)

=E|1(X; > —Ah\/lnn) Zaer kZ( )Exz (A’H( )) (=Xk
=E|1(X; > —Ah«/lnn) Zaer kZ( )MJ( Xk

Cc
=E|1(X1 2 Jap/inn) - Zaer"w - Xl)"} ,

L k=0

v

where a; = r(rl)kw is the Taylor coefficient. Note that by the Taylor expansion

with Lagrange remainder term, we have
R
O ZakX{_k(M — XD)F = app1&” B (w - xR,
k=0

for some & lying between X and . In view of i > S-A,+/Innand X1 > FAnv/Inn,
we conclude that & > Z-4;,+/Inn. Hence, the triangle inequality yields

[ES), (X1, X2) — |
<u'P (Xl < Z—IAhx/lnl’l)

+E

R
1 (Xl > Z—lkhvlnn) : <Zakxf_k(u — Xk —Mk)

k=0

"
<u'P (|X1 —ul = —)

2
C
+ o sup Im (X1 > leh\/lnn) cagp & TR (= xR
52 )‘h\/
2
c r—R—1
<2 exp (—%) + (lehx/lnn) lags1] - Elp — X, [RH!
h

< Oua/Inn) 32 4o (Vinp) R
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where we have used Lemma 6.3, — R — 1 < 0 and
1 2
max u"exp - |3 (pvInn) n=c1/32,
w=ciipN/Inn/2 8)‘h

EIX; —ulf < JEIX; —p* <2k k=0,1,....

This proves the bias bound.
As for the k-th central moment, we may write

R ¢
S (X1, X2) =YY bjatin;,

(=0 j=0

where

b2 RS D L ()

] S X;_jIL(Xl > %Ahvlnn),
i X2
Y
CE M H (5.
nj h ]()Lh)
By independence of X and X»,

R ¢

$.(X1, X2) — E[S$,(X1, X2)1 = Y Y " bjel(¢; — BIg; DEln;1+ ¢j(nj — Eln; D]
=0 j=0

Since the coefficients b; ¢ do not depend on w or Aj, by the triangle inequality it

suffices to prove that forany j =0, 1,..., R,
Aj 2 Ellg; — EIGIM - B IF S 2k, (6.12)
B; £ ElIg; 1] - Elln; — Elny i1 < A V5. 6.13)

For the first term A ;, the second inequality of Lemma 6.4 witho = Ay, =7 —
and ¢ = c1/2 gives

Ellg; — Elg;11] < a7/ 7Dk,
Moreover, Lemma 6.1 gives E[n;] = ;ﬂ , and therefore (6.12) holds.
For the second term B;, we may assume that j > 1 since By = 0. For the k-th

moment of ¢;, the first inequality of Lemma 6.4 witho = Aj, ¢ =r—jandc = ¢ /2
gives E[|¢ |¥] < w "=k To upper bound the k-th central moment of 7 j» We express
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the j-th Hermite polynomial H; as H;(x) = sz:o aj, jxi, then

nj —Enjl =Y aijk, " (X —EIXD) =Y a; jA; (X5 — E[X5)).
i=0 i=1

Write X, = 4+ ApZ, with Z ~ _A47(0, 1). Then fori > 1,

i .
Xy —EXy = (u+m2) —E(+m2) =) (,.l/>ﬂ""k§{(zi’ —E[Z').

i'=1

Since all moments of Z are finite, the i’-th summand has k-th moment < M(i_i/)k )»Z k,
and the triangle inequality then yields

i
. . o N - a
EIX) — EX5F <) plmOkaik <o (ul=Dk 457706 <k pl=Dk,

i'=1

where the last inequality follows from i > 1 and the assumption A, < w. Therefore,
by a triangle inequality again,

J J
e o -
Elln; —En 11 < Y0 a) ™ BIXG-EXYE S 4 D0 a7 e < afutm bk,

i=1 i=1
Finally, combining the previous upper bounds yields
Bj = El|g;[*]- Elln; — El)1*1 S =% xn =08 = 2 u 70K,

which gives (6.13). Combining (6.12) and (6.13) completes the proof of the upper
bound for the k-th central moment. O

6.3 Proof of Lemma 5.7

For the simplicity of the proof notation, we shall assume that / = 1/A is an integer.
The more general proof follows with obvious modifications by working with [1/A].
We only provide the proof here for the case when J is an even integer i.e. J = 2L for
some L > 1. The proof for J odd can be obtained similarly.

In particular, we consider the partition of [0, 1] into 2L consecutive subintervals
of length h each and for/ = 0, 1,...,2L — 1 denote the /th subinterval by /; i.e.
I = [ — Dh,lh) forl =0,...,2L —2 and Iry—1 = [(2L — 1)h,2Lh]. Let
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I =My Iy and I = UFS) T4 1. Then

!
/0 (T (x) — ETh(x)) dx

= f (Th(x) — ET)(x)) dx + ; (Th(x) — ETy(x)) dx
1 2

=T+ T>.

Indeed,

1 k
E V (Ty(x) — BTy, (x)) dx| <21 (]ElTllk + E|T2|k) . (6.14)
0

We now provide control over E|T} |¥. The bound over E|T5 |¥ is similar and combining
them shall yield the desired proof of the lemma. First note that

L—-1

L-1 .@i+1)h
T — Z/ (Th(x) — ETy(x)dx = 3 &,
=0 J2h 1=0

where &, ;(x) = 2(12}5 +Dh (T (x) —ET}, (x))dx are independent and zero-mean random

variables for/ =0, ..., L — 1. Therefore, by Rosenthal’s Inequality (Lemma 6.9) we
have that

k

L1 L-1 k/2
EITi* =E <Ck) | Y Elan* + (Z E|sh,z|2> . (6.19)
=0 =0

L—-1
> &
=1

Now, by Jensen’s Inequality on the interval of length &

k

. QI+1)h
Elgni" =E ./21;, (T (x) — E(Th(x)))dx

1 Q2I+1)h
<nkl / E| Ty (x) — E(Ty(x)) [ dx
h Jan

1 [@+Dh
<hy /zlh Con*e (M’i’ + kﬁlfh(x)l"(’*”) , (6.16)

where the last inequality follows from Lemma 5.1 (for » = 1) and Lemma 5.2 (for
r > 1) with C» a constant depending on cy, 2, €, 0, K7, k. Plugging in the bound
(6.16) into (6.15) and subsequently combining with (6.14) completes the proof of
Lemma 5.7.
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6.4 Proof of Lemma 5.5

Let S be the optimal value of the optimization program in (5.13), then the target
is to prove that § = 2E,_1 x(f; I). We first show that § < 2E, 1 g (f; ). Let

P(x) = Z,fz_ g+1 arx® be the best approximating rational function attaining the
approximation error E,_1 g (f; 1), then for any feasible pair of probability measures
(vo, v1) in (5.13), the triangle inequality gives

/f(X)(w(dX) —o(dx)) = /(f(X) — P(x))(v1(dx) — vo(dx))
< / |f(x) = P(0)|(vi(dx) + vo(dx))

< / Eqo1.x (f: D1 (dx) + vo(dx))

=2E,_1.x(f; D).

Consequently, S < 2E,_1 x(f; I). To show the other inequality, we construct the
probability measures vy and vy explicitly. Since the interval I does not contain zero,
the functions {x —qtl y—q+2 xK} in C(I) form a Chebyshev system [12, Section
3.3, Example 2], and the Chebyshev alternation theorem [12, Chapter 3, Theorem
5.1] shows that there exist a rational function P(x) = Z,f:_q L1 agx® and points
X0 < X1 < -+ < Xgyg in I with f(x;) — P(x;) = ¢ - (—l)iEq_l,K(f; I) for all
i=0,1,...,9 + K, and ¢ € {£1}. Construct the signed measure v supported on
{x0, x1, ..., x4+k} with

1

9
Xi —)Cj

v({xi) =co-x{ ]
J#

where cp € R is a scaling factor such that |[v|[(R) = 1 and v({x¢}) has the same sign
as ¢. Recall the following identity from the Lagrange interpolation: for all x € R,

q+K P
ORI e
! Xp — X
=0 jE T
Hence, for each k = —¢g + 1, ..., K, comparing the coefficients of x*t4=1 on both
sides gives
q+K |
k k+g—1
x*v(dx) =cp - X; =0.
/ (@) =co Z ! 1_[ Xi — Xj
i=0 J#i
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Moreover, foreachi =0, 1, ..., g + K, the difference f(x;) — P(x;) has the same
sign as v({x;}), for the signs of v({x;}) are also alternating. Therefore,

/ FOOv(dx) = / (f(xr) = PCO)V(dx) + / P(ov(dx)
=/|f<x>—P(x>||v|(dx>+o

=Eg1.k(f: 1) - VIR) = Eq_1,x (f5 D).

Now the proof is completed by considering the Jordan decomposition of v = vy —v_
and choosing vy = 2v4, v; = 2v_.

6.5 Proof of Lemma 5.6

We need some notions and results from approximation theory first. For functions
defined on [0, 1], define the r-th order Ditzian—Totik modulus of smoothness by [13]

W (f, oo 2 SUp ALy S () oo,
O<h<t

where ¢(x) £ /x(1T — x). This quantity is related to the polynomial approximation
error via the following lemma.

Lemma 6.15 [13] For an integer u > 0 and n > u, there exists some constant M,
which depends on u but not ont € (0, 1) nor f, such that

n

1
Eon(f510,1]) < Myw, (f, —) )

M, - u—1 u 1
n k=0 n [e’e]

Take u = 1, the second inequality together with the monotonicity of Eo ,(f; [0, 1])
in n yields

Dn

1
Eon(f310,1) = 7= Eox(f10, 11)

k=n

w(,lo (f’ ﬁ)oo _ 1 “

> Eox(£:10, 1)

- M, Ek:o
_ 9 ([ Di)os  Eoo(f310,1])
- M D ’
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where D > 1 is a universal constant to be specified later. Note that

qg—1
: —g+L (4774
Eo-talfp D= il Eon (307242, 00 )
2y
k=1
it suffices to obtain a lower bound independent of ay,...,a, 1 for the polyno-

mial approximation error E(),n(x_q'”/2 + ZZ;II arx*; [en™2, 1]). Define g(x) =
x"atr/z 4 ZZ;: arx %, and let Z(x) = g(cn=2 + (1 — en~2)x) be defined on [0, 1].
We distinguish into two cases.

First we consider the case where Eg o(g; [0, 1]) < C 1n24" for some fixed constant
Cy > 2c4tr/2, By the definition of w‘; (f, t)o, there exists some universal constants
0 < A < B (which only depend on c) such that

t+1 t ‘
g((Dn)2>—g<(Dn)2)

g—1

= (D)™™ sup by () + Y (D)X aghy (1)
1€[A,B] P

1
1,..
®,(8, —)oo = SUp
¢ pn”™ 1€[A, B]

qg—1

> (D)™™ infsup |hg_o (D) + Y bl (1))
bi..sbg-1 1€l A, B] =

where
() 2 (t 4+ 1)k =17k

Since r is not even, it is straightforward to verify that the functions 41, ..., hg—1, h
is linearly independent in the interval [A, B], we conclude that

=3

1
1/~ 2q—
a)¢(g, _Dn)oo > Co(Dn)~17",

where the constant C; > Oonly dependsonr, g, A, Bbutnotonay, ..., a;—1.Hence,
in this case we have

Co(Dn)X—"  Cin*—"

, 6.17
M D (6.17)

Eon(g; [en™2,11) >

where none of the constant depends on ay, ..., a4—1.

@ Springer



1292 Y.Han etal.

Second we consider the case where Eg o(g; [0, 1]) > Cn%4~" . Since 2g —r > 0,
we have

g—1
Eo0(2:10.1) = max |x 9¥/2 4% "gxF
x€len—2,1] =1
g—1
< C_q+r/2n2q_r + Z |ak|C_k}’l2k
k=1
| ik
=. —k 2k
< 5 E00@ 10, 1D+ ) lagle™ n*,
k=1
and thus there exists some j € {1, ..., g — 1} such that

laj|n®* > C3Eo0(&; [0, 11),

where C3 is a numerical constant which only depends on r, g and c. Defining the
interval [A, B] as in the first case, we have

t+1 t ‘
g((Dnﬂ) _g<(Dn>2)

- -1

) (Dn)2q—r—2] q . a

= laj|(Dn)* sup |=————hy o () + Y (D) iy (1)
te[A,B] aj k=1 aj

1
l ~
. (g’ _) Z Sup
v pn”™ t€[A, B]

> laj|(Dm* inf sup |hj(0) +bjhg_y () + Y bihi(0)]
bi,....bg—1 te[A,B] ’ k#j

> Cyla;|(Dn)*
> C3C4D* Eo0(8; [0, 1])
> C3C4E0,0(g; [0, 17),

where the numerical constant C4 > 0 (which only depends on r, g, A, B but
not on aj, ..., ag—1) again follows from the linear independence of the functions
hq_%, hi, ..., hg—1. Now in this case we have

_ C3Cy 1 .
Eo.n(g; [en™2, 1]) z( M —5)-Eo,o(g;[0, 1)
CCy 1
> < hi —> T, (6.18)
M, D
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where again none of the constants depends on ay, ..., a,—1. Hence, by choosing D
large enough, by (6.17) and (6.18) we have

g—1

a,

Egu@ 2 en™2 1) = inf Eo, [ x0T 43 Sien™2 1]
ay,...,dg—1 =l X

c/n2q—r’

IV

which is the desired result.
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