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We study Tachyacoustic models of cosmology, for which a scale-invariant perturbation spectrum is
generated via superluminal sound speed instead of accelerated expansion, as in the case of inflation.
We derive two bounds on the size of acoustic horizon which constrain the duration of tachyacoustic
evolution, and therefore generation of primordial perturbations. We show that existing models
cannot solve the horizon problem without violating the condition that all physical scales — such as
the Hubble parameter, the pressure, and the length scale at which quantum modes freeze out and

become classical — be sub-Planckian.

I. INTRODUCTION

Inflationary cosmology [1-7] is the most successful and
widely accepted theory of the very early universe. From
the observational point of view, however, inflationary cos-
mology is not the unique theory able to explain the ori-
gin of the primordial density fluctuations, which seed the
Cosmic Microwave Background (CMB) anisotropy and
structure formation in the universe. Refs. [8-11] derived
general conditions on cosmology for the generation of pri-
mordial perturbations consistent with observation, and
found four general classes of models, assuming standard
General Relativity:

1. A period of accelerated expansion (i.e. inflation).
2. A speed of sound faster than the speed of light.
3. Violation of the Null Energy Condition.

4. Inherently quantum-gravitational physics.

In this paper, we review a model of the second kind,
a type of k-essence model dubbed tachyacoustic cosmol-
ogy proposed by Bessada et al. [12] based on the work by
Magueijo [13]. As an alternative to inflation, tachyacous-
tic cosmology was proposed to solve the horizon problem
and creates a nearly scale invariant power spectrum via a
superluminal speed of sound, cg > 1. (Although this spe-
cial type of model involves superluminal sound speed, it
has been argued that such fields do not violate causality
and are as consistent as models with subluminal speed
of sound [14].) In this paper, we consider dynamics in
tachyacoustic models which are consistent with present
observational constraints. We find that for such models
to satisfy the horizon problem, we unavoidably need to
introduce a period when the field also violates the condi-
tion that all scales be sub-Planckian. Therefore, existing
tachyacoustic models are not self-consistent. Our analy-
sis differs from that of Refs. [8-11], because we consider
not only the requirement of scale invariance, but also the
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normalization of the primordial power spectrum. Our
analysis is, however less general, since we specialize to
the power-law models proposed in Ref. [12].

The rest of this paper is organized as follows. In Sec.
II, we briefly review tachyacoustic cosmology. In Sec. III,
we show that the horizon problem cannot be solved in a
general tachyacoustic cosmology setting without violat-
ing the sub-Planckian condition. In Sec. IV, we show
that the thermal Tachyacoustic Cosmology is also facing
the same issue. The conclusion is in Sec. V.

II. TACHYACOUSTIC COSMOLOGY

We begin this section with a brief review of tachy-
acoustic cosmology [12], based on the generalization of
the inflationary flow formalism [15] introduced by Bean
et al. [16]. In Ref. [12], the authors utilize the gener-
alized flow formalism with additional conditions on the
background evolution to reconstruct the corresponding
Lagrangians and study exact tachyacoustic solutions. In
the following, we only review the background evolution
of tachyacoustic cosmology since it is the part relevant to
the issue addressed in this paper. One can find more de-
tails of the reconstruction in Refs. [12, 16], and especially
about the issue of field redefinition in Ref. [17].

As a type of k-essence models, the Lagrangian of a
tachyacoustic field has the general form £ = L[X,¢],
where X = %g*‘”@u¢8,j¢ is the canonical kinetic term.
Homogeneous modes of this scalar field form a perfect
fluid with energy-momentum tensor

T/_w - (p + P)U,uuu — PYuv, (1)
with
p(X, 9) = L(X, 9), (2)
Oud

Uy = y
VX
where Lx = 0L/0X. The speed of sound is non-trivially
given by
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where the canonical limit Lxx = 0 leads to cg = 1.
Then in this type of k-essence model, curvature pertur-
bations freeze out and become classical at the acoustic
horizon, cgk = aH, which corresponds to the Hubble
length when cg = 1, but otherwise is dynamically inde-
pendent [18]. If we allow for superluminal sound speed
cs > 1, it is possible generate super-Hubble perturba-
tions without inflation.

We will focus on the “tachyacoustic” cosmology models
constructed in Ref. [12], which can be specified by a set
of three parameters {e, s, 5} related to the background
evolution of Hubble parameter H, speed of sound cg, and
the derivative of Lagrangian with respect to the canonical
kinetic term, Lx = 0L/0X, as functions of the number of
e-folds N during the tachyacoustic field dominated phase
as

H = Hie™V,
cg = cs’ieSN, (6)
Lx = Ae 3N,

where the convention N = Ina/a; with a; as the scale
factor at the beginning of the tachyacoustic phase is used.
The parameter € is the first slow-roll parameter

—1dH
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and the parameter s is the first flow parameter of speed
of sound [19, 20]
1 dCS
= —— 8
S= AN (3)
which we take to be constant for the solutions in Eq.
(6). The linear scalar perturbations of the Tachyacoustic
Cosmology follow the same result in a general k-essence
model, in which a general quadratic action for the cur-
vature perturbation ¢ can be written in terms of the dy-
namical variable dy = cgdr as [21]

s l(j;) - (vo?], )

where 7 is the conformal time, ds®> = a? (1) [dT2 — dxz],
and ¢ is given by

(10)

By defining a canonically normalized scalar mode func-
tion v = Mpq(, the associated mode equation becomes

q//
vy + (k;2 - ) v =0, (11)
q
where a prime denotes differentiation with respect to y.

From Egs. (6) and (10), one can obtain that when s =
—2¢ and ¢ x y~ 1, Eq. (11) reduces to

2
vy + (k2 - y2> v, =0, (12)

which admits the solution

efiky i
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consistent with usual Bunch-Davies boundary condition,

Ve =

| e—iky
im v, = . 14
Yy——00 k v 2k ( )

This special solution corresponds to the de Sitter limit in
a canonical inflationary model by the substitution 7 — .
Therefore, the power spectrum of the curvature pertur-
bation is scale-invariant and given by

Ko uf? _(1+9? 1 H? 1 (15)
87‘(‘2 MI% CS’

Pe(k) = =

(k) ky—0- 272 M3q? €
which is similar to the result in Ref. [13]. In fact, with
constant flow parameters (6), the mode equation (11)
can be solved exactly and the power spectrum of the
curvature perturbation is given by [12]
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where the power spectrum amplitude is evaluated when
the quantum mode crosses the acoustic horizon, cgk =
aH. Here f(v) and v are given by!

oz L) o
and
3—2s—¢
T p— (18)

The scalar spectral index of perturbations for a tachya-
coustic solution is given by

2¢+s

ng=1- —1°%_
s l—e—3s’

(19)
which has a scale-invariant limit, s = —2¢, and has been
shown to be a dynamical attractor [22]. In the scale-
invariant limit,

fwv)=1+¢, (20)

with v = 3/2, Eq. (16) reduces to the form of Eq. (15).
Notice that the results are independent of the gauge pa-
rameter s, i.e. in the linear perturbation level, all models
in Tachyacoustic Cosmology are observationally indistin-
guishable.

1 We notice that in Ref. [12], v is mistakenly depends to the
gauge parameter §. The form given in Eq. (18) matches the
result found in Ref. [16].



Lastly, the condition of solving the horizon problem in
Tachyacoustic Cosmology is similar to that in k-inflation.
If we consider a comoving wave mode with wavelength of
order the horizon size today, ko = (aoHyp), the condition
of solving the horizon problem requires

> (agHo) ™", (21)

where a; is the scale factor at the beginning of the tachy-
acoustic phase.

III. SUPER-PLANCKIAN DENSITY ISSUE IN
TACHYACOUSTIC COSMOLOGY

In this section we first show that in the radiation-
dominated tachyacoustic model considered in Ref. [12],
solving the horizon problem guarantees a period of super-
Planckian energy density. We next show that solving the
horizon problem in a more general tachyacoustic model,
€ > 1, still results the super-Planckian physical quanti-
ties. To simplify our analysis, we will approximate the
late universe as having decelerating expansion through-
out, ignoring late-time acceleration. This does not sub-
stantially effect our bounds, since we find that the longest
wavelength modes consistent with sub-Planckian energies
re-enter the horizon long before matter/radiation equal-
ity. In this case, the condition of solving the horizon
problem (21) can be written as?

H; < Hy, (22)

where H; is the Hubble parameter when the mode having
the size of the acoustic horizon at the onset of tachyacous-
tic phase enters the Hubble horizon (the mode k; in Fig.
1). Secondly, since the tilt of the scalar spectral index
(19) is small from observational constraint [24], from Eq.
(17) one can easily show that the correction to Eq. (20)
is negligible. Therefore we use the scale invariant limit
to simplify our analysis.

Under the condition of scale invariance, we can relate
the scale invariant power spectrum (15) to the CMB mea-
surement P¢(k) = P (ke = 0.05Mpc™1) ~ 2 x 1079 [24]
as

1 H? (1+4¢)?

Pr=-—=" 7 92x1077, 23
¢ 8m2 M2 cge x (23)

which gives

(H>2 ~ 10—7%. (24)

2 More specifically, Eq. (22) and Eq. (21) are equivalent if we
ignore the fact that modes are exiting instead of entering the
Hubble horizon due to the current accelerated expansion.
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FIG. 1. A schematic picture of a scale-invariant tachya-
coustic cosmology model saturating the sub-Planckian bound
H(a;) < Mp. In this ln% Vs lna%_ diagram, the evolu-
tion of the physical length of modes is given by the family
of straight lines with slope equal to 1. The quantum-to-
classical transition of fluctuations happens during the crossing
of acoustic horizon R = % (red). H; is the Hubble parame-
ter when the longest mode k;, which exited the acoustic hori-
zon at the beginning of tachyacoustic phase, enters the Hub-
ble horizon. Solving the horizon problem requires H; < Hp.
The orange area is forbidden since it represents the part with
super-Planckian energy density H > Mp. Meanwhile, the
green area represents the part that the acoustic horizon is
shorter than the Planck length, so the quantum-to-classical
transition of the perturbation is invalid.

To avoid quantum-gravitational effects we must have

H(a;)

1 25
A, < b (25)

where a; is the scale factor at the beginning of the Tachy-
acoustic Cosmology phase. Eqs. (24) and (25) then pro-
vide a maximal value of speed of sound the model can
have without entering the super-Planckian region

7 2

csai) S M’ (26)
where the upper bound is from the limit H(a;) ~ Mp.
The crucial difference between the Tachyacoustic Cos-
mology and an inflationary scenario is that in inflation
we can take € < 1 but in a Tachyacoustic Cosmology

model we have € > 1.
We first consider the radiation-dominated tachyacous-
tic model proposed in Ref. [12], which is also the simplest



case. Because of the radiation-dominated expansion both
before and after the decay of the tachyacoustic field into
standard model particles, H; is independent of the decay
time. By saturating the energy bound (25) and using Eq.
(6) for cg(N) and H(N) with s = —2e = —4, the relation
between H; and cg(a;) is given by

M
lnfllD = 2Incg(a;). (27)

Meanwhile, with € = 2, the bound on the speed of sound
(26) is

cs(a;) < 4.5 x 107, (28)
Then Egs. (27) and (28) give a bound on H; as
H; 2 5x 10" Mp, (29)

which is significantly larger than the current Hubble pa-
rameter Hy ~ 10752Mp. Therefore, the horizon problem
is unsolved by this model given the bound (25) since Eq.
(22) is violated — that is, solving the horizon problem
guarantees a period of super-Planckian energy density.
In the next part, we show that even in a general tachy-
acoustic model with € > 1, solving the horizon problem
unavoidably introduces the super-Planckian issue.

Next we consider a more general tachyacoustic model,
with arbitrary equation of state. Since the equation of
state of a general tachyacoustic field is different from that
of radiation, H; depends on the energy scale of the decay
of the tachyacoustic field, Hg... We can without loss of
generality take the evolution of the universe after the de-
cay of the tachyacoustic field to be radiation-dominated,
since we show below that the strongest bound comes from
late decay, just at the time of Big Bang Nucleosynthe-
sis. Assuming an instantaneous decay and saturating the
limit of sound speed from Eq. (26), H; is related to Hyee
via the following two relations:

Mp 107(1 +¢€)? 2 Mp
In— —2In———=(--1]1 30
. Hl . € € anec, ( )
if H < Hge.. Conversely, if Hy > H e,
Mp € 107(1 + €)?
In— = 1 . 1
H T -1t e (81)

Notice that Egs. (30) and (31) are the same when e = 2.
Due to the rapidly decreasing of speed of sound, the
acoustic horizon can become shorter than the Planck
length within a few e-folds. The duration before the
acoustic horizon is shorter than the Planck length is given
by

7 2

. . (32)

The largest AN happens when € — 1, AN(e — 1) ~
17.5, and AN can be smaller than unity quickly as we

4

increase €, for instance AN(e = 100) ~ 0.2. This in-
duces the issue of when the tachyacoustic field should
decay, see Fig. 1. Here, we consider the scenario that
the tachyacoustic field is still the dominating content of
the Universe even during the time when the acoustic hori-
zon is smaller than the Planck length. However, during
this period, not only the quantum-to-classical transition
of modes is invalid, the perturbation calculation should
break down when the length scale is shorter than the
Planck length.

Then the most relaxed constraint is that the tachya-
coustic field must decay into the Standard model parti-
cles before Big Bang nucleosynthesis (BBN), so Hgec is
a free parameter with a lower bound

Hgee 2, Hen N, (33)

where Hppy is given by the following relation from ther-
mal equilibrium

2

SMEHZ = %g* (Tepy ~AMeV)They.  (34)
With TBBN ~ 4dMeV ~ 10_21Mp and g*(TBBN ~
4MeV) ~ 10.75, we have Hgpy ~ 10742 Mp. Substitut-
ing the bound from BBN, Hy.. > 107*2Mp, in Eq. (30),
a local minimum of H; happens at the non-inflationary
scenario limit, € — 1

Hi(e —» 1) > 1075"Mp, (35)

which is still greater than Hy ~ 10752Mp by five orders
of magnitude. Therefore, the horizon problem is unsolved
under the limit € — 1 since Eq. (22) is violated.

Meanwhile, it is not difficult to see that H; can be
arbitrarily small if we allow € to be arbitrarily large in
Eq. (30), which leads to

Hi(e ~10%) > 1075 Mp ~ H,. (36)

This was discussed in Ref. [13] that the super-Planckian
energy density can be avoided by considering an ex-
tremely large equation of state. However, this argument
causes another super-Planckian issue since € and the pres-
sure of the tachyacoustic fluid p are related by

e:‘;’<2;+1), (37)

where p is the energy density. Given that we have sat-
urated the bound p(a;) ~ MEH?(a;) < M3 at the be-
ginning of the tachyacoustic phase, ¢ ~ 10*® means that

plai) ~ ep(a;) ~ 10 Mp, (38)

i.e. strongly super-Planckian pressure. Therefore, for
models with large €, we should further consider the con-
dition of sub-Planckian fluid pressure

pla;) S Mp, (39)



which leads to stronger constraints on the Hubble param-
eter

5

H(a;) S —=, (40)
€
and the speed of sound
107(1 +¢)?
cs(ai) < #7 (41)

€

which is approximately 107 for large ¢ and has a maxi-
mum when ¢ — 1. Saturating bounds (40) and (41), the
relations between H; and H.. should be

7 2
1n]wp_21n10(1+6)_<1 _ 1) lne— (2 _ 1) In Mp
H € €

1 €2 Hdec’
(42)
if H; < H e, and
Mp € 107(1+€)? 1
In — = 1 -1 43
. H, c—1 " €2 + g M€ (43)
if Hy > Hgec, instead of Egs. (30) and (31). (Notice

that Eqgs. (42) and (43) reduce to Egs. (30) and (31)
respectively when € — 1.) From the bound (40) and the
condition H(a;) > Hgpn ~ 107*2Mp, we can obtain a
bound on € as?

€ < 10%2. (44)
Even if we substitute this unrealistic bound on e with
Hyee ~ Hppy into Eq. (42), we can only obtain
H; ~ 107%*Mp, which is greater than Hy by eight or-
ders of magnitude. Therefore, we argue that solving
the horizon problem in the Tachyacoustic Cosmology un-
avoidably has the super-Planckian issue and the closest
scenario is given by Eq. (35), when ¢ — 1, which is
short by around 7.5 e-folds, even if we consider a matter-
dominated universe from H; to Hyp.

IV. THERMAL BOUNDARY CONDITIONS

The analysis above assumes a vacuum boundary con-
dition for perturbation modes during the tachyacous-
tic phase, but this is not the only possibility. In [13],
Magueijo suggests that curvature perturbations could
be generated by the thermal fluctuations instead of the
quantum vacuum. In Ref. [25], Agarwal and Afshordi
consider this thermal origin of fluctuations and propose
thermal Tachyacoustic Cosmology. Here we follow closely
the derivations in [25]; however, we show that there is a

3 This actually is a relaxed bound since € ~ 1032 corresponds to
H(a;) ~ Hgpn. Given that the tachyacoustic phase must end
before BBN, then the duration of the tachyacoustic phase would
not be enough to explain at least three decades of scale invariant
curvature perturbations deduced from the CMB observation.

1/cs,; factor missing in Eq. (25) in [25]. By taking this
factor into account, we show that thermal tachyacoustic
cosmology also suffers from a super-Planckian density is-
sue.

In thermal Tachyacoustic Cosmology, the power spec-
trum of the curvature perturbation in a thermal state of
temperature T; is given by

k3 |Uk|2
= lim o
Pelkr =, I o a2

2(n)r, +1],  (45)
where the thermal occupation number (ny )7, follows the
Bose-Einstein distribution

1

()t = ——F—~——
exp (55) —1

(46)

and |vy|? is given by the asymptotic form of Hankel func-
tion for small arguments

41/711'\ 2
|Uk|2 _ (V)

- Ty —1g2v

Compared to Eq. (15), Eq. (45) has an extra term
2(ng )T, corresponding to the thermal fluctuations of the
tachyacoustic field and (ng )7, > 1 for the thermal Tachy-
acoustic Cosmology. Since a thermal boundary condition
for perturbations requires equilibrium, we take the back-
ground cosmology to be radiation-dominated (e = 2). By
using Egs. (6, 10, 18), Eq. (45) can be rewritten as °

: [1 -t J (ﬁp)

3

2 k ]ﬂCs i s+1
X P +1 - .
exp ( aCST7) -1 a;H; ) \ a;H;
(48)

In the Rayleigh-Jeans limit kcs; < a;T;, Eq. (48) re-
duces to

(Pe(k))r, = 20 IFG;)s]lSLF {13 2(532L 1)}2 <J\ZI;)2

T, keg i\ ot
X |2 : ,
Cs,in’ a; H;

from which we can see that the scale invariant limit hap-
pens when s — —oo. Then the parameter s is con-
strained by the measurement of the scalar spectral index
ns = 0.965 £ 0.004 [24] as

s = —87+10.

+ Oy ). (47)

[2(s + )T
1673

(Pe(k))r: =

(49)

(50)

4 Notice that in [25], the subscript * is used to represent the be-
ginning of the tachyacoustic phase. Here, we convert it to i to
match with the convention used here. We also label cg(a;) as
cg,; for simplicity in this section.

5 The parameter 3 defined in [25] is related to the first flow pa-
rameter of speed of sound s used here by 8 = —s.



Under the approximation s < 0, we have

—s 1 HlTl IfCSi 8/s
KNt ~ — —5 —= . 1
P~ T e (hst) - o)

Following the procedure in [25], we use Eq. (6) with e = 2
and the condition of acoustic horizon crossing

k= Oezit Hegit (52)
CS'(aezit) ’

\3/s
to rewrite the last factor (Z‘i,) in Eq. (51) as

()" () () () o
aiHi Qegit Gegit Gegit

where the condition s < 0 is used in the last approxima-
tion. The subscript “exit” represents the moment when
a specific mode with comoving wavenumber k exits the
acoustic horizon. Substituting Eq. (53) into Eq. (51),
we then have

(Pe(k)yr, ~ i (

3
MU B2 el , )
473 M3 csi \ Gewit(k) (54)
o ;S Hewit<k)Tewit (k) L
T 48 M3 csi

which has an extra factor 1/cg; compared to Eq. (25) in
Ref. [25]. Like the case of tachyacoustic cosmology with
only vacuum fluctuations, in the thermal-fluctuation-
dominated scenario, the superluminal speed of sound at-
tenuates the amplitude of the power spectrum for a given
energy scale.
Now substituting the thermal equilibrium relation
_ m 1/2 TEQIit

Hemzt \/%g* MP ’ (55)
Pe(ke = 0.05Mpe™t) ~ 2 x 1079, g, ~ 100, and s ~
—87 from (50) into Eq. (54), we then have the relation
between H,t(ki = 0.05Mpc™!) and cg; as

Heg (k= 0-05Mpcl)>3/2 (56)

CSJIOig ~ ( MP

From this relation we immediately can see that once
csi > 10% the Hubble parameter is greater than the
Planck mass at the time when the pivot mode k, crossed
the acoustic horizon (which also means that the energy
scale is even larger before that moment).

To show that solving the horizon problem in this model
also violates the sub-Planckian energy condition, we can
substitute the approximation

Hezit(k*) ~ Hewit(kO) (57)

into Eq. (56) and saturate the condition of solving the
horizon problem Eq. (21) to have

a; H, H,\ /2
= 107 : ) 58
aoHo (Mp> (58)

With the approximation that the universe is always
radiation-dominated and Hy ~ 107520 p, we then have

H; ~ 102 Mp, (59)

which shows the sub-Planckian energy condition is
strongly violated.

V. CONCLUSIONS

In this paper, we review tachyacoustic cosmology and
find that in this particular early universe model the max-
imum speed of sound is limited by the amplitude of scalar
power spectrum. In the scale-invariant limit, the upper
bound of ¢g due to the condition of sub-Planckian energy
density can be written as

7 2

es(ag) £ D (60)
where the equality is the limit when H(a;) ~ Mp. We
also argue that considering an extremely large € to in-
crease the bound on cg is not viable since it corresponds
to super-Planckian pressure. If we consider the condition
of sub-Planckian fluid pressure, we then have stronger
bounds on the Hubble parameter

5

H(ai) S —=, (61)

€
and the speed of sound

7 2
cs(as) < 10(1672“) (62)
Using these constraints we have shown that no such mod-
els can solve the horizon problem without violating either
trans-Planckian energy density or pressure, and there-
fore, we conclude that the tachyacoustic models are not
self-consistent.

Our analysis is limited in the sense that we rule out
only the case where the parameters € and s are constant,
leading to power-law behavior for the scale factor and
sound speed. In particular, we do not claim to be en-
tirely ruling out case of superluminal sound speed in the
fully general analysis of Refs. [8-11], which assumes scale
invariance, but does not (as we do here) consider the nor-
malization of the scalar power spectrum. In particular,
the condition (21) depends on the assumption of approx-
imately power-law behavior, since in the general case we
cannot assume that the freezeout length of perturbations
is identical to the sound horizon.

We further examine the thermal tachyacoustic cosmol-
ogy proposed in Ref. [25], in which models involving
thermal boundary conditions instead of vacuum ones.
We show that in this model, the amplitude of the scalar
power spectrum is also attenuated by the superluminal
speed of sound, and as a result, solving the horizon prob-
lem unavoidably requires a period of super-Planckian en-
ergy density.



Relevant to recent work on “swampland” conjectures,
in Ref. [23] we generalized the Trans-Planckian Cen-
sorship Conjecture (TCC) [26, 27] to incorporate mod-
els with a non-canonical kinetic term by proposing
the Generalized Trans-Planckian Censorship Conjecture

(GTCC)

(63)

where Ny is the number of e-folds during inflation, while
cs(ae) and H, are the values of the speed of sound and
Hubble parameter at the end of inflation respectively.
This condition can trivially fit in the context of tachy-
acoustic cosmology, with N, as the total number of e-
folds of the tachyacoustic phase. To satisfy the GTCC
(63), the tachyacoustic field has to decay before the
modes originated from length scale shorter than Planck
length can cross the acoustic horizon (before the agrcoco

in Fig. 1). This condition can further constrain the du-
ration of the tachyacoustic phase; however, the tachy-
acoustic cosmology models are ruled out even without
consideration of the GTCC bound. In Ref. [17], we ap-
plied the distance and de Sitter swampland conjectures
[28, 29] on tachyacoustic cosmology and found that some
models can satisfy both conditions. However, in this pa-
per we show that all of the models have trans-Planckian
issues and therefore should be in the Swampland. There
still remains the larger question of whether or not any
model with ¢g > 1 should properly lie in the Swamp-
land, a question which we leave for future work.
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