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ABSTRACT

I discuss constraints on the power spectrum of primordial tensor perturbations from a combination
of Cosmic Microwave Background (CMB) measurements and the gravitational wave direct detection
experiments LIGO/Virgo and DECIGO. There are two main points: (1) Inflation predicts an approxi-
mately power-law form for the primordial tensor spectrum, but makes no prediction for its amplitude.
Given that neither Planck nor LIGO/Virgo has actually detected primordial tensor modes, it is triv-
ially true that no model-independent constraint on the slope of the tensor power spectrum is possible
with current data. (2) CMB and LIGO/Virgo scales differ by more than 19 orders of magnitude, and
16 for DECIGO. I show that a power-law extrapolation from CMB to direct detection frequencies
overestimates the amplitude of primordial tensor modes by as much as two orders of magnitude rela-
tive to an ensemble of realistic single-field inflation models. Moreover, the primordial tensor amplitude
at direct detection scales is mostly uncorrelated with the tensor spectral index at CMB scales, and
any constraint is strongly dependent on the specific form of the inflationary potential.

1. INTRODUCTION

Cosmological inflation Starobinsky (1980); Sato
(1981a,b); Kazanas (1980); Guth (1981); Linde (1982);
Albrecht and Steinhardt (1982) predicts a nearly scale-
invariant power-law spectrum of primordial gravitational
waves Starobinsky (1979); Mukhanov and Chibisov
(1981); Mukhanov (2003); Linde (1983); Hawking (1982);
Hawking and Moss (1983); Starobinsky (1982); Guth
and Pi (1982); Bardeen et al. (1983), extending from
superhorizon scales to wavelengths potentially acces-
sible to future direct detection experiments Turner
(1997); Ungarelli et al. (2005); Cooray (2005); Smith
et al. (2006a,b); Chongchitnan and Efstathiou (2006);
Friedman et al. (2006); Kawamura et al. (2011, 2020);
Caligiuri et al. (2015); Caprini and Figueroa (2018).
The Planck measurement of the Cosmic Microwave

Background constrains the amplitude primordial grav-
itational wave (or tensor) perturbations on scales com-
parable to the current Hubble length,

a0H0 = 2.248× 10−4 Mpc−1, (1)

placing an upper bound on the ratio of primordial grav-
itational wave perturbations PT to curvature perturba-
tions PR (the tensor/scalar ratio), measured at a pivot
scale of k = 0.002 Mpc−1 of

r0.002 ≡ PT

PR

∣

∣

∣

∣

k=0.002 Mpc−1

< 0.06. (2)

This bound is from Planck in combination with
the BICEP/Keck measurement of CMB polarization
and Baryon Acoustic Oscillation (BAO) measurements
Aghanim et al. (2020). (I adopt the Planck best-fit
value for the Hubble constant of H0 = 67.4 km/s/Mpc
throughout.) Inflation predicts the production of primor-
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dial gravitational waves with amplitude

r = 16ǫ, (3)

where ǫ is the first slow roll parameter, defined in terms
of the Hubble parameter as

ǫ ≡ 1

H

dH

dN
. (4)

dN ≡ −Hdt is the number of e-folds of expansion,
a (N) ∝ e−N . The spectrum of primordial gravity waves
is a power-law,

PT =
2H2

π2M2
P

∣

∣

∣

∣

k=aH

∝ knT , (5)

where k = aH indicates evaluation when a wavenumber
k exits the horizon during inflation. In the case of single-
field inflation, the tensor spectral spectral index is also
determined by ǫ,

nT = −r/8 = −2ǫ. (6)

Because this consistency relation is a prediction of single-
field inflation, constraining the tensor spectral index nT

is of great interest. A constraint on the slope of the
tensor spectrum requires measurement of the tensor am-
plitude at multiple scales: direct detection experiments
such as LIGO/Virgo are an ideal candidate for such a
measurement, and a number of papers in the recent lit-
erature have derived bounds on nT from Planck in combi-
nation with bounds on the contribution of gravity waves
to the number of relativistic degress of freedom Neff

and from LIGO/Virgo Lasky et al. (2016); Cabass et al.
(2016); Akrami et al. (2020); Giarè et al. (2019); Tanin
and Tenkanen (2021). Bounds from Neff depend on the
integrated density in gravitational waves over all scales,
but bounds from LIGO/Virgo depend on extrapolation
to high frequency. In this paper, I focus on the latter
case.
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A few general points can be made at the outset: First
is that neither Planck nor LIGO/Virgo has actually de-
tected primordial gravitational waves. Both measure-
ments produce only upper bounds on the primordial
tensor amplitude, and the signal from slow-roll infla-
tion is expected to be many orders of magnitude below
LIGO/Virgo sensitivity Aasi et al. (2014). It therefore
follows trivially that no model-independent constraint on
nT is possible: if you do not know the value of a function
at any point, quoting a constraint on its slope is obvi-
ously nonsensical. A model-dependent constraint can be
derived, e.g. by assuming a value of r at CMB scales, and
then placing a constraint on nT from bounds on Neff

or from the non-detection of primordial tensor modes by
LIGO/Virgo. This latter option, however, requires a sub-
stantial extrapolation. LIGO/Virgo is sensitive to grav-
itational waves between roughly 10 and 1000 Hz, with
maximum sensitivity at a frequency of about 100 Hz.
Translated into wavenumber, this frequency corresponds
to k = 6.47 × 1016 Mpc−1. Comparing the tensor am-
plitude from a CMB pivot scale of k = 0.002 Mpc−1 to
LIGO/Virgo scales therefore requires an extrapolation of
more than 19 orders of magnitude! It is not at all ob-
vious that the assumption of a power-law for the tensor
spectrum – which itself presupposes an inflationary ori-
gin for the perturbations – is even approximately valid
over such a large range of scales.
Primordial tensor modes are created during inflation

by the redshift of quantum fluctuations to superhorizon
scales, with an amplitude which is determined by the ex-
pansion rate at the time a particular wavenumber crosses
the horizon scale (Eq. 5). It is convenient to express the
condition for horizon crossing in terms of the number of
e-folds before the end of inflation at which a mode exits
the horizon. I adopt the usual convention for the num-
ber of e-folds N , such that N = 0 denotes the end of
inflation and the onset of reheating, which N increas-
ing going back in time, and earlier into the inflationary
epoch. Long wavelength modes exit the horizon earlier
in inflation, and short wavelength modes exit the hori-
zon later. Because of this, we expect that wavelengths
corresponding to direct detection scales will exit the hori-
zon near the end of inflation. For a wavenumber k, the
number of e-folds at which it crosses outside the horizon
during inflation is

Nk = − ln

(

k

a0H0

)

+ ln

(

H∗

He

)

+

(

1 + 3w̄

2

)

|NRH |

+ ln

(

TRH

Teq

)

+
1

3
ln

(

g∗S(TRH)

g∗S(Teq)

)

+ ln

(

(aH)eq
(aH)0

)

, (7)

where a0H0 is the inverse of the comoving horizon size
in the current universe, and subscript eq indicates quan-
tities evaluate at matter/radiation equality. Here NRH

is the number of e-folds of expansion during reheating,
and w̄ is the average equation of state during the re-
heating period, before the universe becomes radiation-
dominated. H∗ is the value of the Hubble parameter
during inflation when the mode exited the horizon, and
He is the Hubble parameter at the end of inflation. The
factor g∗S is the entropy in relativistic degrees of free-

dom. Taking Planck best-fit values for the matter and
Dark Energy density gives

ln

(

(aH)eq
(aH)0

)

= 3.839. (8)

I assume matter-domination during the reheat period,
w̄ = 0, so that

(

1 + 3w̄

2

)

|NRH | = −2

3
ln

(

TRH

ρ
1/4
e

)

, (9)

where ρe is the energy density at the end of inflation.
For the purposes of the present discussion, it is sufficient
to simplify by taking H∗ ≃ He, and g∗S (TRH) ≃ 100, so
that

N (k) = − ln

(

k

a0H0

)

+
1

3
ln

(

TRH

1015 GeV

)

+
2

3
ln

(

Λ

1015 GeV

)

+ 60.4, (10)

where Λ ≃ ρ
1/4
e is the energy scale of inflation, and

Teq = 3404T0 = 9295 K = 8.01× 10−10 GeV. (11)

While this is a simplified expression relative to the
most general case, it will be sufficient for our purpose
here, since considering more general reheating models
will only increase the associated uncertainty. The reheat
temperature can be at most equal to the energy density,
TRH ≤ Λ, so there is an upper bound on N (k),

N (k) ≤ − ln

(

k

a0H0

)

+ ln

(

Λ

1015 GeV

)

+ 60.4. (12)

We can similarly place a lower bound on N (k) by taking
the reheat temperature to be at least the temperature of
nucleosynthesis, TRH & 10−1 GeV, so that

N (k) ≥ − ln

(

k

a0H0

)

+
2

3
ln

(

Λ

1015 GeV

)

+48.1. (13)

Figure 1 shows upper and lower bounds on N (kLIGO)
versus inflationary energy scale Λ, and Fig. 2 shows
N (kDECIGO). The first thing to note is that for low
scales of the inflationary energy density, N (k) actually
becomes negative, which means that those modes never
leave the horizon during inflation, and there is no pro-
duction of gravitational waves at all! However, the en-
ergy scale of inflation and the tensor/scalar ratio at CMB
scales are directly related,

Λ ≃ r1/4 ×
(

3.3× 1016 Gev
)

, (14)

so that the ansatz of r0.002 > 0.001, implies Λ ≥ 5.9 ×
1015 GeV. Figure 3 shows bounds on N (kLIGO) for the
range r = [0.001, 0.1]. In this case we see that primordial
perturbations corresponding to LIGO sensitivity exit the
horizon during inflation within a few e-folds of the end of
inflation and the onset of reheating. This is precisely the
region where the assumption of slow roll breaks down,
and we expect parameters such as the expansion rate H
and the slow roll parameter ǫ to be varying relatively
rapidly. In this case, we no longer expect power-law be-
havior in the primordial tensor spectrum, and there will
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Fig. 1.— The number of e-folds at horizon exit N(kLIGO) plotted
as a function of inflationary energy scale Λ, for frequencies ν =
10 Hz, ν = 100 Hz, and ν = 1000 Hz. Red shows the upper bound
(Eq. 12), and blue shows the lower bound (Eq. 13). Regions where
N (k) < 0 indicate no production of gravitational waves at those
frequencies.

Fig. 2.— The number of e-folds at horizon exit N(kDECIGO)
plotted as a function of inflationary energy scale Λ, for frequencies
ν = 10 Hz, ν = 100 Hz, and ν = 1000 Hz. Red shows the upper
bound (Eq. 12), and blue shows the lower bound (Eq. 13). Regions
where N (k) < 0 indicate no production of gravitational waves at
those frequencies.

Fig. 3.— The number of e-folds at horizon exit N(kLIGO) plotted
as a function of tensor/scalar ratio r, for frequencies ν = 10 Hz,
ν = 100 Hz, and ν = 1000 Hz. Red shows the upper bound (Eq.
12), and blue shows the lower bound (Eq. 13).

be a corresponding systematic uncertainty in the ampli-
tude of tensors at direct detection frequencies. Figure 4
shows N (kDECIGO) for the planned DECIGO peak sen-
sitivity range ν = 0.01− 1.0 Hz Kawamura et al. (2020),
or kDECIGO = 6.47× 1013 Mpc−1 for ν = 0.1 Hz.
In the next section, I use the inflationary flow formal-

ism to show that extrapolating an exact power-law spec-
trum to direct detection scales from CMB scales results
in a systematic overestimate of the tensor amplitude at
direct detection scales by as much as two orders of mag-
nitude, relative to realistic single-field inflation models.

2. FLOW ANALYSIS

Fig. 4.— The number of e-folds at horizon exit N(kDECIGO)
plotted as a function of tensor/scalar ratio r, for frequencies ν =
0.01 Hz, ν = 0.1 Hz, and ν = 1.0 Hz. Red shows the upper bound
(Eq. 12), and blue shows the lower bound (Eq. 13).

The inflationary flow formalism Hoffman and Turner
(2001); Kinney (2002) is a convenient method of gener-
ating large ensembles of single-field inflation models con-
sistent with a particular set of observational constraints
Easther and Kinney (2003). The equations of motion for
the spacetime and scalar field are given by:

H2 =

(

ȧ

a

)2

=
1

3M2
P

[

1

2
φ̇2 + V (φ)

]

,

φ̈+ 3Hφ̇+ V ′ (φ) = 0. (15)

If the field evolution is monotonic in time, we can write
the scale factor a (φ) and Hubble parameter H (φ) as
functions of the field φ rather than time. Equations (15)
can then be re-written exactly in the Hamilton-Jacobi
form

V (φ)=3M2
PH

2 (φ)

[

1− 2M2
P

3

(

H ′ (φ)

H (φ)

)2
]

,

φ̇=−2M2
PH

′ (φ) . (16)

The first slow roll parameter ǫ is related to the equation
of state by

ǫ =
3

2
(1 + w) = − a

H

dH

da
. (17)

Inflation then occurs for w < −1/3, or ǫ < 1. During
inflation, the scale factor increases quasi-exponentially,
with the Hubble parameter H ≃ const. and

a ∝ exp

[
∫

Hdt

]

≡ e−N . (18)

Here N is the number of e-folds before the end of infla-
tion, which is related to the field φ by

dN ≡ −Hdt=−da(φ)

a(φ)

=
1√
2MP

dφ
√

ǫ(φ)
. (19)

We can then write the parameter ǫ as

ǫ =
1

H

dH

dN
= 2M2

P

(

H ′ (φ)

H (φ)

)2

. (20)

We define an infinite hierarchy of Hubble slow roll pa-
rameters Copeland et al. (1993); Liddle et al. (1994) by
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