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1 Introduction

Asymptotically flat space-times are of particular interest in physics. The null infinity of
four-dimensional asymptotically flat spacetimes is the product of conformal two-sphere
(celestial sphere) CS? with a null line. In the 1960s, Bondi, van der Burg, Metzner and
Sachs discovered an infinite-dimensional symmetry group, the BMS group [1, 2] that relates
physically inequivalent, asymptotically flat, solutions of general relativity. The BMS group
is an extension of the Poincaré group, where the usual global translations become local
symmetries — supertranslations that depend on the CS? coordinates. In that sense the



asymptotic symmetry group is the semi-direct product of the Lorentz SL(2,C) and super-
translations groups. In 2010, Barnich and Troessaert discovered that the BMS group can be
further extended to the group of all local conformal transformations (superrotations), with
the global subgroup of SL(2,C) Lorentz transformations [3]. The algebra of the extended
BMS group is infinite-dimensional, consisting of superrotations and supertranslations.

It is also well known since the 1960s, that the soft theorem of Weinberg [4] im-
poses stringent constraints on scattering amplitudes, when a massless particle becomes
soft. These constraints determine the universal properties of amplitudes in the infra-red.
More recently in [5], the soft theorems were extended beyond the leading order and it
turns out that the universal structure of scattering processes persists at the subleading and
sub-subleading orders. In 2014, Strominger [6] showed that the extended BMS symmetry
is also a symmetry of the scattering S-matrix. The Ward identities for the asymptotic
symmetries [7] are actually equivalent to the soft theorems of Weinberg [4] and Cachazo-
Strominger [5].

One of the main motivations for further exploring the connection between soft theo-
rems and asymptotic symmetries is the endeavour to construct a holographic description of
quantum gravity in four-dimensional flat space-time [8]. The emergence of the conformal
(Virasoro) superrotations subgroup in the BMS group is a very strong indication. Indeed, a
Mellin transform over energies recasts the scattering amplitudes into conformal correlation
functions on the celestial sphere [9, 10]. A particular kind of two-dimensional celestial con-
formal field theory (CCFT) could then describe four-dimensional dynamics. This putative
CCFT is expected to provide a holographic description of four-dimensional physics.

The states of CCFT are labeled by their scaling dimension A and spin helicity ¢, which
can be obtained from the conformal weights (h, B) via A =h+h, { =h— h. It turns out
that states with particular values of the scaling dimension, the conformally soft ones —
A — 1 for gauge and A — 1,0 for gravity — are identified as the generators of the BMS
symmetries of CCFT and their correlators lead to Ward identities [11-19]. Conformally
soft modes of gauge bosons are conserved currents of the CCFT, generate a Ka¢-Moody
symmetry and correspond to asymptotically large gauge transformations in 4d. Similarly,
conformally soft gravitons give the Virasoro and supertranslation generators of the CCFT
and represent asymptotically large diffeomorphisms in 4d. On the other hand, collinear
limits of 4d scattering amplitudes are particularly interesting from the CCF'T point of view.
They probe OPEs of CCFT operators, because identical momentum directions correspond
to the operator insertion points coinciding on CS2. In [12, 19] we investigated the structure
of OPEs of the operators generating BMS transformations and established a connection
between these OPEs and the extended BMS algebra bms,.

As discussed above, the BMS algebra is an infinite-dimensional generalization of the
global bosonic algebra of the generators of the Poincaré group. A natural question arises,
whether such an infinite-dimensional generalization exists for supersymmetry. In the early
days of BMS, such generalization was discussed in [20]. In the last few years, recent de-
velopments have revived the interest in supersymmetric generalizations of the BMS group
and its corresponding algebra sbms. In particular for 3d space-times, a connection to the
BTZ blackhole and asymptotically AdSs spacetimes can be established for asymptotically



flat space-times. In three spacetime dimensions, the BMS group of symmetries, for asymp-
totically flat space-times, is related to the asymptotic symmetries of AdSs spaces in the
limit where the AdS radius is sent to infinity [21]. In a similar context, an appropriate
infinite radius limit of a BTZ black hole corresponds to flat space cosmologies [22, 23].
Supersymmetric generalizations of bmss appeared in [24-26]. Nevertheless our interest will
be the asymptotically flat 4d space-times, which are relevant to the attempt to formulate
a precise flat space holography in 4d with a CCFT.

In the present work we discuss sbmsy, the N' = 1 supersymmetric extension of the bms,
algebra. In section 2 we lay down the main formulas we use for conformal primary operators
and their relation to the Mellin transforms of 4d scattering amplitudes. In section 3 we
construct supermultiplets of conformal primary wave functions for bosonic and fermionic
states and demonstrate how they are related via supersymmetry transformations. We use
the quantum mode expansion of these fields to identify the operators they correspond to
in the supersymmetric CCFT (SCCFT). In section 4 we use the collinear singularities of
amplitudes in supersymmetric EYM theory to extract the OPEs of the SCCFT operators.

As in our previous study of the bosonic CCFT [19], in sections 5 and 6, we shift gears
towards the conformally soft theorems for fermionic states. The fermionic soft theorems
of [27-29] are discussed from the point of view of the SCCFT. We use Mellin transform
to recast the 4d supersymmetric Ward identities [30-32] in CCFT language. We find an
interesting sequence of conformal soft limits and supersymmetry transformations which
relate the subleading gauge theorem to the soft gaugino theorem and subsequently the
leading soft gauge theorem. The same picture arises in the case of the conformally soft
gravitons and gravitinos. Supersymmetric Ward identities, leading gauge and gravity soft
theorems are known to be exact, therefore this sequence supports earlier arguments [33]
that the BMS Ward identities are not anomalous. We discuss the importance of the shadow
of the gravitino and its OPEs with primaries. In the bosonic case the stress energy tensor
corresponds to the shadow of a spin two, dimension zero soft graviton operator [18, 34, 35].
In close analogy, we show that the shadows of the spin ¢ = i%,
dimension A = % correspond to the supercurrents and generate supersymmetries of sbmsy.

soft gravitinos with

These generators are infinite-dimensional extensions of N' = 1 supersymmetry generators.

In section 7, in close analogy with the bosonic case [19], we use soft theorems to derive
the sbms, algebra. While the bosonic BMS group has a subgroup which is a product
of holomorphic and antiholomorphic conformal (Virasoro) groups, this is not so for the
super BMS group. At the level of the algebra, the two supersymmetry generators do not
anti-commute therefore sbms, does not split into superconformal algebras. Already in
ref. [20], by using the symmetries of supergravity in asymptotically flat space-times, it was
conjectured that the infinite-dimensional extension of supersymmetry in sbms, appears as
a “square root” of supertranslations. Indeed we find that the supertranslation P operator
of [36], which encodes all supertranslation modes, can be written as a composite operator
of two supercharges,® therefore confirming these expectations. Finally, in section 8 we

'This construction resembles the Sugawara construction of the energy momentum tensor for affine Lie
algebras. See [37] for a recent discussion, where it was shown that the energy momentum tensor and
supertranslation current [11] can be constructed as composite operators of conformally soft gluon states.



derive the mode expansions of the sbms, generators and derive their algebra. As in the
bosonic case, the realization in terms of modes requires studying the action of commutators
of generators on the primaries. Appendix A has a detailed analysis of the collinear limits
of gaugino and gravitino states in scattering amplitudes as well as technical details of the
4d soft limits of scattering amplitudes and their Mellin transforms. In appendix B we give
a derivation, based on the method of [17], of the leading and subleading conformal soft
theorems for gluons. We use this form of the theorems in section 5.

2 Notation

The connection between light-like four-momenta p* of massless particles and points z € CS?
relies on the following parametrization:

1
P = wgh, gt = 5(1—1— |z|2,—z—2, —i(z—2),1— |Z|2), (2.1)

where w is the light-cone energy and ¢* is a null vector — the direction along which
the massless state propagates, determined by z. The basis of wave functions required for
transforming scattering amplitudes into CCFT correlators consist of conformal wave pack-
ets characterized by z, dimension A and helicity ¢ or equivalently by z and the conformal
weights h = (A +£)/2, h = (A —£)/2.

We will be using conventions and spinor helicity notation of ref. [38]. The four-
dimensional momentum vector can be written as

z 2 z
pos = Dulo™ )i = ( B 2:2)

. . 1 — .
P = pu(o")* =w ( : | 72) =wq", (2.3)
—Z z

where o# = (1,4) and 3* = (1, —¢). The spinor helicity variables are

Pla = Voo (1> = Voo [pla= Ve (1) = Volals (24)

(ol = Vi (_1) — Velgl® Il = Ve (_1) = Vilgl®.

The invariant spinor products are defined as

(12) = (p1]®|p2)a = Vwrwa(z2 — 21), (12] = [p1]alp2]® = Vorwa (21 — 22),  (2.5)
so that
(12)[21] = 2p1ps = wiws|z19|%, 210 =21 — 29 (2.6)

Note that under SL(2, C) Lorentz transformations, |¢) and [g| transform in the fundamental
and anti-fundamental representations with additional chiral weight factors of (—1/2,0) and
(0, —1/2), respectively.



3 Supermultiplets

We begin by constructing spin % conformal wave packets, by following the same route as
for the scalar fields. We will set our discussion in the framework of supersymmetry. The
massless scalar conformal wave packets of weight A are obtained by Mellin transforms of

plane wave functions:

(F)2L(A)
(—q- X Fie)d~
They are normalizable with respect to the Klein-Gordon norm only if Re(A) =1 [9]. Then

(7,0 vE) = i [ X1k, (000065, (0)" - 0o, (X) (0, (0))

= i871'4(5()\1 — )\2)(5(2)(Z1 - 2’2) , (3.2)

o0
cpi(X”Vz,Z) :/ dw WA leFiwaX—aw (3.1)
0

where A = Im(A), i.e. A = 1+i\. In order to construct conformal wave packets of fermions,
we take the Mellin transforms of plane waves of helicity spinors. For helicity £ = —1/2,

3]
wi a(XVZ?Z) _ / dw‘p>awA—1€:tlwq~X—ew _ ‘q>a/dwwA+%—lej:1WQ.X—ew
’ 0

— + 5
- |Q>Q@A+%(X7zvz)' (33)

Note that the conformal wave packets wia(XJj) have chiral weights (h,h) = (A/2 —
1/4,A/2 4 1/4). The spinor wave functions (3.3) satisfy Weyl equation

()05 (X, 2.2) ~ (4-0)*g)a = 0. (3.4)
For helicity ¢ = +%, the wave functions
44 _ ; _
Xa C"(sz,z)l:% = |Q]a90i+1/2(X,z7z) (3.5)
have chiral weights (A/2+1/4,A/2 —1/4). We can also construct Dirac spinors
ot (X,2,2) = Va ot (X,2,%) = 0 (3.6)
A==\ ) 0o /)’ A=+ ) )Zid : :

Fermionic wave functions will be normalized with respect to the Dirac inner product
(wk vk ) = % / BX[Ta, (X, 22,220/, (X, 21, 21)
+ Uap (X, 21, 207 W p, 0 (X, 22, 22)] (3.7)
= 000 (U3, 0 VR, 0)-
For ¢ = +1/2,
(v, 95, ) = @bl [ @x03,, (X063, (0 + (102

w1

. . . oA=L Ax_ 1
= (@ “Ufialqz]a/dwldwz(%)35(3)(w1qi —wagh)wy | Cwy? 24 (14 2)

— 2 [ @X[e4, (00030 (24, 00)" - 0ok, ()(e5,00)) (39



where we used q?(S(S) (wlqi - wgqé) = 4%25(04 - w2)(5(2)(z1 — z9). As in the scalar case, this
1

inner product is well-defined only if Re(A) =1, i.e. A =1+ 4A. Then
(TR, 0 UK, ) = 870 (A1 = A2)0P) (21 — 20) 0001 (3.9)

From now on, we will often use A instead of A to label conformal dimensions.
We can write the mode expansion of the quantum field operators in the following way:

p(X0) = [ @22 [ass (2)p5 (X, )+ ah_()eK(X.2)] (310)

Ya(X) = / P2 [bar (205 o(X,2) 4 h_()k (X, 2)] . (3.11)

The scalar annihilation operator aa4(z) has conformal weights (1 — A*/2,1 — A*/2) =
(A/2,A/2), that is dimension A = 1 + ¢\ and helicity £ = 0. The fermionic annihilation
operator ba(z) has conformal weights (1—A*/2+1/4,1-A*/2—1/4) = (A/2+1/4,A/2—
1/4), that is dimension A =1+ i) and helicity ¢ = 3.

The canonical commutation relations for Klein-Gordon and anti-commutation relations
for Weyl fields imply

[axs(2), aby (2)] = 87%6(A — N)d@ (2 — =), (3.12)
{brs(2), bl ()} = 87N — N)6P (2 — 2). (3.13)

It is easy to see that these operators are related by Mellin transformations to the standard
creation and annihilation operators in momentum space:

apnt(z) = /OOO dwwi ar(p), bat(z) = /000 dww oy (p). (3.14)

The amplitudes describing the scattering of plane waves with definite momentum are given
by vacuum expectation values of in creation and out annihilation operators. Their Mellin
transforms evaluate vacuum expectation values of the conformal creation and annihilation

operators. Hence celestial holography amounts to the mapping
an+,bat = Oay(z, %), |0) p=4 > [0)cs, - (3.15)

The simplest way of constructing supersymmetry generators on CSy is to analyze
supersymmetry transformations of a chiral multiplet consisting of a complex scalar and a
chiral fermion. For free (on-shell) fields, the supersymmetry transformations read:

8o = [(nQ) + [7Q), ¢] = V2ny
Snt0 = [(nQ) + [1Q), ¥] = iV20" 70, . (3.16)
In order to simplify further discussion, we will absorb v/2 into the definition of 7. Eqgs. (3.10),

(3.11) and (3.16) imply the following supersymmetry transformations properties of confor-
mal annihilation operators:

[<77Q>7 aA-‘r] = <77Q>b(A+%)+ ) Hﬁ@]v aA+] =0,

[<77Q>a bA+] =0, HﬁQL bA+] = [ﬁQ]a(A+%)+ . (317)



Acting on the bosonic annihilation operator, the supersymmetry generator () increases
both the dimension and helicity by 1/2, which is equivalent to shifting the conformal weight
h— h+ % Acting on the fermionic annihilation operator, the supersymmetry generator
Q increases the dimension by 1/2 but decreases helicity by —1/2, which is equivalent to
shifting the conformal weight h — h+ % These operators can be mapped to CS2 according
to eq. (3.15):

. 149N 149X
ans = Opp(2.2), bay = Opp1 1(27), with (hh)= < *; : ZZ ) . (3.18)
We can also introduce a two-dimensional superfield depending on z, Z and one Grassmann
variable 6:
Oa(2,2,0) = Op 1 (2, 2) + Oth%’;h%(z, z)0 (A =1+413A). (3.19)
In CSs superspace, supersymmetry is generated by
o Op+07, . . Optoy
Qo= pglatae T . QF=flglte T, (3.20)

which satisfy the usual four-dimensional supersymmetry algebra

8y, +05

{Qa,Qa} =0 Py, with P, =que 2z . (3.21)

Note that the above supersymmetry transformations rely on the relation between the
bosonic and fermionic wave functions of egs. (3.1) and (3.3):

8,05,

wia(X,z,Z) =|q)ae” 1 goi(X,z,E). (3.22)

For spin 1, Maxwell’s equations are solved by
+ - .
UZ,Z(XVZ’Z) = 67(q,7‘)<pi(X,z,z), (323)

with the polarization vectors

_ (r[a"|q] _ [rle*la)
e’lf:+1(q7 r) = \/§(rq> , eg:_l(q7 r) = \/i[qr} , (3.24)

where 7 is an arbitrary reference spinor. The gauge fixing constraint is r#v, = 0, with
r# = (r|o*|r]. Note that r can be also identified with a point on CS3. The conformal mode
expansion of the gauge field is

v (X) = Z /d2zd)\ {aA7g(z)vZ:’7z(X,z,2) + aTA’fZ(z)vKrZ(X,z,E)} . (3.25)
{=+1

The vector supermultiplet consists of the gauge field v* and gaugino x,, with the conformal
mode expansions given in eq. (3.11):

a(X) = / ) [bar (W o(X.2) + By () (X, 2)] (3.26)

X4(X) = / @22aX [ba- ()0 (X, 2) + By ()01 (X, 2)] (3.27)



Under supersymmetry transformations,

Op,ou = —ixXoHn +inatx, (3.28)
SniXa = (0™)ans(Buvy — Byvy) (3.29)
57]177>Zd = (5“”)gﬁﬁ(8uvl, - ayv,u)- (3.30)

The gauge boson and gaugino wave functions are related in the following way:

1 ontoy 4
ﬁe T Une— 1
) ) 1 ontoy 0 N
VE(X,2,2) = —=e 1 Ve 1 (X, 2,2)0,lq) - (3.31)

V2

With the wave functions normalized as in egs. (3.3), (3.5) and (3.23), the conformal an-

wi(XwZ:i) = (X,zj)au\qL

nihilation operators are direct Mellin transforms of the momentum space operators, cf.
eq. (3.14).

The supersymmetry transformations (3.29), (3.30) combined with the relations (3.31)
lead to the following supersymmetry transformations of the annihilation operators:

[(nQ), aa,—1] = na)b(ar 1y, [7Q), aa 1] = [Malb(at 1) »
[(nQ),ba+] = <77q>a(A+%)+1’ ([7Q], ba-] = [ﬁCY]a(A—%)—U (3.32)

with all other commutators vanishing. As in the chiral multiplet, @) increases h by 1/2
while Q increases h by the same amount. Here again, one could organize the supermultiplet
into 6-dependent CSo superfields similar to eq. (3.19).

The gravitational multiplet is very similar to the gauge multiplet. It consists of spin 2
graviton h*¥ and spin 3/2 gravitino 4. Their conformal wave functions are given by

+ = _
hgﬁ(:i2(X: 2, Z) = 6?=:t] (q: T)”Z%é:j:l(X> 2, Z) b
¢Z:;:—3/2(X7 2 2) = 6211:71((]7 T)¢X(X7 2, 2) ’ (333)

- - _ -
Q/JZ,[:_,_?)/Q(X,Z,Z) = E?:Jrl(qu)wi(XvZ»Z)

and the mode expansions have the same form as egs. (3.25), (3.26), (3.27). Furthermore,
the supersymmetry transformations are

[(nQ), an—2] = a)b(ay 1y 3/2 ([7Q), an,+2] = (M21b(a1 1) 4372

[(nQ) b 13/2] = (Ma)a(ay 1) 1o [7Q); ba,~3/2] = [Mdla(as 1) —2- (3.34)

To summarize, dimension A conformal wave packets of fermions and bosons are prop-
erly normalized only if Re(A) = 1, i.e. A = 1 + ¢\ with real A. Through the conformal
mode expansions of quantum fields, these packets are associated with conformal annihila-
tion (and creation) operators. These are in turn related by Mellin transformations to the
usual momentum space operators. Hence the Mellin transforms of scattering amplitudes
evaluate the vacuum expectation values of the respective chains of in and out conformal



creation and annihilation operators. According to the rules of CSs holography, they are
mapped into conformal correlators of the corresponding primary field operators:

N N
(H /dwn w$n—1) 5(4) <Z Eanqn> MZL..ZN (Wn; vazn) =
n=1 n=1
, , N
<0|a§lft . bg:t . ax" - b;‘]’vl\m — <H OAmgn(Zn7Zn)> , (3.35)
n=1

where €, = +1 or —1 for out or in, respectively.
The supersymmetry generators QQ and Q raise the conformal weights of the primary
fields by 1/2. They act in the following way:

(@), Onee] = 10)O (a1 1) 45 (3.36)
[7Q], Oa el = [14]O(at 1) e+ (3.37)
with ¢ and its complement set of /¢ = ¢ — % restricted by the content of supermultiplets:
supermultiplet| £ £°
chiral 0,43 |—1.0 (338)
gauge —% ,+1 —1,—5—%
gravitational —% ,+2|—2, —0—%

We will be always pairing ¢ with ¢ = ¢¢ + %

4 OPEs of fermion fields in supersymmetric EYM theory

In this section, we discuss OPEs involving the fermions of SEYM: gauginos and gravitinos.
We follow the same path as in [19] and extract OPEs from the collinear singularities of
scattering amplitudes involving particles in parallel momentum configurations (z12, zZ12 —
0). The relevant collinear limits are derived in appendix A. Here, we limit ourselves to
collecting the results.

We begin with gauginos. The OPE of two gauginos with identical helicities is regular.
Two gauginos of opposite helicities can fuse into a gauge boson or, if they carry oppo-
site gauge charges, they can also fuse into a graviton via gravitational interactions.? In
momentum space, the collinear limit of the respective Feynman matrix element reads

1 1
M(la’_%,Qb’J’_%,'-') :Zfabc i (‘1‘)22 M(Pc’-H,---)—l—i (:jlz M(Pc’_l,---)
(&

z 3 z 3
12 wiwp 12 wg wp
1

3

2,,2 > 2,,2
Z212 WHy W Z12 Wy W _
_6ab e 221M(P+2,"')+ 221M(P 27”
Z12 Wp 212 Wp

1 3

-) | +regular,

2We are setting the gauge coupling g = 1 and the gravitational coupling x = 2. The CCFT operators
associated to particles will be normalized here as the creation/annihilation operators, that is in a different
way than in ref. [12].



where a, b, ¢ denote gauge charges. The corresponding OPE is:

_ 1
OaAlﬁ%(zl’Zl)ObAz,+ 22, 22) Zfabc |:Z12 ( A2 + > OA1+A2 1, +1(227 )

1
+7QB <A1 + > Ay — 5) OCAlJrAz,L,l(Zz,ZQ)}

1

z 1 3
_gab [E—EB <A1 + 502+ 5) Ony+as,42(2222)  (4.1)

z 3 1
+ 123 (Al + > Ag + 5) 0A1+A27_2(2222):| + regular.

Similar singularities appear in the gaugino-gauge boson channels:

1 1 w1/2 1 w1/2 3
M(la,+§72b,+17“.):Zfabcjlz 1/1; M(Pc’+§,"')+6ab ]i/QM(PJri’“.)’
Wy w2 wp

1 1 wl/? 1 210 w2 3
M(la,+§’2b,71’._.) :Zfabc 1 M(Pc,+§’__.)+5ab£17'/\/‘ (P+5,-~~).

Z12 w9 w1/2 212 w}i/Q

After performing the Mellin transforms, we obtain

i ) 1 1 i
OZ1,+% (Zl’zl)ObAQ,+l(z2722) = ZfabCTHB <A1 - §7A2 ) OcAlJrAg 1+ (22722)

c

1
+5abB (Al —+ 5, A2> OA1+A2,+g (252, 22) ) (43)

1 1

_ b - b

Op 41 (21,2104, (22, 22) = o 07123 (Al +g B2 ) Oprva,-1,41 (22, 22)
[

b 212 3 _
469 712B <A1+§,A2> 0A1+A27+%(22722). (44)
Finally, in the gaugino-graviton channel,
-2 ga++ #12 WS/Z a,+1
M(l ,2% 27"'):?12 1/2M(P’ 2,"')7 (4.5)
wlw
1/2 1/2
M(1+2 gat} ”'):,2120.)2 wp M(Pa+2 ) (4.6)
) ) 212 wl )

which yields

z
OA1,72(21,51)OZQ’+%(227 Zy) = 2B <A1 —1,A0 + ) O“AI+A2 +1 1 (%2, Z2) + regular ,

Z12
(4.7)
z
Oa, +2(z1, 21)(922’+%(22, Zo) = iB <A —1,Ay+ ) (921+A2 +1 1 (%2, Z2) + regular .
(4.8)

10



Next, we consider the OPEs involving the gravitino field. The OPE of two gravitinos
with identical helicities is regular. For two gravitinos with opposite helicities,
M(17320, ) = 22 7“2 M(PH2. )+ 22

212 )3 )2 212 2
wiw Wz wp

nojon

212 0.)1

M(P20). (4.9)

After Mellin transformation, we obtain
_ _ Zizp 5 _
Op,,—3(21,21)0n, 13(22,22) = Ay — >A2 +5 ) Onieng, +2(22, 22)

2’12 1

+Z12B (Al + = AQ ) OA1+A27_2(22722) (410)
The collinear limit of the gravitino and gaugino is singular only if the two particles carry
opposite sign helicities:

_ 3/2
M (1+%’2a,7%’ . ) _F12 Wy M(Paﬁ1’ ), (4.11)

212 wpwl/

which leads to
5. \(a . 212 3
0A1,+%(ZlvZl)OAQﬁ%(Z?vZZ) = A — AQ"‘ 0A1+Az _1(z2,22). (4.12)

Similarly, in the gravitino-gauge boson channel only one helicity configuration is singular:

1
M(1+%7207+1’...):@(@)2M<Pa’%,"')~ (413)
Z12 \ W1
This leads to
O e 10 2 = 225 (A~ L A,) o0 z 4.14
A1,+%(Zlvzl) A27+1(22’Z2) 212 972 Ar+Ag,+3 1(22,22) .- (4.14)
Finally, in the gravitino-graviton channel
_ 3/2
M(1+%,2+2,"') _ 12 (‘;I; M(PH32 .0y, (4.15)
212 W1/ w2
5/2
M(1+ 9- 2.“):2 ";12 M(P+3/2,"')~ (4.16)
212 wp/ w2

At the end, we obtain

1 z
0A1,+%(21,51)0A2,+2(22, Z) =B (Al - i’Az - 1) ZE N 3 3(22,22),  (4.17)

- - 5 212 -
OAl,Jr%(Zl, Z1)Op,, —2(22,%2) = B (Al + §,A2 - 1) 1o OA1+A2,+%(ZQ, Za). (4.18)

Another way of obtaining fermionic OPEs is by applying supersymmetry transforma-
tions to bosonic OPEs, along the lines of [19], where the symmetries implied by bosonic
soft theorems were employed to determine OPEs. In the following sections, we will show
how the relevant bosonic and fermionic soft theorems are related by supersymmetry.
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5 Soft gaugino

Yang-Mills amplitudes diverge when the energies of one or more gluons approach zero.

—1 After Mellin transformation leading to celestial

The divergent terms are of order w
amplitudes, these soft divergences appear as simple poles (A — 1)~! in the correlators of
the primary field operators Oa +1 associated to gauge bosons. In the “soft conformal”
A — 1 limit, these operators can be identified with the holomorphic currents and the soft
theorem takes the form of a Ward identity. A very interesting feature of the w — 0 limit
is that the “subleading” finite terms of order w® are also universal: any amplitude with a
soft gluon can be factorized into an amplitude without the gluon times a universal factor.
In celestial amplitudes, this universal factor is encoded as the divergence of conformal
correlators in the limit of A — 0.

The amplitudes involving gauginos are also divergent in the soft limit although in a
milder way, as w~'/2. This leads to single poles in the A — 1/2 limit. The amplitudes
may also involve a number of external gravitons and gravitinos however, as explained in
appendix A, gravitational interactions are regular in the soft gaugino limit. In appendix A,
soft gaugino terms are extracted from Feynman diagrams. The splitting factors yield soft
divergences only for specific helicity configurations. For an outgoing gaugino with helicity
+1/2, it needs to emerge from the SYM vertex together with another gaugino of helicity
—1/2 or a gauge boson with helicity +1.

In the amplitudes involving gauginos and other fermions, attention needs to be paid
to the ordering of operator insertions. For us, the relevant characteristics of the corre-
lators are o;, defined as the number of fermions preceding particle ¢, i.e. the number of
fermion operators inserted to the left of O;. In the A — 1/2 limit, the gaugino correlators

diverge as
(O8 112208, 1, (1, 21)0%, 4, (22, 22) -+ ORY 4 (3, 2n) ) = (5.1)
N
1 (_1)0'1fa(lzb B _ _
SaT2 (08,0, (21.21) -+ Oba ajay o1y (a0 F2) - ORY, g, (o 2) )
2 i=1 b v

The sum on the r.h.s. is restricted to the operators with ¢; € {f%, +1}, i.e. to the helicities
of gauge supermultiplets labeled as £ in the first column of eq. (3.38). There is a similar
anti-holomorphic expression for gaugino helicity —%, with the helicities restricted to the
complement set of {—1, —|—%} and z — Z.

The soft gaugino limit of eq. (5.1) is related by supersymmetry to both leading (A — 1)
and subleading (A — 0) soft limits of gauge bosons. In order to exhibit these rela-
tions, it is convenient to consider partial amplitudes associated to a single group factor
Te(TT!---TVN), with helicity +% gaugino associated to the group generator 7. We first
focus on the subset

((a5) (A1) (Ar ) Ben )+ (B, 5)). 52)

with ¢;,4 = 1,...,k in the set of £ in eq. (3.38) and ¢5,7 = k+1,..., N is in the complement

K3
set of £¢. As in eq. (5.1), soft gaugino is inserted at point z while the remaining particles

12



at z;,i=1,...,N. According to eq. (5.1), in the A = % limit

((845) Art) e (Brb) B o)+ (Bx.f50)) 53)

1 1
=—— (A== 4] ) - (Ag, L) (A 0.1) (AN, L5
(A;)(2Z1)<( 1 2: 1) ( k> k)( k+1, k+1) ( N> N)>7
where (§ = {1 — %
First, we will show that the A — % soft gaugino limit leads to the well-known A =1
singularity of the gauge boson operator. To that end, we use the Ward identity implied by
the supersymmetry transformation (nQ):

() (A, +1)(A1, 1) - (D ) (A1, Cyr) -+ (AN, EY)) (5.4)

__ i (=1)% (ngs) <<A _ %%) (AL 1) (Dgs bg) - - (Ai + %e) ---(AN,£§V)> :

i=k+1

where ¢; = €5 + % The limit of A = 1 corresponds to A — % = %, therefore we can use
eq. (5.1) to transform the r.h.s. into

N .
(=1)7(ng;) 1, 1 )
_iglm <(A1 — §,€1> o (Ag, ) - (Ai+§7€i> "'(AN,éN)>
_ % (A1, 1) - (D, ) (Dkg1, G y) - (AN L)) - (5.5)

After using Ward identity again in the first term, we obtain

() (A, +1)(A1, 1) - Dk ) (D1, Cyr) -+ (AN, ER)) (5.6)

_ 1 ((77(]1> ~ {nan) ) (A1) (B ) (D £41) -+ (An, £50)) -

A—1\z—21 z—2nN

We can choose 7 such that (ng) = (ng:;) = 1o, where 7 is a constant Grassmann number.
This leads to the well known expression for the A — 1 limit of the gauge boson operator.

The same argument can be repeated for all other helicity configurations.

Next, we will show that the A — % soft gaugino limit can be obtained from the

“subleading” A = 0 singularity of the gauge boson operator. To that end, we use the Ward
identity implied by the supersymmetry transformation [7Q]:

[7d] <(A, %) (A, 61) (A b)) (D G ) - (A, gm> -
- —i(—l)m[ﬁ@i] <(A — ;,+1> (A1, by)--- <Ai + ;,eg) (A, ) "'(AN,€§V)>,

13



where (§ = ¢; — % The limit of A — % corresponds to A — % = 0, in which we can use the
“subleading” gauge boson limit

(A1) (AL &) - Ak be) -+ (An, Ey)) =

%{Z_lzl (2= 21)05, — 2k + 1] (A1 — 1,01) -+ (Ap, ) -+ (AN, 65)) - (5.8)

1

Z— Zn

[(2 = 2n)0zy — 2hn + 1] (A1, 1) -+ (A, ) -+ (An — 175?v)>} :

Once we insert this into eq. (5.7) and choose 7] such that [7g] = [7@] = 7o, where 7o
is a constant Grassmann number, all terms on the r.h.s. will cancel as a consequence of
supersymmetric Ward identity, except for the single term proportional to h; which is raised
by 1/2 inside the ¢ = 1 contribution. As a result, we obtain eq. (5.3).

To summarize, supersymmetry implies the following sequence of soft limits:

1
(A = 0) subleading gauge boson Q, (A = 5) gaugino 9, (A =1) gauge boson.

Since A = 0 follows from A = 1 by gauge invariance, supersymmetry and gauge invari-
ance create a closed symmetry loop of soft limits. Although the soft gaugino operator
OZ=1/27€=1/2(Z) is a (1/2,0) holomorphic form, there is no global symmetry associated to
the soft limit (5.1) because its correlators are not sufficiently suppressed at infinity; it is
easy to see that they fall off only as 1/z. In the next section we will show how super-
symmetric Ward identities follow from the soft limit of the gravitino operator which has a
faster suppression at infinity.

6 Soft gravitino, supercurrent and SUSY Ward identities

At low energies, spin 3/2 gravitinos behave in a similar way to gauginos. In the soft

limit, their amplitudes diverge as w™'/2. These divergences are extracted from Feynman
diagrams in appendix A. As the four-momentum ps; = wsqs — 0, the gravitino amplitudes

behave as

3
M (psés = +§,p1f17“' ,prN)

N 1 1
Z l)g ZSZ Z” (wz> M(pl 617"' 7pi£1¢a"’ y PN, ‘€N) + O (UJ?) 3 (61)

Ws

where the sum on the r.h.s. is restricted to particles with ¢; € { 3 %, +1, +2}, i.e. to the
helicities labeled as £ in the first column of eq. (3.38), while ¢§ = ¢;— 5 are in the complement
set. The expression on the r.h.s. involves an arbitrary reference point z. however it does
not depend on its choice. This can be shown by using supersymmetric Ward identities.
After performing Mellin transformations, the leading soft singularity appears in celestial
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amplitudes as the pole at dimension A = 1/2 of the gravitino operator. Near A = 1/2,

<(A7+g) (A1, l1) - (A, le) (Do, bgy) -+ (AN,£§V)> (6.2)
= A 1_ % g(_nmzzz <(A1,£1) . (Ai + %’gg) s (Ag, ) - (AN,ff\z)> )

As in eq. (6.1), soft gravitino is inserted at point zs; while the remaining particles at
zi,i=1,..., N. For opposite helicity,

<(A’ _g) (A1 1) - (A ) (B, ) - (ANvf?v)> (6.3)
- Alé f:jl<1)"@@2<(A1,£1>-~<Ak,ek>m(Aﬁé,ei) ...... (AN,zCN)>.
i=k+

1
The subleading term of order O (wﬁ) in eq. (6.1) is also universal to all gravitino

amplitudes. It is similar to subleading terms present in the graviton amplitudes and, as
we will show below, related to them by supersymmetry. It can be extracted from the
amplitudes by using local supersymmetry invariance, along the lines of [33]. In celestial

amplitudes, this subleading soft term is encoded in the residue of the pole at A = —%.
After performing Mellin transformations, one finds that near A = —%,
3 ,
((843) Grt) - Br ) )+ (B 50 (6.4

_ ! i(_mzﬁ (Zai0=, — 2h:) <(A1,€1) - (Ai - %mg) -~~(AN,€§V)>.

The relations between soft gravitino and graviton limits are very similar to the relations
between gauginos and gauge bosons, as explained in the previous section. The following
sequence emerges as a consequence of supersymmetric Ward identities:

2 1
A = —1 sub-subleading graviton °, (A = —5) subleading gravitino

o 1
9, (A = 0) subleading graviton N (A = 5) leading gravitino N (A =1) leading graviton.

All these links can be demonstrated in a similar way, therefore we will limit ourselves to

the proof of the first one which is implied by Q supersymmetry. To that end, we use the
following Ward identity:

] (05 ) (80,60) - (A ) Besn )+ (B, 5)) (6:5)

Syl ((5-32) @uey (84 3.8) o (B (Bw ),

i=1
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where €§ = ¢; — % The limit of A — f% corresponds to A — % = —1, in which we can use

the sub-subleading graviton limit [17, 39]:

N
(A, +2) (A1, 1) - (A, ) - (A, £5)) = 53 9h,;(2h; — 1)
1,41 kytk NyYtN A-I—l ;ZSJ[

— Ahy7g0s, + Z0E | (A1) (B = 1,6) (A, 1)) - (6.6)

Once we insert this into eq. (6.5) and choose 7 such that [7g] = [7g;] = 7jo, where 7jo is a
constant Grassmann number, most of terms on the r.h.s. will cancel as a consequence of
supersymmetric Ward identities, except for the terms involving Bj which are raised by 1/2
inside the ¢ = j = 1,2,...,k contributions. As a result, we obtain eq. (6.4).

The formulas describing soft limits of operator insertions are exact statements about
the properties of CCFT and are expected to reflect the underlying symmetries. In [18]
the energy-momentum tensor was constructed by performing the shadow transformations
on A = 0 graviton operator. Here, we are interested in the supercurrent that generates
supersymmetry transformations and supersymmetric Ward identities. The holomorphic
and anti-holomorphic supercurrents can be constructed from the gravitino operator by
taking the limits of following shadow transforms:

S(z) = lim Ay dQZ/LO 3(2,2) (6.7)
IR A CEr s LA |
A-13 1
_ 2 2./ . -
S(z) = Ahini — /d z 7(2_2/)3(9A’+%(z V2. (6.8)

Note that S(z) has conformal weights (h,h) = (3/2,0). The correlation functions of su-
percurrents with other operators can be evaluated by using the soft limits (6.2), (6.3). To
that end, it is convenient to set the reference point z, — oo. This leads to

<5(Z)0A1,£1 (21, 21) - - Oy, (s Z1) O g (1 Zorr) -+ Oy g (21 5N)>

2 ZSZ 0'1
/d 2_253 Z X (6.9)

i=k+1 SZ

X <OA1,€1 (21,21) - Onp e (205 Z1) - - - OAi+%7gi(Zk+175k+l) ~+Oan s, (2N, 2N)>-

The shadow integral can be performed by using the identities

1 1 1 1
- - @)y _ 5,
(Z _ 29)3 2823 <Z _ Zs) ) azs (29 _ 21> 27T6 (ZS Zl)?

1 1 zg 1
f/dzzs Zi_ - (6.10)

so that
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As a result,

<S(Z)OA1,€1 (21,21) - Ong (20, Z1)Ong g 5, (Bt Zig1) -+ Ony g, (2N, ZN)>

N o
-y (z:l)z» (6.11)
i=k+1 ¢

k
X <H On,,;(2j,25)Ongir 5, (Zha1s Zor) - OAiJr%’,ei(Zia Zi) - Ony s, (2N, 277N)> .
j=1

We recognize the above equation as a Ward identity of local supersymmetry generated by
Q. Since the gravitino correlators fall off at infinity as 1/22,3 we can obtain global Ward
identities by integrating S(z) multiplied by any first order polynomial in z (which we can
choose as (ng)) over a contour surrounding all points z;:

dz
?{ (na) <S(2)0A1,€1 (21,21) - Ong 2k, Z8)Ong g 5, (Bt Zig1) -+ Ony g, (2N, 5N)>

21

N
=0=_ (=1)"(na) (6.12)

k
x <H On;.t;(25,Z)On it (Zhet1 Zo1) - Op 1 g, (200 Z) -+ O s (21 ZN)> :
j=1

We can also use eq. (6.11) to read out the OPEs
1

Z—w

$(2)0n e (w, @) =

OA+%7£('LU, @) + regular, (6.13)

which confirm that S(z) is the supercurrent generating local supersymmetry transforma-
tions associated to the @ generator. Similarly, S(2) generates @ transformations:

S5(2)0a p(w, w) = ﬁ@AJr%jc(m W) + regular. (6.14)

7 OPEs of super BMS generators

71 TS

The calculation is similar to the calculation of 7T OPE in [19] because it involves two
shadow transforms. Here, we use the same notation and define

~ 1 1
— 2 2
A(Z7 w, 22, . .- ) = /d 20 (ZO _ 2)4 /d 1 (w _ 21)3A@o:72,€1:7%12...&,424@».ﬁ?\, : (7’1)

Then we have

k N
<T(z)S(w) I Oamitn G Zm) ] (’)Am[%(zn,zn)>

m=2 n=k+1

! A
= —43—' lim lim Ag (Al - é)A(z,w, 29,...). (7.2)

3Notice that at z — oo, S(z), which has conformal weight h = %, decays as z%
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We first take the Ay — 0 limit:

N
1 20i Zri
Az0_72 b=—3 005 = A Ao 4 E 702 %o (20i0z, th)Aelzfg,ez...zgv- (7.3)

The integral over zp can be evaluated in the same way as in [19]:

— —Aoj(z W, 29,...) = /d221

Ao—>0 4 (w—2z) |(z—21)% z2—=
N
h; 1 ~
2 [t A, G0
=2 '
where 1
i _ [ 2
Ap=34505, = /d Zlm/‘el}g,@...%- (7.5)

It is clear from eq. (7.4) that the second term (involving the sum over ¢ > 2) is non-
singular in the limit of w — z, therefore only the first term needs to be included in the
derivation of OPE:

k N

<T<z)5<w> I Onnitnomzm) T Onss (o zn)> (7.6)

m=2 n=k+1
Ay -1 1 h 1
= i —_2 d? 0 c
Allgl% ( m ) / Mw—21)? {(z e el Zl} e D
where h = —% in the A; — % limit. To simplify the notation, we define

Ay —

G(z1,...) = < - )Ael,ez...zN (7.7)

and introduce the variables Z = z — z;, W = w — z;. We rewrite eq. (7.6) as

2
W3Zz2 + I/V?’Zaz1

-3 1 1 L,
wize P\ s ez ) ol |96

_ _ 2 1 L 1 1
_ Alg d21<2W3Z2+Z_wW228Z1 Gzt )+ = (0S(w) ), (7.8)

lim >z
A1~>

g(Zl,...)

= lim d’*z
Alﬁé

where in the last term, we used

d221

le
li —=0, yoon) = 1 Ow 7.9
dmy = [ St = iy o g 09

1
< H OAH,ZW, Zns zn)> .
Z—Ww

n=2
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After performing integration by parts over z1, the first term in the last line of eq. (7.8) can
be rewritten as

3 2 2
. bl d Z1 3 1 d Z1
1 2 == B S
Allfé [(z —w)?2 ) W Glz,-) =3 (2 — w)? Wz2g(zl’ )}
3 3 1 d*x

o Jm Ty | w9t (7.10)

s (S(w) ) + ﬂ<35(w)...> (7.11)

3 1
3 A -1 1 .
e ( ™ 2>/d2zlwzz<%el—3<Z17Z1>“'>-

The first two terms are those expected for the OPE of the energy-momentum tensor

with a dimension A = % primary with h = % The last term will be shown to vanish as

a consequence of supersymmetric Ward identities. To that end, we use the soft gravitino
limit Ay — § of eq. (6.3):

k N
. 1 _ _ _
lim <A1 — 5) <OA1,613(217Z1) H Ot (Zms Zm) H (’)Amg%(zn,zn)> (7.12)

ALs m=2 n=k+1

N _ k
215 2ri . _ _
=2 55,0V <H Oam,emwzm>oAk+l,ezﬂ<zzf+m+l>-~~0Ai+;,@<zﬂ“'>'

214 %
=kt 1l m=2

Here, it is convenient to choose the reference point z, = w. Then the last term of eq. (7.11)
becomes

21— % (w—2)(=1)7 ...
2 Z /d Al — 21)(z = 21)2 (71 — z)(w — 71) < N 0A1+%vzi(zl) > '
(7.13)

We can evaluate the integrals by using

_ i 2, 21— % 1 _ w— z;
27r/d ey y ey 1 o oy S MUl 7 e S ()

In this way, the last term of eq. (7.11) becomes

N

31(0)
© > (w=z)(=1)° <H Onpt (2m: Zm) O, Fk+l(zk+1vzk+l)”'OA,,+§,&(Zi)"'>~

(z—w)*
1=k+1

This sum is zero due to the supersymmetric Ward identity (6.12) with (ng;) = w— z;. The
final result is the expected OPE

S(w) n 0S(w)

T(z)S(w) = g E i + regular, (7.15)
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and similarly,

= = . 3 52 05 (w)
T@)S5w) =3 G-w)?  z-w
By using the same methods as in [19], one can show that the products T'(z)S(w) and
T(2)S(w) lead to derivatives of § functions and can be ignored in OPEs. Thus the OPEs
with 7 and T confirm that S(w) is a primary with conformal weights h = %, h =0 and
that S(w) is a primary with h =0, h = %

+ regular. (7.16)

7.2 SP and SP

The supertranslation current P(w) is defined as a descendant of the A = 1 graviton
operator:
. (A-1 _
P(w) = lim (| —— ] 0:0a 4=—12(%, 2) . (7.17)
A=l 4 ’
We consider the following correlator:
k N
<S(z)P(w) 11 Oannn(zms 2) T (’)An7g%(zn72n)> (7.18)
m=2 n=k+1
. . Ao — % Al -1 d220
- Al(}gl% Aligl ( ™ < 4 ) / (z — 20)35@«4@0:7%’21:”1@2”% :
We first take the Ay — % limit. Since £y = —% and ¢; = 42, there is no singularity as
z0 = w, cf. eq. (6.11). After integrating over zg, the remaining terms become
k N
<S(z)P(w) I Oamin Gz Zm) ] OAn’g%(zn,zn)> (7.19)
m=2 n=k+1
N
. Ap—1 1 _ -
- Alir&( 4 > 2 (N7 0(Ons =2 (w,0) - Oy (i 7) )
i=k+1
Here again, there is no singularity at z = w. Thus we have
S(z)P(w) ~ regular. (7.20)
Next, we consider S(2)P(w), starting from the correlator:
k N
<S(2)P(U}) H OAm7(m(Zm,5m) H OAn7€$l(Zn72n)> (721)
m=2 n=k+1

. . No—3)\ (A1 —1 d?z
B Al;zl% Aligll ( s 4 / (2 — 20)3aw'Afo=+%7fl=+2,52-»-€‘j\, :

After taking the Ay — % gravitino limit, we obtain

. A —1 1 _

k
. A -1 o 1 _ _
+Alir£1 < 4 > Z(_l) 5508 <OA1’€1=+2(w’w) " Onpet ez, %) >

(3
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The first term disappears in the A; = 1 limit while the second term is finite at z = w.

Hence

S(Z)P(w) ~ regular. (7.23)

7.3 SS and relation to the supertranslation operator P

We consider the correlator

k N
<S(Z)S(w) 1T O (zms 2m) ] 0A7“g%(zn,zn)> —

m=3 n=k+1
A1) (Ay— 1L P2 P2
- lm lim )2( z )/ = 3/ =2 (7.24)
A1—>% A2—>% T (z - 21) (w - 22)

2
m=3 n=k+1

k N
X <0A17413(21,51)(9&%33(22,52) H O b (Zmis Zm) H OAn,Z%(Zn,Zn)>~

This is a double soft limit with opposite helicities, therefore we expect that the result
depends on the order in which the limits are taken. We take Ay — % first and perform the
first shadow integral, to obtain

k N _ 1 2,
<S(z)S(w) H OAmlm (Zm,im) H OAme% (Zn,Zn)> = hml (AQ 2) / (7d_ E )3
Bt T W — Zo

n=k+1 Az 2

k N
1
X [ <0A2+;,522(2’2,Z2) 1T Oann (zms 2m) ] OAH,Z%(Z'mZn)>

z—Zz
2 m=3 n=k+1

N
+

ol )% <0A2 5= 3(227‘22)"'OAi+;,€¢(ZiaZi)"'>:| : (7.25)
i=k+1

In the limit A, —> , the dimension of graviton operator present in the first correlator inside
the square bracket becomes Ay + 5 — 1, therefore we can use the leading soft graviton
limit (A — 1) and perform the second shadow integral. This yields:

1 N

. A ) d222 1 k
lim (7 — 0A2+ Ho=2 22722 HOA Lom Zm7zm) H OA ZC(Zn zn)

3
w—z Z—Z
2) 2 n=k+1

1 d*z Z2—Z;
- ;/ (w : Z Zz 2 <OA3 6 Ont1,e, 0AN,Z§Q> (7.26)

w—Z2)3(z— 22)

N _
1 —Z; 1 1 1 1
:Z[( z z+ T }<(9A3,43"'(9A1-+1,&"'OAN>Z§’V>~

W—Z)2 z—z; Z—Wz—z W—Z 2—%
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The Ay — 5 hmlt of the second correlator inside the square bracket in eq. (7.25) is the
leading soft grav1t1n0 limit, which yields

BACEE
hm1 - / __2232

( 1 <OA2£CZ%(2’2,52)~~-OATZ+%7&(2’Z‘,5¢)--->

A2—>5 i=k+1 T
1 d22’2 N 1 ZQZ
==  Z3) - Onppage(zin )+ ) (T.27
m / (0 — 2)? i—zk;—l z— 2z 29 (Ongts(z:2) - Onnge (20, 70) =) (7:27)

N k
Z2j
E E )i +o; 22 . e .. .
+ p—— i JZ <OA3723 OAjJr%’Z; OAH*%L‘ OAN£N>
. z 27
i=k+1 j=3

After performing the shadow integral, the r.h.s. becomes

1 1
- > P (Onges(23,23) - On, e (20, 20) -+ ) (7.28)

(1)t

o+
M=
T

11
L Onstys On s1perOn 1,0 >
z— 20— % < Bsits Ajtgl Aitgli ANty

Combining egs.

s

—

7.25)—(7.28), we obtain

k N
’LT) H OAm,Zm Zm7zm H OATL,Zﬁ(vaZn) =

m=3 n=k+1

1 2—2¢+ 1 1
(W—2)2z2—2; zZ—wWz—2

} <OA3,23 R/ OAN,Z;‘V> (7.29)

k
1 1
+ Z — : <0A3,€3 - Opa+1,0; "OAN7Z§\,>

=3
Nk . )
__1\0ito e
+ Y Y (=7 ]7Z_Ziw_2,<04\3,23 Ot Onrly, OANegv>~
i=kt1 j=3 j

Notice that the above expression involves anti-holomorphic poles at z = w, but it does not
contain the holomorphic ones. This reflects the order of soft limits: A; — % first, followed
by As — % In order to construct an order-independent quantity, we consider

k N
<§(2)S(w) H OAm,gm(Zm“fm) H OAn,ZEL(vazn)> =

m=3 n=k+1
A — 1) (A, =1 2 2
T G 2)2( 2 2)/ &2 3/ A (7.30)
AL Ap—l m (z=21)* ) (0~— 2)

k N
X <0A1,£§_g (21, ZI)OAQ,ZQI—% (22, 22) H OAp b (2ms Zm) H On, e (2n, 2n)> .
m=3 n=k+1
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After repeating the same steps as before, we find

k N
<S(z)S(w) I ©antn s Zm) T Onnee (zn,zn)> —

m=3 n=k+1

N
zZ— 2z 1 1
Z |:( + — — :| <0A3,53 tee 0A1+1,[1 tee OAN,Z?\,> (731)

27—z z—wzZ-—z
1=

N
+ <OAE “Ops41,6 -0 ZC>
wazlzfz 3,€3 i+1.6 Nty

i=k+1

N k 1
0+0

Z Z itoj __— ,<OA3,183"'OAj+%,z;"'OAi+%,zi"'OAN€}i,>~

i=k+

Z—Ziw — Z
i=k+1 j=3 J v

Note opposite signs of the last terms in egs. (7.29) and (7.31) which are due to the ordering
of operators. S acts on the right cluster of {£°}’s while S on the left cluster of {£}’s. Once
we add egs. (7.29) and (7.31), we find a combination that does not depends on the order
of limits:

k N
<[S(z)5(w) + 8@ SW)] [ Onmtn (2 Zm) ] OAR,Z%(%Z”)> =

m=3 n=k+1
N
zZ—Zz 1 Z— 2 1 1 1 1
Z[_ '+ S + - _} (7.32)
— 22—z (w—2)2Zz2—-% Z-—-wWz—2z zZ-WZ—Z%
k N 1 1
+ — <OA€ R /NS WA O)N 16>
z:sw_zlz_zl i—;rlw_ziz_z’} 373 " o
N ok
1 1 1 1
”t*”‘ _
+ > > (-1 JLZiwzj szwzz}< Onaties Oniila >

i=k+1 j=3

The singular terms involve insertions of the graviton operators. We can compare them
with the known graviton correlation functions. As a result, we obtain the following OPE:

5(:)5(0) + 5(2)S(w) = Jim (A~ 1) [(z_lw)QOA,g_H(z, 2+ ﬁowz_g(z, z)}
+ $4P(z) + ﬁﬂB(Z) + regular. (7.33)

From eq. (7.32) we can also extract the finite piece remaining at z = w:

k N
< [ ( )S(Z)+S(Z H OAm,Zm(ZM7Zm H OAn £c, (Zn’zn)> =

m=3 n=k+1
Yoo
o ) 34
z; PR - <0A3,e3 “Oni+1,4 OAN,4N> (7.34)

1=
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We recognize this as the correlator of the BMS supertranslation operator P(z,z) [36], a

primary field (h = %, h= %) defined by the Laurent expansion:
—n—15;—m—1
Y Ptz : (7.35)
n,me”z

where P, 1 1 generate supertranslations. Its OPEs with other primaries read
27 2

1 1
P(w,w)0), 1 (2,2) = Z(’)h+%ﬁ+%(z,2) + regular . (7.36)

We conclude that
S(2)S(2) + S(2)S(z) : = P(z,2). (7.37)

7.4 SS and SS

We consider the correlator

k N
<S(z)S(w) I OamitnGzmsZm) TT Ot (20 zn)> -

m=3 n=k+1
A Ay— 1L 2
T G e ) ( 2 / ! / (7.38)
Ar—L sl w2 (z=21)3 ) (w—2)3

N
X <OA17[1§(Z1721)OA2‘[23 22, 7%2) H O b (Zmis Zm) H OAn,e;(Zn72n)>~
m=3 n=k+1

This is a double soft limit with identical helicities, therefore the result does not depend on
the order in which the limits are taken. We take A; — % first and perform the first shadow
integral, to obtain

_1 2,
< S(w HOA Zm(znuzm H OA gc(Zn,Zn)>_ lim (AQ 2)/(wd_ 222)3

m=3 n=k+1 AQ‘}% &
Yoo
Pt Vi <OA2,£2}%(Z2, ) Opy1 g (20,71) > . (7.39)
i=k+1 v

Next, we take Ay — % and perform the second shadow integral. This yields

. (A=) d?z _ _
lim = : / w— 29)3 Z z—zz <OA2,22:73(Z2’32)"'OA#%,@(%%)"'>

Ba—r3 =k+1

1 1 o
=2 X O Z,(_l)wa’ <OA3,£3 " OniL Ongity, >
i=k+1 j#ij=k+1 v 7

(7.40)
We see that there are no singularities when z — w, therefore
S(z)S(w) ~ regular. (7.41)
Similarly,
S(2)S(w) ~ regular. (7.42)
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8 The algebra sbms, of super BM S, generators

As shown in the previous section, the supercurrent S(z) is a primary field with chiral
h = 0. We can write it in the form of a Laurent expansion:
. (8.1)

weights h = %, h
(;ﬂ . n+1/2
S(z) = Z g with Gp = ¢ dzz S(z)
1 &2 ?

Similarly,

=D -,  with G, = %dzz”“” 5(z). (8.2)
1Zn+§

(8.3)

(8.4)

The OPEs of egs. (6.13) and (6.14) imply
(G O ge(w, )] = w2 Op L1 (w0, @),
(G, Op p(w, @)] = @" /2 Opite(w, D).

By comparing with eqgs. (3.36)—(3.37), we can make the following identification between

SUSY generators and supercurrent modes:
Q1= Gy Q2— Gy,

Qi = Giippy Qs =Gy
These are the four-dimensional SUSY generators realization in CCFT. In addition to su-
perrotations and superstranslations, sbms, contains “super” supersymmetries generated

(8.5)
We

by the infinite set of generators G, and G,,.
If we apply (8.3) and (8.4) consecutively to a primary operator, we find

{Gn, G}, Oa(z,2)] = 212 220041 (2, 2) = [Pom, Oalz,2)]
(8.6)

where P, ,, are modes of the supertranslation operator [19] P(z,Zz), cf. eq. (7.35)

conclude that
{(;n>C;n} ::P%Jn-
(8.7)

Furthermore, from egs. (7.41) and (7.42) it follows that
{G, G} ={Gp, G} = 0.

z—n—1

panded in [19] as
_ » —n—1 D=\ 5
P(z) = anféz , P(z) = ZPTF%Z
nez neL
P = %Pn—%,—

These modes form a subset of the mode expansion (7.35) of P(z,z):
1. Then from egs. (7.20) and (7.23) it follows that

The holomorphic and anti-holomorphic supertranslation currents were previously ex-
(8.8)

(8.9)

—1
_-4FL%”“E

| =Gm Py ) = |Guboy ] =[G Py ] =0

and ]3”_1
2

(G Py s

2 2
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The commutators of G’s with the remaining supertranslation generators can be obtained by
successive applications of the operators to generic primary operators. In this way, we find

(G, Pril = [Gm, Pry] = 0. (8.10)

The well-known mode expansions of the energy momentum tensor are

T =Y 2, T =Y (s.11)

m m

where L, and L, are the Virasoro operators. Then from eqs. (7.15) and (7.16), we find
the following algebra:
1
[Lim, Gn] = <§m - n> Gmtn (8.12)

L 1 _
[Lm, Gn} = <§m — n) Gmtn -

On the other hand, the OPEs of T'S and T'S are regular, therefore
[Lim,Gpn] = [Lin, Gn] = 0. (8.13)
After collecting all of the above we obtain the following sbms, algebra:

{Gmaén} = Pm,n
{GmaGn} = {G'rru

[Pk,laGn] = [Pk,h m] =0

G
G (8.14)

1
[Lma Gk] = (5771 - k) Gmik
_ _ 1 _
[Lm7 Gl} = (§m — Z) Gm+l
[Lin,Gn] = Ly, Gn] = 0,

together with the remaining commutators of bms, [19]. This is an infinite-dimensional
symmetry algebra of N' = 1 supersymmetric theory on CSs. It can be compared with the
supersymmetric BMS algebra in three dimensions [24-26] and in four dimensions [20]. In
this context, infinite-dimensional extension of supersymmetry appears as a “square root” of
supertranslations. Unlike in superstring theory, there is no “world-sheet” two-dimensional
supersymmetry on CSsg; it is possible though that it can appear in some limits of celestial
amplitudes [40].

9 Conclusions

In the present paper, we extended our earlier work [19] to include supersymmetry. We used
on-shell supersymmetry transformations to construct chiral and gauge supermultiplets of
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conformal primary wave functions. The oscillator mode expansion of the fields reveals that
in order to have a consistent description of the theory one needs to extend the theory
to include states with conformal dimensions beyond the normalizable Re(A) = 1. In the
bosonic case this was the case due to the action of supertranslations on the primary states
of the theory. Here we see that supersymmetry leads to the same conclusion. This is even
more evident when one considers supersymmetric Ward identities. Their Mellin transforms
lead to relations between fermionic and bosonic correlators on CSy with Re(A) = 3. The
nature of these states is not yet clear [41] and requires further investigation.

We also discussed in detail fermionic conformal soft theorems, both leading and sub-
leading and the associated CCFT Ward identities. We exhibited an intricate pattern of
supersymmetric Ward identities that relates fermionic and bosonic soft theorems, at both
leading and subleading levels. It would be very interesting to understand if this chain
of relations is sufficient to prove that all soft theorems, leading and subleading are not
renormalized in supersymmetric theories [33, 42, 43].

By using soft theorems, we constructed sbms, — A'=1 supersymmetric version of the
extended BMS algebra. Most of the previous studies of CCFT have concentrated on the
bosonic sector of the theory. One of the main questions regarding the bosonic CCFT is
the status of the symmetries under quantum corrections and in particular the value of the
central charge. Given the usual non-renormalization theorems for supersymmetric theories
in 4d, we hope that our work will be a useful step towards addressing the fate of extended
BMS symmetry beyond the tree level.

Another interesting aspect of our work is the relation between the supertranslation field
P(z, Z) and two-dimensional supercurrents S(z) and S(z). This field appears in the product
of holomorphic and anti-holomorphic supercurrents. Previously, in [19], we were able to
identify the supertranslation currents P(z) and P(2) as the descendants of conformally soft
graviton modes. No such state was found for P(z, z). Now we learn that in supersymmetric
theory, P(z,z), which generates all superstranslations, can be identified as a composite
operator.

There were several puzzles encountered in the course of this work. One, already men-
tioned before, is the role of states with Re(A) # 1. Are they physical, independent states?
If yes, what do they represent? Another striking point is that the subleading gravitino
and sub-subleading graviton limits do not seem to play any role in the construction of
sbms,. Do they generate further extension of the symmetry algebra? These are just two
examples of many questions that need to be addressed in order to develop CCFT into a
viable candidate for a holographic description of four-dimensional physics.
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Figure 2. Feynman diagrams leading to soft gaugino singularities.
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A Soft and collinear limits of gauginos and gravitinos

A.1 Soft gaugino limit

We start from the soft limit of gaugino in AN'=1 supersymmetric Einstein-Yang-Mills the-
ory (SEYM). The singular contributions to a soft gaugino emission arise from Feynman
diagrams in which internal gluon goes on-shell, shown in figure 1 or an internal gaugino
goes on-shell, shown in figure 2. To be specific, we assume that the soft gaugino, which
carries momentum p; — 0, has positive helicity.

The interactions of gauginos and gauge boson is given by the vertex:

VE = fabegh (A1)

where o# = (1,5). To evaluate the contribution from figure 1, we define the splitting
vector:

S = M A2 D" (p1 + p2)Vize(P1,02)a (A.2)

where

M=) =2 (A.3)
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Figure 3. Double wavy line represents the graviton.

D#P@ is the gauge boson propagator
i

) =

uar (A.4)

When p; becomes soft, the gauge boson propagator goes on-shell. In the soft limit, the
splitting vector becomes

1 1 1 _
lm S*(+5,—2 ) = f*————e" A5
w150 (—|_27 2) ! 212\/m62 ’ (A9)
where €, " denotes 6‘2‘ by 1" Notice that the leading order of the soft limit is O ( \/171>

Next to evaluate the contribution from figure 2, we define the splitting spinor:

S = 5\1631L‘/bg§(P1,p2)uD(p1 +p2), (A.6)

where e; " denotes eg R D(p1 + p2) is the gaugino propagator

_ ApAp

Dlp1+p2) =i——5, A7

( ) (p1 + p2)? (A7)

with the numerator factorized assuming that P = p; + po is also on-shell, P? = 0. In the
soft limit,

1 1 -
lim S (+=,4+1) = fobe———)\,. A8
w11210 (+2’+ ) f 2124/ W1W2 2 ( )

Other possible gaugino production channels involve gravitational interactions. They
are shown in figures 3—6. It is easy to check that these channels do not contribute at the

O (\/%—1) order.

Note that in all singular contributions, the helicity of the non-soft particle is decreased
by % After summing all contributions of partial amplitudes with color factors, we find the
leading soft gaugino limit:

N

1 1 1
lim M (Sa,+%,1a17€2’”, ’NCLN7€N) _ aaic = (_1)% M <~--ic’ei_§,---),
ws—0 VWs ;f (zs—zi),/wi( )

(A.9)
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Figure 5. The double wavy-solid line represents the gravitino decaying into a gauge boson and
gaugino.

Figure 6. Virtual gauge boson decaying into gaugino and gravitino.

where the non-zero terms on the right hand side require ¢; — % = —|—% or ¢; — % = —1.
Here, o; is the number of fermions preceding particle i, i.e. the number of fermion cre-
ation/annihilation operators inserted to the left of the operator creating or annihilating
soft gaugino. After performing Mellin transforms, we find the Ay — % limit of the celestial
amplitude:

AeS:Jr%,el,...,eN(Asa Ar...Ap)
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Figure 7. Feynman diagrams leading to soft gravitino singularities.

A.2 Soft gravitino limits

Feynman diagrams contributing to soft singularities are shown in figures 7 and 8. We
assume that the soft gravitino, which carries momentum p; — 0, has helicity —I—%.

To evaluate figure 7, we use the gauge boson-gaugino-gravitino vertex and the following
polarization vectors for gravitino and gauge boson:

Gravitino: e?=+%(p1, r) = eéfzﬂ(pl, r)|1] = ef“\l] , (A.11)
with the polarization vectors
"Ip]
el ,T) = {rlo . A.12
Z,+1(p ) \/i(?"p) ( )

where (r| is a reference spinor.
The expression for the vertex is given by

7 1
V,uu(plap2) =K |:§(_(p2)u0'u + Nwp2 - U) + ipgeiwpnoﬁ y (A'13)
where o# = (1,5). In our conventions, x = 2. The splitting spinor of this diagram is
defined as

3 v
S <+5, +1) = =32 Vi (p1,p2) D(p1 + p2). (A.14)

with the fermion propagator given in eq. (A.7). After contracting with the polarization

3 [21] (Pr)
S (+5,+1) = 12

vectors, we obtain

Z12 2Py (“"13); |P]. (A.15)

Z12 Z1r w1

When w; — 0, the leading term is of order O (\/‘171)

] !
lim S <+§,+1) _ a2t <ﬂ) “12. (A.16)

w1—0 212 Z1r \W1

It is also easy to see that if the helicity of the gauge boson is —1, there is no O (\/%T) term.

31



Figure 8. Feynman diagrams leading to soft gravitino singularities.

Next to evaluate the contribution from figure 8, consider the case when the gravitino
has positive helicity and the gaugino has negative helicity. The corresponding splitting

vector is -
$ (155) = sy 2 V0P D 01+ ). (A17)
We find . 21] (2r)
Y O ) = 2 oy Al
5(+33) = g me (A.18)
hence
3 1 212 29 wo %
li v oo )= 2 . Al
wfglos (—’_27 2) Z12 Z1r <w1> 62 ( 9)

If the helicity of the gaugino is +%, then there is no O (ﬁ) term. Now we can write

down the full expression of soft gravitino limit of amplitudes containing one soft gravitino
with other particles being gauginos and gauge bosons:

3
lim M (psés =+-,p1l1, - ,PNEN)
ws—0 2

N _ 1
L ) 1 1
=) Zoi i (22 2(—1)@/\/‘ prly, - pili— 5, pNs I ) + O (Wi
) Zsi Zrs \Ws 2
(A.20)

where z, is the reference point. Note that on the right hand side ¢; — % can be equal to
either % or —1. As shown in [29], the soft gravitino limit expression above is also valid for
amplitudes that contain multiple gravitini and gravitons. Here we rederive this result by
using Feynman diagrams. The additional Feynman diagrams are shown in figures 9 and 10.

The contribution of figure 9 involves the splitting tensor S7°:
570 = oyl =+3 626,£2=$%Vaﬁ’w(171,P2)DZE(P1 +p2), (A.21)
where the three point vertex V% (py, ps) is given by [44]:

K
VeI (p1,pa) = ig o (pr = p2)" 9" + (2p2 +p1)%9™ + (=21 —p2)7g") . (A22)
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Figure 9. Feynman diagrams leading to soft gravitino singularities interacting with non-soft grav-
itino.

Figure 10. Feynman diagrams leading to soft gravitino singularities interacting with non-soft
graviton.

The graviton propagator is

i 1
D)0 (p1 + p2) = = (016% + 0K8Y — " grs) 5 - A.23
;w(pl p2) 2( Y8 50y — 9 g'y&) (p1+p2)2 ( )
The second (hard) gravitino must carry helicity —%, therefore
o =, e§,£2:7% =6 ")2). (A.24)
We find that when w; — 0, the splitting tensor
1
. 3 3 Zigzrg (w2 \2 _y g
lim §7 (42, -2 ) = =222 (= K
wfglo (+27 2) 212 Zr1 (M) 2
1
Ziozra w2\ 2 5
- = _ = J— € _ . A.25
212 Zrl <w1> 2b2=-2 ( )

Next, to evaluate the contribution from figure 10, we define the splitting spinors
S7 = €10€2 VP (p1, p2) D} (p1 + p2) (A.26)
where the vertex is related to eq. (A.22) by crossing and the gravitino propagator is

D}(p1 +p2) = D(p1 + p2)dj .- (A.27)
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Let us assume that the external graviton carries helicity +2. Then
=€), 6522:+2 = e te”. (A.28)

(63
61751:4»%

We find that when w; — 0, the splitting spinor

1
Z 2
lim 7 (+g,+2) S (ﬂ) e12)

w1— Z12 Zr1 w1
1
Zi2 zr2 w2\ 2 'y( 3)
S N A A A.29
212 Zr1 <w1> 2 2 ( )
In the case of S7 (+3,—2), it is easy to check there is no O (\/%71) term in the soft gravitino

limit.
Now we are ready to generalize eq. (A.20) to the amplitudes involving also gravitinos
and gravitons:

) 3
lim M (psgs =+4=,p1l1, - ,prN)

ws—0 2

N 1
Zsi Zri [ Wi\ 2 ) 1 1
=> <J) (=1)7M (Plﬁh"'pifi — 55PN, €N> +0 (w:?) ;
i—1 Zsi Rrs Wsg 2
(A.30)

where on the right hand side, ¢; — % must be equal to % for gaugino, —1 for gauge boson,
—2 for graviton or +3 for gravitino, therefore belong to the set of {¢°} defined in (3.38).
Other helicities of these particles do not appear in the soft limit of gravitino with helicity
+%. The complement set of {£} appears in the soft limit of helicity —%.
A.3 Collinear limit: kinematics

In this section the kinematics of collinear limits will be reviewed. As in ref. [19], we use the
conventions of [38]. We will parametrize two light-like momenta p; and ps and introduce
two light-like vectors P and r in the following way [45]:

Al = Apcosf — e, sinf, A Ij\PCOSQ—ES\TSiHQ, (A.31)
Ao = Apsin@ + e\, cos b, Ao = Apsinf + é\, cos@, (A.32)

thus we have

pp = c?P — SC(G)\Tj\p + E/\pj\r) + ees’r, (A.33)
po =s’P + sc(e)\rj\p + €)\p5\T) + eec?r, (A.34)

where
c=cosf =z, s=sinf=+v1-x. (A.35)

Then
(12) = e (Pr), [12] =€ [Pr]. (A.36)
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Figure 11. Feynman diagrams leading to collinear gaugino singularities.

The collinear limit of p; and ps occurs when € = € = 0. In this limit,

wp = w1 + wsy (A37)
c? = ﬂ, s2= 22 (A.38)
wp wp

A.4 Collinear limits involving gaugino

We first we consider the collinear limit of two gauginos. The Feymann diagram contributing
to the collinear singularities is shown in figure 11. Assume that particle 1 is a gaugino with
negative helicity and particle 2 is a gaugino with positive helicity. We define the splitting
vector:

S* = M A2 D" (py + p2)Vize(p1, p2)a » (A.39)
where D*? is the gauge boson propagator

—1

DF*(py + = gH® A .40
(p1+p2) it 2! (A.40)
and the vertex is
- pabe
Vigg = if"0™. (A.41)

After inserting A; and Ay of egs. (A.31) and (A.32) we find that at the leading order,

1 1 1 1
SH (_,’_'_7) _ fpabc (_ S2€+u+ C2€_H>
2" 2 f Zigywiws L zipwiwz b

1 1
1 w? 1 w?
abc 2 +p 1 —H
————¢p + ——€p |- (A.42)
212 .2 212 .2
wiwp wiwp

Next, we include the gravitational production channel shown in figure 12. Here, the split-
ting tensor is

v Y v )
S = XA DL (p1 + p2) Vil (1, p2) » (A.43)

where the graviton propagator is given by eq. (A.23) and the gaugino-graviton vertex

V20 (p1.p2) = 1607 (pa — p1)°. (A.44)
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Figure 12. Feynman diagrams leads to collinear gaugino singularities.

We obtain
S L —}—1 —gob (2B bty @Scse_“e_”
272 AT R
3 1 103
5ab 212 UJ220J12 +u 4 212 w22wf —H —v (A 45)
— —_—Z — € € — — ———F—¢€ € . .
Zip wh TPz W PP
Thus the collinear limit of the amplitude is given by
: .
2
M (1“7—%725’»‘*‘%7...) - fabc _i L:Q M(pc7+17...)+ i (fl M(pcy—lj )
#12 wiwp #12 wg wp
3 3 »:
219 Wi w? Z1gwiw
+ gab ,ﬁ%M(pﬂ,...) — E%M(p—{.‘.)
212 Wp 212 Wp
(A.46)
In terms of partial amplitudes, this corresponds to
1 1
1 1 w? 1 w?
M (1—5,2+§, ) = 2 MPH ) — (P
12 wiwp 12 w3 wp
3 1 103
212 Wg Wi 12 Z12 Wy wi 9
=2 M(PTR ) - =2 M(PTR )L (AAT)
Z12 wp Z12 wWp
In a similar way, we obtain the collinear limit of 1*2 and 27 3:
! ;
1 1 1 wée 1 w
M(ﬁa,rg’...) = ——2-MP )+ ——MPT )
12 wiwp #12 wiwp
3 1 13
Z12 w3 wi 9 212 Wy Wy +2
SEREE (P2, ) - Z2EREL p(p? ) ()
Z12 wP Z12 LUP
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Figure 13. Feynman diagrams leading to collinear gaugino and gauge boson singularities.

Next we consider the case of collinear gaugino and gauge boson. The Feynman diagram
is shown in figure 13. The corresponding splitting spinor is

S = MesVigy(p1,p2)uD(p1 + p2) (A.49)

Let us assume that the external gauge boson has positive helicity. After inserting A1 and

ex*, we find

1 11 1 wy?
s +7,+1>= e L 15, _qacl ©P 5, A50
( 2 f Z124/W1iw2 8 p=1 Zl?wi/sz ! ( )

For a gauge boson with negative helicity, we find

s(+L 1) = pore_ 1 *3 _ pabe 1 ) A (A.51)
2’ o Z12+4/WiWwo S P= 212w2w113/2 P ’

The diagram describing gaugino-gauge boson gravitational production channel is shown in
figure 14. It yields

St = 5\162VV;;;~1(2?1,I)2)D'$(P1 +p2), (A.52)
which leads to

1 -
S (+§,+1> = §%ce ! Ap + -

/2
_ 5abwi/2 G;M)\P 4. (A53)
wp
1 ~
2 Z12
L I
Y Nt WSS W (A.54)

- > P
212 w;);/2

We conclude that in the collinear limit of 17 and 211 the amplitude becomes

1 1
1 1 wp \ 2 1 w 3
M(l“**éﬂb*“,m): abe (—) M(PC’+2,~~~)+6“I’1—M (P+2,~--).
/ 2124/Wiw2 \ w2 w
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Figure 14. Feynman diagrams leading to collinear gaugino and gauge boson singularities.

In terms of partial amplitudes this corresponds to

1
1 1 wp\? 1 w 3
M(1+2,2+1,--~)= <) M(P+2,"')+ 1 M(P+2, ) A.56
212y/wiwy \ w2 wil? (4.56)
In the collinear limit of 17 and -1
1 _ 1 w1/2 1 Z12 w3/2 3
M (1a’+2 9b,—1 ) — pabe = Y1y (pcvﬂ,...) Logab 2% g (p+2’...) .
212 oyl Z12 32
(A.57)
In terms of partial amplitudes, this corresponds to
1 1 1 w1/2 1 212 wi/Q 3
M (1+§72— ,) — Tﬁ/\/l <p+§,...) _|__7w/\/1 (P+§,---) ) (A.58)
212 WZWP/ 212 wP/

Finally, we consider collinear gaugino and graviton, shown in figure 15. We find the
splitting spinors:

1 Z12 w3/2
S 72,+7> === __\|p A.59
( 2 212 wlwlp/2| ] ( )
_ o 1/2 1/2
1
s (+2, +) _ Pwp wp gy (A.60)
2 212 w1

Thus the collinear gaugino-graviton limits are

M<1272+;"">_ZWTEQQM(PJF;"”)’ (A.61)
) P Wi/2, 12 .
M (172,275 ) = M (Pre-). (A.62)
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Figure 16. Feynman diagrams leading to collinear gravitino and gauge boson singularities.

A.5 Collinear limits involving gravitino

The Feynman diagrams contributing to the limit of a gravitino collinear with a gauge boson
and with a gaugino are shown in figures 16 and 17, respectively.

We can use the same definition for splitting vector or spinor as in the soft limit. In
the collinear limit, figure 16 leads to the splitting spinor

s <+§ +1) _ e (“‘”’)é 7], (A.63)

2’ Z12 w1

which leads to

M1kt =22 (22) ). o)

212 \ W1

Figure 17 leads to the splitting vector

g (43 ) _me w” (A.65)
27 2 212 \/WiWp L '
In this case,
Mm(1527h ) = . . M(PH,-) (A.66)
’ 212 Jwrwp o ’
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Figure 17. Feynman diagrams leading to collinear gravitino and gaugino singularities.
The Feynman diagram is contributing to the collinear limit of two gravitini is shown
in figure 18. It yields

s% (21) c® [21]

5 9ts ...) = 2\ 2y & -2 ..
M(1 2,93, ) o T M)+ M)
1o w5/2 1o w5/2
2 +2 1 —2
=z M(PH2 ) 4 22 M(P~%,--+). (A.67
B2 17 ( ) B2 17 ( ). (A.67)

The Feynman diagram contributing to the gravitino-graviton colliner limit is shown in
figure 19. It leads to

_ 5/2

M (173’2727”') _ A2 Wy 3/2M(P73/2’“')’ (A.68)
F12 waw'p
212 wzwl/

B Gluon soft theorems in Mellin space

We start with the BCFW representation for the n + 1-point gluon amplitude A, 41

Apt1 ({)\175\1},... ,{)\n’j\n}7{)\s75\8}+) _ %

% A, <{/\1,5\1+ <Sn>§\s},...,{/\n,5\n+ <Sl>5\s}) T (B.1)

(1n) (n1)

with the shifts: As(2) = As+2An and Ay (2) = A, — 2As [46]. The dots denote regular terms

(s1)
(n1)

A specific Lorentz generator which only acts on antichiral spinors can be introduced
as in ref. [17]:

inz=-—

—_

1
J =7 e —pie) du00 = 5 |s][s] (B.2)

I
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Figure 19. Feynman diagrams leading to collinear gravitino and graviton singularities.

in terms of spinors A, Ay referring to particle s. With this Lorentz generator (B.2) in (B.1)
the shifts in the antichiral spinors A\; and A, can be furnished by acting with J; and J, on
gluon 1 and n, respectively. Since

“p{&ﬁn}

)
ﬂp{_%ﬂl’% }xn:xn+iki&, (B.3)
DPsPn (€sp1)

we have:
_nl)
(ns)(s1)

X exp {@ <J1 _ b1 Jn>} An ({/\175\1} . ,{An,ﬂn}) +.... (B4

PsPn

A (DA DAk, s A7) =

To translate this formula into Mellin space we introduce celestial coordinates. In this basis

the operators (B.3) act as conformal transformations on the gluon operators number 1 and

n. Concretely, with e;p; = %m(:[,l)s[;l] we have [17]

S o_o

_ €sWsZns
(esp1) Zs1

(Zgl_l —2Z4lo + l1) , o1 = (B.5)

€1W12n1

— 4] —



In terms of the SL(2,C) generators |_1 = 9z, lg = 205 + h and |} = 220 + 2zh [47] acting
on some function f(Z) depending on the celestial coordinate z we get:

J _
exp { ! } f(2) = exp {?‘—1[(25 — 2)%0; — 2hy (25 — z)]} f(2) (B.6)
(Espl) Zs1 5=3
Furthermore, we obtain
PsP1 Jn } _ { Qp 2 T /= _ } _
expq — Z)=expq —(Zs — 2)°0s — 2h,(Zs — 2 z , B.7
{2 I 1) = e { 215 - ) G-alpre| . e
with a,, = &%= Bventually, with this information for (B.4) we obtain the following
expression in celestial coordinates:
- |
An+1 - nl -
Znsisl Ws
a1 o 2\2 - - Qn _1\2 T o= _
X exp {[(zs —2)°0z —2h1(Zs — 2)| + —[(Zs — Z)“0z — 2hn(zs — Z )]}
Zs1 Zsn
X An({zl,Z,Al,Jl},...,{zn,2’7An,Jn}) . (B.8)
The lowest order w;l in wy is related to the limit Ay, — 1
Ag=1 " A ({21, 2, A0 I b 2 2o A T} (B.9)
ZnsZsl

which corresponds to the soft-limit of the amplitude A,1+1. On the other hand, the next
order w? corresponds to the limit Ay — 0

11 - 1 1 -
A, =0 {77 (2102, — 2h) + — — (Zgn0s, — 2hn)}
W1 Zs1 Wn Zns

An({thl;Ath}w-'7{Zn72n7An7Jn})a (B]-O)

which gives rise to the subleading soft-limit of the amplitude A, 1. The result (B.10) agrees
with the expression given in [15] after translating the latter into celestial coordinates.
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