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Abstract: In celestial conformal field theory, gluons are represented by primary fields with

dimensions ∆ = 1 + iλ, λ ∈ R and spin J = ±1, in the adjoint representation of the gauge

group. All two- and three-point correlation functions of these fields are zero as a conse-

quence of four-dimensional kinematic constraints. Four-point correlation functions contain

delta-function singularities enforcing planarity of four-particle scattering events. We relax

these constraints by taking a shadow transform of one field and perform conformal block de-

composition of the corresponding correlators. We compute the conformal block coefficients.

When decomposed in channels that are “compatible” in two and four dimensions, such four-

point correlators contain conformal blocks of primary fields with dimensions ∆ = 2+M+iλ,

where M ≥ 0 is an integer, with integer spin J = −M,−M+2, . . . ,M−2,M . They appear

in all gauge group representations obtained from a tensor product of two adjoint represen-

tations. When decomposed in incompatible channels, they also contain primary fields with

continuous complex spin, but with positive integer dimensions.
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1 Introduction

Celestial conformal field theory (CCFT) links the amplitude program with flat holography.

It grew from the observation that the symmetries of asymptotically flat spacetime [1–3],

which act on incoming and outgoing particles, are also present at the level of the scattering

S-matrix [4]. The ultimate goal of CCFT is to describe the four-dimensional world as a

hologram on a celestial sphere [5], in the framework of two-dimensional conformal field

theory (CFT). To that end, the scattering amplitudes are recast into the form of CFT

correlation functions [6] by changing the basis of asymptotic states from the standard

momentum basis to the basis of conformal wave packets, a.k.a. the boost basis [7].

After the amplitudes are converted to the boost basis, they transform under SL(2, C)

Lorentz transformations as two-dimensional CFT correlators of primary fields. Four-dimen-

sional soft theorems [8, 9] acquire a form of Ward identities of holomorphic and antiholo-

morphic currents [10–17]. The subleading soft graviton theorem is of particular importance

because it allows identifying two-dimensional energy-momentum tensor and Virasoro oper-

ators, which generate conformal transformations, a.k.a. superrotations of primary fields on

celestial sphere [18]. The leading graviton theorem is related to supertranslations which to-

gether with superrotations generate the algebra of BMS symmetry [19]. Another important

component are collinear theorems [20] which allow studying the limits of operator inser-

tions at coinciding points, hence deriving the operator product expansions of the operators

associated to gluons and gravitons [13, 19, 21–23].

Further progress in CCFT depends on understanding the spectrum of primary fields

and their interactions. In standard CFT [24] this is handled by using conformal block
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decomposition of the correlation functions. The importance of CCFT block decomposition

has been recognized in Refs.[25–27] and approached there from various angles. All this work

had to face the same obstacle: since CCFT correlators originate from scattering amplitudes,

they are highly constrained by four-dimensional kinematics. For example, all three-gluon

amplitudes vanish on-shell while four-gluon amplitudes contain a singular term enforcing

planarity of four-particle scattering events.

We will approach this problem from a different angle. In our recent studies, the shadow

transform [28] has played a prominent role in establishing the connection between soft

theorems and the Ward identities of symmetries in CCFT [19, 29]. We will use it here to

relax the kinematic constraints on four-gluon amplitudes. After one gluon is replaced by

the shadow field, the singularities disappear and the amplitude acquires a simple form that

can be analyzed by using standard CFT techniques.

The paper is organized as follows. In Section 2, we discuss CCFT in the context of

standard radial quantization and point out some peculiar features that make it so different

from a “garden variety” of CFTs. In Section 3, we apply shadow transform to one of the

gluon fields and set the groundwork for conformal block decomposition. We extract the

blocks in Section 4. In general case, this is quite a tedious process, however it becomes

a simple task in the limit of soft shadow field. In this limit, the antiholomorphic part

degenerates to a single antichiral weight. We conclude in Section 5.

2 Radial quantization of CCFT

In radial quantization of two-dimensional conformal field theory (CFT) [24], the asymptotic

states characterized by dimensions ∆ and spin J are created by acting on the vacuum state

with primary quantum field operators:

|∆, J ; in〉 = lim
z,z̄→0

φ∆,J(z, z̄)|0〉 , 〈∆, J ; out| = lim
z,z̄→0

〈0|φ†
∆,J(z, z̄) . (2.1)

In terms of the chiral weights h and h̄, ∆ = h+ h̄ and J = h− h̄. When ∆ and J are real,

the hermitian conjugate field is defined by

[φ∆,J(z, z̄)]
† = z̄−2hz−2h̄φ∆,J(1/z̄, 1/z) . (2.2)

Following this definition, the inner product is

〈∆, J ; in|∆, J ; out〉 = lim
ξ,ξ̄→∞

ξ̄2hξ2h̄〈0|φ∆,J(ξ̄, ξ)φ∆,J(0, 0)|0〉 . (2.3)

With the standard form of conformally covariant two-point function given by

〈0|φ∆,J(z, z̄)φ∆,J(w, w̄)|0〉 =
C

(z − w)2h(z̄ − w̄)2h̄
, (2.4)

this inner product becomes

〈∆, J ; in|∆, J ; out〉 = C . (2.5)

In celestial CFT (CCFT) with ∆ = 1 + iR, one can consider an alternative definition

of hermitean conjugation – by relating fields with complex conjugate dimensions belonging
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to the principal continuous series. It can be done by using shadow transforms. The shadow

of a primary field with chiral weights h, h̄, hence with the dimension ∆ = h + h̄ and spin

J = h− h̄, is defined [28] as

φ̃(z, z̄) = kh,h̄

∫
d2y(z − y)2h−2(z̄ − ȳ)2h̄−2φ(y, ȳ) , kh,h̄ = (−1)2(h−h̄) Γ(2− 2h)

πΓ(2h̄ − 1)
. (2.6)

The shadow field φ̃(z, z̄) is also a primary, but with weights 1 − h, 1 − h̄, hence with the

dimension ∆̃ = 2 −∆ and spin J̃ = −J . The constant kh,h̄ is chosen in such a way that,

for integer or half-integer spin, ˜̃φ(z, z̄) = φ(z, z̄). Note that for Re∆ = 1, ∆̃ = ∆∗. In this

case, we can define

[φ∆,J(z, z̄)]
† = z̄−2hz−2h̄φ̃∆∗,−J(1/z̄, 1/z) = z̄−2hz−2h̄φ̃∆,J(1/z̄, 1/z) (∆ = 1+ iR). (2.7)

The two-point function describing a primary field propagation into the shadow is con-

strained by conformal covariance to

〈0|φ̃∆,J(z, z̄)φ∆,J(w, w̄)|0〉 =
C̃

(z − w)2h(z̄ − w̄)2h̄
, (2.8)

leading to

〈∆, J ; in|∆, J ; out〉 = C̃ . (2.9)

Note that Eq.(2.8) is equivalent to

〈0|φ∆∗,−J(z, z̄)φ∆,J(w, w̄)|0〉 = C̃k−1
1−h,1−h̄

δ(2)(z − w) (∆ = 1 + iR) . (2.10)

CCFT correlators originate from four-dimensional scattering amplitudes with the asymp-

totic states transformed to the basis of conformal wave packets [7]. Massless gluons are asso-

ciated to primary fields φa labeled by indices a transforming in the adjoint representation of

the gauge group. Three-gluon amplitudes vanish as a consequence of kinematic constraints

[20] therefore the respective three-point CCFT correlators are zero. On the other hand,

as shown in Refs.[13, 21], the operator product expansions (OPE) of φa(z)φb(0) contain

gluons: φa(z)φb(0) ∼ z−1fabcφc(0) + . . . These two results are compatible if and only if

C = 0,1 which means that the primary fields associated to gluons do not propagate into

each other.2 This is not necessarily a disaster, provided that we can identify “missing” fields.

A good place to start are the four-point correlators related to four-gluon celestial ampli-

tudes. Unfortunately here again, we are to a rough start because such amplitudes have their

support restricted by momentum conservation. They contain delta-function contact terms

enforcing planarity of four-gluon scattering events [6]. We will relax kinematic constraints

by choosing one of the fours fields to be a shadow field. Such a shadow transformation

leads to standard CFT correlators, well-defined over the whole domain of points on CS2.

1This can be shown directly at the level of celestial correlators by using constraints of Poincaré invariance

[30].
2This argument does not exclude though C̃ != 0 because a contact term like (2.10) may be not reachable

as a limit of OPE.
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These can be analyzed by using standard CFT tools including the conformal block decom-

position. Another reason for studying “shadowed” celestial amplitudes is the connection

between adjoint operators and shadow fields, Eq.(2.7), which could relate four-dimensional

(asymptotic) shadow wave functions to in and out states (2.1) of two-dimensional CFT.3

3 Four points with one shadow

3.1 CCFT correlators from celestial amplitudes

Celestial amplitudes are obtained from conventional scattering amplitudes by perform-

ing Mellin transforms with respect to light-cone energies. The connection between light-

like four-momenta pµ of massless particles and points z ∈ CS2 relies on the following

parametrization:

pµ = ωqµ, qµ =
1

2
(1 + |z|2, z + z̄,−i(z − z̄), 1− |z|2) , (3.1)

where ω is the light-cone energy (ω = E + pz, px + ipy = ωz), and qµ are null vectors –

the directions along which the massless state propagates. In Lorentzian spacetime endowed

with (1,3) metric, complex variables z (with z̄ = z∗) parameterize Euclidean CS2.

In CCFT, celestial amplitudes are identified with the correlators of primary fields.

Here, we use the following identification:

〈 N∏

n=1

φan
∆n,Jn

(zn, z̄n)
〉
= (3.2)

=
∑

ε2,...,εN=±1

( N∏

n=1

∫ ∞

0
dωnω

∆n−1
n

)
δ(4)

(
ω1q1 +

N∑

i=2

εiωiqi
)
M(ωn, zn, z̄n, Jn, an),

where M(. . . , Jn, an) are Feynman’s matrix elements for particles with helicities Jn iden-

tified with the spin of operators and indices an in the adjoint representation of the gauge

group. The r.h.s. of Eq.(3.2) involves the sum over parameters ε which take values +1 and

−1 for outgoing and incoming particles, respectively. In other words, we are summing over

all scattering channels and in order to avoid double counting, we assume that particle num-

ber 1 is outgoing. The helicities Jn (and colors an) are counted however as if all particles

were outgoing – they take the same values in all channels. It should be stressed that there

is no information lost when summing over channels because each of them covers a differ-

ent patch of celestial coordinates. The mapping (3.2) covers the entire range of celestial

coordinates allowed by momentum conservation and encodes all channels in a single CCFT

correlator. If one wants to consider each channel separately, one needs to make a distinc-

tion between two-dimensional primary fields representing incoming and outgoing particles

in four dimensions. This would obviously complicate crossing symmetries and conformal

bootstrap, therefore we prefer remaining uncommitted to making such a distinction until

we obtain the correlators and proceed with the conformal block decomposition.

3Similar ideas have been considered in [31].
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3.2 Shadow transform of the four-gluon correlator

The four-point CCFT correlator corresponding to four-gluon celestial amplitude in “mostly

plus” MHV helicity configuration is given (up to a numerical factor) by [6]4

〈
φa1
∆1,−

(z1, z̄1)φ
a2
∆2,−

(z2, z̄2)φ
a3
∆3,+

(z3, z̄3)φ
a4
∆4,+

(z4, z̄4)
〉
= δ(

4∑

i=1

λi)
∏

i<j

(zij z̄ij)
−i

λi
2
−i

λj
2

×δ(z − z̄)
( z12
z13z24z34

)( z̄234
z̄13z̄24z̄14z̄23

)
(fa1a2bfa3a4b − zfa1a3bfa2a4b) , (3.3)

with the cross-ratios

z =
z12z34
z13z24

, z̄ =
z̄12z̄34
z̄13z̄24

. (3.4)

The delta function δ(z− z̄) enforces planarity of four-particle scattering while the other one,

δ(
∑4

i=1 λi), appears as a consequence four-dimensional conformal invariance which holds in

Yang-Mills theory at the tree level only [33]. The latter one gives rise to an infinite factor

δ(0) when the correlator is evaluated at
∑4

i=1 λi = 0 and will be ignored in the following

discussion. Recall that the chiral weights of gluon fields are:

(h1, h̄1) = ( iλ1

2 , 1 + iλ1

2 ) , (h2, h̄2) = ( iλ2

2 , 1 + iλ2

2 ) ,

(h3, h̄3) = (1 + iλ3

2 , iλ3

2 ) , (h4, h̄4) = (1 + iλ4

2 , iλ4

2 ) .
(3.5)

All these fields have integer spin, therefore that correlator (3.3) is a single-valued function

of four complex variables zi. This implies, in particular, that there are no monodromy

factors appearing when crossing scattering channels.

We are interested in the shadow correlator
〈
φ̃a1
∆̃1,+

(z1′ , z̄1′)φ∆2,−(z2, z̄2)φ∆3,+(z3, z̄3)φ∆4,+(z4, z̄4)
〉

= (3.6)
∫

d2z1
(z1 − z′1)

2−iλ1(z̄1 − z̄′1)
−iλ1

〈
φa1
∆1,−

(z1, z̄1)φ
a2
∆2,−

(z2, z̄2)φ
a3
∆3,+

(z3, z̄3)φ
a4
∆4,+

(z4, z̄4)
〉
.

We will express it in terms of the cross ratios

z′ =
z1′2z34
z1′3z24

, z̄′ =
z̄1′2z̄34
z̄1′3z̄24

. (3.7)

Note that the shadow field has chiral weights (h1′ , h̄1′) = (1− iλ1

2 ,− iλ1

2 ). In order to perform

the shadow integral (3.6), we change the integration variables from z1 to

y =
z

z′
=

z12z1′3
z1′2z13

. (3.8)

The corresponding Jacobian is |dz1/dy|2 with

dz1
dy

= κ2z23z1′2z1′3 , κ =
z13

z1′3z23
= (y z21′ + z1′3)

−1 (3.9)

4We are using the color basis of Ref.[32].
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In terms of the new variable:

z12 = κ y z23z1′2, z13 = κ z23z1′2,

z14 = κ (y −
1

z′
) z34z1′2, z11′ = κ (y − 1) z1′2z1′3. (3.10)

In this way, we obtain
〈
φ̃a1
∆̃1,+

(z1′ , z̄1′)φ
a2
∆2,−

(z2, z̄2)φ
a3
∆3,+

(z3, z̄3)φ
a4
∆4,+

(z4, z̄4)
〉

= (z1′2z̄1′2)
iλ1
2

−
iλ2
2 (z1′3z̄1′3z34z̄34)

−
iλ3
2

−
iλ4
2 (z23z̄23)

iλ4(z24z̄24)
iλ3
2

−
iλ4
2 (3.11)

×
( z23
z21′3z24z34

)( z̄1′2 z̄
2
34

z̄1′3z̄23z̄224

) [
fa1a2bfa3a4bI(z′) + fa1a3bfa2a4bĨ(z′)

]
,

where

I(z′) =

∫
d2y δ(z′y − z̄′ȳ) y (yȳ)−

iλ1
2

−
iλ2
2 (y − 1)−2[(y − 1)(ȳ − 1)]iλ1 (3.12)

×(z̄′ȳ − 1)−1[(z̄′ȳ − 1)(z′y − 1)]−
iλ1
2

−
iλ4
2 ,

Ĩ(z′) =− z′
∫

d2y δ(z′y − z̄′ȳ) y2 (yȳ)−
iλ1
2

−
iλ2
2 (y − 1)−2[(y − 1)(ȳ − 1)]iλ1 (3.13)

×(z̄′ȳ − 1)−1[(z̄′ȳ − 1)(z′y − 1)]−
iλ1
2

−
iλ4
2 .

We parametrize y as y = reiφ and integrate over the complex plane in radial coordinates.

We also parametrize z′ = Reiθ, so that R =
√
z′z̄′ and eiθ =

√
z′/z̄′. From the angular

integration, δ(z′y − z̄′ȳ) picks two values: φ = −θ and φ = −θ + π (eiφ = ±e−iθ). In this

way, the integrals split as I = I+ + I− and Ĩ = Ĩ+ + Ĩ−, with

I+ =
1

z′

∫ +∞

0
dr r1−iλ1−iλ2

[
r
( z̄′

z′

) 1

2 − 1
]−2+iλ1

[
r
(z′

z̄′

) 1

2 − 1
]iλ1

(r
√
z′z̄′ − 1)−1−iλ1−iλ4 ,

(3.14)

I− =
1

z′

∫ +∞

0
dr r1−iλ1−iλ2

[
r
( z̄′

z′

) 1

2

+ 1
]−2+iλ1

[
r
(z′

z̄′

) 1

2

+ 1
]iλ1

(r
√
z′z̄′ + 1)−1−iλ1−iλ4 ,

(3.15)

and similar expressions for Ĩ±. It is convenient to change the integration variables to r
√
z′z̄′.

Then

I+ =
(z′z̄′)

iλ2
2

z′2z̄′

∫ +∞

0
dr r1−iλ1−iλ2

( r

z′
− 1

)−2+iλ1
( r

z̄′
− 1

)iλ1

(r − 1)−1−iλ1−iλ4 , (3.16)

I− =
(z′z̄′)

iλ2
2

z′2z̄′

∫ +∞

0
dr r1−iλ1−iλ2

( r

z′
+ 1

)−2+iλ1
( r

z̄′
+ 1

)iλ1

(r + 1)−1−iλ1−iλ4 . (3.17)

By comparing this integration variable with (3.8) we see that r is the original cross-ratio

z, cf. Eq.(3.4). In I+, the integration region splits into two four-dimensional scattering

channels: s-channel (12 ! 34)4 for r ≥ 1 and t-channel (13 ! 24)4 with r ∈ (0, 1).5 As

5Note that s, t and u channels refer here to the channels of celestial amplitudes with s ≥, t ≥ 0 and

u ≥ 0, respectively, which are related by crossing symmetry. The term “channel” is sometimes used in a

different way, to distinguish between the contributions of virtual particles propagating in these channels to

one particular amplitude.
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mentioned before, there is no monodromy when crossing the boundary at r = 1. On the

other hand, I− comes from the u-channel (14 ! 23)4. Hence

I(z′) = Is + It + Iu , Ĩ(z′) = Ĩs + Ĩt + Ĩu , (3.18)

where subscripts indicate the contributions of respective scattering channels.

4 Conformal blocks

We first proceed with the conformal decomposition of the four-point correlator (3.11) in

the two-dimensional (12 ! 34)2 channel. To that end, we set z′ = x, z̄′ = x̄ and define [24]

G21
34(x, x̄) = lim

z
1′
,z̄

1′
→∞

z
2h

1′

1′ z̄
2h̄

1′

1′

〈
φ̃a1
∆̃1,+

(z1′ , z̄1′)φ
a2
∆2,−

(1, 1)φa3
∆3,+

(z′ = x, z̄′ = x̄)φa4
∆4,+

(0, 0)
〉
.

(4.1)

We obtain

G21
34(x, x̄) = (1− x)1+iλ4 x−1−

iλ3
2

−
iλ4
2 (1− x̄)−1+iλ4 x̄ 2−

iλ3
2

−
iλ4
2 (4.2)

×
[
fa1a2bfa3a4bI(x) + fa1a3bfa2a4bĨ(x)

]
.

As we will see later, the integrals I and Ĩ can be expressed in terms of the Appell function

F1. To avoid getting lost in details, we prefer to postpone this step and first consider the

soft limit of λ1 = 0.

4.1 The shadow current

For λ1 = 0 (∆1 = ∆̃1 = 1), we expect some simplifications to occur because one of the

primary fields becomes the holomorphic shadow of the current j̄a(z̄) generating global gauge

group transformations:

φ̃a1
∆̃1=1,+

(z1′ , z̄1′) = −2π j̃a1(z1′), (4.3)

where

j̃a(z) = −
1

2π

∫
d2w

(z − w)2
j̄a(w̄) . (4.4)

The antiholomorphic current satisfies the following Ward identity [13]:

〈
j̄a1(w̄)φa2

∆2,J2
(z2, z̄2) · · · φaN

∆N ,JN
(zN , z̄N )

〉

=
N∑

i=2

∑

b

fa1aib

w̄ − z̄i

〈
φa2
∆2,J2

(z2, z̄2) · · · φb
∆i,Ji(zi, z̄i) · · · φ

aN
∆N ,JN

(zN , z̄N )
〉
. (4.5)

The shadow transform can be performed by using

∫
d2w

(z − w)2(w̄ − z̄i)
= −

2π

z − zi
(4.6)
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and yields
〈
j̃a1(z)φa2

∆2,J2
(z2, z̄2) · · · φaN

∆N ,JN
(zN , z̄N )

〉

=
N∑

i=2

∑

b

fa1aib

z − zi

〈
φa2
∆2,J2

(z2, z̄2) · · ·φb
∆i,Ji(zi, z̄i) · · · φ

aN
∆N ,JN

(zN , z̄N )
〉
. (4.7)

At this level, it seems that the shadow current j̃a(z) can be identified with the holomorphic

current ja1(z). For N = 4, however the r.h.s. of Eq.(4.5) and Eq.(4.7) are zero. Nevertheless,

as shown below, the limit of λ1 = 0 yields an “almost holomorphic” correlator with a simple

antiholomorphic part.6

4.2 λ1 = 0 soft limit

In the limit of λ1 = 0, the integrals (3.12)-(3.18) can be expressed in terms of hypergeometric

functions 2F1. Note that in this limit, λ2+λ3+λ4 = 0. The integral I(x) = Is(x)+ It(x)+

Iu(x), split into the contributions of three channels, is given by

Is(x) =
(xx̄)

iλ2
2

x2x̄

∫ +∞

1
dr

r1−iλ2

(r − 1)1+iλ4

( r
x
− 1

)−2

=
(xx̄)

iλ2
2

x̄
B(1− iλ3,−iλ4) 2F1

(
2, 1 − iλ3

1 + iλ2
;x

)
, (4.8)

It(x) = −
(xx̄)

iλ2
2

x2x̄

∫ 1

0
dr

r1−iλ2

(1− r)1+iλ4

( r

x
− 1

)−2

= −
(xx̄)

iλ2
2

x2x̄
B(2− iλ2,−iλ4) 2F1

(
2, 2 − iλ2

2 + iλ3
;
1

x

)
, (4.9)

Iu(x) =
(xx̄)

iλ2
2

x2x̄

∫ ∞

0
dr

r1−iλ2

(1 + r)1+iλ4

( r
x
+ 1

)−2

=
(xx̄)

iλ2
2

x2x̄
B(2− iλ2, 1− iλ3) 2F1

(
2, 2 − iλ2

3 + iλ4
; 1−

1

x

)
, (4.10)

=
(xx̄)

iλ2
2

x̄
B(2− iλ2, 1− iλ3) 2F1

(
2, 1 − iλ3

3 + iλ4
; 1− x

)
.

Similarly, Ĩ(x) = Ĩs(x) + Ĩt(x) + Ĩu(x), with

Ĩs(x) = −
(xx̄)

iλ2
2

x̄
B(−iλ3,−iλ4) 2F1

(
2,−iλ3

iλ2
; x

)
(4.11)

Ĩt(x) =
(xx̄)

iλ2
2

x2x̄
B(3− iλ2,−iλ4) 2F1

(
2, 3− iλ2

3 + iλ3
;
1

x

)
(4.12)

Ĩu(x) = −
(xx̄)

iλ2
2

x̄
B(3− iλ2,−iλ3) 2F1

(
2,−iλ3

3 + iλ4
; 1− x

)
(4.13)

6This means that the soft limit and shadow transformations do not commute in the case of N = 4, which

is probably caused by the kinematic constraints on the operator insertion points.
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In the first step, we want to decompose into conformal blocks the s-channel contribution

to the correlator (4.2). After taking the λ1 = 0 limit in (4.2) and using Eqs.(4.8) and (4.11),

we obtain

G21
34(x, x̄)s,λ1=0 = (1− x̄)−1+iλ4 x̄1+iλ2

[
fa1a2bfa3a4bS21

34(x) + fa1a3bfa2a4bS̃21
34(x)

]
, (4.14)

with the holomorphic functions

S21
34(x) = (1− x)1+iλ4x−1+iλ2

2F1

(
2, 1− iλ3

1 + iλ2
;x

)
B(1− iλ3,−iλ4) , (4.15)

S̃21
34(x) = − (1− x)1+iλ4x−1+iλ2

2F1

(
2,−iλ3

iλ2
; x

)
B(−iλ3,−iλ4) . (4.16)

A conformal block of a primary field with chiral weights (h, h̄) has the form [28]

K21
34 [h, h̄] = x̄h̄−h̄3−h̄4

2F1

(
h̄− h̄12, h̄+ h̄34

2h̄
; x̄

)
xh−h3−h4

2F1

(
h− h12, h+ h34

2h
;x

)
,

(4.17)

where h12 = h1 − h2 and h34 = h3 − h4. In our case

h12 = h1′ − h2 = 1− iλ2

2 , h̄12 = h̄1′ − h̄2 = −1− iλ2

2 ,

h34 = h3 − h4 =
iλ3

2 − iλ4

2 , h̄34 = h̄3 − h̄4 =
iλ3

2 − iλ4

2 , (4.18)

h3 + h4 = 2 + iλ3

2 + iλ4

2 = 2− iλ2

2 , h̄3 + h̄4 =
iλ3

2 + iλ4

2 = − iλ2

2 ,

where we used λ2+λ3+λ4 = 0. It is easy to see that all conformal blocks of the correlator

(4.14) must share common antiholomorphic weight h̄ = 1+ iλ2

2 . Indeed, its antiholomorphic

part can be written as

(1− x̄)−1+iλ4 x̄1+iλ2 = x̄1+iλ2
2F1

(
2 + iλ2, 1− iλ4

2 + iλ2
; x̄

)

= x̄h̄−h̄3−h̄4
2F1

(
h̄− h̄12, h̄+ h̄34

2h̄
; x̄

)∣∣∣∣
h̄=1+

iλ2
2

. (4.19)

The holomorphic parts (4.15) and (4.16) cannot be associated to a single weight, but they

are so “close” to single blocks that they can be decomposed by using recursion relations and

basic properties of hypergeometric functions. First,

2F1

(
a, b

c
;x

)
= (1− x)c−a−b

2F1

(
c− a, c− b

c
;x

)
. (4.20)

Then, from Gauß recursion relations, it follows that

2F1

(
a, b

c− 1
;x

)
=

∞∑

m=0

(a)m(b)m
(c− 1)2m

xm 2F1

(
a+m, b+m

c+ 2m
;x

)
, (4.21)

where (a)m = Γ(a+ n)/Γ(a) are the Pochhammer symbols, and

2F1

(
a, b

c
;x

)
=

∞∑

m=0

(−1)m(a)m(c− b)m
(c)2m

xm2F1

(
a+m, b+m+ 1

c+ 2m+ 1
;x

)
(4.22)
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Eqs.(4.20)-(4.22) are completely sufficient to show that

S21
34(x) =

∞∑

m=1

xhm−h3−h4 am 2F1

(
hm − h12, hm + h34

2hm
;x

)
, (4.23)

S̃21
34(x) =

∞∑

m=1

xhm−h3−h4 ãm 2F1

(
hm − h12, hm + h34

2hm
;x

)
, (4.24)

where

hm = m+
iλ2

2
, (4.25)

and the coefficients

am =
m! Γ(−iλ3 +m)Γ(−iλ4)

Γ(iλ2 + 2m− 1)
, (4.26)

ãm = −am + (−1)m
m! Γ(−iλ4 +m)Γ(−iλ3)

Γ(iλ2 + 2m− 1)
. (4.27)

In this way, we obtain

G21
34(x, x̄)s,λ1=0 =

∞∑

m=1

(am fa1a2bfa3a4b + ãm fa1a3bfa2a4b)K21
34

[
m+

iλ2

2
, 1 +

iλ2

2

]
. (4.28)

The contributions of t and u channels can be analyzed in a similar way. In Eqs.(4.9),

(4.10), (4.12) and (4.13), t- and u-channel integrals are written as functions of 1/x and

1− x, respectively. In order to decompose them into (12 ! 34)2 blocks (4.17), we need to

express them as functions of x and write as power series in x. This is easy to accomplish

by using well-known hypergeometric identities. For example

It(x) = −
(xx̄)

iλ2
2

x2x̄
B(2− iλ2,−iλ4) 2F1

(
2, 2 − iλ2

2 + iλ3
;
1

x

)

= −
(xx̄)

iλ2
2

x̄

[
B(−iλ2,−iλ4) 2F1

(
2, 1− iλ3

1 + iλ2
;x

)
(4.29)

+ (−x)−iλ2
(1− iλ2)π

sin(πiλ2)
2F1

(
2− iλ2, 1 + iλ4

1− iλ2
;x

)]
.

Other integrals can be transformed in a similar way. All of them contain a new class of

terms with the prefactor x−iλ2 . Such terms shift the spins of conformal blocks, which are

always integer in the s channel, by an imaginary amount −iλ2. These new states have

chiral weights (h, h̄) = (m− iλ2

2 , 1 + iλ2

2 ), therefore positive integer dimensions ∆ = 2+M

with M ≥ 0 and continuous complex spin J = ∆−2− iλ2. Are these states a part of CCFT

spectrum or just a dual description of integer spins? The answer depends whether s, t and

u channels of celestial amplitudes are assembled into one CCFT correlator or they are con-

sidered as distinct correlators. In the latter case, four-dimensional incoming and outgoing

wave packets should be associated to different two-dimensional primary fields [21]. Then

G21
34(x, x̄)s encompass a full CCFT correlator and its decomposition in the “compatible”
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(12 ! 34)2 channel yields integer spin only. When celestial amplitudes are decomposed

in “incompatible” channels, e.g. four-dimensional t channel decomposed into (12 ! 34)2
blocks, imaginary spin states appear as a dual description of compatible channels.

The group-dependence of the correlator (4.28) is contained in the factors

cm = am fa1a2bfa3a4b + ãm fa1a3bfa2a4b (4.30)

which determine the gauge group representations of states propagating through (12 !

34)2 conformal blocks. While the first factor propagates the adjoint representation only,

the second factor includes other representations contained in the product of two adjoint

representations. For example, in the case of SU(2) with I = 1 isospin gluons,

fa1a3bfa2a4b = δa1a2δa3a4 − δa1a4δa2a3 (4.31)

therefore the blocks also include I = 0 (trace part) and I = 2 (symmetric traceless).

Note that the factors cm (4.30) are symmetric under 3 ↔ 4 for odd m (even spin) and

antisymmetric for even m (odd spin), which can be seen by using Jacobi identity and

Eqs.(4.26) and (4.27).

To summarize, the soft limit of λ1 = 0 leads to remarkable simplifications. In this case,

conformal blocks are associated to primary fields with chiral weights (h, h̄) = (m+ iλ2

2 , 1+ iλ2

2 ),

with m ≥ 1. They have dimensions ∆ = 2+ J + iλ2, where J ≥ 0 is an integer spin. They

come in all gauge group representations contained in the product of two adjoint represen-

tations.

4.3 General case

For general complex dimensions ∆ = 1 + iλ (always subject to the constraint λ1 + λ2 +

λ3 + λ4 = 0), the integrals (3.16) and (3.17) can be expressed in terms of the Appell

hypergeometric function

F1

(
a; b1, b2

c
;x, y

)
=

∞∑

n=0

∞∑

m=0

(a)n+m(b1)n(b2)m
(c)n+mn!m!

xnym . (4.32)

Here, we focus on the s channel integrals Is and Ĩs originating from the integration region

(1,∞) in I+ and Ĩ+, respectively. By comparing with the integral representation of F1:

F1

(
a; b1, b2

c
;x, y

)
=

Γ(c)

Γ(a)Γ(c− a)

∫ 1

0
ta−1(1− t)c−a−1(1− tx)−b1(1− ty)−b2 dt , (4.33)

we find

Is(x, x̄) =
(xx̄)

iλ2
2

−
iλ1
2

x̄
B (1 + iλ2 + iλ4, iλ2 + iλ3) F1

(
1 + iλ2 + iλ4; 2− iλ1,−iλ1

1− iλ1 + iλ2
;x, x̄

)
,

(4.34)

Ĩs(x, x̄) = −
(xx̄)

iλ2
2

−
iλ1
2

x̄
B (iλ2 + iλ4, iλ2 + iλ3) F1

(
iλ2 + iλ4; 2− iλ1,−iλ1

−iλ1 + iλ2
;x, x̄

)
.

(4.35)
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Appell functions can be expanded into the products of hypergeometric functions by using

Burchnall-Chaundy expansion [34], which is exactly what we need for conformal block

decomposition:

F1

(
a; b1, b2

c
;x, y

)
=

∞∑

n=0

(a)n(b1)n(b2)n(c− a)n
n!(c+ n− 1)n(c)2n

xnyn

× 2F1

(
a+ n, b1 + n

c+ 2n
;x

)
2F1

(
a+ n, b2 + n

c+ 2n
; y

)
. (4.36)

In our case,

Is(x, x̄) =
(xx̄)

iλ2
2

−
iλ1
2

x̄
B(1 + iλ2 + iλ4, iλ2 + iλ3)×

×
∞∑

n=0

(1 + iλ2 + iλ4)n(2− iλ1)n(−iλ1)n(−iλ1 − iλ4)n
n!(n− iλ1 + iλ2)n(1− iλ1 + iλ2)2n

× (4.37)

× xn2F1

(
1 + iλ2 + iλ4 + n, 2− iλ1 + n

1− iλ1 + iλ2 + 2n
;x

)
x̄n2F1

(
1 + iλ2 + iλ4 + n,−iλ1 + n

1− iλ1 + iλ2 + 2n
; x̄

)
,

and a similar expression for Ĩs(x, x̄). From this point, conformal block decomposition

proceeds as in the case of λ1 = 0, by applying Eqs.(4.20)-(4.22) to both holomorphic and

antiholomorphic sides. After a lengthy computation, we find

G21
34(x, x̄)s =

∞∑

m,n=0

(amn f
a1a2bfa3a4b + ãmn f

a1a3bfa2a4b)

×K21
34

[
m+ 1 +

iλ2

2
−

iλ1

2
, n + 1 +

iλ2

2
−

iλ1

2

]
, (4.38)

with

amn =
(2− iλ1)m(−iλ1)nΓ(1 +m+ i(λ2 + λ4))Γ(1 + n+ i(λ2 + λ4))

Γ(1 + 2m+ i(λ2 − λ1))Γ(1 + 2n+ i(λ2 − λ1))

×
min(m,n)∑

r=0

(2r + i(λ2 − λ1))Γ(r − i(λ1 + λ4))Γ(r + i(λ2 − λ1))

r! Γ(1 + r + i(λ2 + λ4))
, (4.39)

ãmn = −
(2− iλ1)m(−iλ1)nΓ(1 +m− i(λ1 + λ4))Γ(1 + n− i(λ1 + λ4))

Γ(1 + 2m+ i(λ2 − λ1))Γ(1 + 2n+ i(λ2 − λ1))

×
m∑

s=0

n∑

t=0

(−1)m+n−s−t (2s + i(λ2 − λ1))(2t + i(λ2 − λ1))Γ(s+ i(λ2 + λ4))Γ(t+ i(λ2 + λ4))

Γ(1 + s− i(λ1 + λ4))Γ(1 + t− i(λ1 + λ4))

×
min(s,t)∑

r=0

(2r − 1 + i(λ2 − λ1))Γ(r − i(λ1 + λ4))Γ(r − 1 + i(λ2 − λ1))

r! Γ(r + i(λ2 + λ4))
. (4.40)

The above expressions can be simplified to

amn =
(2− iλ1)m(−iλ1)nΓ(1 +m+ i(λ2 + λ4))Γ(1 + n+ i(λ2 + λ4))

Γ(1 + 2m+ i(λ2 − λ1))Γ(1 + 2n+ i(λ2 − λ1))

×
Γ(1 +N + iλ2 − iλ1)Γ(1 +N − iλ1 − iλ4)

N !(−iλ1 − iλ4)Γ(1 +N + iλ2 + iλ4)
, (4.41)
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where N = min(m,n), and

ãmn = − amn + (−1)m−n+1amn(3 ↔ 4) , (4.42)

where amn(3 ↔ 4) is obtained by exchanging 3 and 4 in the expression for amn. Note that

in the limit of λ1 = 0, amn = 0 for n > 0 because then (−iλ1 = 0)n = 0. Then also N = 0

and the result agrees with Eqs.(4.26) and (4.27).

To summarize, we find that the conformal blocks of celestial gluon amplitudes describe

primary fields with chiral weights (h, h̄) = (m+ iλ2

2 − iλ1

2 , n+ iλ2

2 − iλ1

2 ), with integers m,n ≥
1. They have dimensions ∆ = 2 + M + i(λ2 − λ1) where M ≥ 0 is integer, and spin

J = −M,−M+2, . . . ,M−2,M . They come in all gauge group representations contained

in the product of two adjoint representations.

Conformal block decomposition of G21
34(x, x̄)s in incompatible channels is more compli-

cated. The correlator does not factorize into holomorphic and antiholomorphic parts in any

simple way. Unlike in the λ1 = 0 limit, there is unbounded spectrum of complex spin for

each conformal dimension.

5 Conclusions

In this work, we exhibited conformal blocks of four-gluon amplitudes with one gluon re-

placed by a shadow field. Since a shadow transform of a shadow field gives back the same

field, the celestial amplitude with four gluon fields can be recovered by applying subsequent

shadow transformation to the blocks.

Four-dimensional crossing symmetry connects the amplitudes describing scattering pro-

cesses in distinct physical channels. In four-gluon celestial amplitudes, the intervals of the

cross ratio z > 1, 0 < z < 1 and z < 0 describe processes with s > 0, t > 0 and

u > 0, respectively. When one such amplitude is decomposed into conformal blocks in

a compatible channel, for instance (12 " 34)4 decomposed into (12 " 34)2 blocks, only

integer spin states appear in the spectrum. We discovered primary fields with dimensions

∆ = 2 +M + iλ, where M ≥ 0 is an integer, and spin J = −M,−M + 2, . . . ,M − 2,M .

The states with complex spin, but with positive integer dimensions, appear in incompatible

channels only, in a dual channel description of integer spin states.

What is the origin of an infinite tower of primary fields in CCFT? What is their four-

dimensional interpretation? Some of them are certainly the “supertranslation modes” of

gluon fields. While supertranslations shift conformal field dimensions [33], they do not

change spin or gauge group representations. The presence of higher spin fields in various

group representations indicates that CCFT symmetries go far beyond the BMS symmetry.

A related question is what is the role of four-dimensional conformal symmetry enjoyed by

Yang-Mills theory at the tree level? How is it realized at the level of these higher spin

states? A detailed analysis of conformal blocks should help answering all these questions.
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