


number of components). For a flow with 4 components, table size will need several Terabyte, which makes this method

completely unsuitable for combustion and many other practical problems.

In this work, we coupled In Situ Adaptive Tabulation with the transcritical fluid solver, to accelerate computation.

Due to the ISAT method constructs the table during the computation, it only stores the necessary data, which only

requires a small amount of computer storage, and achieve high computational speed [8]. The new solver with ISAT

gained a great computational speed improvement.

II. Numerical Modeling

A. Models of thermodynamic and transport properties

In this study, We use VLE solvers to capture the phase change and determine the critical point of multicomponent

mixture in transcritical flow. VLE describes the phase equilibrium between liquid and vapor phases. Solving the set of

VLE equations gives the phase fraction and compositions in the two phases. If the gas mole fraction (i.e., the mole

fraction of vapor phase) is equal to 1 or 0, then the system is in a purely gaseous or liquid phase, respectively. If the

system falls into the two-phase region, gas fraction will be between 0 and 1, and an equilibrium between vapor and

liquid will be observed. If at certain conditions, thermodynamic properties become identical between liquid and gas,

it indicates the occurrence of transcritical transition from a subcritical state to a supercritical state (which could be a

liquid-like or gas-like state). The fluid solver that we implemented is coupled with isobaric and isenthalpic (PHn) flash

solver[9]. PHn flash and almost all other VLE solvers, are developed based on TPn flash. Specifically, PHn flash solves

the VLE equation set at given enthalpy (H) rather than temperature.TPn flash is the most basic VLE solver, which solves

the set of VLE equations at given temperature (T), pressure (P), and mole fraction of each component (n) in the system.

Isothermal and isobaric (TPn) flash: VLE is governed by fugacity equality Eq. (1) and Rachford-Rice equation

[10] Eq. (2), which is an additional constraint to the equilibrium solver as used in Saha and Carroll [11] and obtained

from the conservation of each component.

58,;
/

58,6 = 1 (1)

#
∑

8=1

{

I8 (1 −  8)
/

[

1 + ( 8 − 1) k6

]

}

= 0 (2)

 8 = H8/G8 (3)

#
∑

8=1

G8 =

#
∑

8=1

H8 = 1 (4)

where 58, ? is the fugacity of component 8 in phase ? (? = ;: liquid; ? = 6: gas), G8 is the mole fraction of component 8

in liquid phase, H8 is the mole fraction of component 8 in gas phase, I8 is the mole fraction of component 8 in the feed

(i.e., the whole mixture including both gas phase and liquid phase), k6 is the gas mole fraction,  8 is the equilibrium

constant of component 8.

The real fluid properties are described using the Peng-Robinson equation of state (PR-EOS) [12] as:

% =
')

+ − 1 − 0

+ (+ + 1) + 1 (+ − 1) (5)

where %, ', ) and+ are pressure, gas constant, temperature, and specific volume respectively. For single-component

fluid, the PR-EOS parameters are given by

0 =0.45724
'2)2

2

?2
0̂, 1 =0.07780

')2

?2
, (6)

0̂ =

(

1 + ^
(

1 − ()A )1/2
))2

, ^ =0.37464 + 1.54226l − 0.26992l2 (7)

where subscript “2" means critical value, subscript “A" means the reduced value (e.g., )A = )/)2), l is acentric factor.
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The mixture PR-EOS parameters are calculated from the corresponding single component coefficients 08 and 18
using the mixing rule [13]:

0 =

∑

8

∑

9

j8j 9 (1 − 18 9 )
√
080 9 (8)

1 =

∑

8

j818 (9)

where j8 is the mole fraction of component 8 (for liquid, j8 = G8; for gas phase, j8 = H8), 18 9 is a binary interaction

parameter.

Liquid phase and gas phase are described by a separate multicomponent PR-EOS. Specific volume of each phase,

+? , is solved from PR-EOS. From this, the compressibility factor of each phase (/ = %+/')) can also be obtained.

The fugacity formula of PR-EOS is shown below [14]:

58 = %j8 exp

[

�8

�<8G

(/ − 1) − ;=(/ − �<8G) −
�<8G

2
√

2�<8G

(

2
∑

9 G 9� 9

�<8G

− �8

�<8G

)

×;=
(

/ + (1 +
√

2)�<8G

/ + (1 −
√

2)�<8G

)]

(10)

where j8 is the mole fraction of component 8 (for liquid, j8 = G8; for gas phase, j8 = H8),

�8 =
08 ?

'2)2
�8 =

18 ?

')
(11)

�<8G =

∑

8

∑

9

G8G 9 (1 − 18 9 )
√

�8� 9 �<8G =

∑

8

G8�8 (12)

The equation set Eq. (1-12) is solved based on Newton iteration method. The flow chart of TPn flash is shown in

Fig. 1. The initial guess is obtained using Wilson Equation [15]:

 8 = 4
5.373(1+l8) (1−1/)A,8)/%A ,8 (13)

where l8 is the acentric factor of component 8; )A ,8 and %A ,8 are the reduced temperature and reduced pressure of

component 8, respectively. Then, solving Rachford-Rice equation (i.e., Eq. 2) using Newton iteration method to get

k6. G8 and H8 can be obtained from Eqs. (3) and (4). The next step is to evaluate fugacity using the Eq. (10-12), and

examine whether fugacity equilibrium (i.e., 58,; = 58,6) has been reached. If not, update  8 by  8 =  8 × 58,;/ 58,6 and go

back to solve Rachford-Rice equation. When the error is less than a tolerance (i.e., the Newton iteration is converged),

the solver will break the loop and output the solution.

Fig. 1 Flow chart of TPn flash solver.

Isobaric and Isenthalpic (PHn) flash: In this work, the fluid solver uses Pressure-Implicit with Splitting of

Operators (PISO) method, which directly updates pressure, enthalpy, and mass fraction of every component from fluid
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governing equation. The equilibrium temperature )4@ is determined using PHn flash to evaluate other thermodynamic

and transport properties. the corresponding objective function is expressed as

�ℎ = (ℎ∗ − ℎ) /ℎ∗ (14)

where ℎ∗ is the specific mixture enthalpy, which is obtained from the fluid solver. The enthalpy of each phase ? is

calculated as

ℎ? (), %) = ℎ?,8340; (), ?) + ℎ?,34? (), ?) (15)

where ℎ8340; is the enthalpy of component 8 in ideal gas state, which is evaluated by JANAF polynomials; and ℎ34? is

the departure enthalpy, calculated as:

ℎ?,34? (), %) = ')
(

/? − 1
)

+
)30?/3) − 0?

2
√

21?
;=
/? +

(

1 +
√

2
)

�?,<8G

/? +
(

1 −
√

2
)

�?,<8G

(16)

where 0? , 1? and �?,<8G are PR-EOS parameters of phase ? defined in Eq. (8,9,12).

The enthalpy of two-phase mixture is calculated as

ℎ = k6ℎ6 +
(

1 − k6

)

ℎ; (17)

The equation is solve by Newton iteration method. Equilibrium temperature )4@ is updated in PHn flash iteratively as

)= = )=−1 + (ℎ∗ − ℎ()=−1, %))
/

�?,<8G ()=−1, %) (18)

�?,<8G =
ℎ () + Δ), %) − ℎ (), %)

Δ)
(19)

Transport properties: To evaluate the dynamic viscosity and thermal conductivity under transcritical condition,

the dense fluid formulas [16] are used. This method gives accurate estimations of viscosity and thermal conductivity of

polar, non-polar, and associating pure fluids and mixtures. Its dynamic viscosity and thermal conductivity have similar

formula:

_ = _0_
∗ + _? (20)

where _ represents dynamic viscosity or thermal conductivity. _0 is the gas property at low pressures. _∗ and _? are

high pressure corrections. At high pressures, _? is the major contributing term comparing to _0_
∗. On the other hand,

at low pressures, _∗ is approaching unity and the _? term is negligible such that Eq. 20 reduces to _0. Hence, the

transition between subcritical and supercritical is smoothly described by the model.

B. In Situ Adaptive Tabulation (ISAT)

In situ adaptive tabulation method is introduced by Pope [8] to reduce the computational cost of detailed chemistry

calculations. Comparing to the traditional tabulation methods which generate table before computation, ISAT

dynamically constructs a table during the computation, which enable us to only store necessary record to reduce the

table size. Although, ISAT still need to calculate the target function, most of queries can be directly retrieved by linear

approximation. In addition, ISAT not only balances time and space cost, but also provides good error control. Hence, it

is a good choice to accelerate PHn flash solver.

The PISO based fluid solver directly updates pressure %, enthalpy ℎ, and mass mole fraction of every component .<
from the governing equation, and require thermodynamic model to evaluate q = %/d, temperature ) , and gas mole

fraction k6, which can be solved by PHn flash solver. The relation between the given condition and solution of PHn

flash solver can be denote as a function,

y = L (x), x = (Y, %, ℎ) , y =
(

), q, k6

)

For every record in the table, it contains (x0, y0,
mF
mx

�

�

x0
,M)

The gradient, mF
mx

�

�

x0
, is evaluated numerically and used for local linear approximation,
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mixture as follows:

md

mC
+ mdD8
mG8

= 0 (21)

mdD8

mC
+
mdD8D 9

mG 9
=
m%

mG8
+
mg8 9

mG 9
(22)

mdℎ

mC
+ mdD8ℎ

mG8
+ md 

mC
+ mdD8 

mG8
− m%

mC
= −m@8

mG8
+
mg8 9D 9

mG8
(23)

md.<

mC
+
md.<D 9

mG8
=

m

mG 9

(

d�
∑

<

ℎ<
m.<

mG 9

)

(24)

where d and ℎ are mixture density and internal enthalpy, respectively, and .< is mass fraction of component <. Pressure

% is obtained from the EOS in a general form:

d = q% (25)

in which the specific form of q is depending on whether VLE is used and which EOS are used (e.g., ideal gas EOS and

PR-EOS).

The CFD solver is capable of solving subsonic and transonic flows with and without reactions. It uses Pressure-

Implicit with Splitting of Operators (PISO) method [17] for solving the governing equations, which includes a predictor

step and multiple corrector steps. In PISO, the momentum equations (Eq. 22) are linearly discretized into the following

matrix form:

�D +
∑

=4

�=4D=4 = ( + ∇% (26)

where D=4 is the velocity of a neighbor gird =4, �=4 and � are the corresponding coefficients, and ( is a constant term.

Rearranging Eq. (26) gives the following form:

D = �∗ − ∇%
�

(27)

�∗
=
( − ∑

=4 �=4D=4

�
(28)

By substituting EOS (Eq. 25) and Eq. (27) into the continuity equation (Eq. 21), we can get:

Subsonic:
mq%

mC
+ ∇ ·

[

d

(

�∗ − ∇%
�

)

]

= 0 (29)

Transonic:
mq%

mC
+ ∇ · (q%�∗) − ∇ ·

(

d
∇%
�

)

= 0 (30)

Eq. (30) is obtained by substituting EOS (Eqs. 25) into the second term of Eq. (29). With this change, the solver is

able to capture the compressibility better. Hence, Eqs. (29) and (30) are used to solve subsonic and transonic flows

respectively.

At each step, the CFD solver updates fluid properties, including mixture density d, mixture enthalpy ℎ and mass

fraction .<, which are enough to determine the thermal equilibrium state. In the simulation, the partial equilibrium

state, rather than the global equilibrium, is assumed to be achieved immediately at every grid point, and this partial

equilibrium state can be obtained from the VLE solver. Hence, by solving PHn VLE at given (Y, %, ℎ), equilibrium

temperature ) , q, and k6 is updated for the next time step which is shown in Fig. 4. Due to the high computational cost

of VLE calculation, ISAT is used to store the VLE solution calculated by PHn flash to avoid repeated computation.

III. Result and Analysis

A. Fluid simulation and performance of ISAT: 1D shock tube

In order to show the affect of VLE solver and test the performance of ISAT, a shock tube case of a CO2/H2O mixture

is tested, which includes a compression shock wave and an expansion wave. The initial condition of the test case is
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