Finite-size effects in wave transmission through plasmonic crystals:
A tale of two scales
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We study optical coefficients that characterize wave propagation through layered structures called
plasmonic crystals. These consist of a finite number of stacked metallic sheets embedded in dielectric
hosts with a subwavelength spacing. By adjustment of the frequency, spacing, number as well as
geometry of the layers, these structures may exhibit appealing transmission properties in a range of
frequencies from the terahertz to the mid-infrared regime. Our approach uses a blend of analytical
and numerical methods for the distinct geometries with infinite, translation invariant, flat sheets
and nanoribbons. We describe the transmission of plane waves through a plasmonic crystal in
comparison to an effective dielectric slab of equal total thickness that emerges from homogenization,
in the limit of zero interlayer spacing. We demonstrate numerically that the replacement of the
discrete plasmonic crystal by its homogenized counterpart can accurately capture a transmission
coefficient akin to the extinction spectrum, even for a relatively small number of layers. We point
out the role of a geometry-dependent corrector field, which expresses the effect of subwavelength
surface plasmons. In particular, by use of the corrector we describe lateral resonances inherent to

the nanoribbon geometry.

I. INTRODUCTION

In the past few years, the advent of two-dimensional
(2D) materials with remarkable optoelectronic and ther-
mal transport properties has revolutionized several as-
pects of nanophotonics [1-4]. In particular, doped mono-
layer graphene has an optical conductivity that allows
this material to interact strongly with light in a wide
range of frequencies, from the terahertz to the mid-
infrared regime [5, 6]. This feature has inspired novel
designs of plasmonic devices and metamaterials with tun-
able optical properties [7-9].

Plasmonic crystals are a promising class of metamate-
rials. These structures consist of stacked metallic layers
which are arranged parallel to each other with subwave-
length spacing and are embedded in heterogeneous and
anisotropic dielectric hosts. By the tuning of the fre-
quency, electronic density, interlayer distance or number
of layers, plasmonic crystals may acquire unconventional
optical properties [10-14]. To predict such properties, an
approach is to model the crystal as an effective continu-
ous medium [10, 14, 15]. This description may result from
a homogenization procedure, in the asymptotic limit of
vanishing interlayer spacing [16, 17]. The validity and
implications of this simplified description for plasmonic
structures with a finite, possibly small, number of layers
are the subjects of this paper. This focus distinguishes
the present work from the homogenization of periodic
plasmonic structures of previous treatments [14, 17].

* maier@math.tamu.edu; https://www.math.tamu.edu/ "maier

In recent experiments, the transmission properties of
stacks consisting of graphene sheets and insulators are
measured or investigated at terahertz frequencies; see,
e.g., [18-21]. A notable outcome is that an increase in the
number of layers, say, from one to five, may cause a sig-
nificant increase to the extinction spectrum of the struc-
ture [18]. For such a small number of layers, it is natural
to wonder if the replacement of the inherently discrete,
layered structure by a suitably determined continuous di-
electric medium can allow for the accurate prediction of
useful transmission properties. This issue lies at the heart
of modeling photonic heterostructures and metamaterials
of various geometries at the nanoscale [2, 22-27].

In this paper, our goal is to address aspects of plas-
monic metamaterials that may be intimately connected
to experiments. A novelty of our work is that we provide
an answer to the following question of practical appeal:
Can the homogenization procedure, which yields an ef-
fective continuous medium, provide accurate predictions
for wave transmission through layered plasmonic struc-
tures with prescribed number of conducting sheets and
geometries of physical and technological interest? Our
approach is to apply homogenization theory in the (non-
periodic) setting of layered structures with finite thick-
ness. This view enables us to study the effect of the num-
ber of layers, an experimentally controllable parameter,
on optical properties of practical importance.

First, we consider the prototypical setting with trans-
lation invariant, planar graphene sheets intercalated be-
tween isotropic and homogeneous dielectric hosts. For
this configuration, we compute the Fresnel coefficients
analytically in closed forms via the transfer matrix ap-
proach for transverse-magnetic (TM) polarization of the



fields [28, 29]. We also compare our findings to the re-
spective homogenization results for structures of finite
total thickness, adopting elements of a previous theory
for periodic structures [14, 30].

Second, we numerically examine the more realistic ge-
ometries with graphene nanoribbons embedded in dielec-
tric hosts. This study is carried out by the following
means: (i) the direct numerical computation of an ap-
propriately defined transmission coefficient via the finite
element method [31]; and (ii) the application of homog-
enization, which introduces the notion of the corrector
field to the leading order in the interlayer spacing [17].
This field expresses the effect of the surface plasmon-
polariton (SPP), a subwavelength mode that can be ex-
cited in 2D materials of suitably tuned conductivities.
In the present work, we combine the corrector field with
the (finite) number of layers. This approach renders our
treatment and results distinct from those in [17]. We
show that the corrector field of the homogenized struc-
ture can keep track of microscale lateral resonances in-
herent to the actual geometry of a single nanoribbon.
This surface wave interference effect is distinguished from
interlayer resonances. The latter effect can also charac-
terize the wave interaction between translation invariant
flat sheets at subwavelength spacing, when the corrector
tends to vanish. Our numerics indicate possible discrep-
ancies between predictions of the theory for the actual
structure and the corresponding effective model.

Our approach is motivated by the need to develop
physical insight as well as viable computational schemes
for the design of complex nanophotonic devices. In par-
ticular, the homogenization theory captures signatures
of microscale details in the form of weighted averages of
material parameters such as the permittivity of the di-
electric host and the surface conductivity of each sheet.
In this framework, a structure that consists of a finite
number of conducting sheets at adjustable spacing, and
their dielectric hosts, is replaced by a suitably defined
continuous medium (as the spacing tends to zero) with
the same total thickness. Hence, the number of param-
eters and variables of the original problem is reduced in
the effective model. However, the weight for the req-
uisite averages is in principle provided by the corrector
field which solves a boundary value problem in the ap-
propriately defined “cell” or “representative volume ele-
ment” [16, 17]. This cell problem at the microscale is a
key ingredient of periodic homogenization. Our goal here
is to describe applications, advantages as well as possi-
ble limitations of this simplified approach for the wave
transmission through realistic plasmonic structures.

Surprisingly, we find that the leading-order, low-energy
homogenization accurately captures the behavior of the
relevant transmission coefficient as a function of fre-
quency even for a small, less than 10, number of layers.
In fact, the associated relative error can be negligible
in situations of possibly practical interest, and decreases
as inverse proportional to the number of layers (Secs. V
and VIA). The analytical and numerical computation of

discrete corrections to the homogenized result, due to
the finite number of layers (or, finite interlayer spacing)
in the structure, for two selected geometries and a wide
range of frequencies is a highlight of our approach. These
“finite-size” effects exemplify the pivotal role of the cor-
rector field in the description of the effective dielectric
medium if the sheets (i.e., nanoribbons in our study) are
not translation invariant in 2D. This situation arises, for
example, in the presence of edges or other defects on each
sheet. In this setting, the cell problem is characterized by
plasmonic lateral resonances, which we describe numeri-
cally. We reiterate that in the special case of translation
invariant layers the corrector field vanishes identically.
We compare our findings to previous theoretical models
of similar flavor for plasmonic crystals (Sec. VIC).

Notably, our theoretical results for translation invari-
ant sheets here are found in qualitative agreement with
past experiments using stacks with graphene sheets and
insulators [18]. Furthermore, we point out that our pre-
dictions on microscale resonances in nanoribbon configu-
rations can be experimentally testable (Sec. VIB). Bear-
ing in mind possible practical considerations, we discuss
the stability of our homogenization results under random
perturbations of parameters (Sec VID).

Our work can be considered as an extension of previ-
ous studies that focused on the “epsilon-near-zero” (ENZ)
condition in plasmonic heterostructures; see, e.g., [14, 17,
30, 32-36]. One should recall that if the ENZ condition
holds, it is theoretically possible for a wave to propagate
along a specified direction of the crystal with almost no
refraction at certain frequencies. In the present paper,
our results indicate that the ENZ condition is in princi-
ple immaterial in the assessment of the accuracy of the
homogenized transmission coefficients. We note in pass-
ing that for a sufficiently large number of layers, which
is not the main focus of this paper, the ENZ condition
approximately characterizes the crossover between two
distinct behaviors of the wave transmission versus fre-
quency and number of layers (Sec. VIA). In seeking a
connection of our computations to previous studies in
plasmonic crystals [14, 17, 30, 32-36], we analytically
determine the behavior of the homogenized Fresnel co-
efficients for a plasmonic slab in the parameter regime
where the ENZ condition is satisfied. In particular, we
show how dissipation in the 2D material affects the ho-
mogenized result for wave transmission in this regime.

It is tempting to compare our transfer matrix analy-
sis for structures with translation invariant sheets to the
treatment of similar geometries for hyperbolic metama-
terials in [10]; see also [37—40]. Here, we focus on the
computation of Fresnel coefficients for wave transmission
through layered structures. Hence, we do not address the
dispersion relation of subwavelength (“high-k”) surface
modes that can be allowed by the layered structure [10].
In the Bloch wave theory, such modes manifest as singu-
larities (poles) in the complex plane for the Fresnel coeffi-
cients as functions of the wave vector component parallel
to the sheets. The issue of how these singularities can be



computed accurately in a homogenized model lies beyond
our present scope. A related discussion, which touches
upon plausible implications and extensions of our results,
can be found in Section VIE.

We should alert the reader about other questions that
are left open in our treatment. For example, we focus on
the effects of TM-polarized fields, not addressing the case
with TE polarization. We do not study the effects that
a nonlocal conductivity of the 2D material, say, like the
one caused by viscous hydrodynamic electron flow [41],
may have on the homogenization result. In our numerical
computations, we adhere to the treatment of structures
with flat conducting sheets; curved 2D materials would
have to be the subject of a separate study. As we allude
to above, our homogenization procedure is tailored to the
treatment of relatively low wavenumbers in the direction
vertical to the sheets. The modification of this proce-
dure to take into account interlayer wave phenomena at
a length scale comparable to the subwavelength spacing
is an interesting direction of research.

The remainder of the paper is organized as follows. In
Sec. I1, we apply the transfer matrix approach to the com-
putation of the Fresnel coefficients for a structure with a
finite number of translation invariant, flat metallic sheets.
In particular, we derive the limit of these coefficients for
small enough interlayer spacing. Section III focuses on
the description of the Fresnel coefficients under the ENZ
condition. In Sec. IV, we revisit the general homogeniza-
tion framework for periodic layered structures, particu-
larly the emergent corrector field; and then adopt the re-
sulting effective permittivity for a plasmonic structure of
finite thickness. Section V provides numerical results for
plasmonic crystals in the distinct cases with translation
invariant sheets and nanoribbons in comparison to their
homogenized counterparts. In Sec. VI, we discuss impli-
cations and extensions of our results. Section VII con-
cludes the paper with a summary of the results. The ap-
pendices provide technical yet non-essential derivations
as well as a review of the general homogenization the-
ory [17]. The time dependence is e~'“! throughout (w is
the angular frequency).

II. TRANSFER MATRIX APPROACH:
TRANSLATION INVARIANT SHEETS

In this section, we apply the transfer matrix formal-
ism [28, 29] to the calculation of the reflection and trans-
mission coefficients for a plasmonic crystal with finite
thickness under TM polarization of the electromagnetic
field. The crystal consists of a finite number of infinitely
extended sheets embedded in dielectric hosts, as shown
in Fig. 1. The interlayer spacing of the structure is d,
and the number of conducting sheets is (N — 1); thus,
the total thickness is H = Nd. Each dielectric host and
conducting sheet is translation invariant in y and z (but
not in ). This geometry should be contrasted to the case
with nanoribbons which is studied numerically in Sec. V
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Figure 1: Problem geometry. The layered structure has
interlayer spacing d. The conducting sheets are
isotropic with conductivity o; and the dielectric host
has tensor permittivity ¢ = diag(e,¢,,¢€,) in the
indicated coordinate system. The structure lies between
air (permittivity €g) and substrate (permittivity e5). All
materials have uniform permeability u. A plane wave
(wave vector k) is incident upon the structure from air.

(see also Sec. IV A for the respective Fresnel coefficients).

We assume that each sheet has the homogeneous and
isotropic surface conductivity o(w). The dielectric host
can be anisotropic with permittivity represented by the
spatially constant matrix

g(w) = diag(es(w), ey (W), €2 (w))

where in general ¢, are distinct (¢ = =z, vy, z). This
anisotropic permittivity is necessary for the study at
hand, particularly the computations of Sec V. Our moti-
vation for choosing this model for ¢ is twofold. First,
anisotropic dielectric materials such as the hexagonal
boron nitride (hBN) are of theoretical and experimental
interest in plasmonics [8, 9]. Second, the Fresnel coeffi-
cients derived in this section, in an anisotropic setting,
are used in Sec. IV when the discrete system is replaced
by an effective continuous medium (which is a single,
macroscopically thick slab). In that case, the anisotropy
in the effective description emerges from homogenization.

The layered structure lies in the region with 0 < x < H
between two unbounded, uniform dielectrics that have
scalar permittivities ¢ (for air) and 5 (substrate). Thus,
the free space and substrate occupy the regions with x <
0 and x > H, respectively. The magnetic permeability is
equal to p in all media.

A. Formulation

Assuming that the electromagnetic field (E, B) is TM
polarized, we set E = (E,,0,F.) and B = (0, B,,0)
where all field components are y-independent. Suppose
that a plane wave is incident upon the layered structure
from the air, for z < 0. This wave is partially reflected
from and transmitted through the structure. In our con-
figuration (Fig. 1), the z-component, k., of the wave
vector, k, of any associated plane wave is a prescribed
invariant of the problem. In view of the fixed polariza-
tion, we can thus reduce the boundary value problem for



Maxwell’s equations for (E, B) to the transmission prob-
lem for a single field component, e.g., the z-component,
E,, of E [14, 31].

Hence, we aim to compute the related reflection and
transmission coefficients by the following procedure. For
every dielectric slab of the configuration, we write

EZ(JT,Z) = 5($) eikz z, g(x) — Ae—ikzm + C@ikwm

where Re k, > 0 for definiteness. In the dielectric host,
the wavenumber k, is found to be

ko = = (k2 = k2) = B(k.),

k2 = w?uey (1)
=

where ¢, = ¢, and ¢, = ¢,; see Appendix A for a deriva-
tion of dispersion relation (1) for k,. For ease in notation,
we henceforth denote the k, in the host slab by 8. Note
that in the present case with TM polarization, the “lat-
eral” matrix element ¢, of the diagonal £ becomes irrel-
evant; thus, we could have used the permittivity matrix
e = diag(ey,e,,&,) without loss of generality.

The amplitudes A and C' entering £(z) depend on the
corresponding medium and layer, and can in principle be
determined from the requisite transmission conditions,
as outlined below. In particular, in air (x < 0) the field
component F, is expressed as

Eair _ gair(x) eikz z7 (c;air(l,) — eikz,oI + Re_ikm‘ow
z

where k; o = \/k3 — k2 and R(k.) is the reflection coef-
ficient with k3 = w?ueo. In the substrate (z > H), the
solution for E,(z, z) becomes

Esub _ gsub(x) eikz z7 gsub(x) — Teik,,,s;c

where T'(k,) is the transmission coefficient and ks =
VK2 — k2 with k2 = w?pes.

The task at hand is to determine R(k,) and T'(k,)
explicitly. We thus apply the necessary boundary con-
ditions through the dielectric interfaces and conducting
sheets; see Appendix A for details. First, we impose con-
tinuity of E.(z,z) across each conducting sheet as well
as across the interfaces of the dielectric host with air or
substrate; thus, £(x) must be continuous at x = nd for
n=20,1,...N [31]. Second, we require that the nonzero
tangential (y-) component of B, which is proportional to
d€ /dx, be continuous across the dielectric interfaces (at
x =0, H). In addition, this component must experience
a jump equal to the surface current, oF,, across each
conducting sheet (at z =nd forn=1,...,N —1) [31].

B. Formulas for Fresnel coefficients

Consider the layered structure of Fig. 1. We now ad-
dress the full transmission problem by the transfer ma-
trix approach [28, 29]. Here, we briefly outline the pro-
cedure, and state the main results for the Fresnel coeffi-
cients R(k,) and T'(k,). Details of the derivation can be
found in Appendix A.

The main idea is to view the whole transmission prob-
lem as a cascade of elementary propagation problems.
We then connect the amplitudes of E, (x, z) for x < 0 and
x > H via the multiplication of the constituent transfer
matrices. In this vein, we define the following matrices:

—ifd
71 = (e 0 El%d) = ﬁ(d)7

7 _id [(Beff)2 _ 52]
Tir = ( %zﬁﬁeff)z 3]

where 3°f denotes the effective wavenumber

_21% [(Beﬁ)Q _ /82}
1+ 35 [(8°)% — 5°]

2 2
B (k) = ¢ Bk i TR )
1
In the above, Ti characterizes the propagation of the z-
directed electric field, £(x), in the dielectric host by dis-
tance d. The matrix 7 describes the transmission of
E(z) through a sheet of surface conductivity o that is
immersed in the dielectric host at position = 0 (see Ap-
pendix A). The effective wavenumber 3% is introduced
in hindsight, for later algebraic convenience: This defini-
tion serves our purpose of homogenizing the structure in
the limit 8d — 0 by keeping certain nondimensional pa-
rameters fixed. The role of this 8¢ becomes more clear
in Sec. IIC. In particular, we will require that B°FH is
independent of d as fd — 0. This requirement is equiv-
alent to the statement that o scales linearly with d (or
0,//d ~ const.) if the other material parameters are con-
sidered as fixed [17]. The physical significance of this
scaling of o with d is discussed in Sec. ITC.

By the transfer matrix approach, the amplitude vector
(A, C) for £(z) in the first slab with 0 < z < d is con-
nected to the respective amplitudes in the last slab where
(N —1)d <z < H. This is carried out by the successive
application of Ti(nd) and 7y through the layered struc-
ture (for n =1, ..., N — 1). Subsequently, we have to
relate the field amplitudes in the above extremal slabs to
the pairs (R,1) and (T,0), in the air and substrate (see
Fig. 1). To this end, we impose the continuity of F, and
Byatr=0and x = H.

After some algebra, we arrive at the following closed-
form expressions for the reflection and transmission co-

efficients, R and T (see Appendix A):

R = — ENer t1, - gsf tQ, 6i2'8d
T Gt — .t ei2Bd”
Es4+ l14 —Es—Tlay € -
T — e—ikesH ifd t1y ta— —tatt1—

és—&- t1+ — é:s_ t2+ 6i2’8d

Here, we define the matrix elements ¢;; (¢, j = 1, 2) by

t t N-1
) = (mm)
to1 ta2
and also introduce the parameters
g0 k2 — k2

Ere = 1 £ —

——=  for{=0,s,
€1 Bkay



ti+ = ti1 €0+ + tio &:Qq: (Z =1, 2).

We note in passing that the analytical computation of
the matrix elements ¢;; can be carried out via the diago-
nalization of 7117r; see Appendices A and B. Specifically,
by writing 7171 = S diag(Ay, A\_)S~! where S is a non-
singular matrix and Ay are the eigenvalues of 71171, we
apply the identity

t11 ti2) . N-1 yN—-1\ o—1
(t21 t22> —Sdlag()\+ JAD )S .

Explicit formulas for S and Ay are given in Appendix B.

C. Limit of small interlayer spacing (8d — 0)

Next, we illustrate the derivation of approximate for-
mulas for the coefficients R and T in the limit as the
number of layers, N, is sufficiently large (N > 1) and
the interlayer spacing, d, is small enough. We discuss
the underlying key assumptions in detail. In our limiting
process the parameter SH = Nfd and the ratio o,/d
are kept fixed; cf. [17]. The resulting limit formally ex-
presses the homogenization of plasmonic crystals of finite
thickness.

Specifically, a set of assumptions is described by [17]

wpo(w)
B

with fixed BH. The first condition (|3d| < 1) means that
d is small compared to the wavelength of propagation in
the z-direction inside the dielectric host. The second con-
dition (Jwpo /S| < 1) implies the subwavelength charac-
ter of the TM-polarized SPP associated with an isolated
conducting sheet in the (unbounded) dielectric host. This
condition expresses the separation of two distinct length
scales: One scale is related to the wavenumber 5 describ-
ing the z-directed propagation in the dielectric slab; and
another is related to the SPP wavenumber, which scales
as 1/0 on the conducting sheet [14, 17]. Note that TM-
polarized SPPs cannot be excited on a single sheet by
plane waves in the present geometry. Nonetheless, the
above interpretation in terms of a scale separation helps
us to point out the role of the spacing d, as we explain
next.

In regard to the spacing d, we additionally assume that

|Bd| < 1, ’ <1,

UJILBU#EZW) ~ const.
which means that the length |wpuo(w) /52| scales linearly
with d as fd — 0. By Eq. (2), this assumption is com-
patible with BfH being kept fixed, independent of d.
This choice of scaling for wuo(w),/3? here implies that
the wavelength of the TM-polarized SPP associated with
the isolated sheet becomes comparable to the interlayer
spacing. Hence, in the limit Sd — 0 the strength of the

coupling of possible SPPs, or surface plasmonic modes,
on neighboring sheets is nearly constant. The dimension-
less parameter wpuo /(52d) expresses the strength of this
coupling.

An alternative way to state the above scaling is to write

0,/d ~ const.,

if the material parameters other than o are considered
as fixed, independent of d [17]. This choice of scaling o
linearly with d implies that the total surface current on
the sheets remains finite in the limiting process (8d — 0).

Without sacrificing the essential physics of the prob-
lem, for the sake of simplicity we set €5 = €¢. In other
words, we assume that the whole layered structure is im-
mersed in a homogeneous and isotropic medium (air).
Consider normal incidence of the incoming plane wave,
i.e., take k, = 0.

Let us now turn our attention to the exact formulas of
Eq. (3). By expanding the Fresnel coefficients in powers
of 5d, we obtain the following results to the leading order
in Bd (see Appendix B):

(52 — k3] tan (")

[(B)2 + k2] tan(BTH) + 2ikope’
ekl 2 iko 3% sec(BHH)

[(Be)2 + k2] tan(B°TH) + 2ikoBe

R~ R = —

T~ T =

(4)

These equations define the homogenized Fresnel coeffi-
cients for the layered medium of total thickness H. Equa-
tion (4) can be extended to the case with k, # 0, i.e.,
oblique incidence of the plane wave from air. This ex-
tension in the effective Fresnel coefficients can be carried
out by replacing ko by the wavenumber

~ 2 _ 2
Fo = ko ko ki —k:

kyo K2

A few remarks on the above approximate formulas for
R and T are in order. These coefficients suggest that the
layered structure is effectively replaced by a continuous
medium characterized by the wavenumber 3 for prop-
agation in the transverse (x-) direction. By Eq. (2) with
k, = 0, we have

B = B (0) = \JR2 15Tk = wyE

Accordingly, in this limit, the wave in the plasmonic
structure encounters the effective dielectric permittivity

et = diag (e, eoff eo) where e§ = ¢, and
L o(w)
e =g, +1i .
wd

The emergent anisotropy of the effective dielectric per-
mittivity, e, is intrinsic to the structure geometry: As
Bd — 0, the surface conductivities of individual sheets



conspire to give rise to a bulk property (volume conduc-
tivity) that necessarily modifies only the lateral matrix
elements of € in the effective-medium decsription. More
generally, geometric asymmetries between the transverse
and lateral directions, relative to each layer, at the scale
of the interlayer spacing, d, are expected to give rise to
material anisotropy in the homogenization limit [16, 17].
The results of this section are compatible with the dis-
persion relation derived via Bloch wave theory in [14, 30]
for a periodic array of conducting sheets. Recall that
Eq. (3) is valid for infinite, translation invariant layers.
In this case, there are no (lateral) plasmonic resonances
inherent to the geometry of the isolated 2D material. In
contrast, each nanoribbon is characterized by resonances
related to the strip width. These subtle effects of ge-
ometry are captured by the corrector field [17]. Regard-
ing the general homogenization theory and the corrector
field, the interested reader is referred to Sec. IV.
Numerical comparisons of a transmission property
(“complementary transmission spectrum”) related to the
homogenized coefficients (4) to the exactly computed for-
mula based on Eq. (3) indicate that the homogenization
results are reasonably accurate. The accuracy persists
even for a relatively small number, N, of layers. A quan-
titative study of this issue for the practically appealing
cases [18] with N =4, 8 and 16 is presented in Sec. V.

III. TRANSMISSION AT THE ENZ CONDITION

In this section, we describe the effect of a generalized
ENZ condition on the homogenized coefficients of Eq. (4).
In our setting (Fig. 1), the idea underlying this condition
is suggested by the observation that a wave propagating
in the effective medium of the plasmonic crystal in the (-
) direction transverse to the layers can be suitably tuned
to experience almost no phase delay [14, 30].

This theoretical possibility is typically introduced for
periodic plasmonic crystals without ohmic losses; see,
e.g, [30]. Our study here offers an extension of this con-
cept to include finite-number-of-layers and dissipation ef-
fects. The possible role of the ENZ condition in the de-
scription of wave transmission through a plasmonic struc-
ture with a finite number of layers for a wide range of
frequencies is discussed in Sec. VI A.

First, we review the concept of the ENZ condition in
the absence of dissipation (for Reo ~ 0). A means of ar-
riving at the ENZ condition is to require that the effective
wavenumber of Eq. (2) vanishes for any given k.. Alter-
natively, at least one (real) eigenvalue of the effective
permittivity tensor becomes zero [17]; here, this require-
ment yields eﬁﬂ = 0. For periodic plasmonic crystals, this
condition entails that a branch of the dispersion relation
ks (k) for the layered structure approaches a Dirac cone
near the center of the Brillouin zone [14, 30].

More generally, if the dielectric media are lossless but
each conducting sheet is dissipative (Reo > 0), we define

the ENZ condition by

Ree® =0 = Re {5‘. +i U(W)} = 0. (5)
wd
This equation entails d = (Imo)/(we,). Assuming again
normal incidence of the incoming plane wave, i.e., k, = 0,
as well as e = ¢, by Egs. (2) and (5) we obtain

iwu(Reo
o) = W) g getg) = o,
where k, = w.,/ug, = w,/ue and

_ im/4 -1 WH(RQU): 141 | Reo
’7 € k\l d ( +1) 2Im0_

In the above equation, we replaced d by (Imo)/(we,)
according to the ENZ condition. The dimensionless
complex parameter  measures the effect of dissipa-
tion; and indicates the deviation of condition (5) from
its dissipation-free counterpart [14, 30]. Typically, for
a range of terahertz frequencies in doped monolayer
graphene, we expect that |y| < 1 [4]. Note that the sym-
bol ~ here should not be confused with the same symbol
used typically to denote the (positive) damping figure of
merit for SPPs [4]. Qualitatively, however, both quanti-
ties express the effect of dissipation; more precisely, —ivy?
equals the standard SPP damping ratio [4].

We proceed to provide simplified formulas for R°T and
T°% when condition (5) holds. Equation (4) yields

(kg — 72k|2\) ta‘n(’ykuH)
(k3 4+ v2k2) tan(vk, H) + 2ivk, ko’
e~ kol 2iykok, sec(vk, H)
(k3 +~2k?) tan(vyk, H) + 2ivkok,

RCH — Rgnz =

TeH — TeNz =

It is reasonable to assume that k,H is fixed and not
large (see Sec. ITC). Thus, the smallness of || in weakly
dissipative 2D materials should imply that |vk,H| < 1.
Accordingly, we can expand the coefficients Rgnz and
Trnyz in powers of the parameter vk, H. By expanding
up to second order in this parameter, after some algebra
we obtain

Renz ~ %

i {5 - S
and

kol T ﬁ

_ (QI;V;H)Q {z _ W}(kOH)(k,H)Q.

It is of interest to note that the above approximate rela-
tions entail

Rgnz + eikDHTENZ ~1 and |RENZ|2 + |TENZ‘2 ~ 1.



IV. HOMOGENIZATION THEORY,
CORRECTOR FIELD AND RESONANCES

In this section, we revisit the established general theory
of homogenization for periodic layered plasmonic struc-
tures [14, 17]. In this theory, the corrector field can en-
code subwavelength plasmonic resonances inherent to the
geometry of the constituent 2D material. Although the
general homogenization theory has already been derived
in [17] for arbitrary geometries of 2D materials in peri-
odic structures (Appendix C), it is now tailored to the
computation of experimentally observable quantities for
practically appealing configurations, e.g., layered struc-
tures with graphene nanoribbons.

We use a simplified set of material parameters for the
dielectric host and conducting sheet. In Sec. IV A, we de-
rive formulas for the homogenized Fresnel coefficients, by
adopting ingredients of the general homogenization the-
ory in the present case with structures of finite thickness.
To avoid technical complications, we restrict our atten-
tion to models that yield a diagonal effective permittivity
matrix under TM polarization (cf. Sec. IT). The resulting
formulas for the optical coefficients provide a nontrivial
extension to their counterparts for infinite, translation
invariant sheets; cf. Eq. (4). The role of the corrector
field is discussed in Sec. IV B.

More precisely, our procedure regarding the Fresnel co-
efficients consists of the following stages. First, we pro-
vide the effective permittivity tensor, ¢°f, that results
from the homogenization of a periodic array of conduct-
ing sheets with arbitrary geometry. For general configu-
rations, this e has been derived from a two-scale asymp-
totic expansion for the fields obeying Maxwell’s equations
in the limit kod — 0 [17]; alternatively, one may use
the Bloch wave theory for simple enough geometries [14].
The methodology of asymptotic expansions has the ad-
vantage that it is not limited to plane wave solutions.
Second, we replace the layered plasmonic crystal (Fig. 1)
by a single homogenized anisotropic dielectric slab that
has the permittivity tensor £ and the same thickness
as the layered structure. We then compute directly the
corresponding, effective Fresnel coefficients R and 7%
when ¢° is diagonal (Sec. IV A). The results of this com-
putation are relevant to nanoribbons (Sec. V).

To simplify the exposition, we assume that ¢y = &5.
To avoid complications due to the microscale material
parameters per se, we posit that the dielectric host
has the (isotropic and homogeneous) permittivity ¢ =
diag(e, €, ) and the conducting sheet has the scalar sur-
face conductivity ¢. The surface of the sheet is assumed
to be smooth enough, having a uniquely defined normal
vector at every point of its interior (away from the bound-
ary). The sheet can have edges. We alert the reader that
the generality of our homogenization result for ¢ mainly
concerns the sheet geometry (see Appendix C). It can be
shown that for a representative volume element of lin-
ear size equal to d in all directions (Fig. 2), the matrix

y

£

)=-=-====- -
’
INE

Figure 2: Schematic of representative volume element
(box) in nanoribbon configuration: The conducting strip
lies in the yz-plane, with each edge being parallel to the
y-axis. For the purpose of periodic homogenization, the

representative volume element is repeated periodically

with interlayer spacing equal to d (in the z-direction).

elements of the effective permittivity ¢°% take the form

o(w)

eff L . . .o
= ey - 23 [t Yoyl edr. (6)

Here, y; is the i-th component of the corrector field x
(further described below); X is the surface region of the
conducting sheet inside the representative volume ele-
ment; r = (z,y,2z) and §,;; is Kronecker’s delta with
i,j = x,y, z. To define the remaining quantities in
Eq. (6), let v denote the (uniquely defined) unit vector
normal to X. Accordingly, 7;(r) is the projection of the
i-directed Cartesian vector, e;, to the plane tangential
to X at point r, viz., 7, = e; — (e; - v)v; and V., is the
surface gradient on 3, i.e., V. = V—(V-v)r. Note that
Y. is finite. In the special case where X is flat and lies
on the yz-plane, we have 7; - e; = 0;; if 4, j = y,z and
T; - €; = 0 otherwise. Equation (6) describes a suitable
weighted average over microscale (d-dependent) details.
The weight is determined by the corrector field x which is
determined by a Helmholtz-like boundary-value problem
in the representative volume element (see Appendix C).
This field captures fine-scale, low-order lateral plasmonic
resonances that are possibly excited in the 2D material
(see Sec. VC).

A. Homogenized Fresnel coefficients in TM
polarization

Next, we use the general homogenization result (6)
for ¢ in order to compute the effective Fresnel co-
efficients of a layered plasmonic structure in the limit
kod — 0 with finite total thickness (see Fig. 1). The
incident plane wave is TM polarized. For the sake of
simplicity, we focus on geometries for which the matrix
e is diagonal, g = diag(ef, szﬁ, ef), where possibly
gff £ szﬁ # et £ e This case accounts for configu-
rations with infinitely extended sheets, nanoribbons and
circular nanotubes [17]. Note that this type of anisotropic
permittivity £ may result even from the homogeniza-
tion of isotropic dielectric hosts with conducting sheets.
Numerical simulations based on our homogenization re-

sults for nanoribbons are presented in Sec. V.



The goal in this section is to replace the multilayer sys-
tem of Fig. 1 by a single-layer, continuous medium with
dielectric permittivity equal to €°f. This medium is of
course located between the air and dielectric substrate
and has thickness equal to H. To calculate the coeffi-
cients R and T for TM polarization, we apply the trans-
fer matrix approach of Sec. IIB with N = 1, ¢, = &f
and ¢, = ; thus, we replace d by H. Because of our
assumption for a TM-polarized incident plane wave, the
matrix element 553 does not enter the calculation.

By inspection of the transfer matrix procedure, we re-
alize that we can invoke Eq. (3) with ¢1; = o2 = 1 and
t12 = ta1 = 0 (see Sec. IIB). Consequently, we find

~ ~ ~ ~ . eff
peft _ _ Esrfo & Eop ei2p H
- =z ~ ~ ~ T Reff f )
Esu Eoq — Es_ Eg_ €128 Hﬂ_ (1)
G- )0

Teff _ efikz,SH _ - - 4 T
.4 E0 — Es— Eo— €128
0, s) are defined by
eff\2 2
L (kJ_ ) — kz .
)
Eej_ff Beff km,l

where £, (¢ =

Err = 1+

eff eff
kT = wy/ pueg

with e = ¢, We invoke the effective wavenumber
ff et e
I
5 = [ ()2 — B2 ®)
1
where £t = g¢ff,

We should point out that Eq. (7) is valid for a wide
class of sheet geometries, subject to the diagonal char-
acter of £ in contrast to Eq. (4). The main difference
of the present model for £ from its counterpart of the
transfer matrix approach (Sec. II) is the effect of the cor-
rector field, x. The derivation of the effective Fresnel
coeflicients for a more general, homogeneous but non-
diagonal e°f is tractable but non-essential for our scope.

It is worthwhile to check that the coefficients of Eq. (7)
correctly reduce to the corresponding Fresnel coefficients
for the fully translation invariant sheets of Sec. II. In this
case, the boundary value problem for x (Appendix C)
yields x = 0. By Eq. (6), we obtain e¢f = ¢ and ¢ =
e+ io/(wd) = seﬂ = e, For normal incidence of the
incoming plane Wave (k: = 0), we have

2 et — /BQ 1wua

where 32 = w?ue = k2, by the notation of Eq. (1). The
substitution of the above value for the effective wavenum-
ber 8% into Eq. (7) yields the homogenized Fresnel co-
efficients in agreement with Eq. (4) if eg = &.

B. Corrector field in nanoribbon geometry

We now illustrate the role of the corrector field x by
choosing to focus on the nanoribbon configuration with

an isotropic dielectric host (Fig. 2). In this geometry,
as outlined in the context of the general homogenization
theory (Appendix C), all components of x vanish iden-
tically except x.. Thus, by Eq (6) the effective permit-

tivity tensor is written as e = diag(ecf, Zﬂ, ) where
ff ff
gx = & &y =e—n(w), (9a)

S = ) 3 / [140.x.(r)] dr.  (9D)

In the above, n(w) = %, which is further discussed in

Sec. V; and the corrector x,(r) = x(r) solves the asso-
ciated cell problem (Appendix C). More generally, if the
dielectric host has permittivity tensor e = diag(e,,e,,¢,)
withe, #¢, thene — ¢, in 6§H whereas € — ¢, in both

szﬁ and %, Let us recall that, for a TM-polarized inci-

dent plane wave, the Fresnel coefficients R°® and T°f are
only affected by the parameters ¢ and . We should
add the remark that Eqs. (9) are applicable to the con-
figuration with infinite, translation invariant sheets for
xu = 0, if the media parameters are kept fixed.

The above corrector field, x,(r), in principle encodes
the response of the plasmonic microstructure to all pos-
sible surface excitations by local plane waves [17].
particular, this response may include short-scale, sub-
wavelength surface modes on the 2D material, which we
interpret as (lateral) SPP resonances [42]. These modes
are excited on the 2D material because of the ribbon
edges, and its finite width, as the asymptotically “slow”
macroscopic electromagnetic wave solution approaches a
plane wave in the homogenization limit [17].

This interpretation is consistent with the following ob-
servation. In the special geometry with infinite, trans-
lation invariant sheets (Sec. II), the conducting material
does not admit such a surface excitation, and the correc-
tor x(r) vanishes identically [17]. In principle, the ab-
sence of microscale surface excitations on the 2D material
should be equivalent to a Vanishing corrector for the cell
problem; consequently, EZ =efl = ¢, - 77(w)di2 Js dr.
In contrast, the configuration w1th nanoribbons shows a
dominant influence of the corrector field x.(r) when the
frequency w is close to resonance frequencies; see Sec. V
for numerical results.

V. COMPUTATIONAL RESULTS

In this section, we numerically compare a quantity, the
complementary transmission spectrum (defined below),
of a fully layered structure to the respective result of the
homogenization procedure. Our goal is to quantitatively
assess the accuracy of homogenized models for the com-
putation of wave transmission through plasmonic crys-
tals for frequencies and geometries of possible practical
interest. Of particular significance in applications is the
dependence of the optical coefficients on the number of



layers [18], which we study in some detail below. We as-
sume that the electromagnetic field has TM polarization.

We choose to focus on two geometries with conducting
isotropic 2D materials. One configuration consists of in-
finite, mutually parallel sheets (Fig. 1); and another con-
sists of nanoribbons (Fig. 2). The former setting serves as
a ‘reference case’, since it allows us to apply the exact re-
sults of the transfer matrix approach from Sec. II. In this
geometry, however, there are no microscale lateral res-
onances. In contrast, the nanoribbon configuration en-
ables the appearance of such resonances; in the homoge-
nization limit, these effects can be captured by the correc-
tor field, as we show below. For the nanoribbon case, we
solve the full Maxwell system for the electromagnetic field
via the finite element method [31, 42]; and compare the
result to the respective homogenization outcome through
the numerical solution of the boundary value problem
for the corrector field (see Sec. IV). In both cases of lay-
ered configurations, we assume that the 2D material is
doped monolayer graphene. The microstructure includes
an isotropic dielectric host (¢, = €, = ¢). The macro-
scopic structure of thickness H lies between vacuum and
a dielectric substrate (with permittivity e5 > eg). All
media are nonmagnetic (u = po for definiteness).

A. Preliminaries

First, we outline the setup of our numerical computa-
tions. For the homogenized Fresnel coefficients, we make
use of Egs. (7), which in principle incorporate the effect
of the vector valued corrector field x, in conjunction with
Egs. (9). In the reference case (infinite planar sheets), the
corrector field vanishes identically (x = 0). Recall that
ingredients of the homogenization theory for the nanorib-
bon geometry are spelled out in Sec. IV B.

We apply a non-dimensionalization of the relevant
equations. In particular, we use the following rescaling
of key parameters:

5 fuw ~ k . Lo
= — k:— — pi
o=, b @)= /e,

where Er denotes the Fermi energy, k is any relevant
wavenumber (e.g., ks, ki and B°T), h is the reduced
Planck constant, and pg = p. We combine the above
rescaling with the Drude model for the scalar surface con-
ductivity of the (isotropic) 2D material [31]. Hence, we
use the following dimensionless surface conductivity [31]:

: ~ 2
o, - de
D =4a.

Orute(@) = 7702 G = o =

Here, 7 = (Ew/h)7, T is the (phenomenological) relax-
ation time of the Drude model, and « denotes the fine
structure constant; as usual, e stands for the elementary
(electron) charge and cq is the speed of light in vacuum.
In our numerics, we choose to compute the quantity

T =1-|T@), (10)

which we refer to as the the complementary transmission
spectrum for the layered plasmonic structure of interest.
This . is akin (but not identical) to the extinction spec-
trum of layered structures, which is usually measured in
experiments [18]. An advantage of using this T.(®) is
that it satisfies the inequality 0 < ¥, < 1. We compute
. by: (i) the transfer matrix approach as well as the
explicit homogenization formula for T' (with zero correc-
tor field) for the reference case (Sec. VB); and (ii) the
numerical solution of the Maxwell system as well as the
homogenization procedure with a corrector field for the
nanoribbon configuration (Sec. V C).

We pay particular attention to the deviation of the ho-
mogenized version of ¥, from the corresponding quantity
for the original layered structure. We refer to this devia-
tion as the homogenization error. Recall that, in the ho-
mogenized problem, the layered structure is replaced by a
slab of equal total thickness with an effective continuous
medium. We extend the definition of the homogenization
error to the computation of resonance frequencies in the
nanoribbon configuration (Sec. V C).

To illustrate the homogenization error computation-
ally, we choose and fix the relevant material parameters
as follows. The dielectric permittivity of the substrate is
€s = 4.4eg, while the medium above the layered struc-
ture is vacuum (with permittivity £9). The value for
gs used here is typical for quartz [43]. We assume that
the dielectric host is isotropic with ¢, = ¢; = 2.3¢q.
This choice roughly corresponds to the permittivity val-
ues for polymer-based buffer materials in layered plas-
monic structures, if one ignores the frequency dependence
of the permittivity tensor ¢ [44].

By Egs. (9) of the homogenization procedure, our pa-
rameter rescaling leads to the following weight for ele-
ments of the effective permittivity tensor [17]:

~f o~ wp
) = Zoryna

where d = d/&z and d = kod; thus, d is frequency in-
dependent. In our numerical computations, we use the
(dimensional) relaxation time 7 = 0.4ps at the Fermi
energy Erp = 0.4eV, which are typical for monolayer
graphene. These choices imply the (non-dimensional)
parameter value 7 = 243.2. We also fix the interlayer
spacing to d = 25nm, which yields the parameter value
d = 0.05068. This choice of spacing is compatible with
experiments on wave transmission through stacks con-
sisting of graphene sheets and insulator slabs [18].

B. Infinite planar conducting sheets

Next, we carry out computations for the layered con-
figuration of the reference case (Fig. 1). Our goal is to
assess the accuracy of the homogenization results. In par-
ticular, we point out the negligible homogenization error
even for small values of the number N of layers. We re-



mind the reader that the (scaled) interlayer spacing d is
kept fixed in our computations.

As a starting point, in Fig. 3 we show plots of the
(N-independent) real and imaginary parts of the non-
dimensional effective wavenumber, 3 = B ko, as a
function of the rescaled frequency, @. The parameter
B is computed by Eq. (8) with the appropriate, ho-
mogenized tensor permittivity.

In Fig. 4, we plot the complementary transmission
spectrum ¥ within the (exact) transfer matrix approach
as well as the (approximate) homogenization procedure.
We consider N = 4, 8 and 16 layers. In these plots,
the rescaled total thickness of the plasmonic structure is
H = dN = koH where H = Nd takes the values 100 nm,
200 nm and 400 nm, respectively, as N varies. In Fig. 5,
we show the relative homogenization error for the com-
plementary transmission spectrum in a wide range of the
(rescaled) frequency @.

A few remarks on the displayed numerical results are
in order. Regarding Fig. 3, the ENZ condition is attained
at the (N-independent) frequency @ = 0.63. The com-
putation of T°% at the ENZ condition (Sec. IIT) gives a
value for this coeflicient in excellent agreement with the
corresponding value shown in Fig. 4 (dashed curve). By
inspection of Fig. 5, we see that the relative homogeniza-
tion error remains well below 1% for a wide frequency
range. A maximum relative error of about 10 % occurs at
w =~ 0.2,0.3,0.46 when N = 4, 8, 16, respectively. This
error is seen to decrease almost inverse linearly with the
number, N, of layers if N is sufficiently large. The lo-
cal minimum in the complementary transmission spec-
trum for N = 16 (Fig. 4) can be attributed to an inter-
layer resonance (in the z-direction), to be distinguished
from the lateral resonances of the nanoribbon geometry
(Sec. V C). For increasing total thickness H, which scales
linearly with N (for fixed spacing d), these resonances are
shifted to lower frequencies. Indeed, by numerically com-
puting ¥, for the cases with N = 32,64, 128, which are
not displayed in the present plots, we observe roughly a
doubling in the number of the above minima in the fre-
quency range 0 < @ < 2 every time N is doubled. We
expect this trend to persist for higher values of N.

C. Nanoribbon geometry

In this section, we study numerically the wave trans-
mission through the layered structure that contains mu-
tually parallel nanoribbons. In our numerical simula-
tions, we set the width of each nanoribbon as well as
the lateral spacing between nanoribbons in the yz-plane
equal to d. Hence the representative volume element has
a linear size equal to 2d in the z-direction but the inter-
layer spacing is kept equal to d; cf. Fig. 2.

We compare outcomes of our numerics from two main
approaches: One approach is the direct numerical solu-
tion of the full Maxwell system via the finite element
method (for transmission through the layered configura-
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Figure 3: (Color online) Real and imaginary parts of rescaled,
non-dimensional effective wavenumber , 3¢, as a function of & by
Eq. (8), for the geometry with infinite planar sheets.
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Figure 5: (Color online) Relative homogenization error for
complementary transmission spectrum T for the geometry with
infinite planar sheets. We use N = 4, 8, 16 layers.



tion) [31]; and another is the homogenization procedure
(Sec. IV B). For the homogenized structure, the boundary
value problem for the corrector field x is solved numer-
ically by the finite element method [17]. In this setting,
we describe (lateral) SPP-related resonances inherent to
each nanoribbon.

In Fig. 6, we plot the (N-independent) real and imagi-
nary parts of the rescaled effective wavenumber, Beﬂ, asa
function of the rescaled frequency, @. The parameter 3%
is computed by Eq. (8) with the effective tensor permit-
tivity of the nanoribbon geometry. In the present case,
this computation involves a nontrivial corrector field.

The complementary transmission spectrum, ., com-
puted by both the direct and homogenization approaches
is shown in Fig. 7. The numerical computations here are
carried out for N =4 and 8 layers. In Fig. 8, we display
the relative homogenization error versus frequency @, in
regard to the computation of ¥. for each of the chosen
values for N.

In our numerics, the lateral resonances manifest in the
form of local peaks of the complementary transmission
spectrum at certain frequencies, for fixed number, N, of
layers; see Fig. 7. We reiterate that such resonances do
not occur in the configuration with infinite conducting
sheets (Sec. VB).

It is worthwhile to further quantify these lateral res-
onances. Let @, denote the relevant (non-dimensional)
resonance frequencies of the complementary transmission
spectrum computed directly for the actual layered struc-
ture; n is a positive integer counting these frequencies in
ascending order (w,11 > &p with n = 1,2, ...). Here,
we set n equal to 1 for the lowest resonance frequency
computed in our numerics. In Table I, we list the first
eight (n = 1,2, ..., 8) of these resonance frequencies,
when the number of layers is N =4 and N = 8.

We also compute the corresponding resonance frequen-
cies, @°f, from the homogenization approach. For this
purpose, we locally fit a Lorentzian to the frequency re-
sponse of the effective wavenumber 3°%(%) near each res-
onance; see Fig. 6. We report the results in Table L.

We also provide the resonance frequencies, @D, that
come from the (N-independent) “Dirichlet approxima-
tion” pertaining to a single, isolated nanoribbon. This
approximation is derived from the SPP excitation along
a single conducting strip of finite width as follows (see
Fig. 2): At the edges of the nanoribbon, impose homoge-
neous (zero) Dirichlet conditions to the generated unper-
turbed SPP, a suitable trigonometric function of z, for
the z-component of the electric field [42]. Accordingly,
we find that the Dirichlet approximation @P is obtained
by the relation

D) bapl@2) _ =1 g5y
2w 2
where w(@P) = @Pd is the width of an individual
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Figure 6: (Color online) Real and imaginary parts of rescaled,
non-dimensional effective wavenumber, 5°ff, as a function of
non-dimensional frequency & by Eq. (8), for the nanoribbon
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Figure 7: (Color online) Complementary transmission spectrum
% for the nanoribbon geometry. The computations are carried
out via: numerical solution of transmission problem for fully
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Table I: First eight (n =1, 2, ..., 8) resonance frequencies (@)
for complementary extinction spectrum by distinct approaches
and computations. Second column: Frequencies (I)fff of the
homogenization approach. Third column: Frequencies @P of
Dirichlet approximation for single nanoribbon. Last two columns:
Frequencies @y, by direct numerical computation for layered
structure with NV =4 and IV = 8 layers. The percentages in
parentheses of last three columns are the relative deviations of the
computed frequencies from the rfifspective homogenization results
@t

nanoribbon and

4e2

D)2

denotes the rescaled SPP wavenumber [42] at frequency
@P. Here, &, = ¢, /o is the relative permittivity.

We close this subsection with a few more remarks on
our numerics. An inspection of Fig. 8 indicates that the
relative homogenization error (versus @) does not exceed
about 1% for a wide frequency range. In fact, this devi-
ation is exacerbated, with the relative error having local
maxima in @ that may reach about 10 %, near the reso-
nance frequencies w, . In regard to the calculation of the
frequencies w,,, overall we observe a very good agreement
between the directly computed values of these frequencies
(for the actual layered structure) and their counterparts,
& for the homogenized problem. More precisely, the
related deviation for N = 8 does not exceed 2.1% (see
Table I). A close inspection of Fig. 7 reveals that the
behavior of T, near each resonance can be described (lo-
cally in @) by a Lorentzian, as expected [17]. The width
of each Lorentzian depends on the dissipation, i.e., the
real part of the surface conductivity o(w). According to
the Drude model pyude(@) used here, this dissipation is
controlled by the (rescaled) relaxation time 7.

I;/’SPPO:}E) = éu -
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VI. DISCUSSION

In this section, we discuss implications of our study
in the wave transmission through plasmonic structures.
In particular, we point out the surprising accuracy of
the homogenization approach in regard to the comple-
mentary transmission spectrum; and make an attempt
to qualitatively compare our theoretical predictions to
related experimental observations. Furthermore, we out-
line a possible extension of our study to the computation
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of waveguide modes in layered plasmonic structures with
various sheet geometries.

A. Aspects of homogenized transmission

A central question motivating our computations is
whether the homogenization of a layered plasmonic struc-
ture with finite thickness can yield sufficiently accurate
results for the wave transmission. In the homogenization
procedure, the error arises from the replacement of indi-
vidual layers by a continuous medium through a delicate
averaging process; c¢f. Eq. (6). The appropriate weight
of the averaging in principle encodes microscale details
(e.g., material edges). This weight is the corrector field.

We have assessed the accuracy of the homogenization
results by numerically computing: (i) the complementary
transmission spectrum, ¥., as a function of frequency;
and (ii) a few resonance frequencies, @, that characterize
the sheet geometry in the case with nanoribbons. We
deem both ¥, and w,, as experimentally measurable.

In regard to ¥, we observe that the relative homoge-
nization error remains less than 1% for a wide range of
frequencies, when the number, N, of layers is as small as
4. This error may reach a maximum of about 10 % near
frequencies that correspond to microscale resonances in
the nanoribbon configuration. For fixed @, the error de-
creases almost inverse linearly with V.

The computed resonance frequencies @, (n =
1,2, ..., 8) signify the influence on wave transmission
of surface plasmons excited in the nanoribbon geome-
try. Notably, these frequencies are accurately captured
within the homogenization approach via the numerical
solution of the boundary value problem for the corrector
field. In general, the corresponding relative error ranges
from 0.3% to 2.1% in our numerics. We notice that
this error increases with the order, n, of the resonance.
This behavior is a manifestation of an expected limita-
tion of our homogenization approach: The averaging pro-
cedure underlying the homogenized formulas is valid to
the leading order in the spacing d, for slowly varying and
low-energy incident plane waves. To achieve the same ac-
curacy for high resonance frequencies (n > 1), one would
need to properly modify the homogenization procedure.
This task is left for future work. (See also Sec. VIE).

It is worthwhile to comment on the role of the ENZ
condition in the behavior of the complementary trans-
mission spectrum, T, for the structure with translation
invariant sheets; see Fig. 4. For fixed wavenumber k,
(tangential to each sheet), the frequency wgnz coming
from this condition tends to separate the frequency axis
roughly into two regimes. For @ < wgnyz, the computed
T decreases with w and can have appreciable values less
than unity. In this range, if @ is kept fixed while N
varies, €. is found to increase with V. On the other hand,
for @ > &Nz (roughly), the computed T. may be non-
monotone and tends to become small; thus, wave trans-
mission is enhanced. In this latter regime (&0 > @Wgnz),



% . also loses its monotonicity with respect to N (for fixed
@). These observations are consistent with the expected
asymptotic behavior of ¥, for large enough values of N
(N > 100), not used in our plots. More precisely, in
this limit €. should approach a step function with val-
ues nearly equal to unity for © < wgnz and close to zero
otherwise. By this large-N picture, the character of the
transmitted wave changes abruptly at the critical value
w = WgNz: As w decreases, the wave becomes evanescent
below the “cutoft” frequency wgnz because of the switch
in the sign of the emerging effective permittivity.

Interestingly, we find hardly any connection of the ENZ
condition to the extrema of the homogenization error
for T, in the geometry with translation invariant sheets
(Figs. 3 and 5). Because of the absence of microscale (lat-
eral) SPP-related resonances, this configuration is ideal
for examining the frequency dependence of the homoge-
nization error near the ENZ condition.

In the nanoribbon geometry, the behavior of the
macroscopic quantity T. versus frequency is a direct con-
sequence of the excitation of fine-scale SPPs on each
sheet, because of the presence of material edges. These
SPPs are encoded in the corrector field, x(r). Near each
resonance frequency, x(r) has a dominant contribution
to the average of Eq. (6).

B. On the connection of theory to experiment

The setting of our study has been motivated by exper-
iments of wave transmission through stacks with large,
planar graphene sheets and insulator slabs [18]. Next, we
briefly discuss how trends of our results can be directly
connected to corresponding experimental observations.

First, the extinction spectrum measured in experi-
ments is a decreasing function of frequency; see Figs.
2(a), (b) in [18]. This behavior is in agreement with the
monotonicity of the computed ¥, for frequencies below
wgNz in the geometry with translation invariant sheets;
see our plots in Fig. 4.

Second, for fixed frequency the measured extinction
spectrum increases with the number N of layers in the
structure (Figs. 2(a), (b) in [18]). This monotonicity
with NV is also observed in our computations for T, when
the sheets are translation invariant, provided the fre-
quency range is such that w < wgnz (Fig. 4).

Furthermore, we make predictions that can possibly be
tested in future experiments with more complicated ge-
ometries. In particular, we mention our prediction of res-
onances in the wave transmission through the graphene
nanoribbon configuration. An aspect of our computa-
tions that deserves attention for experimental designs
is the possible tuning of the (lateral) SPP resonance
through geometric or material parameters of the system.
In this context, we highlight the role of the corrector
field. Similar considerations should hold for other sheet
geometries with edges and microscale defects.
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C. Comparison to related homogenization results

The general homogenization result of [17], which pro-
vided the main ingredient of our present study, is primar-
ily concerned with the derivation of an effective material
property in the form of the permittivity tensor ¢*. This
viewpoint is less concerned with establishing concrete dis-
persion relations for propagating modes. In the case with
planar graphene sheets (Sec. IT), the homogenization re-
sult is compatible with a dispersion relation derived via
Bloch wave theory [14, 30].

It is instructive to compare our effective permittivity
tensor £ to the corresponding effective permittivity that
underlies the Kronig-Penney model for plasmonic crys-
tals [45, 46]. In these works, with reference to the coor-
dinate system of Fig. 2, an arithmetic average is used to
compute the matrix element £ while a harmonic mean
is applied for €¢f. This result holds true in the long-
wavelength limit which is equivalent to our assumption
that fd — 0. The homogenization result is compatible
with our Eq. (9) if the sheets are translation invariant.
In this case the harmonic and arithmetic means give the
same result provided that the permittivity and conduc-
tivity are spatially constant. More generally, however,
the main difference between the two results is that the
role of the harmonic mean is replaced by a weighted arith-
metic average governed by the corrector field, x,,, in our
formalism. For example, the picture drastically changes
from the situation of translation invariant sheets when
one introduces fine-scale lateral SPP resonances that do
not vanish in the long-wavelength limit. This is the case
for the nanoribbon configuration (Secs. IV and V): the
resonances of Fig. 7 are solely caused by the corrector
field and cannot be captured directly by a harmonic av-
erage.

D. Stability of the homogenization result under
random perturbations

An important question concerns the stability of the ho-
mogenized Fresnel coefficients under some random varia-
tion of the problem parameters. A complete or rigorous
answer to this question lies beyond our present scope.
We are tempted, however, to present some brief heuristic
arguments that address some notable cases. We mostly
restrict our discussion to the stability of the entries of the
effective permittivity tensor ¢f. The stability of related
observable quantities such as the Fresnel coefficients can
in principle be assessed from their respective formulas by
applying the normal distribution for the error of ¢°f. In
this vein, we do not expect an error amplification (cf.
Egs. (7) and (8)). We also do not address any homog-
enization errors beyond the finite-size effects that were
already studied numerically in Sec. V.

Recall that the effective permittivity tensor £°f is given
by Eq. (6). We heuristically distinguish two types of per-
turbations: (i) Random variations that mainly influence



the averaging procedure and change the corrector contri-
bution negligibly; and (ii) random variations that change
the corrector contribution appreciably. In the present
setting of nanoscale resonators (conducting sheets inter-
calated in dielectrics), examples for type (i) include ran-
dom variations of periodicity, alignment and orientation
that keep the shape and dimensions of the nanoscale res-
onator intact. In this case, we expect that the homoge-
nization procedure is well controlled, and thus stable.

The situation is different for random variations of type
(ii), which modify essential geometric features of the res-
onators. Examples for this type include random varia-
tions of the ribbon width, or the Drude weight of the sur-
face conductivity. By revisiting the Dirichlet approxima-
tion (11) and Table I, we expect that the homogenization
procedure remains stable as long as random variations
for length scales under type (ii) are sufficiently smaller
(in some sense) than the SPP wavelength: Then reso-
nance frequencies will only shift slightly. Hence, it is rea-
sonable to expect that random variations will only lead
to slight broadening of the computed, unperturbed res-
onance behavior. (Regarding the complementary trans-
mission spectrum, the unperturbed behavior is shown in
Figs. 7 and 8).

E. Extension: Waveguide modes in plasmonic
heterostructures

Our computational framework can be used to deter-
mine waveguide modes supported by plasmonic crystals
of flat sheets at any given frequency, w. The objective
is to obtain the wavenumber k, as a function of w (see
Figs. 1 and 2). In principle, a multitude of such modes
may exist for some fixed w.

This problem is equivalent to searching for certain
types of singularities (poles) in the Fresnel coefficients R
and T as functions of the, in principle complex, variable
k.. A related question is how the resulting wavenumbers
k. of the layered structure compare to their counterparts
of the homogenized crystal. An appeal of our formalism
is the incorporation of geometries other than translation
invariant sheets via the corrector field; cf. [10].

To illustrate some of the technical aspects of determin-
ing k. (w), we turn our attention to Egs. (3) and (7) which
pertain to the Fresnel coefficients of the layered and ho-
mogenized structure, respectively. By setting equal to
zero the denominator of Eq. (3), we obtain the disper-
sion relation

és+ t1+ — ENS, t2+ €i26d =0.

The admissible solutions, k"(w), of this equation yield
the lateral waveguide modes of the full layered structure.
On the other hand, the homogenized dispersion relation
is
-~ = -~ = i2B°fTH _
Es+ €0+ — Es—E0—€ =0

)
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with possible solutions k2™ (w). The question is how the
values for k! (w) compare to those for k™ (w). This ques-
tion can be addressed numerically for distinct geometries.
A detailed study lies beyond our present scope.

It turns out that the answer to the above question de-
pends on the order of the mode, i.e., how high the value
of |k.| needs to be for fixed w. Because our homogeniza-
tion procedure is valid for slowly varying and low-energy
waves, it can provide reasonably accurate results for low
values of |k,|. In contrast, our homogenized results may
become questionable for sufficiently large |k.|. The situ-
ation regarding the homogenization error for k, (for fixed
w) versus the mode number is analogous to that for @,
versus n depicted in the last two columns of Table I.

These considerations point to the need for extending
the homogenization procedure to high values of |k.|. In
the transfer matrix approach, for translation invariant
sheets, we can seek this extension by relaxing the main
assumptions of Sec. I C. More precisely, in the limit as
kod — 0 we should assume that

wuo
|Bd| ~ const., ’g‘ <1, o0/d~ const..

The first condition now replaces the previously applied
statement |Bd| < 1. The resulting expansions for R and
T are deemed as manageable in this case.

For more general geometries, when the transfer matrix
approach is not directly applicable as above, the homog-
enization procedure needs a delicate modification to ac-
commodate high values of |k,|. In this case, microscale
details of the conducting sheets are incorporated into the
appropriate (nontrivial) corrector field. This problem is
the subject of work in progress.

VII. CONCLUSION

In this paper, we studied analytically and numerically
the wave transmission through plasmonic crystals for a
wide range of frequencies. These structures consist of a
finite number of mutually parallel conducting sheets in-
tercalated between dielectric hosts, and are practically
appealing. We computed the associated Fresnel coeffi-
cients by two alternate approaches. One method relies
on direct computations for the full layered structure. An-
other approach makes use of homogenization, i.e., the re-
placement of the individual layers by an appropriately
determined, in principle anisotropic, continuous medium
in a slab of equal total thickness. We considered the
two distinct geometries with infinite, translation invari-
ant sheets and nanoribbons.

Our results indicate the very good accuracy of the ho-
mogenized formula for the complementary transmission
spectrum even for a relatively small number of layers.
This result is a highlight of our analysis and numerics. In
the case with nanoribbons, the maximum relative error
occurs at SPP-related resonance frequencies. Notably,
the first few (lowest) frequencies are captured accurately



by the corrector field of the homogenization procedure
which enters the effective permittivity tensor. This field
incorporates effects from details of the microscale geom-
etry, e.g., edges and defects. The use of the corrector in
accurately identifying lateral resonances in layered plas-
monic structures with finite total thickness is another
noteworthy ingredient of our work.

A couple of open problems inspired by our work should
be mentioned. It would be of interest to extend the com-
putations to other configurations of possible experimen-
tal relevance such as those with flat microdisks or curved
sheets. Another open task is that of a thorough stabil-
ity analysis of the homogenization results under random
variations of the problem parameters that would quan-
tify the heuristic arguments of Sec. VID. The homog-
enization procedure described here is applicable to low
enough wavenumbers. It must be properly modified to
accurately capture effects of high wavenumbers. This is-
sue arises in the study of waveguide modes allowed to
propagate through the plasmonic crystal. This problem
deserves some attention.
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Appendix A: Details of transfer matrix approach

In this appendix, we provide details for solving the full
transmission problem of Sec. II via the transfer matrix
method. The incoming plane wave has TM polarization.
First, we review the derivation of the dispersion rela-
tion (k) for the wavenumber in the z-direction in the
anisotropic medium of dielectric permittivity e(w). Sec-
ond, we sketch the steps for deriving explicit formulas
for the Fresnel coefficients R(k.) and T'(k.) that char-
acterize the plane wave propagation through the layered
structure of Fig. 1. Our approach is based on applying a
cascade of elementary transmission problems.
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1. Derivation of dispersion relation §(k.)

Let us first describe the dispersion of a TM-polarized
plane wave propagating in a homogeneous anisotropic
medium of permittivity ¢ = diag (e, ey,¢,). Consider
the following ansatz for the electric field:

E(r)=Ece*T,

where k = (k3. ky, k.), r = (z,y,2) and € is a constant
vector. Maxwell’s equations imply the statement

Ex(kx& +wus€ =0,

which must be solved for nonzero &.
For TM polarization, we write € = (£,,0,&,) and k =
(8,0, k.). Hence, the above equation yields the system

w?pey — k2 Bk, Ex\ 0
Bkz UJQMEH - /82 &, o

where €, = ¢, and ¢, = €,. This linear system has a
nontrivial solution (&, E,) if

(w?pei — k2) (wQ,uE” - B%) - Bk =0

which yields Eq. (1) for 8(k.) (see Sec. II).

2. Two elementary transmission problems

Next, we study two basic transmission problems in or-
der to simplify the analysis for the full layered structure
by the transfer matrix approach. These problems are: (i)
Propagation into an anisotropic dielectric of permittivity
e by a given distance; and (ii) transmission through a
sheet of surface conductivity o.

(i) Propagation in dielectric host by distance L. For
algebraic convenience, we use the z-dependent part, £(x),
of the z-component, E,(x,z), of the electric field from
Sec. II. At position x = x4, this £(x) has the form

Elx =x1) = A-e o1 L 0P,
Hence, at position x = x93 = x1 + L we have

E(x = x9) = Ate P01 4 OFelhn

where
AT A~ e”BL
(60) = (&), = (7 5)
(A1)
Recall that f is given by Eq. (1).
(ii) Transmission through conducting sheet. Suppose

that a sheet with conductivity o is situated at =z = 0,
between two dielectrics of permittivity €. Let us take

E(x)=A"e Pr L Cc=ePr z <.



After transmission through the sheet, the related ampli-
tudes change; thus, we have

E(x) = AT 0P 2> 0.

We need to describe the matrix, 7i;, that connects
(AT, C*T)and (A=,C7).

For this purpose, let us consider the boundary condi-
tions obeyed by the electromagnetic field across the sheet.
First, F,(z,z) must be continuous at = 0 [31]. Thus,
we impose the condition

£(07) = £(07) =0, (A2)
where the statement x = 0% (2 = 07) means that = ap-
proaches 0 from above (below). In addition, the surface
current density induced on the sheet causes a jump on
the tangential component, B,, of the magnetic field at
xz = 0. By use of Maxwell’s equations we can express B,
in terms of E,. Thus, we require that

iwe | de(t) deo7))
K2 — k2 { dz el A0

where k% = w?ue | (see Sec. II).
By replacing £(z) in Egs. (A2) and (A3) by the for-
mulas involving A* and C*, we obtain the relation

()= (&)

2 2
wpo kT —k7

where

k2 —k?
1 4 wpo kL —k,

_ 28 K2 28 K2
o= _ wpo k2 —k2 1 — who k2 —k?2 (A4)
28 k% 28 k2

For later algebraic convenience, we choose to rewrite
the above expression for transfer matrix 7y; in an alter-
nate form by using the effective wavenumber

cwpo 1 kY — k2
geff = B\/l +i — .
g pBd k3

Recall that d denotes the interlayer spacing (see Fig. 1).
The above definition of S°ff is motivated by the ho-
mogenization procedure of Sec. IV, where the ratio o/d
is treated as a (d-independent) constant if |8d| < 1;
see [14, 17]. Accordingly, we obtain the expression

ll - 35((5)2 - 5?)

id )2 2 —%((663)2 . BQ)
L2 - p?)

T = 14 %((ﬁeH)Q — )

3. Transmission through full multilayer system

Next, we sketch a derivation for the Fresnel coeffi-
cients R(k.) and T'(k.) of the full layered structure (see
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Fig. 1). Our procedure relies on the successive applica-
tion of results for the elementary problems (i) and (ii)
stated above.

Let the field £(x) in a slab of the layered structure, for
(n —1)d < < nd, be described by

E(x) = AM gmtkew 4 00 gikew o — 8- =1 ... N.
From Sec. A 2, the amplitudes A™ and C™ satisfy

Aln+1) _ A)

ifn=1, ..., N—1. Note the identity Ti(md) = {T1(d)}™
for any integer m. By successively applying the above
recursive relation for (A, C(™)) we obtain

AW A _ _
(f) =7 (B) 7= R (a9

where the symbol 71 stands for 71(d).

A remark on the analytical computation of the matrix
T is in order. This calculation is carried out via the diag-
onalization of 7117 (see also Appendix B). Accordingly,
we explicitly determine the invertible matrix S such that
TuTi = Sdiag(Ay, A_) S~! where Ay are the eigenvalues
of Ti171. Clearly, this S is formed by eigenvectors of 71171,
which are calculable in closed form. Hence, we write

T =T NSdiag( AN} 1, AN 1) s

where 7'~ = T7((1— N)d). The formulas for S and Ay
as well as an ensuing approximation for 7 if N is large
and Bd — 0 are discussed in Appendix B.

The remaining task here is to relate the amplitudes
A and €™ for n =1 and n = N to coefficients R and
T. Therefore, we need to apply the suitable transmission
conditions at the corresponding interface between dielec-
tric host and air or substrate, at x =0 or x = Nd = H.

First, we consider the interface at z = 0. Recall that

g(m) _ Eair(:c) _ Reiikw'oz —i—eikm'o w7 z <0,

while (z) = AMe Pz 1 CcWelfz if 0 < » < d. By
requiring that the field components . (z, z) and B, (z, z)
be continuous at = = 0, we find that

AV oM =1 4R,

LpieL (i8)(— AW + W) = iwgso (ika0)(— R +1).

ki - kg kw70

This system yields

AW :1[1+R—i°k2¢_k3(1—3)]
2 €1 km,OB ’ (AG)
oW = 1{1+R+ E—Oki_kz(l—}z)}.
€1 kzo08

Similarly, consider the interface at * = H. The trans-
mitted wave is

E(x) = & (2) =Te*=" x> H = Nd,



while &(x) = AN =182 L OB for (N—1)d < = < H.
Accordingly, we obtain the system

A(N) e—iBNd —|—O(N) eiﬁND _ Teikm’SNd,

1 = vz .
_ 10]:5:65 (lkmS)T eikz,sNd

which entails

2 2
AN — Zei(ﬁ+km,S>H(1 e k- k)

2 3 km s

T ., J'Es gz o k2 (A7)
o) = L i ﬁ+km,s>H(1 n 7¥).

2 g1 ﬂk%s

After some algebra, Egs. (A5)—(A7) yield the Fresnel co-
efficients R(k,) and T(k,). The resulting formulas are
displayed compactly in Eq. (3) (Sec. II).

Appendix B: Derivation of homogenized system via
transfer matrix approach

In this appendix, we outline the derivation of the ho-
mogenized Fresnel coefficients R and 7°% in the limit
of small interlayer spacing d, as 8d — 0. To this end, we
use the framework of Appendix A.

Accordingly, we can write

Ay O _
ﬁlﬁ :‘8(0+ )\_)8 1a

where S is a suitable non-singular matrix and Ay are the
two eigenvalues of 7;17;. A direct computation for Ay
under the conditions

|8d| < 1, ’wgg <1, o¢/d~ const.,

yields the formula

(ot iwpo k2 — k2
Ay ~ RO geff _ [go (/; Lkg _
1

Recall that the effective wavenumber 5°% was introduced
in Eq. (2) in an ad hoc fashion. After some algebra, the
transformation matrix S can be written as

B Beiﬁd Beiﬂd
5= (A+ — (14 B)e A —(1+ B)éﬁd) ’

where 3 = %{ﬁ2 — (663)2}. A small-d expansion for

N—-1
8] - s )

to1 too
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furnishes the formulas

ti =~ cos(8"H) — iﬂQJB(ﬁﬁZf)Z sin(8*H),
efflN2 _ 92
tig = —to =~ —iW Sin(ﬂeHH)’
2 eff2
tan &~ cos(BH) + i% sin(8TH).

The homogenized coefficients of Eq. (4) are obtained
by substitution of the above approximations for ¢;; into
Eq. (3); and the simplifications k, = 0 and &5 = €.

Appendix C: General periodic homogenization

In this appendix, we review the general homogeniza-
tion result for periodic plasmonic crystals [17]. The
underlying methodology relies on two-scale asymptotic
expansions for solutions of the time-harmonic Maxwell
equations. The main assumptions can be stated as fol-
lows. Firstly, the material has a suitable periodic mi-
crostructure. This means that material parameters such
as the permittivity of the dielectric host and the surface
conductivity of the sheets have a well-defined microscopic
periodicity which can be expressed via a representative
volume element (cell); see Fig. 2. This element is re-
peated periodically in all spatial directions; in particu-
lar, in the x-direction its length is d which signifies the
microscale size.

Secondly, a separation of length scales has to occur. In
this regard, recall the hypotheses of Sec. II C. The main
assumption of scale separation is that the wavelength of
plane wave propagation in air (with wavenumber k) is
much larger than the length scale of the TM-polarized
SPP on the single sheet. The latter length scales linearly
with o [4, 31] and should be of the order of d here. Hence,
we apply the familiar conditions (see Sec. II C)

|fd| < 1, ‘WZU’(L o /d ~ const.

Consequently, the layered plasmonic crystal can be re-
placed by an appropriate continuous anisotropic medium
which has an effective permittivity tensor, ° [17]. The
formula for this £°¥ in principle contains: (i) a weighted
bulk average of the permittivity  of the dielectric host;
and (ii) a similarly weighted surface average of the con-
ductivity o of the 2D material. The weights for these
averages depend on a (local) fine-scale, vector valued
corrector field, 1, defined in the representative vol-
ume element (Fig. 2) [17]. This x satisfies a bound-
ary value problem in the representative volume element;
the boundary conditions account for wave transmission
through the arbitrarily shaped conducting sheet. In the
present case, where ¢ = diag(e,e,¢) describes the per-
mittivity microstructure, the bulk average contribution
trivially reduces to € [17]. In contrast, the surface av-
erage can be complicated for arbitrary sheet geometry.



More precisely, we obtain the following formula for the
effective-permittivity matrix elements [17]:

eff __ U(w)
€5 = €0ij — ods /2 [1; + Vax;(r)] - e;dr (C1)

where i, j =z, y, z; cf. Eq. (6). Each scalar field x;(r) is
a potential-type function that is periodic in the represen-
tative volume element and encodes features (e.g., edges)
of the sheet geometry. Therefore, x; captures fine-scale
lateral plasmonic resonances that are possibly excited in
the 2D material. By asymptotics, we have obtained the
governing differential equation and associated boundary
conditions for x;(7) [17]. In particular, in the interior of
the representative volume element but outside the sheet
3, the field x;(r) solves the Laplace equation, viz.,
Axi(r) = 0; (C2)
A = 0?/0z% + 8?/0y? + 0 /0z* denotes the Laplacian.
In addition, x; obeys two transmission conditions
across X. First, the field x;(r) must be continuous across
3; thus, its tangential derivatives also are. This continu-
ity condition ensures that the tangential electric field is
continuous on Y. Second, the normal derivative of x; has
a jump discontinuity proportional to ¢ across ¥, viz.,

o(w)

iwe

v (Vi)™ = (Vi) 7] = Vo (Ti+ Vexi) (C3)
on ¥. In the above, Q* denotes the value of the vector
Q on a prescribed side (£) of the oriented surface X,
where by convention the vector v points outwards the ‘+’
side. Equation (C3) entails that the electric field normal
to the conducting sheet experiences a jump proportional
to the surface charge density on ¥. This condition also
accounts for the jump of the tangential magnetic field
due to the surface current density on 3. Note that the
term containing V.- - 7; in Eq. (C3) can play the role of
a forcing for the Laplace equation (C2). This term can
be nonzero on a non-planar surface ¥ (e.g., a circular
nanotube).

Another boundary condition for y; arises from the re-
quirement that the electric field normal to possible edges
of the conducting sheet must vanish [42]. This condition
can be written as

n- (1 +Vexi) =0

along edge (C4)
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where n is the outward-pointing unit vector normal to
the edge and tangential to the surface ». By this condi-
tion, the term proportional to n - 7; can play the role of a
forcing for the Laplace equation obeyed by x;, if the edge
is present and n - 1; # 0 (e.g., for a nanoribbon). Equa-
tion (C4) holds in the absence of a line charge density
along the edge; see the discussion and extension in [17].

We can provide a plausibility argument for the mi-
croscale character of y;(r), by recalling our scaling hy-
pothesis o,d ~ const. By assuming that x;(r) de-
pends on 7/d and non-dimensionalizing spatial coordi-
nates, we realize that o, d appears on the right-hand
side of Eq. (C3). Thus, this condition is independent of
d (as kod — 0).

A few remarks on the geometry with nanoribbons are
in order (see Fig. 2 and Sec. IVB). In this configura-
tion, the only nonzero component of the corrector x is x.
(Xz =0 =xy) [17]. We can explain the vanishing of the
components x, and ¥, heuristically by resorting to the
above boundary value problem. Simply notice that each
of these components (x; for ¢ = x, y) satisfies the Laplace
equation with homogeneous (forcing-free) boundary con-
ditions across the surface ¥ and along the nanoribbon
edges which form the boundary of . More precisely,
V, -7 = 0 on the right-hand side of condition (C3) for
alli; and n-7; = 0 for ¢ = z, y in Eq. (C4). Hence, by the
expected uniqueness of the solution to the cell problem
for x;, we have x, = 0 = x,. In contrast, x. is nonzero
because n - T, = +1 along the edges. Thus, the solution
to the Laplace equation for x, is affected by the forcing
term in the requisite boundary condition along the edges.

Hence, for the nanoribbon setting, Eq. (6) implies
that the effective permittivity tensor £ is represented
by a diagonal matrix with distinct elements, £°f =
diag(esf e, eoM) and e # o £ oo oL o see
Sec. IV B for more details. This observation motivates
the simplified but practically useful analysis of Sec. IV A.

We note in passing that, if needed, Eq. (Cl) com-
bined with the above boundary value problem for x can
be readily extended to a more general setting involving
tensor-valued and spatially dependent material models
for permittivitiy g(w, r) and surface conductivity o(w, r)
[17]. In this paper, however, we restrict the discussion
to the more practical situation of homogenization effects
due to the sheet geometry alone.
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