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Abstract. We investigate the relaxation of an energy functional originated in the physics lit-
erature to study the bistability of polarization modulated orthogonal smectic phases (SmAPFmod) of
bent-core molecules liquid crystals. We show that the interplay between the mixed boundary condi-
tions and the shape of the sample results in boundary defects. We also analyze the bistable switching
due to an applied electric field via gradient flow numerical simulations. Our computations reveal a
novel dynamic scenario, where switching is achieved by the formation of two internal vortices.

1. Introduction. A liquid crystal (LC) is a material that exhibits states be-
tween liquid and crystal, where it loses some or all of its positional order, but main-
tains partial orientational order. In the nematic phase, only some orientational order
is preserved, and molecules tend to locally orient along a preferred direction, repre-
sented by a unit vector, n, called director. As temperature decreases the mechanical
interactions become more pronounced, some degree of positional order appears, and
layered structures form, entering the realm of smectic phases. Two common smectic
phases are the smectic A (SmA), and the smectic C (SmC), with their chiral variants,
SmA* and SmC*. In the SmA phase, the axes of the orientational and positional
orders are parallel, while in the SmC they are tilted one with respect to the other.

At the base of most practical uses of LC is the observation that the local orien-
tation can be changed by applying an electric or a magnetic field. At the moment,
display devices are mostly based on nematic LCs, but operate close to physical limits,
[33]. Hence, the interest in smectics, which have potential for superior operational
speed and resolution, [19]. An attractive feature of the SmA phase is its high con-
trast ratio, and excellent bistability [22, 21, 27]. Bistability means that there are
two energetically equivalent global minimal states, which implies the possibility of
maintaining a static image without requiring a continuous source of power [12, 6, 7].
Thus, bistable LCs capable of SmA-like phases are desirable for devices, such as mo-
bile phones and large area signages, where saving power consumption is critical. The
available bistable devices are based on nematic chiral or ferroelectric SmC* LCs [8].
But, synthesizing chiral molecules is expensive, and for the past decade [25, 9, 17]
scientists have been extensively studying LCs composed of achiral bow-like shaped
molecules, so-called bent-core liquid crystals (BLCs), where the bent shape allows for
efficient packing, and results in ferroelectric properties. And, while ferroelectricity in
rod-like LCs is caused by the tilt of the molecules with respect to the smectic layer
normal, thus it is present only in SmC* phases, the layers of BLC compounds can be
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polar also in the SmA-like phase (SmAP). The discovery of a ferroelectric SmA phase
(SmAPF) in BLCs, announced in a 2011 Science Magazine article [28], see also [16],
introduced scientists to the first experimentally confirmed “proper fluid ferroelectric”,
[26]. A one-dimensional continuum model for this phase is presented in [14].

We are interested in the ferroelectric bistability of polarization-modulated orthog-
onal smectic LCs described first in [36], where the authors report a BLC compound ex-
hibiting a SmAPF phase at a lower temperature, and a polarization splay-modulated
orthogonal SmA phase (SmAPFmod) at a higher temperature. The tendency to splay
results in a periodically splay-modulated bulk phase, where each splay domain is sep-
arated by a domain wall, and which experiments show has a bistable response to
an applied electric field. In [36] is theorized that opposite anchoring at the stripe
boundaries, and in-polarization form topological singularities (Figure 1) leading to
bistability, and a one-dimensional energy is introduced to model this effect.

We study a two-dimensional version of a relaxation of the energy proposed in [36],
see also the dimensional reduction argument presented in [11], which depends on a
physical parameter, ε, and is defined on a square domain, Ω, modeling the cross section
of one thin splay domain. Adapting, and generalizing methods from [32], [1] and [2], we
prove that for small values of ε, global energy minimizers, pε = (pε1, p

ε
2), of this energy

(denoted by Eε) converge up to subsequences to an S1 valued function, which has
always boundary vortices, but never internal ones. Converging subsequences exhibit
at ε-distance from the boundary, and having location consistent with the formation
of boundary vortices located on opposite sides of the sample away from the vertices of
the domain, what we informally call near defects. These are ε-dependent sets where
the relaxed polarization director has modulus less than one-half, roughly speaking,
their union is the set Sε defined in (4.1), and which we expect will contain the vortices
of the limiting problem. Our main analytical result reads as follows:

Theorem 4.3: Let pε be a minimizer of Eε. For any sequence ε → 0, there is
a subsequence εn → 0, and two points {b∗1, b∗2}, on opposite sides of the horizontal
boundary, ΓH , such that pεn → p∗ in H1

loc∩Cloc(Ω\{b∗1, b∗2}), and p∗ : Ω\{b∗1, b∗2} → S
1

satisfies the equation Δp∗+ |∇p∗|2p∗ = σ(σs p
∗
2p

∗−e). Furthermore, p∗ is a piecewise
constant vector field on ΓH \ {b∗1, b∗2}, with values ±e1; and p∗ = ν on the vertical
boundary, ΓV . Additionally, σsp

∗
2 ≥ 0 a.e. for σ �= 0. In here, σ > 0 is proportional

to the applied field, σs is the sign of the applied field, and e = σse2.

Previous studies on boundary vortices formation in Ginzburg-Landau-type models
[24, 18, 1, 2] deal with smooth domains, and the presence of defects is a result of the
imposed boundary conditions, and values of physical parameters. Instead, in here, the
interplay of boundary conditions and shape of the domain is essential for the formation
and location of the boundary vortices, and for the absence of global minimizers which
have internal vortices. And, novel ideas are needed to estimate the energy signature
of defects at and near the corners (see Propositions 3.5 and 3.6), to deal with different
boundary conditions (Dirichlet and Robin) in different parts of the boundary.

We also numerically study the dynamics of the model bistability, that is we ex-
amine how the polarization is switched when the direction of the applied electric field
is reversed. While one might expect that the switching happens with the nucleation
of one internal vortex, which then travels from one side to the other, [36]; our simula-
tions suggest the formation of two distinct internal vortices, which move towards the
center of the sample, where they annihilate with each other, see Figures 5 and 6.

The paper is organized as follows. In Section 2, we introduced the mathematical
setup needed to study the proposed energy functional. Section 3 contains the deriva-
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tion of an energy upper bound, and standard estimates used to obtain the convergence
result of Theorem 4.3. In Section 4, we derive a matching energy lower bound, and
show that up to subsequences global minimizers have only near boundary defects.
Finally, in Section 5 we present our gradient flow numerical simulations.

Fig. 1. Polarization splay stripes

2. Model. The bow-like shape of BLCs is described by the nematic director n,
directed along the molecular axis, and the polarization director p, along the bow of
the molecules; which is the same as the direction of the spontaneous polarization,
P = P p, and is perpendicular to n. Hence, the constraint n · p = 0. The layers of
smectic phases are model through the so-called smectic order parameter Ψ.

To describe the experiments in [36], we start from an energy in terms f Ψ, n and
p; and, as in [36], we assume P = P0 p, with P0 constant; n = e3; and Ψ constant.
Since n and p are constrained by n ·p = 0, these assumptions imply that only in-layer
polarization is possible, i.e. p ∈ S

1, and p = (p1, p2, 0). Again following [36], we also
assume constant applied electric field. In conclusion, we have: Eex = Eex e2, n =
e3, P = P0p with |p| = 1, and Eex and P0 fixed constants. Note that the applied
electric field tends to make the polarization orient along the y direction.

The intrinsic property of the SmAPFmod phase, where a periodic array of domains
with linear polarization splay is formed, gives rise to opposite strong anchoring, see
Figure 1. In other words, the polarization splay stripes are separated by domain walls,
where the polarization has opposite direction on each side of the wall. This suggests
that one polarization splay stripe can be modeled by a square domain with polar
director pointing in opposite directions on the vertical sides of the sample.

Following [36] and [11], we adopt the free energy:

E(p) =

∫
ΩS

(
K|∇p|2 − P0Eexp2

)
dx+W

∫
ΓSH

(p · ν)2,

where ΩS = (0, S)2 and ΓSH = (0, S) × {0, S} . We then rescale length by S, to
rewrite the energy in dimensionless units:

E(p)

K
=

∫
Ω

(|∇p|2 − 2 σ σsp2) dx+
1

ε

∫
ΓH

(p · ν)2,

with Ω = (0, 1)2, ΓH = (0, 1)× {0, 1}, σ = S2P0|Eex|
2K , σs = sign(Eex), ε =

K
W S .

We assume Dirichlet boundary condition for p on the vertical sides:

(2.1) p = ν for x ∈ ΓV = {0, 1} × (0, 1),

where ν is the outward normal vector. The surface energy on the horizontal part of the
boundary is included to model the polarization structure along the stripe boundaries.
Part of this term models the electric self-interaction energy presented in [3], see [11].
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The explanation proposed in [36], for the mechanism driving the bistable response
to an applied electric field of the SmAPFmod phase, envisions vortices moving from
one side of the horizontal part of the boundary to the other. However, it is known that
an interior vortex for a map p ∈ S

1 has infinite energy [5]. We follow the standard
literature in the Ginzburg-Landau theory, and relax the p ∈ S

1 constraint. Up to
constants, we arrive to the following energy functional:

(2.2) Eε(p) =
1

2

∫
Ω

(
|∇p|2 + 1

2ε2
(1 − |p|2)2 + σ|e− p|2

)
dxdy +

1

2ε

∫
ΓH

(p · ν)2 dx,

where e = σs e2. We impose the Dirichlet boundary condition (2.1), and define

(2.3) H1
D = {p ∈ H1(Ω;R2) : p|ΓV

= ν}.

The remainder of the paper is dedicated to the study of minimizers of Eε in H1
D.

Proposition 2.1. For each fixed ε > 0, the functional Eε attains its minimum.
Proof. Existence of minimizers of Eε in H1

D follows by standard calculus of vari-
ations arguments. Let {pj} be a minimizing sequence for Eε in H1

D. Taking p(x) =
(2x1 − 1, 0), we see that Eε is bounded above in H1

D. Therefore, ‖pj‖W 1,2(Ω) < C,
and so there is a subsequence, still labelled {pj}, and a p∞ ∈ W 1,2(Ω), such that

pj ⇀ p∞ in W 1,2(Ω) and pj → p∞ in L2(Ω) and a.e. in Ω.

L2-convergence on the boundary follows from the estimate in Theorem 1.5.1.10 in
[15], which holds for any Lipschitz domain, and all 0 < δ < 1, giving

∫
∂Ω

|pj |2 ≤
C
(√

δ
∫
Ω |∇pj |2 + 1√

δ

∫
Ω |pj |2

)
. Thus, p∞ ∈ H1

D and Eε(p0) ≤ lim inf
j→∞

Eε(pj).

Lemma 2.2. Let pε ∈ H1
D be a critical point of Eε. Then |pε| ≤ 1 and |∇pε| ≤

C/ε for some constant C.
Proof. The proof of this lemma follows classical ideas, see [1], albeit modifications

needed to treat the non-standard boundary conditions of the problem studied in here.
A critical point of Eε(p) in H1

D satisfies weakly the Euler-Lagrange equations:

−Δp+
|p|2 − 1

ε2
p+ σ(p− e) = 0 in Ω,

∂p

∂ν
+

1

ε
(p · ν)ν = 0 on ΓH ,(2.4)

p = ν on ΓV .

We set V = |p|2 − 1, so that ∇V = 2p · ∇p, and 1
2ΔV = p · Δp + |∇p|2.

Then, by (2.4), we have 1
2ΔV = p

(
|p|2−1

ε2 p+ σ(p− e)
)
+ |∇p|2, which yields 1

2ΔV ≥
1
ε2

[|p|2(|p|2 − 1) + σε2(|p|2 − |p2|)
]
. Multiplying by V+ = max{V, 0}, we gather I ≡

1
ε2

∫
Ω

(|p|2(|p|2 − 1) + σε2(|p|2 − |p2|)
)
V+ ≤ 1

2

∫
Ω
ΔV · V+. But, V+

∂V
∂ν = 0 on ΓV ,

since p = ν there, and V+
∂V
∂ν = − 2

εV+(p · ν)2 ≤ 0 on ΓH ; therefore, we conclude,

I ≤ 1
2

∫
∂Ω

∂V
∂ν V+ − 1

2

∫
Ω |∇V+|2 ≤ 0.

On the other hand, I ≥ 1
ε2

∫
Ω
|p| (|p|(|p|2 − 1) + σε2(|p| − 1)

)
V+ ≥ 0 since |p| > 1

where V+ �= 0. Therefore I = 0, hence either V+ = 0 or/and |p|2(|p|2− 1)+σε2(|p|2−
|p2|) = 0. However, the second case is not possible if |p| > 1; and, since V+ > 0 implies
|p| > 1, we conclude V+ = 0, which yields |p|2 ≤ 1.



Boundary vortex formation in SmAPFmod 5

To prove the gradient estimate, we proceed by contradiction. Suppose there is
a sequence {εk} → 0, and xk ∈ Ω for which tk ≡ |∇pk(xk)| = ‖∇pk‖∞ satisfies

εktk → ∞. Define vk(x) := pk

(
xk + x

tk

)
, thanks to the bound proven above, we have

Δvk = 1
t2
k
ε2
k

[
(|vk|2 − 1)vk + σε2k(vk − e)

] → 0 uniformly. Since the domain of vk is

tk(Ω− xk), due to the mixed boundary conditions (2.4), we have four possible cases.
Case 1: tkdist(xk; ∂Ω) → ∞. In this case, the domain of vk converges to R

2.
And, we have that the limit v of the vk’s is a bounded harmonic function in R

2. By
Liouville’s theorem, this implies v constant, which in turn gives ∇v(x) ≡ 0, and we
have a contraction, since |∇vk(0)| = 1 for all k, hence |∇v(0)| = 1.

Case 2: tkdist(xk; ΓV ) → ∞ but tkdist(xk; ΓH) is uniformly bounded. In this
situation, the domain of vk converges to a half plane. For simplicity, we may assume
it to be R

2
+. Thus, the limit v is an harmonic function on R

2
+ with homogeneous

Neumann boundary condition: ∂vk
∂ν = − 1

tkεk
(vk ·ν)ν → 0. But, then the even reflection

principle yields a constant solution v in all of R2, and we are back to Case 1.
Case 3: tkdist(xk; ΓH) → ∞ but tkdist(xk; ΓV ) is uniformly bounded. We can

then assume that the domain of vk converges to the half plane R+ ×R, and that the
limit function v is an harmonic function verifying the Dirichlet boundary condition:
v = ν = −e1. Consider w = v + e1, then w is a bounded harmonic function with
homogeneous Dirichlet boundary condition. Applying the odd reflection principle to
w, we obtain that the extension of w is a bounded harmonic function in R

2, therefore
w is constant, hence v is constant, and as before this leads to a contradiction.

Case 4: tkdist(xk,ΓV ∩ΓH) is uniformly bounded. We can assume that the domain
of vk converges to the first quadrant, R+ × R+, with Dirichlet boundary condition,
v = ν = −e1 on {0} × R+, and homogeneous Neumann boundary condition on
R+ × {0}. By applying the even reflection principle along the positive x-axis, we
obtain v iconstant following the argument in Case 3, hence we have a contradiction.

We conclude that there exists a C such that |∇pε| ≤ C/ε.

For global minimizers, in the presence of an applied electric field, it is easy to see
that the y-component of pε follows the field. In the absence of an applied field, i.e.
when σ = 0, we instead expect global minimizers to have y-component either always
positive or always negative, in accordance with the expected bistability of the phase.

Lemma 2.3. Let pε = (p1, p2) be a global minimizer for Eε(p) in HD
1 . We have

that if σ �= 0 then σs p2 ≥ 0; while if σ = 0 then p2 does not change sign in Ω.
Proof. Assume σ �= 0. Given a global minimizer pε = (p1, p2), we consider

p̃ε = (p1, σs |p2|), and compute its energy: Eε(p̃ε) ≤ Eε(pε) − 2σ
∫
Ω
(|p2| − σs p2) dx;

and, since pε is a global minimizer, this implies σs p2 = |p2| ≥ 0 a.e. in Ω.
If σ = 0, and pε = (p1, p2) is a global minimizer, as above we have that p̃ε =

(p1, |p2|) is also a global minimizer, since Eε(p̃ε) = Eε(pε). In particular, both pε and
p̃ε verify (2.4). Set ω = 1

2 (p2 − |p2|) ≡ min{0, p2} ≤ 0, then ω ∈ H1(Ω;R); moreover,
because |pε| = |p̃ε|, it holds

Δω =
|p|2 − 1

ε2
ω ≥ 0 in Ω,

∂ω

∂ν
+

1

ε
ω = 0 on ΓH ,(2.5)

ω = 0 on ΓV .

The right hand-side of the first equation in (2.5) is bounded in Ω, hence we can
apply Theorem 8.22 in [13] to obtain that ω is continuous in Ω.
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Assume that there exists x0 ∈ Ω for which ω(x0) = 0, pick R > 0 small enough so
to haveBR(x0) � Ω; given that ω ≤ 0 by definition, this implies supBR(x0) ω = supΩ ω.
Therefore, by Theorem 8.19 in [13], we gather that ω ≡ 0, or in other words p2 ≥ 0
in Ω. If such x0 does not exist, then ω < 0 in Ω, and we conclude p2 ≤ 0 in Ω.

Remark 2.1. A solution in H1(Ω;R2) of (2.4) belongs to C∞(Ω;R2)∩C0(Ω;R2)
by the classical regularity theory for elliptic problems (for boundary regularity of mixed
boundary value problem see [20], and reference thereafter).

In the remainder of the paper, we assume σ = O(1) for ε → 0; and for a ∈ R
2,

and R > 0 we adopt the following notation:
1. ΩR(a) = Ω ∩BR(a), Γ

V
R(a) = ΓV ∩BR(a), andΓ

H
R (a) = ΓH ∩BR(a);

2. ΓT
H and ΓB

H are the top, and bottom portions of ΓH , respectively;
3. Given a set G with G ∩ Ω �= ∅, Eε(pε;G) is the restriction of Eε(pε) to G;
4. Ar,R(a) = ΩR(a) \ Ωr(a) for 0 < r < R;
5. V is the set of the four corners of Ω;
6. β and γ denote any two numbers such that 3/4 ≤ β < γ < 1.

3. Basic estimates. To show convergence of global minimizers, we need up-
per and lower bound estimates for the energy of near defects, obtained following
ideas first introduced in the classical work of Bethuel, Brezis, and Hélein [5], for the
Ginzburg-Landau energy of superconductivity. The task here is to refine and adjust
this approach to accommodate the new specific properties of our model: a Lipschitz
domain, and a mixed of strong and weak anchoring conditions. The main references
we follow are the works of Alama et al. [1] and [2], Struwe [32], and Moser [23].

3.1. Energy upper bound. In this section, we obtain an upper bound for the
energy Eε of global minimizers, which combined with the lower bound estimates for
the energy of near defects derived in Section 3.3 will show that having internal near
vortices is too energetically demanding compared to having near boundary vortices.

Proposition 3.1. There is C > 0, and ε0 > 0 such that for ε < ε0 any global
minimizer of Eε in H1

D satisfies Eε(pε) ≤ π| ln ε|+ C(1 + σ).

Proof. Our numerical results in Section 5 suggest that stable minimizers have
two off-domain symmetric boundary vortices at distance ε from an horizontal side.
Thus, we pick a1 = (1/2, 0), a2 = (1/2, 1), and R > 0 so that Ω3R(ai) are disjoint half
discs, for i = 1, 2; and, following [23], we define locally an S

1 valued map pε, which
has exactly two boundary vortices located at distance ε from a1 and a2. That is,
we set pε(x) = (x− a1ε)/|x− a1ε| if x ∈ B2R(a1), and pε(x) = (x − a2ε)/|x − a2ε| if
x ∈ B2R(a2). In here aiε = ai+ε ν(ai) for i = 1, 2. Pick ε0 > 0 small enough depending
on R, we estimate the contribution to the energy density by direct computations:

1

2

∫
ΩR(a1)

|∇pε|2 dx ≤ 1

2

∫
B+

2R
(a1ε)\B+

ε (a1ε)

|∇pε|2 dx ≤ π

2
(ln(2R)− ln ε);

1

2

∫
Ω2R(a1)\ΩR(a1)

|∇pε|2 dx ≤ C; and

∫
ΓH
2R

(a1)

(pε · ν)2 dx ≤
∫ 2R

−2R

ε2

x2 + ε2
dx ≤ πε;

where, for s > 0, B+
s (a1ε) denotes the upper-half of the ball of radius r and center

a1ε. We extend pε to the whole domain, in such a way that its energy contributions
will be of lower order. Specifically, along the horizontal boundary we define pε = −e1
if x ≤ 1

2 − 3R, and pε = e1 if x ≥ 1
2 + 3R. On the rest of the horizontal boundary,

ΓH
3R(ai)\ΓH

2R(ai), we continuously connect the map at |x−ai| = 2R and |x−ai| = 3R.
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Then pε2 ≤ Cε there, so that
∫
ΓH
3R(ai)\ΓH

2R(ai)
(pε · ν)2 ≤ Cε2. Proceeding similarly on

Ω2R(a2), we arrive to Eε(p
ε; Ω2R(a1) ∪ Ω2R(a2)) ≤ π| ln ε|+ C(1 + σ).

To extend pε to the region Ω̃ = Ω \ ∪2
i=1Ω2R(ai), we consider the function gε(x) =

ν on ΓV , g
ε(x) = pε on ∂Ω̃ \ ΓV , and notice that deg(gε; ∂Ω̃) = 0; then as in [1], we

can define pε on Ω̃ to be the S
1-valued harmonic extension of gε.

3.2. η-compactness. A key ingredient in the derivation of an energy lower
bound is the so-called η-compactness (Proposition 3.3), which is essential in proving
a bound for the number of near defects allowed in a global minimizer (Lemma 4.1).

Define F (r;x0, p, ε), which we will use to bound the penalty terms of Eε(p), as

F (r) ≡ F (r;x0, p, ε)r

[∫
∂Br(x0)∩Ω

{
|∇p|2 + 1

2ε2
(1− |p|2)2 + σ|e− p|2

}
+

1

ε

∑
x∈∂Br(x0)∩ΓH

(p · ν)2
⎤⎦ .

Lemma 3.2. There are C, r0 > 0 such that for ε < 1, x0 ∈ Γ, r < r0 and for a
critical point pε of Eε, we have

(3.1)

∫
Ωr(x0)

[
1

2ε2
(1− |pε|2)2 + σ|e− pε|2

]
+

1

2ε

∫
ΓH
r (x0)

(pε · ν)2 ds ≤ 1

2
F (r) + σr2.

Proof. Consider the following Pohozaev identity, which we derive by multiplying
the Euler-Lagrange equations (2.4) by X · ∇p (see [34, 1]):∫

∂Ωr

[
−∂p

∂ν
X · ∇p+

1

2
|∇p|2(X · ν) +

{
1

4ε2
(1− |p|2)2 + σ

2
|e− p|2

}
X · ν

]
dx

(3.2)

=

∫
Ωr

[{
1

4ε2
(1− |p|2)2 + σ

2
|e− p|2

}
∇ ·X +

1

2
|∇p|2(∇ ·X)−∇pDX∇p

]
dx,

for any X ∈ C∞(Ω;R2), where DX denotes the matrix of partial derivatives of X .
Let r0 small enough, so that if r < r0 and ∂Br(x0)∩ ΓH �= ∅, then ∂Br(x0) ∩ ∂Ω

consists of either two points on ΓH or one point on ΓH if Br(x0) ∩ ΓV �= ∅. Given
x0 ∈ ΓH , and r < r0, suppose that Br(x0)∩ΓV = ∅. Take X = x−x0 , then X ·ν = 0
on ΓH(x0) and X · ν = r on ∂Ωr(x0)∩Ω. Using equation (2.4), we can find an upper
bound for the left hand side LHS of (3.2). We start from∫

ΓH
r (x0)

−∂p

∂ν
X · ∇p ds =

1

ε

∫
ΓH
r (x0)

p2(x1 − (x0)1) (p2)x1
ds

=
1

2ε

∫
ΓH
r (x0)

(p22)x1
(x1 − (x0)1) ds =

1

2ε

⎛⎝r
∑

x∈∂ΓH
r (x0)

p22(x)−
∫
ΓH
r (x0)

p22 ds

⎞⎠ ,

and, noticing that X · τ = 0 and X · ν = r on ∂Ωr(x0) ∩Ω, we gather∫
∂Ωr(x0)∩Ω

(
−∂p

∂ν
X · ∇p+

1

2
|∇p|2(X · ν)

)
ds ≤ r

2

∫
∂Ωr(x0)∩Ω

|∇p|2.

Therefore, we conclude
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LHS ≤ 1

2ε

⎛⎝r
∑

∂ΓH
r (x0)

p22(x)−
∫
ΓH
r (x0)

p22 ds

⎞⎠+
r

2

∫
∂Ωr(x0)∩Ω

|∇p|2 ds
(3.3)

+ r

∫
∂Ωr(x0)∩Ω

(
1

4ε2
(1 − |p|2)2 + 1

2
σ|e− p|2

)
ds.

But, X = x− x0 implies DX = Id, and ∇ ·X = 2, so the last two terms of the right
hand side of (3.2) vanish. Inequality (3.1) is then a consequence of (3.2) and (3.3).

If instead, Br(x0) ∩ ΓV �= ∅, we rewrite LHS in three parts:

LHS :=

∫
∂Ωr(x0)

l(s) ds =

∫
ΓV
r (x0)

l(s) ds+

∫
ΓH
r (x0)

l(s) ds+

∫
∂Ωr(x0)∩Ω

l(s) ds.

The last two integrals can be estimated as above. For the first integral, we instead

notice that p = ν on ΓV
r (x0) gives |p| = 1 and

∂p

∂τ
= 0 and X · ν > 0 on ΓV

r (x0), so

that∫
ΓV
r (x0)

l(s) ds =

∫
ΓV
r (x0)

(
−∂p

∂ν
X · (∂p

∂ν
ν +

∂p

∂τ
τ) +

1

2
|∇p|2X · ν

+
σ

2
|e− ν|2(X · ν)

)
=

∫
ΓV
r (x0)

(
−∂p

∂ν

∂p

∂ν
X · ν +

1

2
|∇p|2X · ν + σ(X · ν)

)
=

∫
ΓV
r (x0)

(
−1

2
|∇p|2X · ν + σ(X · ν)

)
≤ σr2,

which yields (3.1). The case x0 ∈ ΓV can be treated similarly.
The η-compactness result stated in the next proposition is proven using Lemma 3.2,

and proceeding with suitable adjustments as in Proposition 4.1 of [1].

Proposition 3.3. There exist η, C, ε0 > 0 such that for every x0 ∈ Ω, and
ε < ε0, and every critical point pε of Eε with Eε(pε; Ωεβ (x0)) ≤ η| ln ε| it holds

|pε| ≥ 1

2
in Ωεγ (x0),(3.4)

|pε · ν| ≤ 1

4
on ΓH

εγ (x0),(3.5) ∫
Ωεγ (x0)

(
1

2ε2
(1− |pε|2)2 + σ|e− pε|2

)
dx+

1

ε

∫
ΓH
εγ

(x0)

(pε · ν)2 ds ≤ Cη.(3.6)

Proof. If x0 ∈ Ω ∪ ΓV the proposition is proven as in [32]. Assume x0 ∈ ΓH . As

in [1], we note that η| ln ε| ≥ Eε(pε; Ωεβ \ Ωεγ ) =
∫ εβ

εγ
F (r)
r dr, which implies

(3.7) F (rε)(γ − β) ≤ η,

for some rε ∈ (εγ , εβ). Define Ẽε(pε; Ωεγ ) = Eε(pε; Ωεγ ) − 1
2

∫
Ωεγ

|∇pε|2, and use

Lemma 3.2, to obtain Ẽε(pε; Ωεγ ) ≤ Ẽε(pε; Ωrε) ≤ 1
2F (rε)+σr2ε ≤ C

[
η + σε2β

] ≤ Cη.
Inequality (3.4), is proven by contradiction. Assume there exists x1 ∈ Ωεγ (x0)

such that |pε(x1)| < 1
2 . Since Lemma 2.2 implies |∇pε| ≤ C/ε, this gives |pε(x)| < 3/4

in B ε
4C

(x1), which together with (3.6) yields Cη > 1
4ε2

∫
Ωεγ (x0)

(1−|pε|2)2 ≥ 49π
214C2 for

sufficiently small ε0, which results in a contradiction if η is sufficiently small.
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We are left to show (3.5). We pick ε0 small enough, so that either Ωr(x0)∩ΓT
H = ∅

or Ωr(x0) ∩ ΓB
H = ∅, (note that r = rε in (3.7)), and apply Pohozaev identity (3.2),

with X = −r e2 if Ωr(x0) ∩ ΓT
H = ∅, and X = r e2 if Ωr(x0) ∩ ΓB

H = ∅. With these
choices, except at the two points where ∂Br(x0) meets ∂Ω, we have:

X · ν(x) = 0 if x ∈ ∂Ωr(x0) ∩ ΓV ,(3.8)

|X · ν(x)| ≤ r and |X · τ(x)| ≤ r if x ∈ ∂Ωr(x0) \ (ΓV ∪ ΓH),(3.9)

X · ν(x) = r and X · τ(x) = 0 if x ∈ ∂Ωr(x0) ∩ ΓH .(3.10)

On the other hand, we have − ∂p
∂ν X · ∇p = −X · ν

∣∣∣ ∂p∂ν ∣∣∣2 − ∂p
∂ν · ∂p

∂τ X · τ ; and
|∇p|2 =

∣∣∣ ∂p∂ν ∣∣∣2 + ∣∣∣ ∂p∂τ ∣∣∣2 . Thus, (3.8), (3.10), and the fact that
∂p

∂τ
= 0 on ΓV , imply

−∂p

∂ν
X · ∇p+

|∇p|2
2

(X · ν) = 0 on ∂Ωr(x0) ∩ ΓV ,

−∂p

∂ν
X · ∇p+

|∇p|2
2

(X · ν) = 1

2

∣∣∣∣∂p∂τ
∣∣∣∣2 (X · ν)

−1

2

∣∣∣∣∂p∂ν
∣∣∣∣2 (X · ν)− ∂p

∂ν
· ∂p
∂τ

X · τ on ∂Ωr(x0) \ (ΓV ∪ ΓH),

(3.11)

−∂p

∂ν
X · ∇p+

|∇p|2
2

(X · ν)= − r

2

∣∣∣∣∂p∂ν
∣∣∣∣2 + r

2

∣∣∣∣∂p∂τ
∣∣∣∣2 on ∂Ωr(x0) ∩ ΓH .

Going back to the Pohozaev identity, we notice that X constant results in the
right hand side to be zero, that is we have
(3.12)∫

∂Ωr

[
−∂p

∂ν
X · ∇p+

1

2
|∇p|2(X · ν) +

{
1

4ε2
(1 − |p|2)2 + σ

2
|e− p|2

}
X · ν

]
dx = 0

If we use equations (3.11), (3.8) and (3.10) in (3.12), we can further simplify:

r

2

∫
∂Ωr∩ΓH

∣∣∣∣∂p∂τ
∣∣∣∣2 dx =

∫
∂Ωr∩ΓH

[
r

2

∣∣∣∣∂p∂ν
∣∣∣∣2 − r

{
1

4ε2
(1− |p|2)2 + σ

2
|e− p|2

}]
dx

−
∫
∂Ωr\(ΓV ∪ΓH)

[
1

2

[
−
∣∣∣∣∂p∂ν

∣∣∣∣2 + ∣∣∣∣∂p∂τ
∣∣∣∣2
]
(X · ν)− ∂p

∂ν
· ∂p
∂τ

X · τ

+

{
1

4ε2
(1 − |p|2)2 + σ

2
|e− p|2

}
X · ν

]
dx.(3.13)

On ∂Ωr \ (ΓV ∪ ΓH), it holds

∣∣∣∣ 12 [− ∣∣∣∂p∂ν ∣∣∣2 + ∣∣∣ ∂p∂τ ∣∣∣2] (X · ν)− ∂p
∂ν · ∂p

∂τ X · τ
∣∣∣∣ ≤

r

(∣∣∣ ∂p∂ν ∣∣∣2 + ∣∣∣ ∂p∂τ ∣∣∣2) , thanks to (3.9). From this, using (3.9), and (3.13) we gather

r

2

∫
∂Ωr∩ΓH

∣∣∣∣∂p∂τ
∣∣∣∣2 dx ≤

∫
∂Ωr∩ΓH

r

2

∣∣∣∣∂p∂ν
∣∣∣∣2 dx

+ r

∫
∂Ωr\(ΓV ∪ΓH)

[
|∇p|2 +

{
1

4ε2
(1− |p|2)2 + σ

2
|e− p|2

}]
dx.
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Dividing by r, and recalling the definition of F (r), we see that

1

2

∫
∂Ωr∩ΓH

∣∣∣∣∂p∂τ
∣∣∣∣2 dx ≤

∫
∂Ωr∩ΓH

1

2

∣∣∣∣∂p∂ν
∣∣∣∣2 dx+

F (r)

r
.

And, combining it with (2.4), (3.7) and (3.6), we conclude∫
∂Ωr∩ΓH

∣∣∣∣∂p∂τ
∣∣∣∣2 dx ≤

∫
∂Ωr∩ΓH

1

ε2
(p · ν)2 dx+ C

η

r
≤ C η

(
1

ε
+

1

εγ

)
≤ C

ε
.(3.14)

Following [1, 23], since the bound in (3.14) does not depend on x0, by Sobolev em-
bedding theorems there exists C1, independent of x0, verifying

|p(x) − p(y)| ≤ C1

√
|x− y| ε−1/2 for x, y ∈ ΓH ,

then a similar proof to the one used to obtain (3.4) can be applied: If there was an
x1 ∈ ΓH

εγ (x0) with |(p · ν)(x1)| > 1
4 , we could pick 2 ρ = ε/(8C1)

2, so that

|(p · ν)(x)| ≥ |(p · ν)(x1)| − |(p · ν)(x) − (p · ν)(x1)| ≥ 1

4
− |p(x)− p(x1)|

≥ 1

4
− C1

√
|x− x1| ε−1/2 ≥ 1

4
− C1

√
2 ρ ε−1/2 ≥ 1

4
− C1

ε1/2

8C1
ε−1/2 =

1

8
,

for x ∈ Bρ(x1) ∩ ΓH . Then, by (3.6), and εγ > ε for ε < 1, we would have Cη ≥
1
ε

∫
ΓH
εγ

(x0)
(pε · ν)2 ds > 1

ε
1
64

ε
(8C1)2

= 1
64

1
(8C1)2

, which for η small enough would lead

to a contradiction. Note that for ε0 small enough, we should have that the length
of Bρ(x1) ∩ ΓH is at least ρ, for any x1 ∈ ΓH

εγ (x0), since all the constants C and C1

above are independent of ε and x0.

3.3. Energy cost of a vortex. In this section we derive estimates needed to
evaluate the energy cost of vortices; the cost will vary depending on the vortex location
(see Lemma 3.4 and Proposition 3.5), with lowest energy achieved by vortices on the
horizontal boundary. In order to establish comparison arguments as in [32], we need
a lower bound of the energy in an annular region around a near defect.

For x0 ∈ Γ and R < 1/2, ∂BR(x0)∩Γ consists of two points, which are either both
on only one of the four sides of Ω, or one is on ΓH and the other on ΓV . Additionally,
∂Ar,R(x0) ∩ ∂Ω consists of two connected components, which we denote by Γ±

r,R.

Following [23], one sees that on ΓH the inequality |p·ν| ≤ 1/4 implies |p·τ | ≥ √
3/4.

So, if |p · ν| ≤ 1/4 then p · τ does not change its sign on a connected component. Note
that τ = (−ν2, ν1) when ν = (ν1, ν2), hence p · τ = p1 on ΓB

H , and p · τ = −p1 on ΓT
H .

As in [23, 1], we will need to represent p in polar coordinates to estimate the
energy around a near defect, and this representation will depend on its location.

Assume R < 1/2, 1
2 ≤ |p| ≤ 1 on Ar,R(x0), and |p · ν| ≤ 1

4 on Γ±
r,R ∩ ΓH . And,

recall that p · ν = 1 on ΓV . We begin with the following three cases.
Case 1: x0 ∈ ΓH , BR(x0)∩ΓV = ∅. If p·τ does not change sign on Γ±

r,R, we extend
p to p̃ on all of BR(x0) ∩ ΓH , so that p̃ is smooth as p, |p̃| ≥ 1/2, and |p̃ · ν| ≤ 1/4 on

BR(x0) ∩ ΓH . Set p̃ = p on the rest of ∂ΩR(x0), and define d̃ = deg
(

p̃
|p̃| , ∂ΩR(x0)

)
.

Letting ρ = |x − x0|, and with θ measured with respect to the positively oriented

horizontal line segment Γ+
r,R, we have the representation: p = ζ(ρ, θ)ei(2d̃θ+φ(ρ,θ)),

where φ is a smooth single valued function in Ar,R(x0), and x = x0 + ρ eiθ.
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If p · τ does change its sign, assuming, without loss of generality, x0 = (0, 0),
p ·τ > 0 on Γ+

r,R, and p ·τ < 0 on Γ−
r,R; then, pe

−iθ ·τ does not change its sign on Γ±
r,R.

And, we can extend pe−iθ to ∂ΩR(x0) as above, and define d1 to be the degree on
∂ΩR(x0) of this extension. We represent p in Ar,R(x0) by p = ζ(ρ, θ)ei(θ+2d1θ+φ(ρ,θ)).

Case 2: x0 ∈ V . Without loss of generality, we again assume x0 = (0, 0), so that
Γ+
r,R is along ΓB

H and Γ−
r,R is along ΓL

V , the left portion of the vertical boundary. Note

that the angle measured for every point on Γ−
r,R with respect to the positively oriented

horizontal line at x0 is π/2. Also, recall that p · τ = p1 on ΓB
H and p = (−1, 0) on ΓL

V .
If p1 changes sign on Γ±

r,R, we consider pe
−2iθ. Then, the first component of pe−2iθ

does not change sign on Γ±
r,R, and we can extend pe−2iθ to a p̃ in ∂ΩR(x0) so that

|p̃| ≥ 1/2 on BR(x0)∩Γ and |p̃ ·ν| ≤ 1/4 in BR(x0)∩ΓH . We denote by d1 the degree
on ∂ΩR(x0) of p̃, and consider the following representation of p in polar coordinates
p = ζ(ρ, θ)ei(2θ+4d1θ+φ(ρ,θ)), with φ smooth single valued function in Ar,R(x0).

If p1 does not change its sign on Γ±
r,R, we extend p on ∂ΩR(x0), define d̃ to be the

degree of this extension, and represent p in polar coordinates as p = ζ(ρ, θ)ei(4d̃θ+φ(ρ,θ)).
Case 3: x0 ∈ ΓV , and BR(x0) ∩ ΓH = ∅. By the assumptions on R, we have that

p · ν = constant �= 0 on BR(x0)∩ ΓV , hence we just consider d = deg
(

p
|p| , ∂ΩR(x0)

)
,

and the representation: p = ζ(ρ, θ)ei(2dθ+φ(ρ,θ)).
Let γ be as in Proposition 3.3, using the representations just introduced, we are

able to provide energy lower bounds analogous to the ones of [32].

Lemma 3.4. Let x0 ∈ Ω, and ε ≤ r < R < 1/4. Suppose that 1
2 ≤ |p| ≤ 1 on

Ar,R(x0); |p·ν| ≤ 1
4 on Γ±

r,R∩ΓH , and there are constants C1, C2 with Eε(p) ≤ C1| ln ε|,
and

∫
Ωεγ (x0)

(
1

2ε2 (1− |p|2)2 + σ|e− p|2) dx+ 1
ε

∫
ΓH
εγ

(x0)
(p · ν)2 ds ≤ C2.

Then, there exists a constant C such that

(a) If BR(x0) ⊂ Ω, deg(p, ∂BR(x0)) �= 0, then
1

2

∫
Ar,R(x0)

|∇p|2 dx ≥ π ln
R

r
+ C.

(b) If x0 ∈ ΓH , BR(x0) ∩ ΓV = ∅, and p · τ does not change sign in Γ±
r,R, then

whenever d̃ �= 0, for d̃ defined as in Case 1 above, we have

1

2

∫
Ar,R(x0)

|∇p|2 dx ≥ (2d̃)2π

2
ln

R

r
+ C ≥ 2π ln

R

r
+ C.

(c) If x0 ∈ ΓH , BR(x0) ∩ ΓV = ∅, and p · τ changes sign in Γ±
r,R, then for d1

defined as in Case 1 above, we have

1

2

∫
Ar,R(x0)

|∇p|2 dx ≥ (1 + 2d1)
2π

2
ln

R

r
+ C ≥ π

2
ln

R

r
+ C.

(d) If x0 ∈ V, and p1 has same sign on Γ±
r,R, then whenever d̃ �= 0, for d̃ defined

as in Case 2 above, we have

1

2

∫
Ar,R(x0)

|∇p|2 dx ≥ (4d̃)2
π

4
ln

R

r
+ C ≥ 4π ln

R

r
+ C.

(e) If x0 ∈ V, and p1 has opposite sign on Γ±
r,R, then for d1 defined as in Case 2

above, we have

1

2

∫
Ar,R(x0)

|∇p|2 dx ≥ (2 + 4d1)
2 π

4
ln

R

r
+ C ≥ π ln

R

r
+ C.
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(f) If x0 ∈ ΓV , and BR(x0) ∩ ΓH = ∅, then whenever d �= 0, for d defined as in
Case 3 above, we have

1

2

∫
Ar,R(x0)

|∇p|2 dx ≥ (2d)2π

2
ln

R

r
+ C ≥ 2π ln

R

r
+ C.

Proof. The energy bounds follow from the arguments of [32] and [23], with mod-
ifications analogous to the ones presented in Proposition 3.5 below.

To narrow down the possible locations of near boundary defects, we need to
account for annuli with center not on a corner, whose outer circles intersect both the
horizontal and vertical boundaries. The cases in which the center is on the horizontal
side (see Figure 2) is discussed in Proposition 3.5. If the center is on the vertical side,
due to the boundary conditions, under the assumptions made, only Br(x0) ∩ ΓV = ∅
is possible, this case is addressed in Proposition 3.6.

Fig. 2. The left figure depicts the annular sector Aα
r,R, and the constant extension of p

outside Ω. The right figure depicts the annular domains Ar,M and AM,R, and p on their
horizontal and vertical boundaries.

Proposition 3.5. Let x0 ∈ ΓH , and ε ≤ r < R ≤ 1/2. Assume BR(x0)∩ΓV �= ∅,
and p1 changes its sign on Γ±

r,R. Suppose that 1
2 ≤ |p| ≤ 1 on the annulus Ar,R(x0),

|p · ν| ≤ 1
4 on Γ±

r,R ∩ ΓH , and there are constants C1, C2 with Eε(p) ≤ C1| ln ε| and

(3.15)

∫
Ωεγ (x0)

(
1

2ε2
(1− |p|2)2 + σ|e− p|2

)
dx+

1

ε

∫
ΓH
εγ

(x0)

(p · ν)2 ds ≤ C2.

There exists a constant C such that if Br(x0) ∩ ΓV �= ∅, then

1

2

∫
Ar,R(x0)

|∇p|2 dx ≥ απ(1 + 2 dα)
2

2
ln

R

r
+ C ≥ απ

2
ln

R

r
+ C

for some 1 < α < 2; and

1

2

∫
Ar,R(x0)

|∇p|2 dx ≥ π

2
ln

R

r
+ C if Br(x0) ∩ ΓV = ∅.

Proof. If ∂Br(x0)∩ΓV �= ∅, without loss of generality, we may assume Γ−
r,R ⊂ ΓL

V ,

and Γ+
r,R along ΓB

H . Let π/α be the angle for the point ∂Br(x0) ∩ ΓV , measured

with respect to the positively oriented line at x0 ∈ ΓB
H . See Figure 2 for the case
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Br(x0) ∩ ΓV �= ∅, r >dist(x0,V). Note that 1 < α < 2, so that π
2 < π

α < π. Consider
the annular sector with central angle π/α, and denote it by Aα

r,R. This sector is

bordered by two straight lines through x0: one is Γ+
r,R, and the other is denoted by

Γα
r,R. Since p = ν on ΓL

V , we may extend p to be a constant vector field on Aα
r,R\Ar,R,

so that this extension, still denoted by p, satisfies
∫
Ar,R

|∇p|2 ≥ ∫Aα
r,R

|∇p|2 − C.

If p1 changes its sign, since this means that we have p1 > 0 on Γ+
r,R, and p1 = −1

on Γα
r,R, we may estimate the cost of the vortex on Aα

r,R, in the same way as done for
the case of the half or a quarter annular domains considered in Lemma 3.4. Noticing
that in this situation the first component of pe−iαθ does not change its sign on Γ+

r,R and

Γα
r,R, we define dα, the degree of the extension of pe−iαθ on ∂ΩR(x0). And, represent

p in polar coordinates (ρ, θ), centered at x0, with ρ = |x− x0|, and θ measured with
respect to the positively oriented line at x0 ∈ ΓB

H , that is p = ζ(ρ, θ)ei(αθ+2αdαθ+φ(ρ,θ)),
with φ smooth single-valued function in Aα

r,R. Furthermore, we may assume that

(3.16) |φ| ≤ C|p · ν| on Γ+
r,R and φ = 0 on Γα

r,R.

In fact, from |p · ν| = |ζ|| sinφ| ≥ 1
2 | sinφ| at θ = 0, we have |φ| ≤ C|p · ν| on Γ+

r,R.
While, from p = −e1 on Γα

r,R we may choose φ = 0 there. Set k = α(1 + 2dα), then

|∇p|2 = |∇ζ|2 + ζ2{|∂φ
∂ρ

|2 + 1

ρ2
(k +

∂φ

∂θ
)2} ≥ ζ2

{
|∇φ|2 + 1

ρ2

(
k2 + 2k

∂φ

∂θ

)}
=

k2

ρ2
+ k2

ζ2 − 1

ρ2
+

2k

ρ2
∂φ

∂θ
+ 2k

ζ2 − 1

ρ2
∂φ

∂θ
+ ζ2|∇φ|2

:= I1 + I2 + I3 + I4 + I5.

The first term is the dominant term that gives the desired lower bound, since∫
Aα

r,R

I1 = k2
∫ π

α

0

∫ R

r

1

ρ
dρ dθ = k2

π

α
ln

R

r
= πα(1 + 2dα)

2 ln
R

r
.

To estimate I2, I3 and I4, we split the domain into Aα
r,R = Aα

r,εγ ∪ Aα
εγ ,R, define

Bα
R to be the sector with radius R and central angle α, and proceed as follows.

In I2, since 1− ζ2 = 0 in Aα
r,R \Ar,R, we use (3.15) in Ar,R, to gather∣∣∣∣∣

∫
Ar,εγ

1− ζ2

ρ2

∣∣∣∣∣ ≤ [ε2
∫
Bεγ

(1− ζ2)2

ε2

] 1
2
[ ∫ π/α

0

∫ εγ

r

1

ρ3
dρ dθ

] 1
2

≤
[
C2ε

2
( 1

r2
− 1

ε2γ

)] 1
2

≤ C

and the upper bound estimate from Lemma 3.1, to derive∣∣∣∣∣
∫
Aεγ,R

1− ζ2

ρ2

∣∣∣∣∣ ≤ [ε2
∫
BR

(1− ζ2)2

ε2

] 1
2
[ ∫ π/α

0

∫ R

εγ

1

ρ3
dρ dθ

] 1
2

≤
[
C1ε

2| ln ε|
( 1

ε2γ
− 1

R2

)] 1
2

≤ o(1).

being 3/4 < γ < 1. We thus conclude |I2| ≤ C + o(1).
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To estimate I3, we use (3.16) to obtain that
∫
Aα

r,R

1
ρ2

∂φ
∂θ =

∫ R

r

∫ π/α

0
∂φ
∂θ dθ

dρ
ρ =∫ R

r

(
φ(ρ, π

α )− φ(ρ, 0)
)

dρ
ρ ≤ C

∫
Γ+

r,R

|p ·ν| dρ
ρ . And, again apply (3.15) and Lemma 3.1,

to see that as ε → 0, it holds
∫
Γ+

r,εγ
|p · ν| dρ

ρ ≤
[∫

Γ+

r,εγ
|p · ν|2 dρ ∫

Γ+

r,εγ

1
ρ2 dρ

] 1
2 ≤

C2

[
ε(1r − 1

εγ )
] 1

2 ≤ C, and, similarly
∫
Γ+

εγ,R

|p · ν| 1ρ dρ ≤ [C1ε| ln ε|( 1
εγ − 1

R )
] 1

2 ≤ o(1).

For I4, we have that
∫
Aα

εγ,R

1
ρ (1 − ζ2) 1ρ

∂φ
∂θ ≤ 1

εγ

[∫
Bα

R

(1− ζ2)2
∫
Aα

r,R

|∇φ|2
] 1

2 ≤
1
εγ

[
C1ε

2| ln ε|‖∇φ‖22
] 1

2 = o(1)‖∇φ‖L2(Aα
r,R

) ≤ C+ o(1)‖∇φ‖2L2(Aα
r,R); and

∫
Aα

r,εγ

1
ρ (1−

ζ2) 1ρ
∂φ
∂θ ≤ C‖∇φ‖2 ≤ C + 1

8‖∇φ‖2L2(Aα
r,R). Finally, we notice that for I5, it holds∫

Aα
r,R

ζ2|∇φ|2 ≥ 1
4‖∇φ‖2L2(Aα

r,R), which can be used to control I4. Putting all the terms

together, we find:
∫
Ar,R

|∇p|2 ≥ πα(1 + 2dα)
2 ln R

r − C, for a constant C depending

only on Ω, C1, C2, and γ.
Next, we consider the case Br(x0)∩ΓV = ∅. Without loss of generality, we assume

Γ−
r,R ∩ ΓL

V �= ∅, and Γ+
r,R along ΓB

H . We split the domain Ar,R = Ar,M ∪AM,R, where
M is the distance from x0 to the left bottom corner, so that Ar,M becomes a half
annulus, and A−

M,R ⊂ ΓL
V . Note that, M = r is an allowed possibility. We apply

Lemma 3.4 part (c), and follow the proof above, assuming now α = 1, we conclude∫
Ar,R

|∇p|2 ≥ ∫Ar,M
|∇p|2 + ∫AM,R

|∇p|2 ≥ π ln M
r + π ln R

M + C ≥ π ln R
r + C.

Proposition 3.6. Let x0 ∈ ΓV , and ε ≤ r < R ≤ 1/2. Assume BR(x0)∩ΓH �= ∅,
and p1 changes its sign on Γ±

r,R. Suppose that 1
2 ≤ |p| ≤ 1 on the annulus Ar,R(x0),

|p · ν| ≤ 1
4 on Γ±

r,R ∩ ΓH , and there are constants C1, C2 with Eε(p) ≤ C1| ln ε| and

(3.17)

∫
Ωεγ (x0)

(
1

2ε2
(1− |p|2)2 + σ|e− p|2

)
dx+

1

ε

∫
ΓH
εγ

(x0)

(p · ν)2 ds ≤ C2.

Then, there exists a constants C such that we have, for some 1 < α < 2,

1

2

∫
Ar,R(x0)

|∇p|2 dx ≥ απ(1 + dα)
2

2
ln

R

r
+ C ≥ απ

2
ln

R

r
+ C if Br(x0) ∩ ΓH �= ∅.

Proof. As in the proof of Proposition 3.5, we assume Γ−
r,R ⊂ ΓL

V and Γ+
r,R∩ΓB

H �= ∅.
In fact, our assumptions that p1 changes its sign on Γ±

r,R,
1
2 ≤ |p| ≤ 1 on Ar,R(x0),

and |p · ν| ≤ 1
4 on Γ±

r,R ∩ ΓH , together with the boundary conditions, imply that

Γ+
r,R ⊂ ΓB

H . We extend the ray between the center x0, and the point ∂Br(x0)∩ΓB
H , so

to meet ∂Bs(x0), for any r < s ≤ R, and denote this extended ray by Γα
r,s. We then

let Aα
r,s be the annular sector bordered by Γ−

r,s and Γα
r,s, and π/α its central angle,

note that α does not depend on r < s ≤ R. Our assumptions imply that p1 >
√
3/4

and |p2| < 1/4 on Γ+
r,R, and

(3.18)

∫
Γ+

r,R

p22 ≤ C1ε| ln ε| and

∫
Γ+

r,εγ

p22 ≤ C2ε.

Next, we assign continuous boundary values holding these conditions also on the
other parts of the boundary of Aα

r,R \ Ar,R, with (3.18) valid on Γα
r,R and Γα

r,εγ .

And, we consider the S
1-valued harmonic extension, of these boundary values, to

Aα
r,R \ Ar,R. This allows us to define an extension p̃ of p in Aα

r,R, for which p̃1 has
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opposite sign in Γ−
r,R and Γα

r,R, and
∫
Ar,R

|∇p|2 ≥ ∫
Aα

r,R

|∇p̃|2 −C. Considering polar

coordinates centered at x0, so that Aα
r,R = {(ρ, θ) : r ≤ ρ ≤ R,−β ≤ θ ≤ π/2} where

β = π( 1
α − 1

2 ), we can proceed as in Proposition 3.5. Indeed, the first component of

pe−i(α(θ+β)) has now constant sign on Γ−
r,R and Γα

r,R, therefore we may write p(ρ, θ) =

ζ(ρ, θ)ei(α(1+2d)(θ+β)+φ(ρ,θ)), with φ single valued, and follow our previous proof.

Remark 3.1. If in Propositions 3.5 and 3.6, p1 does not change sign, we can
extend p as done in Lemma 3.4, and if the degree d of this extension is non-zero, the
arguments of our previous proofs imply 1

2

∫
Ar,R(x0)

|∇p|2 dx > π ln R
r + C.

4. Convergence. Using the estimates of Section 3.2, we can show that the
number of near defects, and the size of the sets containing them are uniformly bounded
in ε small. From this, thanks to the results of Section 3.3, we obtain a lower bound
for the energy, which, combined with the upper bound of Section 3.1, implies that for
small ε only two boundary near defects are allowed in global minimizers.

For a minimizer pε of Eε, we define the set

(4.1) Sε =
{
x ∈ Ω : |pε(x)| < 1

2

}
∪
{
x ∈ ΓH : |pε · ν| > 1

4

}
Lemma 4.1. There exist N0 = N0(Ω), K > 1, and points aε1, a

ε
2, . . . , a

ε
Iε

∈ Sε such

that Iε ≤ N0, and Sε ⊂
(⋃Iε

i=1 ΩKε(a
ε
i )
)
, with {ΩKε(a

ε
i )}1≤i≤Iε

mutually disjoint

sets, and |aεi − aεj | > 8Kε, whenever i �= j.
Proof. The lemma can be proven as the analogous results in [32] and [1, 2]. In fact,

Lemma 3.2 and Proposition 3.3 allow us to follow the line of proof of Proposition 5.1
in [1]. The bound |aεi − aεj | > 8Kε is obtained as in Lemma 4.4 of [2].

Remark 4.1. Let ε < ε0, with ε0 defined as in Proposition 3.1. If we take ε → 0,
Lemma 4.1 implies that there are an integer I, elements ck ∈ Ω, k = 1...N ≤ I, and a
subsequence {εn} such that it holds Iεn = I, and aεni → ck for some k depending on
i. Note that distinct sequences aεni , aεnj could converge to the same ck, hence N ≤ I.

We set s1 = min{|ci − cj | : ci �= cj}, s2 = min{dist(cj ;V) : ci /∈ V}, and s3 =
min{dist(cj ; Γ) : ci /∈ Γ}; and define s0 as s0 := 1

4 min{s1, s2, s3, 1}. Additionally,
passing to another subsequence if necessary, still denoted by {εn}, we can assume
Kεn < s0/4, and |aεni − ck| < s0/4, if a

εn
i → ck.

We also divide the ck’s in three subsets: ωk ≡ ck ∈ Ω, k = 1..Nω; bk ≡ ck ∈
ΓH ∪ ΓV , k = 1..Nb; vk ≡ ck ∈ V , k = 1..Nv, where Nω +Nb +Nv = N .

For s > 0, we introduce the set Ωs := Ω \
(⋃N

i=1 Ωs(ci)
)
.

Lemma 4.2. Given a sequence of global minimizers {pε}: for {εn} and s0 as in
Remark 4.1, we have that for any fixed 0 < s < s0, as εn converges to zero, there exist
constants C1 = C(Ω, σ) and C2 = C(Ω, σ) such that

Eεn

(
pεn ;

N⋃
i=1

Ωs(ci)

)
≥ π

(
Nω +

1

2
Nb +

1

2
Nv

)
ln

s

εn
+ C1,

and Eεn (pεn ; Ωs) ≤ π

(
Nω +

1

2
Nb +

1

2
Nv

)
| ln s|+ C2.

Moreover, Nω = Nv = 0, and Nb = 2, that is there are exactly two near defects
b∗1, b

∗
2 ∈ ΓH , and, they are on opposite sides of the horizontal boundary.
Proof. As εn tends to zero, we assume Kεn < s/4, and |aεni − ck| < s/4 if

aεni → ck. The ball construction of [31], and the modification dealing with boundary
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vortices presented in Lemma 7.1 in [2], can be directly applied to our problem, and
we refer the reader to [2] for details. In the following, we just emphasize a few issues.

If aεni ∈ Ω, we pick a small enough ball centered at aεni , and define the degree
of pεn in the standard way. If aεni ∈ Γ, since the sets ΩKεn(a

εn
i ) of Lemma 4.1

are mutually disjoint, with |aεi − aεj | > 8Kε whenever i �= j, we consider the annulus
AKε,2Kε(a

ε
i ), and associate to aεi the degree of the extension p̃εn defined in Section 3.3.

Under our assumptions, the sets ΩKεn(a
εn
i ) of Lemma 4.1, which have centers

tending to some ωk, do not intersect Γ, that is ΩKεn(a
εn
i ) = BKεn(a

εn
i ), and their

union can be included in a set Ω̃ � Ω.
In the spirit of Remark 7.3 in [2], we start the process by including only the sets

ΩKεn(a
εn
i ) ⊂ Ω̃, for which pεn has non-zero degree, the sets ΩKεn(a

εn
i ) whose center

tends to a bk ∈ Γ and pεn · τ changes sign on Γ±
Kε,2Kε, and the ΩKεn(a

εn
i )’s whose

center tends to a vk ∈ Γ and (pεn)1 changes sign on Γ±
Kε,2Kε.

For the balls in Ω̃ the classical construction method of [31] can be used. Instead,
in the merging process for the sets ΩKεn(a

εn
i ) with centers tending to bk’s or vk’s,

we can apply the strategy of Lemma 7.1 in [2]. Because of our assumptions these
sets are either balls contained in Ω or boundary balls with center on Γ, the merg-
ing of an interior ball touching the boundary or of an interior and a boundary ball
touching each other is handled by creating a new boundary ball with the center on
Γ. Thus, in all situations the results of Section 3.3 are sufficient to derive the energy
lower bounds during the merging process, and the ball construction in Lemma 7.1

of [2] leads to Eεn

(
pεn ;

⋃N
i=1 Ωs(ci)

)
≥ π

(
Nω + 1

2Nb +
1
2Nv

)
ln

s

εn
+ C1. But, from

Proposition 3.1, we know that Eεn(pεn ; Ω) ≤ π| ln εn| + C(1 + σ). Hence, we have

0 ≤ Eεn (pεn ; Ωs) ≤ π| ln εn| − π
(
Nω + 1

2Nb +
1
2Nv

)
ln

s

εn
+ C2, which gives 0 ≤

Eεn (pεn ; Ωs) ≤ π
(
Nω + 1

2Nb +
1
2Nv

) | ln s| + π
(
1−Nω − 1

2Nb − 1
2Nv

) | ln εn| + C2.
This, for s fixed, and εn going to zero, implies Nω + 1

2Nb+
1
2Nv ≤ 1, as otherwise the

right hand side would be eventually negative. Now, pεn · τ must change sign at least
once on each component of ΓH , due to the Dirichlet boundary condition on ΓV , so we
also have Nω + 1

2Nb +
1
2Nv ≥ 1, and we gather Nω + 1

2Nb +
1
2Nv = 1. But, again the

boundary condition does not allow for Nω = 1, Nb = Nv = 0, and requires at least
one sign change on each component of ΓH , that is Nω = 0, 1

2Nb +
1
2Nv = 1, with

exactly one near defect on each component of ΓH , say c∗1, c
∗
2, and Eεn (pεn ; Ωs) ≤

π | ln s| + C2. Assume that c∗1 or c∗2 is in V , then by Lemma 3.4 we would have:
Eεn (pεn ; Ω \ (Bs(c

∗
1) ∪Bs(c

∗
2)))) ≥ Eεn (pεn ;As,s0(c

∗
1) ∪ As,s0(c

∗
2))) ≥ 3

2π ln s0
s + C,

but, for s small, this would be in contradiction with Eεn (pεn ; Ωs) ≤ π | ln s|+C2. We
then conclude that the points are on opposite sides of ΓH .

Theorem 4.3. Let pε be a minimizer of Eε. For any sequence ε → 0, there
is a subsequence εn → 0, and two points {b∗1, b∗2} on opposite sides of ΓH , such that
pεn → p∗ in H1

loc ∩Cloc(Ω \ {b∗1, b∗2}), and p∗ : Ω \ {b∗1, b∗2} → S
1 satisfies the equation

Δp∗ + |∇p∗|2p∗ = σ(σs p
∗
2p

∗ − e).

Furthermore, p∗ is a piecewise constant vector field on ΓH \{b∗1, b∗2}, with values ±e1;
and p∗ = ν on ΓV . And, σsp

∗
2 ≥ 0 a.e. for σ �= 0. Recall that σs = sign(Eex).

Proof. Consider the sequence {εn}, and the points b∗1, b
∗
2, which lie on opposite

sides of ΓH , found in Lemma 4.2; and, for 0 < s < s0, let Ω
∗
s = Ω\ (Bs(b

∗
1) ∪Bs(b

∗
2)) .

Since Lemma 4.2 implies Eε(pε,Ω
∗
s) ≤ C(s), weakly convergence in H1

loc(Ω \ {b∗1, b∗2}),
and in W 1,q for q < 2 is obtained as in [32], while the stronger convergence follows as
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in [5] and [29] (see also [2]). To show (4.3), we take the exterior product of equation
(2.4) with pk, and pass to the limit as k → ∞, to gather −Δp∗ × p∗ + σsσ p∗1 =
limk→∞ −Δpk × ∇pk + σsσ (pk)1 = 0. But, from |p∗| = 1 on Ω̄ \ {b∗1, b∗2}, we have
|∇p∗|2 + p∗1Δp∗1 + p∗2Δp∗2 = 0, so Δp∗ + |∇p∗|2p∗ = σ(σs p

∗
2p

∗ − e). Finally, Mazur’s
lemma [35, page 120] and Lemma 2.3 imply σs p

∗
2 ≥ 0 a.e. for σ �= 0.
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Fig. 3. Numerical solution of the gradient flow (5.1) for σ = 0, with ε = 0.03. The left
figure depicts the polarization field, the right the contour map of |p|.

5. Numerical simulations. We consider the gradient flow (in L2) of the energy
(2.2), and study the behavior of the solutions of the following gradient flow equations:

1

| ln ε|
∂p

∂t
= Δp− |p|2 − 1

ε2
p− σ(p− e), in Ω;

∂p

∂ν
+

1

ε
(p · ν)ν = 0, on ΓH ; p = ν, on ΓV .(5.1)

We use a random S1-valued vector as an initial condition, and a Fourier spectral
discretization in the x and y directions, computed using the FFTW libraries [10]. For
the time discretization, we use an implicit scheme. Setting N(p) = (1 − |p|2)p/ε2.
Given pk, we solve: 1

| ln ε|
3pk+1−4pk+pk−1

2Δt = Δpk+1 − σpk+1 + σe+2N(pk+1)−N(pk).

There has been extensive work done in the dynamics of vortices in a smooth
domain, for σ = 0. In the first analytical study of motion of vortices, [4], the authors
consider the gradient flow of the classic Ginzburg-Landau energy in R

2 (with ε = 1)
for t → ∞. In [30], the authors prove that the speed of a vortex is O (1/| ln ε|); they
also analyze the creation of a pair of vortices of degree ±1, by constructing specific
initial data, which are expected to annihilate each other in finite time. This is what we
observe in our simulations, following the formation of two interior vortices, Figure 5.

Figure 3 shows the polarization field plots, and the contour map of |p| at σ = 0.
As initial condition we use random unit vectors. As expected from Theorem 4.3, two
boundary vortices appear to accommodate the opposite directions of the boundary
values on the vertical sides, and the preference for the tangential direction along the
horizontal part of the boundary. The polarization points downward in Figure 3, but
since up or down states have the same energy cost (Lemma 2.3), the same behavior
would be observed in the reverse picture, with polarization now pointing upward.

To understand how the polarization reorients under the effect of the reversed
field, we investigate the switching dynamics proceeding as follows: we first obtain the
polarization profile of the equilibrium state for σ = 70 (Figures 5 (a) and 6 (a)), then
we impose it as the initial value for σ = −70. Figure 5 demonstrates the switching
mechanism and Figure 6 depicts the contour map of |p| showing the vortex dynamics.
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(a) (b) (c)

Fig. 4. Numerical solution of the gradient flow (5.1) for switching dynamics from
σ = 70 to σ = −70, with ε = 0.03. The figures show the surface map of |p| at time
t = 0.018, t = 0.0185, and t = 0.019.
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Fig. 5. Numerical solution of the gradient flow (5.1) for switching dynamics from σ = 70

to σ = −70, with ε = 0.03. The polarization fields are depicted at selected times t = 0, t =
0.018, t = 0.0195, t = 0.021, t = 0.0215, t = 0.023.

Figure 4 shows the boundary vortex splitting process that occurs approximately
at time t = 0.0185. The inset figure provided is the plot of |p| near x = 0.5 and for
0 ≤ y ≤ 0.05 (0 ≤ y ≤ 0.2 for (c)). In (a) we show the initial boundary vortices,
also depicted in Figures 5 (b) and 6 (b), showing half a +1 boundary vortex near
(0.5, 0), and half a −1 vortex near (0.5, 1). Figure 4(b) shows how the half +1 vortex
at (0.5, 0) splits into a half −1 vortex at the boundary, and a +1 interior vortex.
Similarly, the half −1 vortex at (0.5, 1) splits into half a +1 boundary vortex, and a
−1 interior vortex. This can be seen in Figures 5 (c) and 6 (c) as well. Subsequently,
these ±1 interior vortices start moving toward the center, see Figure 4(c). Finally,
the vortices meet at the center and annihilate each other, as shown in Figure 6 (e).

The electric field strength σ needs to be large enough to switch the polarization,
since, it needs to support a pair of boundary vortices and the nucleation of two
interior vortices. Considering the cost of a boundary vortex, π

2 | ln ε|, and of an interior
vortex, π| ln ε|, for switching one needs σ/2 ≈ 3π| ln ε|. In fact, with ε = 0.03, thus
6π| ln ε| ≈ 66, we observe that the switching occurs with σ = 70, but not with σ = 60.

To summarize: once a sufficiently large electric field is reversed, our numerical
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(a) (b) (c)

(d) (e) (f)

Fig. 6. Numerical solution of the gradient flow (5.1) for switching dynamics from σ = 70

to σ = −70, with ε = 0.03. The contour map of |p| are shown at the same selected times as
in Figure 5.

gradient flow shows the formation of two interior vortices. When the polarizations near
the boundary have switched (Figures 5 (c) and 6 (c)), the two interior vortices move
along the center line of the square domain (Figure 6(d)(e)), as this allows reversed
polarizations in larger regions (Figure 5 (d)(e)). Then, they collide and disappear,
leading to the reversed polarizations in the entire domain (Figures 5 (f) and 6 (f)).
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