DIFFUSIVE LIMIT OF TRANSPORT EQUATION IN 3D CONVEX DOMAINS

LEI WU

ABSTRACT. Consider neutron transport equations in 3D convex domains with in-flow boundary. We main-
ly study the asymptotic limits as the Knudsen number ¢ — 01. Using Hilbert expansion, we rigorously
justify that the solution of steady problem converges to that of Laplace’s equation, and the solution of
unsteady problem converges to that of heat equation. This is the most difficult case of a long-term project
on asymptotic analysis of kinetic equations in bounded domains. The proof relies on a detailed analy-
sis on the boundary layer effect with geometric correction. The upshot of this paper is a novel boundary
layer decomposition argument in 3D and L2 — L2™ — L bootstrapping method for time-dependent problem.
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1. INTRODUCTION

1.1. Problem Presentation. We consider the steady neutron transport equation in a three-dimensional
bounded convex domain with in-flow boundary. In the spacial domain & = (1, z2,73) € Q where 9Q € C?
and the velocity domain @ = (w1, ws,ws) € S?, the neutron density u¢(Z, ) satisfies

e - Vau +u—a°=0 in QxS
(L.1)

us(Zo, W) = g(Zo,w) for W-7<0 and &y € 09,

where

1
) I B
(12) W@ = 3= [, @ s,
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U is the outward unit normal vector, with the Knudsen number 0 < € << 1.
Also, we consider the unsteady counterpart. Taking additional temporal domain ¢t € Rt into account, the
neutron density u¢(t, ¥, W) satisfies

o + el - Vout +u —a° =0 in RT x Q x S?,
(1.3) (0,7, @) = h(F, @) in QxS?,

— —

ué(t, To, W) = g(t,To, W) for t € RT, @-¥<0 and Ty € 09,

where
1
(1.4) at(t, &) = y= /S2 u(t, &, w)d.
The initial and boundary data satisfy the compatibility condition
(1.5) hZo, W) = ¢g(0, &y, W) for € 9N and @-v < 0.

In both cases, we intend to study the behavior of u¢ as e — 0.
Based on the flow direction, we can divide the boundary I' = {(#, @) : ¥ € 9Q and @ € S?} into the in-flow
boundary I'", the out-flow boundary I'* and the grazing set I'? as

(1.6) '~ ={(&w):¥€dQ, ¥ <0}
(1.7) I't = {(#,@): & €0, @7 >0}
(1.8) I = {(#w): £ €0, @ v=0}

It is easy to see that I' = Tt UT~ UTP. Hence, the boundary condition is only prescribed for I'". This is
usually called the in-flow or absorbing boundary condition.

1.2. Background and Methods. We have been involved in this long-term project to justify the diffusive
limits for neutron transport equations(see [24], [21], [25], [6], [7], [22] and [23]) and the hydrodynamic limits
for nonlinear Boltzmann equation (see [20] and [19]). In the past decade, we have pushed the results in many
aspects: geometry of domain, dimension, time-dependence, etc. This paper concerns the most physically
relevant and most mathematically challenging case, 3D problem with in-flow boundary.

1.2.1. Previous Results. Diffusive limits, or more general hydrodynamic limits, are central to connecting
kinetic theory and fluid mechanics. The basic idea is to consider the asymptotic behaviors of the solutions
to Boltzmann equation, transport equation, or Vlasov systems. Since the early 20" century, this type of
problems have been extensively studied in many different settings: steady or unsteady, linear or nonlinear,
strong solution or weak solution, etc.

Among all these variations, one of the simplest but most important models — neutron transport equation
in bounded domains, has attracted a lot of attention since the dawn of the atomic age. Besides its significance
in nuclear sciences and medical imaging, the neutron transport equation is usually regarded as a linear
prototype of the more complicated nonlinear Boltzmann equation, and thus, is an ideal starting point to
develop new theories and techniques. The early development focuses on formal expansion, explicit solution
and numerical methods. We refer to [8], [9], [10], [11], [12], [13], [14], [15], [16] for more details.

Our whole project starts from [24] and [25], where we introduced a fresh formulation of kinetic boundary
layers to justify diffusive limit in 2D disk/annulus. As opposed to the classical theory (see [1]) which only
works in the geometry of flat boundary, our new method can be implemented in both flat and curved domains.

Later, we developed several novel techniques to apply this idea to more general cases:

e Steady problem:
— In [6], we extended the idea to 2D general convex domains (which do not have to be a
disk/annulus) with diffusive boundary .
— In [7], we extended the idea to 3D general convex domains with diffusive boundary.
— In [23], we extend the idea to 2D general convex domains with in-flow boundary.
In this paper, we will cover the last and most difficult piece, i.e. 3D general convex domains with
in-flow boundary.
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Unsteady problem:
— In [21], we considered the 2D disk/annulus with in-flow boundary. This is a unsteady counter-
part of [24].The diffusive boundary counterpart is actually simpler.
— In [22], we considered the 2D general convex domains with diffusive boundary. This is a unsteady
counterpart of [6].
All in all, there are fewer studies on unsteady problems and there are many pieces missing. In this
paper, we will skip the intermediate steps and directly attack the 3D general convex domains with
in-flow boundary, which will cover all simpler cases.

1.2.2. General Ideas. We use 2D steady neutron transport equation (1.1) (i.e. ¥ € Q C R? and @ € S!) to
present the main idea. Generally speaking, the solution u¢ varies smoothly and slowly in the interior of €2,
and behaves like u¢ — ¢ = 0 which ignores w - V,u¢. However, its value changes severely when approaching
the boundary 9f2 and in this regime, w - V u¢ plays a crucial role. The smaller € is, the more violently u¢
changes.

This phenomenon indicates that u¢ can actually be described in two distinct regimes with different scalings,
namely, the interior solution U and the boundary layer %/. The interior solution satisfies certain thermody-
namic equations, and the boundary layer satisfies a half-space kinetic equation, which decays rapidly when
it is away from the boundary.

The justification of this approximation, i.e. the so-called diffusive limit usually involves two steps:

(1)

(1.9)

(1.10)

(1.11)

o0 [ee]
Hilbert expansion: expanding U = Z €*U, and UP = Z ekl/l,f; as power series of € and proving
k=0 k=0

the coefficients U}, and U,f; are well-defined.

Traditionally, the estimates of the interior solutions Uy are relatively straightforward. On the other

hand, boundary layers Z/{,f satisfy one-dimensional half-space problems which lose some key structures

of the original equations. The well-posedness of boundary layer equations are sometimes extremely

difficult and it is possible that they are actually ill-posed (e.g. certain type of Prandtl layers [5]).
For kinetic equations, the boundary layer is described by so-called Milne problem with geometric

correction

. of € of _

sm¢8—n+mcos %—i-f—f—S,
where R, is the curvature of boundary. To close the proof, we need to bound the second-order
derivative of f in L>. However, as pointed out in [4], even weighted W2 estimates of general
kinetic equations are not available. The resolution of this difficulty mainly involves two techniques:

o Weighted W1 estimates: this is achieved by carefully designing weights and a detailed analysis
along the characteristics. It is firstly used in [6].

e Boundary layer decomposition: we delicately decompose the boundary layer into two parts: the
regular boundary can attain W?2°° estimates and the singular boundary layer can only attain
W1o° estimates with extremely small support. It is firstly used in [23].

Remainder estimates: proving that R = u® — Uy —UP = o(1) as € — 0.
Ideally, this should be done just by expanding to the leading-order level Uy and U. However, in
singular perturbation problems, the estimates of the remainder R usually involve negative powers

of €, which requires an expansion to higher-order terms Uy and UE for N > 1 such that we have a
N N

sufficient power of €. In other words, we define R = u — Z U, — Z ekl/{kB for N > 1 instead of
k=0 k=0
R=u*—-Uy— UOB to get better estimates of R.
In detail, for the remainder equation

e -V,R+R—R =S,

so-far the best estimates in 3D read

1 .
IRl 1o (axs2) < T ”SHszJﬁl + higher-order terms,

for m > 2. This is actually gradually improved from [24] to [6] and [23].



LEI WU

1.2.3. Key Difficulties. These techniques have been matured in 2D. However, we encounter essential diffi-
culties in deriving their 3D counterparts:

(1.12)

e Boundary Layer Decomposition is Still Not Enough.

In 2D steady problem, we may show L?™ estimates for arbitrary m € N. However, in 3D, due to the
restriction of Sobolev embedding [23, (4.125)] and trace theorem [23, (4.130)], we can at most attain
m = 3 (i.e. L%) estimates. Also, when bootstrapping from L?™ to L>, we lost even more power of
€. Hence, in (1.10), we can at most obtain (see [7])

1
< i _
(1Rl o0 (2xs2) S ‘SHL%(QXSQ) + higher-order terms.

Hence, 3D problem requires €2 x el=8 = eg, which is fatal since the boundary layer decomposition
can at most provide €2 extra power (see [23]). This is the major difficulty in 3D steady problem.
Remainder Estimates is Not Available.
In 3D unsteady problem, an additional difficulty is that the traditional technique to show remainder
estimates fails. Our bounds of the remainder is actually based on an improved averaging lemma. The
proof highly relies on a series of delicately chosen test functions in the weak formulation. However,
in 3D unsteady case, such test functions are not attainable. Also, the L estimates are obtained
through a bootstrapping argument, which requires an application of double Duhamel’s principle and
a smart change of variables. In contrast to steady problem, such an argument breaks down in 3D
due to lack of variables for substitution.

Here, we face a dilemma: L? estimates for the unsteady problem are available, but the e power
is not sufficient to close the proof; L% estimates can do the job, but we must try a new approach to
show the averaging-lemma-type estimates and recover the boostrapping method.

1.2.4. Major Upshot. In order to tackle the two difficulties mentioned above, we introduce the following fresh
techniques:

(1.13)

(1.14)

(1.15)

e Improved Estimates of Regular Boundary Layer.

In 2D boundary layer decomposition (see [23] and above introduction), the regular and singular
boundary layers have contradictory requirements on the cutoff ~ €* of boundary data. Consider
the boundary data decomposition g = ¢ + & and the corresponding regular boundary layer % and
singular boundary layer
— to obtain W% estimate of % with data ¢, we want « to be as small as possible; the smaller
a is (better smoothness of ¢), the better estimates we get;
— to obtain W1 estimate of 4 with data &, we want o to be as large as possible; the larger o
is (smaller support of &), the better estimates we get.

The resulting optimal o = = is a balance of the above two arguments. In this paper, we remove the
above restriction from the regular boundary layer. We improve the estimates from

U| oo~ CET~ OB

| HLnL¢,w € €2,
to

2 3
HOZ/HL;]‘OL;‘jw ~ Ot~ e

Henceforth, o can be enlarged all the way to 1, which is the critical value in the framework. Then
this is sufficient to cover the €5 loss in remainder estimates and obtain €3 asymptotic convergence.
Mixed L? — L5 — L*° Remainder Estimates.

For the unsteady remainder equation

e0,R+ew-V,R+ R — R =S5,

we propose three ideas to recover and further improve the remainder estimates:
— Firstly, we introduce a combination of L? and L° estimates to bound the remainder R, i.e. to
bound R quantities with L% and 9; R quantities with L?. Here, we need to redefine the energy
and dissipation and utilize an intricate interpolation estimates. In particular, [|0;R| ;2 qxs2)
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requires the bounds of

(1.16) Heiluﬁ’ : V$R||L2(R+xﬂxs2) + H(Q(R - R)HL2(R+><Q><S2) + H€725”L2(R+x9xs2) :

Here the presence of ¢~2 involves a delicate balance of € power, which relies on a special appli-
cation of the orthogonality relation.

— Secondly, as [23] and [22] state, the traditional remainder estimate for unsteady neutron trans-
port equation is based on an LS kernel estimates and L? energy estimates, which can at most
provide

c .
(1.17) IR 12(xs2) < = ||SHL%(]R+><Q><S2) + higher-order terms.

In 3D, L? is far from enough to close the proof. Here, we introduce another L% energy estimates
to improve the bounds to

C .
(1.18) IR 2o (xs2) < = ||S||L%(R+xﬂ><§2) + higher-order terms.
Here the improvement from L? to LS is far more crucial than the loss of €5 in power.

— Thirdly, we introduce a new boostrapping argument that relies on triple Duhamel’s principle.
Roughly speaking, we “borrow” one velocity variable from the next-level mild formulation and
fulfil the requirement of substitution. Definitely, this comes with a price. We now have to
further decompose the integral domain and handle the singular Jacobian associated with the
substitution. At the end of the day, we obtain

C :

(1.19) IRl Lo (m+ x2x52) < ey [1R(t)] L6252y + higher-order terms.
This is in sharp contrast with the L? version (see [22])
C .

(1.20) IRl oo (e x2xs2) < I [R(t)]| 12 (@ xs2) + higher-order terms.

In total, we obtain the unsteady remainder estimate
(1.21) 1Rl oo m+ xaxs2) < 6% ”S”L%(R+><Q><S?) + higher-order terms.
Hence, we lose €5 x =% = e%, but the above boundary layer decomposition provides . We
eventually obtain €6 asymptotic convergence.
1.3. Main Theorem.
1.3.1. Steady Problem.

Theorem 1.1 (Steady Diffusive Limit). Assume g(Zo, @) € C3(I'"). Then for the steady neutron transport
equation (1.1), there exists a unique solution u(Z,w) € L>®(Q x S?). Moreover, for any 0 < § << 1, the
solution obeys the estimate
(1.22) [uf = U = UP|| o (qrgey < C )5,
where U(Z) satisfies the Laplace equation with Dirichlet boundary condition
AU@E) =0 in Q,

(1.23)

U(fo) ZD(fo) on 89,

and UB (1, 11,12, ¢,v) satisfies the e-Milne problem with geometric correction

ous sin? ¢ cos? ou® B B
. . o -0
Sln(b 877 <R1(L17L2)€77 +R2(L1,L2)€T]) COS(b 8¢> +Z/[ u ’

UB<03517L27¢71/1):g(L17L27¢71/}>_D(L17L2) fO’I” Sin¢>0a
uB(Lablal’Qv(ba’l/)):uB(L7L13L2a%[¢]7¢)7

(1.24)
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for L = ¢ 2, RZ|p] = —d, n the rescaled normal variable, (11,t2) the tangential variable, and (¢,) the
velocity variables (see Section 2.1.2).

Remark 1.2. Note that the effect of the boundary layer decays very fast when it is away from the boundary.
Roughly speaking, this theorem states that for & not very close to the boundary, u(Z,w) can be approximated
by the solution of a Laplace equation with Dirichlet boundary condition.

Remark 1.3. Here the Dirichlet boundary D(Zy) and D(i1,12) are identical quantities written in different
coordinate systems. They are uniquely determined by the boundary data g.

1.3.2. Unsteady Problem.

Theorem 1.4 (Unsteady Diffusive Limit). Assume h(Z, @) € C(QxS?) and g(t, To, W) € C3(RTxT'~). Then
for the unsteady neutron transport equation (1.3), there exists a unique solution u®(t, ¥, ) € L (Rt xQxS?).
Moreover,

(1.25) lim ‘eKOt (u —U-u - uB) H —0,
e—=0 L= (Rt xQxS2)

where U(Z) satisfies the heat equation with Dirichlet boundary condition
U — A U@) =0 in RT xQ,
1
U0,%) = — h(Z,@)dw in €,
(1.26) 0,2) = /SQ (Z,w)dd in
U(t,fo) = D(t,.fo) on 80,
Ul (7, %,10) satisfies

1

(1.27) U (r,z,w) =e" " (h(:ﬁ', W) — — / h(Z, w)dw> ,
471' S2

for T the rescaled time variable, and U (t,n, T, $) satisfies the e-Milne problem with geometric correction

B -2 2 B
Sin(baa?? - (Rl(bsllz;p— €n Rz(LCl(?sz)w— 677) Cowagqﬁ tUT-ut =0,
(1:2%) UP(4,0, 01,12, 0,1) = gt 11,12,0,6) — Dlt,12,12) for sing >0,
UB(t, Loty 9, 0,0) =UB(, L, 11,12, Z[9], 1),
for L = e’%, RZ|o] = —@, n the rescaled normal variable, 11, 1o the tangential variables, and ¢, i the velocity

variables (see Section 3.1.2 and 3.1.3).

Remark 1.5. Note that the effects of the boundary layer decays very fast when it is away from the boundary.
Roughly speaking, this theorem states that for & not very close to the boundary, u¢(t, ¥, W) can be approximated
by the solution of a heat equation with Dirichlet boundary condition.

1.4. Notation and Convention. Throughout this paper, C' > 0 denotes a constant that only depends on
the domain €2, but does not depend on the data or €. It is referred as universal and can change from one
inequality to another. When we write C(z), it means a certain positive constant depending on the quantity
z. We write a < b to denote a < Cb.

This paper is organized as follows: in Section 2, we study the steady problem, and in Section 3, we study
the unsteady problem. Section 4 focuses on the analysis of boundary layer equation, i.e. the e-Milne problem
with geometric correction.

2. STEADY NEUTRON TRANSPORT EQUATION

In this section, we prove the diffusive limit of the steady neutron transport equation (1.1).

2.1. Asymptotic Expansions.
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2.1.1. Interior Expansion. We define the interior expansion as follows:
(2.29) U (%, W) ~ Uo(Z, ) + €Uy (Z, W) + 2Us(Z, W),

where Uy, can be determined by comparing the order of € via plugging (2.29) into the equation (1.1). Thus
we have

(2.30) Uy — Uy =0,

(2.31) Uy — Uy = — -V, U,
(2.32) Uy — Uy =— 0 -V, U
Plugging (2.30) into (2.31), we obtain

(2.33) Uy =U, —@-V,Uy.
Plugging (2.33) into (2.32), we get

(2.34) Uy — Uy =—0-V, (U — - V,Up)

= — - Vwﬁl + (w%@wlwlﬁo + w%@mm UO + w?ﬁmu UO)
+ 2(11)1'(0281112 170 + wlwg&clm Uo + wz’wgang_ 170>

Integrating (2.34) over @ € S?, we have the final form

(2.35) AUy =0,

where all cross terms vanish due to the symmetry of S2. Hence, Uy(Z, ) satisfies the equation
Uy = Up,

2.36 —

23 oo

In a similar fashion, for £ = 1,2, we may define that U}, satisfies
Uk; = U}c — - V:pUkrfla

AU, = 7/ W -V, Up_1dw.
S2

(2.37)

It is easy to see that Uy, satisfies an elliptic equation. However, the boundary condition of Uy, is unknown at
this stage, since generally Uy, does not necessarily satisfy the in-flow boundary condition of (1.1). Therefore,
we have to resort to boundary layer analysis.

2.1.2. Quasi-Spherical Coordinate System. While the interior solution can be well-defined using the stan-
dard Cartesian coordinate system, the boundary layer requires a local description in a neighborhood of the
physical boundary 092. We call it a quasi-spherical coordinate system. The construction can be divided into
the following substitutions:

Substitution 1: Spacial Substitution:

Consider the three-dimensional transport operator o -V, . By standard differential geometry, in a neighbor-
hood of Zy € 99, we can always define an orthogonal curvilinear coordinates system (¢1, t2) such that at &
the coordinate lines coincide with the principal directions (if Zy is not a umbilical point, then we can extend
such properties to the whole neighborhood; note that the equation we derive is invariant under the change
of coordinate system since it only depends on normal vector and tangential plane, so we only need to choose
the simplest one). The boundary surface is 7 = 7(¢1,¢2). In addition, 917 and 027 denote two orthogonal
tangential vectors. Then the outward unit normal vector is

61F X 82F

|(91’I7>< 827?] '

Here |-| denotes the length and 9; denotes the derivative with respect to ¢;. Let
(239) P = |(91’F>< agﬂ = |81F] ‘327?] = P11:)27

(2.38) 7=
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for P; = |0;7] with the unit tangential vectors

o 0T

2.4 = — = —.
(2.40) Sl P S 2

Then consider the new coordinate system (pu, t1, t2), where p denotes the normal distance to boundary surface
09, i.e.

(2.41) =7 — puv.
The transport operator becomes

<(81’F— ,ualﬁ) X (82’F— ,U82’7)> 0 o
(2.42) WV, =— o

((81F— uoL V) X (0o — u(‘bﬁ)) U o

((agf— 1027) X ﬁ) b 5 ((alf— L) X 17> b 5

+ o P

((81F 10 7) X (Do — u325)> 7 ((81F 101 7) X (Do — u325)> 7

As usual, at @y, define the first fundamental form (E, F,G) = <8lf’~ 017, O T+ OoT, DT - 32F) and second

fundamental form (L, M, N) = (811F~ U, 0197 U, OooT D’). Then we have F' = M = 0 due to the orthogonality
and the principal curvatures are

(2.43) R1 = —
Note that k; and ko depend on (t1,¢2) and can change from point to point on 9. Also,
(2.44) OV = k1017, 0oV = KoOof'.

Hence, direct computation using (2.38), (2.39) and (2.44) reveals that
(2.45)

((6177— HoLV) X (0o — ,u3217)> =1 —rip)(1 — kop) (017 x 02F) - V= (1 — k1) (1 — ko) P,
(2.46)

((31F— o1 7) X (O — uagﬁ)) A =(1 — k) (1 — ko) (017 X O2F) - W = (1 — k1) (1 — kop) P(W - ¥),

and
(247) ((827?— ﬂagﬁ) X ﬁ) 0 :(1 — Iig,u)(aﬂ?x ﬁ) S = (1 — KJQ,U)PQ(@' 61),
(248) ((8177— /,Lalﬁ) X ﬁ) - :(1 — mlu)(alf'x ﬁ) S = —(1 — K,l/.I/)Pl(U_j . 52)

Hence, plugging (2.45), (2.46), (2.47) and (2.48) into (2.42), we have the transport operator

. L 0 w- S 0 WG 0
2.49 GV, = (gl v 9 we J
( ) ’ ( )8u Pi(kip—1) 01 Pa(kop —1) Oig

Above computation is valid in a neighborhood ¥ C 92 of the boundary surface. Let

(250) Rrﬂin = min{Rl([/la L’2)a R?(”la L2)}7

L1,t2
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1 1
where Ri(t1,t2) = —— and Ra(t1,t2) = ———. Therefore, under the substitution (x1,xs,23) —
K1(t1,t2) Ko (L1, L2)
(1, t1,t2) for 0 < g < Rpin, the equation (1.1) is transformed into
Ous wW-q Ouf W& 8u€> _ ) 9
el —(w-7 —_—— — | +u*—a =0 in (0,Rmin) X X X S,
(2.51) ( ( ) on ou Pl(nlu —1) 011 Py(kop —1) Oug ( )

u¢(0, 1, Lo, W) = g(t1, L9, W) for -0 <O0.

Substitution 2: Velocity Substitution:
Define the orthogonal velocity substitution

(2.52) W -G =cos¢siny,
W

for ¢ € [—g g} and ¢ € [—m,n]. Then using chain rule (See [18]), we may directly compute

)

(253) i _>i o P 31n¢— N ( g - (§2 X (0127 X §2)> \ ) Py tan  cos ¢> 0
O Oun O Py oY’

(254) i —>i I€2P2 (3081/)i + <<2 ’ (gl ) (812T ) gl)) — /‘\32P2 tanQSbmq//) 4
Oty Oto 09 P, o

Then inserting (2.53) and (2.54) into (2.51), we obtain the transport operator

sin? ¢ cos?
2. =
(2.55) W- Vg sm(baﬂ (R1H+R2,LL) S¢3¢>
+< cos ¢ sin 1) i_’_ cos ¢ cos 1 8)
P1(1 — Hlﬂ) 81,1 P2(1 — ng) (9/,2

N ( sin 1) (cos¢(€i , (52 x (812 X ;2))) — ;ﬁPngsinqbcosw)

1—rip
cos o[ L. . . 1 0
1= ron ( — cosqﬁ(gg . (§1 X (0127 X gl))) + Ko P Py smqbsmz/;)) PE; %

Hence, under substitution (wi,ws,ws) — (¢,1) for ¢ € {—g,g} and ¢ € [—m, 7|, the equation (1.1) is

transformed into

€sin ¢

Ous sin?¢  cos? Ou
o _G(Rl—u+ R2_M>COS¢8¢
cos¢siny Ouc cos ¢ costyy Ouc
6(Pl(l—/’vlu) o Pz(l—ﬁzu)&z)

+6< Sinw <COS¢)(§1 <§2>< 8127‘X§2 ))—Hlplpgsin(bCOSU))

(2.56) I—FKip
1 €
10:)5,:5” ( _ cos¢>(g2 <g1 X (D127 X & )) + ko P Py sinqﬁsim/;)) PiP; %7;
+uf—a°=0 in (0, Rmin) X X X [—g, 5} X [—m, 7],

u(0,t1,t2,0,%) = g(t1,2,0,7) for sing > 0.

Substitution 3: Scaling Substitution:
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0 10
Define the scaled variable = E, which implies % o Then, under the substitution pu — n, the
€ o eon

equation (1.1) is transformed into
., Ouf sin? ¢ cos? ous
sin ¢ an —e(Rl e + s —677) COS¢8¢

. cos¢siny  Ouc cos¢pcostyy Ouc
Pl(l - 6/43177) 8L1 P2(1 - 65277) 8L2

+€<ls_m€z}m(cos¢<§'l . (5’2 X (0127 X 5‘2))) — k1P Py sinqbcoszb)

(2.57)
cos Lo/ o ) ) 1 Ouf _
+ 1_62/}277<— cosqb(gz . (gl X (0127 X q))) + ko P Py sm¢smw)> B, 90 +uf —af =
Rmin
+u¢ —u¢=0 in (0, . ) X 3 X {—g,g] X [—m, 7,

u(0, 01,2, 0,9) = g(1,t2,¢,9) for sing > 0.
2.1.3. Boundary Layer Ezpansion. We define the boundary layer expansion as follows:

(258) Z/{B (777 L1,L2, ¢7 ’(/}) ~ Z/{OB (777 l1,1L2, ¢7 1/}) + GulB (/’77 l1,L2, ¢7 w)a

where UP can be defined by comparing the order of € via plugging (2.58) into the equation (2.57). Thus, in
a neighborhood of the boundary, we have

. oup sin? ¢ cos? our B B
2.59 — — =0
(2.59) sin ¢ on 6(R1—€77+R2—677 cos ¢ 9% +Uy — Uy ,
. ouP sin? 1) cos? 1 oug B B B
2. — _ - _
(2.60) sin ¢ n E(R1—6n+R2—en) cos ¢ 96 +UP —U; GlUy'],
where
cos psiny  OUEP cos pcosyy UL
2.61 =
(2.61) ] (P1(1 —ekn) Ou Po(l —ekan) Ouz
+ <1sm1/J <cos¢(€i . (6’2 X (0127 X 52))) — k1P P sind)cosw)
— €R1N
cos 1 N L. . . 1 oup
+ m < - cos¢(§2 . (gl X (0127 X <1)>) + Ko P1 Py smd)sm1/1)> Ph W,
and
_ 1 (™ %
(2.62) i) = o [ [ UG 12,600 cos dodu,

We call this type of equations the e-Milne problem with geometric correction.

2.1.4. Decomposition and Modification. In this section, we prove the important decomposition of boundary
data, which can greatly improve the regularity. The idea is adapted from [17] for the flat Milne problem.
Consider the e-Milne problem with geometric correction with L = ¢ 2 and Z(P] = —o,

L Of siny | cos?y \  Of o
bmqban—e(Rl_en—l—R2_60>c05¢6¢+f—f—0,
fQ0,0,9) = g(¢,¢) for sing >0,

f(L,9,9) = f(L,Z[9], ).

We assume that g(¢,1) € C? is not a constant (if g is indeed a constant, then the leading-order boundary
layer vanishes and it reduces to the case in [7].) and 0 < g(¢, 1) < 1. This is always achievable and we do

(2.63)
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not lose the generality since the equation is linear. For some o > 0 which will be determined later, define
T
two C'*° auxiliary functions for ¢ € [O, 5} and ¢ € [—7, 7],

0 for ¢ € (0,€%],
(264) NOV= o) tor s 27 ],
and
1 for ¢ € (0,€%],
2.65 ) = LT
(2.65) POV= o) for ge e 7]
A standard construction using mollifier justifies the existence of g; for i = 1,2. Also, we can easily obtain
0g; 0%g; 0G;
Hai; < Ce™@ and ‘ Bqﬁg; < Ce 2@, In addition, it is easy to verify that Haf/j < C. Let

L3y L3 L3

f1(n, ¢,4) and fa(n, ¢,1%) be the solutions to the equation (2.63) with in-flow data g1(¢,v) and g2(¢, 1))
respectively. Then by Theorem 4.1, we know f; and fy are well-defined in L%,w- By Theorem 4.3, they
satisfy the maximum principle, which means

(2.66) F1(0,07,9) = f1(0) = = f1(0) <0,
(2.67) f2(0,0%,9) = f2(0) =1 = f2(0) > 0.
Therefore, there exists a constant 0 < A < 1 such that
(2.68) A(£10.0%,4) = £1(0)) + (1= V) (£(0,0%,) - (0)) =0.
Let gx(¢) = Ag1(¢p) + (1 —X)g2(¢) and the corresponding solution to the equation (2.63) is fi(n, ¢). We have
Since for ¢ € (0,€], g» =1 — X is a constant, we naturally have % = 0. We may solve from the equation
(2.63) that at n =0,¢ € [0,€*],% € [-m, 7],
ofx 1 sin? 1) cos? ) g _ B
(2.70) 377] ~ sing <€<R1 —€en + Ry —en €08 ¢87¢ (f)‘ f/\) =0

Note that gx(¢,¢) = g(¢,v) for ¢ € [26‘% g}, so our modification is restricted to a small region near the

grazing set and we can smoothen the normal derivative at the boundary.
This method can be easily generalized to treat other g(¢,). In principle, for g(¢,v) € C!, we can define
a decomposition

(2.71) 9(¢,1) =9 (.¢) + &(¢,9),
such that (¢, 1) = 0 for sin ¢ > 2¢*, and the solution to the equation (2.63) with in-flow data ¢ (¢) has L>°
99

< C.

99

< Ce @ due to the short-ranged cut-off
L3y

normal derivative at n=0. Such a decomposition comes with a price. Originally, we have

LEw
0
9¢

¢

However, now we only have

< Ce @ and H

) L
function.

For either ¢4 and &, we may define the corresponding boundary layer % and 3. We call % the regular
boundary layer and expand it up to O(e), i.e.

(272) %(T]a L1, L2, ¢a ’l/)) ~ %0(777 L1, L2, ¢7 11[}) + 6%1 (’r]a L1,1L2, ¢7 d))
Also, we call 4 the singular boundary layer and only expand it to O(1), i.e.
(273) ﬂ(n7L17L27¢71/}) NL[O(U7L17L2a¢a 11[})

They should both satisfy the e-Milne problem with geometric correction.
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2.1.5. Matching Procedure. The bridge between the interior solution and boundary layer is the boundary
condition of (1.1), so we consider the boundary expansion:

(2.74) Uo (2o, W) + U (Zo, W) + Up(Zo, W) =g(ZTo, W) for Ty € 9N,

(2.75) Uy (%o, W) + %1 (2o, W) =0 for Z, € ON.

The construction and determination of asymptotic expansion are as follows:

Step 0: Preliminaries.
Define the force

(276) F(G, 1,01, L271/}) = E(Rl(

sin? 1) cos? 1 >
ti,t2) —€n  Ro(ti,t2) —en )
T

5 2}, denote Z[¢] = —¢.

1
Define the length of boundary layer L = ¢~ " for 0 < n < 3 For ¢ € [f

Step 1: Construction of %, 4y and Uy.
Define the zeroth-order regular boundary layer as

U1, L1, L2, 6,0) = Fo(n), L1, L2, $,%0) — Fo,1(L1, L2),

T I B
singb% + F(e;m,t1,t2,7) cosgb% + %y — Fo =0,
(2.77) an ¢

y0(07L17L27¢7’(/}) = g(L17L27¢7w) for Sil’l¢ > 07
yO(LaLlaL%d)a’l/}) = yO(LlevL%‘%[d)}?w)?
with %o, (11, t2) is defined as in Theorem 4.1.

Define the zeroth-order singular boundary layer as

u0(777 l1,L2, (ba ¢) = 50(77’ L1,1L2, ¢71/}) - SO,L(LM ['2)7

0 0 _
Sind)aino + F(Gnalfla LQaw) COS(baiQSO + 80 - 175’0 = 07
SO(O7L17L25¢7¢) = ®(b1,L27¢’¢) for Sin¢ > 07
8’()(-[/; L17L2a¢7w) = SO(L3517L27%[¢]71/))7

with §o,1(¢1,t2) is defined as in Theorem 4.1.

(2.78)

- -

Also, define the zeroth-order interior solution Uy(Z,
Uo(Z,w) = Uo (),

(2.79) AUy(Z) =0 in Q,
Uo(Zo) = Fo,0(t1,12) + Fo,0(t1,2) on Q.

) as

Step 2: Construction of % and Uj.
Define the first-order regular boundary layer as

%1(7771/17527¢71/}) = 91(77, L17L27¢7¢) - Lg.l,L(LhLQ)v

0F OF .
Sinqbainl + F(Evna L17L27¢) COSQST; +y1 - yl = G[%OL

yl(O,Ll,LQ,(b, ¢) =- Von(O,Ll,Lg) for sin(b > 0,
y](L,L17L27¢7¢) = yl(LleaL27%[¢]7w)a
with Z; 1,(t1,¢2) is defined as in Theorem 4.1, and Gy is defined in (2.61).

(2.80)
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—

Then define the first-order interior solution Uy (Z, W) as

Ul(f7 ’lf}) = Ul('f) — - vaO('fa 1,(7)7

(2.81) AU (D) = —/ (w.vao(f,w))dw in Q,
_ St
Ui(Zo) = Z1,0(t1,t2) on 0.

Note that we do not define 4; here.

Step 3: Construction of Us.
Since we do not expand to % and s, simply define the second-order interior solution as

UQ(fv ’LU) = UQ(‘%’) —w- val(fa ’Jj)v
(2.82) AU (%) = —/ (w. V.U (Z, w))dw in Q,
Sl

UQ(SL_"()) =0 on 9ON.

13

Here, we might have O(€?) error in this step due to the trivial boundary data. Thanks to the remainder

estimate, it will not affect the diffusive limit.

2.2. Remainder Estimate. In this section, we consider the remainder equation for u(Z, @) as

= o oo . 0 2
(2.83) { ewW - Vyu+u—1ua=8Z ) in Qx8§%

u(Zo, W) = g(&o, W) for w-7 <0 and ZH € N

Define the L? norms with 1 < p < co and L* norm in  x S? as usual:

(284) v =( [ [ 1@ asaz)”

(2.85) (1l Loe (xs2) =€SSSUP(z a5y eaxs? | f (&, D)] .

Define the L? norm with 1 < p < oo and L* norm on the boundary I' = 9Q x S? as follows:

(2.86) 1o rsy = @D @ 7l dadz )
r+

(2.87) [l oo (r+) =esssup(z gyer+ | f(Z, W)] .

In particular, we denote dy = (@ - ¥)dwdZ on the boundary.

The 3D steady remainder estimate follows from a similar argument as [23, Section 3] (also see [18]), so

we omit the details here and only provide the main theorem.

Theorem 2.1. The unique solution u(Z, W) to the equation (2.83) satisfies for integer 1 < m < 3,

1 1
088 Il <0( 18l ey +

(2x82)
1

+ + oo (T— .
i ol + = Dol oy + Dallme )

2.3. Diffusive Limit.

+ 150 Lo (axs2)

2.3.1. Analysis of Regular Boundary Layer. In this subsection, we will justify that the regular boundary
layers are all well-defined for 0 < o < 1. In the following, we will not show ¢, ¢; and 1 dependence when

there is no confusion.

Step 1: Well-Posedness of %.
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Based on (2.77), %, satisfies the e-Milne problem with geometric correction

.0
Slnd)ain—i-F() ¢7+%0—%0—0

(2.89) U (0,¢) =9 (p) — Fo,r for sing >0,

%O(Lv d)) = %O(Lv %[qﬁ])?
where

sin? ¢ cos?

2.90 F =— .
(2.90) =gt + ot )
Therefore, since ”g”qub . < C, applying Theorem 4.2 to the equation (2.89), we know
(2.91) HGKO”%HL;CL;;w <C.

Step 2: Tangential Derivatives of %4.

U
For i = 1,2, the ¢; derivative W; = % satisfies
Li

: B .2 2
) COS¢88V;/Z W T = e <8LiR1 sin®¢y  9,, Ry cos w> ¢5‘%0

(Ry — en)? (Ry —en)? 99’

(2.92) _ 09 . 0FL
(9) - =5,

Wi(L, ¢) = Wi(L, Z[¢]).

for sin¢ > 0,

Since
» 0,, Ry 0,, Rs } sin? 1) cos?
2.93 - < max : , : +
( ) (Ry — en)? (Ry —en)? | — { Ry —en| |Ry —en Ri—en Ro—en
<C sin? 1) cos? 1
“ |Ri—en Ry—enl|’
we have
9, Rysin®y  9,, Ry cos® 1) Uy 0y
2.94 — . z < F
(2.94) ‘ 6<(R1_€n)2 + (Rs —en)? cos ¢ C|F(n)cos p——

Applying Theorem 4.5 to the equation (2.89), we know

(2.95)
Kon O Kon 8
RV () cos 6 0 <@ (s, , +[5a |+ lelpy ) < ClAP.
¢ LeLy, o0 LSy
oY
Note that here although R < Ce™ %, with the help of €, we can get rid of this negative power.
LOO

Therefore, applying Theorem 4.2 to the equation (2.92), we have

(2.96) HeK""WiHL;oL;fw < Cn(e)[®.

Step 3: Velocity Derivatives of %4.



DIFFUSIVE LIMIT OF TRANSPORT EQUATION 15

0%
The 9 derivative H = =79 satisfies

oY
. ,OH oOH 2sinty costy)  2siny cosy )
L F & iH= -
sul(ba?7 + (n)cos¢a¢+ e( Ry — e Ry — e cos ¢ 96
(2.97) H(0,¢) = %(QS) for sin¢ > 0,
o
H(L,¢) = H(L, Z[¢])-
Since
(2.98) 2 sin ) cos - 2 sin v cos Y < 1 sin? ¢ cos? 1
' Ry —en Ry —en max{Ry,Re} —en| ~ |Ri—en Rs—en|’
we have
2sint costy  2sin cos 0% Uy
. — sh—— | < 00
(2.99) ’e( R —en Ry —en )cosqb _C‘F(n)cosgb 9

Therefore, using (2.95), applying Theorem 4.6 to the equation (2.97) (by the construction of %4, H must
satisfy the requirement of Theorem 4.6), we have

(2.100) e nH||, .., <Cln(e)®.
n Té.y

Step 4: Well-Posedness of %4 .
I satisfies the e-Milne problem with geometric correction

. 0 10%/% —
sin ¢87771 + F(n) cos ¢87¢1 + % — % = G|,
(2.101) .(0,¢) = 0 - V,Uo(Zo, W) — F1.1, for sing >0,
% (L, ¢) = (L, Z|9)]),
where
cos ¢ sin COS ¢ cos )
2.102 Gl = 57— Wi+ 57— =W
( ) ] <P1(1—6f<6177) P R(1—enan)
+ (%(COS (;5(6'1 . (6’2 X (0127 X 5’2))) — k1P Py sinqﬁcoszb)
M _ cosqﬁ(g_'g . (5‘1 X (D127 X g"l))) + Ko Py P sin ¢ sin 4 !
1 —eram PrPy

=Gw, W1+ Gw,Wa+GgH.

Here we use Gw,, Gw, and G to denote the quantities in front of Wy, Wy and H. We may directly bound

(2.103) |Gw: |+ [Gw,| + |G| < C.

Using (2.96) and (2.100), we have

(2.104) [e5"G(%) ||, e < Cllne)]®.
n Té.y

Therefore, applying Theorem 4.2 to the equation (2.101), we know

(2.105) [e%on < Clln(e)[®.

HL;oLg;fw

Step 5: Tangential and Velocity Derivatives of %4.
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o0
For j = 1,2, the ¢; derivative V; = ==L satisfies

&j
6%
smq& —i—F()cosqS ¢+V Vi =51+ 5+,
(2.106) V;i(0,¢) = a{i (w V. Uo (%o, W) — %,L> for sin¢ > 0,
J

Vi(L, ¢) = V;(L, Z[¢)),

where

0, Risin®¢ 8, Ry cos? 0
2.1 =— - - rye
(2107 e ( (R * (Fa—e? ) 006"

_ 9Gw, OGw, Gy

(2.108) Sy = o Wi+ o Ws + o, H,

oW, oW, OH
(2.109) S3 =Gw, —— o +Gw,—— o +GHo— o
Using (2.93), we know

0%

2.110 Kong <C|lefonp —
210 o571 15, <CePOeoso 5|

Using (2.96) and (2.100), applying Theorem 4.5 to the equation (2.101), we have
(2.111)

§C’(HeK°" (GWI Wy + Gy, Wa + GHH) H

eKOTICE (GW1 Wi+ Gw,Wa + GHH>
on

LELE,

L??Lgcfw)

+ || [l H| e o

N
oH
on

g s,

oWy
n

<C(HeK°”W1

I res,

+ KO"']C

co
LQQL g

SC(l + H Kon I
on

10)l%
Kon 1
+ He ¢ 3

oo

LeLY, >

S
O0H )
877 LgeLy, .

Here the weight function ( is defined in (4.462). Combining (2.110) and (2.111), we know

LS,
oWy
oy

=

=

LPLE, LrLe,

oW,
on

OWs
oy

0H

2112) o011 |y SC(I n

KOUC

=

=

L?JQL?««/:)

L Lgy L Lgy

On the other hand, using (2.96) and (2.100), we directly estimate

L°<’LOO )

(2.113) e85 | o o <(7(H6KanGHL?L$¢'+”6Km”w5HL$L§w'%HeKmuyuL?Lﬁw) =¢

Also, we know

KO"] aWQ
aLj

Ko
(2.114) |0 85 o

oW
Kon YW1
HL?Cch,w SO(HG i Ouj

+ He

I

LPLy, LeLT,
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Summarizing (2.112), (2.113) and (2.114) and applying Theorem 4.2, we know

@I15) [y <[RSy
n "o,

SC(I

+ He

HL;GLOo + HGKMS?

oWy
on

+lekons,

oWy
on

HL?L;CW HL;’fL;‘?w

0H

o ||
Mlegerg,

L?L;fw)

Therefore, in order to bound Vj, we need the 7 and ¢; derivative estimates of W; and H.

Konc KonC

+
LELT,
+ eKoﬁ 8W2
aLj

o

LPLT,
Kon 6H
3Lj

KO"] an

abj te

LELE, LPLE,

o
Using a similar argument, we obtain the estimate of v derivative M = 571/)1:
oW, oOW- oOH
R P G o TR S S -
e M llLery, M llLery, M lege g,
L [ (VLT . )
0 lligrg, 00 legry, W lizrg,

Therefore, in order to bound M, we need the 1 and 1 derivative estimates of W; and H.

Step 6: Tangential and Velocity Derivatives of W; and H.

OW;
The ¢; derivative O;; = TZ satisfies
Lj

smqb ”—i—F()

8(;5 i — 04 =T + Ty,

0*¢ 027,
2.117 . — _ 0
( ) @U (07 (b) Gbic’hj 8L,»8Lj

for sing¢ > 0,

©4;(L, ¢) = Oi; (L, Z[9)),

where
9, Risin®¢ 8, Ry cos? 1 (8W— OW; >
2.118 Ty =—c¢ : + A cos LR 1,
(2115) ! ( (Ri—e? " (Ra—enp? )00 " 09
9 [0, Rysin®y  9,,Rycos®p 0y
2.119 Ty =—e— - : .
(2119 Ty ( (B —enp? (B —enp? )0
Using (2.93), we have
(2.120) HeKO"TlﬂLwL(x, <C||efnF(n )cosqﬁaavv .
e ¢ LELgy
By a similar argument as (2.93), using (2.95), we know
(2.121) [T |, ) SCHF( )coscb? < Clin(e)*.
noe ¢ LLE,

Applying Theorem 4.2 to the equation (2.117), using (2.120) and (2.121), we have

(2.122) HeKon@inL;oL;fw SC(HGK‘)"TIHL;o% + HeKonT2||L$osz>

<C'|In(e)|® + C|[e®o" F (1)

w;
9¢

.
LeLy,
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ow;
Using a similar argument, we obtain the estimate of ¢ derivative A; = W:
W; OH
(2.123) HeKO”AiHLwLoo < Cn(e)]® + C( efonp(n) + [[e®0" F (1) cos p— )
n e 6¢ oo [,0© 8¢ LooLoo
n "¢,
Using a similar argument with Theorem 4.6, we obtain the estimate of ¢; derivative T; = a—L:
J
H
(2.124) "1, < Clln(e)]® + C( efonp(n) W; + || F(n) cos gba— >
n ¢, 8¢ L?]OLEO»(/; a¢ LaoLoo
—. OH
Using a similar argument with Theorem 4.6, we obtain the estimate of 1 derivative = = %:
OH
Konm= 8 K
(2.125) ||e On“HLgoLz‘?w < Clln(e)|” + C||e"°"F(n )cosq’)6¢ . .
Inserting (2.122), (2.123), (2.124), (2.125) into (2.115) and (2.116), we know
(2.126) |l 4—HeKb"A1HLngw
SC<1 Koﬁ<8W1 _|_‘ KOWCaWQ + H KOWCaH
on L Ly n LPLEy n LP LSy
oWy oW: OH
+ || (1) cos p—— + || F(n) 2 + || F () cos p— )
99 Ll 09 LPLgy 0 L Ldy

Hence, we need the regularity estimate of W; and H. However, this cannot be done directly. We will first
study the normal derivative of %4.

Step 7: Regularity of Normal Derivative.

The normal derivative A = % satisfies
n

5%
09’

(6) - g(0,¢)+02/0(0,¢)> for sing >0,

., 0A 0A - OF
51n¢8—n+F(n)cos¢—¢+A A= a—

09
(F(n) cos p— 9

1
sin ¢

(2.127) A0, ¢) =

A(L, ¢) = A(L, Z[9])-

This is where the cut-off in ¢ plays a role. For 0 < ¢ < €%, we know A(0,¢) = 0. Here note the fact that
‘ < Ce|F)|.

< Ce ®and |F(n)| < Ce. Hence, we have [|A(0, ¢)|| ;= <

0
Based on the construction of ¢, we know H —

Lo e
_ 0A _ . . .
Ce™® and 6875(0,(;5) < Ce~®. Therefore, applying Theorem 4.2 to the equation (2.127) and using
Lo
(2.95), we have
Kon < Kon < —a
(2.128) oA e, <C(1AO. 0, + o cos o220 LWw) < Ce
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Applying Theorem 4.5 to the equation (2.127) and using (2.95), we know

(2.129)
0A 0A
Kon¢e ——_ + |50 F () cos p—
H on LgeLy, ) 99 Ll
8A OF 0 0 (OF 0
<C |In(e) < - H Kon—— ¢o + ”eKOWg( ) )
&b Lo on 9% Ly L3y on \ o 99 L LG
A
<C'|In(e) < e[| F(1) cos ¢88702§) + €| F(n) cos ¢(89¢ )
LeLy, Ly Ly
A
<C'|In(e) < e|[e®°" F(n) cos qbg—(b ) .
L Ldy
Then we may absorb e|[ef0" F'(n) cos gb% into the left-hand side to obtain
LP LSy

0A Kon 0A
an e F(n) cos p—

< Ce @ 5.
9 Ce™ |In(e)|

L°°L°°

+

(2.130) H Komg ——
L°<>L°C

Step 8: Regularity of Velocity Derivative.

O
The velocity derivative B = 87(;50 satisfies

sin¢a—B+F(77)cos¢a—+B— cos¢%+F( ) si gi)—
an ¢ on 29’

(2.131) B(0,¢) = %((ﬁ) for sing >0,

B(L,¢) = B(L, Z[9]).

Applying Theorem 4.6 to the equation (2.131), using (2.128), we obtain

([ iz

SC(E_“ i |‘eK0nA|‘L$7°L;‘f¢ + 6’|eK0nB“L;°L;fw> < C(G_a In(e)[® + EHGKMBHL;OL;fw)

(2.132)
0y
on

| /\

+ ||e®om cos p—— + ||leBonF(n )squ

Kon
e BHLchgjw Lerg,

LT, ¢

Then we may absorb eHeKU”BH Lo into the left-hand side to obtain
7 Lgy

(2.133) [e50"B]|, ., < Ce *|In(e)[®.
n T
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Then applying Theorem 4.7 to the equation (2.131), using (2.128), (2.130) and (2.133), we have

(2.134)

=

0B
Ko’l’]
o e F(n) cos p—

+ 7

L°°L°°

i
0?2

LOOLoc

X0 cos d)%

O
oon 0
an F(n)sing

+ HGKMBHL;oLm + 09

+
LELy

eKO"ng <F(77) sin 8%))
on LE L3y

o
Koﬁci

<C'|In(e)|® ( €

LELEy

L?Lﬁ/;o)

co
+.¢,0

0 0%
Kon 0
© Can (COS on >

<C |ln(6)|8 (6_a +e “+ HeKonAHL;OL;‘jw + GHeKonBHL?L?fw e

LﬁcL%’wa)

+ +

LELEy

eKoﬁcaj

+e€ an

Mrgrs,

0B

KOUC 677

<C|In(e)[® (ea +e

0B
Then we may absorb e||efo7¢— into the left-hand side to obtain
0N || 100 o0
n e
0B OB 3
(2.135 H Kone —— + ||e®on F () cos p— < Ce “|ln(e)]”.
) an LgeLy, 9¢ LELy, |

Step 9: Regularity of Mixed Derivative.
0A
The weighted mixed derivative C = ¢ R satisfies

sinqb% +F(n)cos¢gg +C= Ca—F ¢8q§ Cg—f; sinpB — Ccosgb% +(F(n )sm¢g¢
2130 § C0.6)= ¢ (i - (F<n> cos ;qfw) 9(0,6) + %<o,¢>)> for sing >0,
C(L,¢) = C(L, Z[¢])-

Applying Theorem 4.2 to the equation (2.136), using (2.130), (2.133) and (2.135), we have

. ) OB .
(2.137) |‘eK0nCHL;°L;"’¢ SC(& + el F(n )COS¢8¢ . + €2l ]BHLgOL;fw
T s = R ey
L LSy ‘

- 8
< il + efesene] )
Then we may absorb eHeKU"CHLMLO0 into the left-hand side to obtain
n Lo

(2.138) [€507C| oo < In(e)[®.
n “é,

Step 10: Regularity of Tangential and Velocity Derivative.
We turn to the regularity of W;. Applying Theorem 4.5 to the equation (2.92), using (2.95) and (2.138),
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noting |F| < Ce, we have

(2.139) eK‘)"CaaVV + || F(n) cos ¢ ;Vz
N Lseres, O llprz,
2
gcln(e)|8< PO | ] oo 2 (OF e g20) )
! Lo LPLSy i LPLEy
8 K O K
<Cn(e)|” [ 1+ [[e™°"F(n )COS¢% + e F(n C||L°°L°°
L Lgy

<C'|In(e)|* (1 + el—a) < C|In(e)|*°

A similar argument holds for the regularity of H. Applying Theorem 4.7 to the equation (2.97), we have

O0H OH
(2.140) eHone— 5 + ||e®onF(n) cos¢8—¢ < Cln(e)|*
ML, LELT,
Summary.
Inserting (2.139) and (2.140) into (2.126), we obtain
(2.141) e Lt ||eK°’7M||LOOL$OU < Cin(e)|
n RV
This is actually
(2.142) HeKona% + He’ﬂma%1 - Hema%1 + < C|In(e)|*°
% llig g, 92 gz, W lligry,
Theorem 2.2. For Ky > 0 sufficiently small, the reqular boundary layer satisfies
8
||eK0n%0||Lg°L;:¢ <C, HeKon%lHL%chfw < Clin(e)[”,
&/ O
HK < (e, HK < C'l(o)]",
(2.143) aLZ‘ L%CL?:#) 8%‘ L%owa
HeKona% < Clln(e)|, HeKon‘Wl < Cin(e)["
oy LPLEy o LPLSy

2.3.2. Analysis of Singular Boundary Layer. This subsection is similar to [23, Section 6.2] (also see [18]), so
we only present the main theorem.

Theorem 2.3. Let

X1t 0< C < 2€au
(2.144) { N smsiel

For Ky > 0 sufficiently small, the singular boundary layer satisfies

HeKoﬂ(XlﬂO)HLzoL;?w < C, ||eK0n(X2uO)HL$7°L$°w < Cveoz7
HeKona(XluO) < C|in(e)|?, HeKona(quo) < Ce [In(e)[*,
(2.145) Ou; LeLy, Oui LELgy
d(x1tlo) 8 d(x2o) 8
Kon Y\ X1%0) < Kon Z A=Y/ < o .
o 5 < Clme))®, e 0 < Ce® In(e)|

L Lgy LPLgy

2.3.3. Analysis of Interior Solution. This subsection is similar to [23, Section 6.3] (also see [18]), so we only
present the main theorem.

Theorem 2.4. The interior solution satisfies

(2.146) Wollzrs(y < Cs NUtllaey < C @, V2]l gaqy < C (o).
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2.3.4. Proof of Theorem 1.1. Based on Theorem 2.1, we know there exists a unique u¢(Z, @) € L>(Q x S?),
so we focus on the diffusive limit.

Step 1: Remainder definitions.
We define the remainder as

2 1
(2.147) R=u=) Uy éum—thy=u"-Q-2-9,
k=0 k=0
where
(2.148) Q =Uy+ eU; + 62[]27
(2.149) Q2 =Uy + €,
(2.150) 9 =4y.

Noting the equation (2.57) is equivalent to the equation (1.1), we write £ to denote the neutron transport
operator as follows:

(2.151)  Llu] =ew-Vyu+u—1
=sin (b@ —€ sin” ¢ + cos® ¢ cos a—u
N on Ry—en Ry—en 99

. cos ¢ sin al n COS ¢ cos 1 @
Pi(1—erin) Ot1  Po(l — eran) Do

+ 6<Sinw(cos¢(;1 . (5’2 X (D127 X 5‘2))) — 1P P sinqSCOSt/J)

1 —erin
1 0
%(- COS¢<€2 . (61 X (algFX i))) + KQPlPQSind)SinJ)) ﬁ£ +u—u.

Step 2: Estimates of £[Q)].
The interior contribution can be estimated as
(2.152) LIQ] = e -V.Q+Q — Q =37 - V,Us.
Based on Theorem 2.4, we have
(2.153) 1EQU ey < €90 Tal | sy < O IValall ey < O ()

This implies

(2.154) HE[Q]”L?(st?) <C¢’ |1n(€)|87

3 8
(2.155) I£1QIN, s ) SCE (@)

(2.156) H‘C[Q]||L°°(Q><S2) <C¢’ |1n(€)|8-

Step 3: Estimates of £LZ2.
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We need to estimate % + €¢%4. The boundary layer contribution can be estimated as

ﬁ[%@ + 6%1] =sin (Z)a(

Uy + ) 6( sin? ¢ cos? 1 ) COS¢8(02/0 +€7)

67] R1 —€n R2 — €n a¢
n cospsiny % + e4) n cospcosty U + e)
¢ Py (1 —erin) ou Py(1 — ekanm) OLa

sin . . L .
6<1—€:f17) (COS¢<<1 : (<2 X (Or27" X §2))) — k1P Py sin ¢ cos ¢)

COSs
L ooy

1 8(%0 +€%1)

pppp— < - COS¢(§2 : (Cl X (0127 % §1)>) + ko P1 Po smd)smd)))

+ (% + €th) — (% + )

2 cosgsiny 0% . cospcosyy O
O\ P(1—erin) O Po(l —ekan) Oio

PP o

+ €2 (151116:577 (COS¢(§-‘1 . (52 X (D127 X 5‘2))) — kPP sinfbcosw)
— €K1

cos N . oL . . 1 0%
+ ﬁ < — cosqb(gz . (q X (D127 X gl))) + ko P1 P sm¢smw)> ﬁa—qj
Based on Theorem 2.2, we have
(2.157) e2< cos¢psiny 0% COS ¢ oS P 8%1>
Pi(1 —erin) Oy Py(1 — ekan) Oig oo (x52)
gCGQ(H% + Ha% ) < Ce?|In(e)®.
Ou Lo° (QxS?) Ous Lo (QxS?)
Similarly, we can show that
sin IR oo .
(2.158) € <1_€;fm (COS¢<§1 . (<2 X (0127 X §2)>> — k1P Py sin ¢ cos 1/1)
cos 1 L (- L. P 1 0%
+ m ( — COb(Z)(gg . (§1 X (612T X §1))> =+ K]QP1P2 51n¢51n¢>> ﬁ%
L (22x8?)
<Cé? on < Ceé|In(e)[®.
OV || oo (rxs2)

23
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Also, the exponential decay of

5 ! in Theorem 2.2 and the rescaling n = l implies
L €

(2.159)

of cos¢siny 0% cos pcosyy O o o
‘ <P1(1—€’f177) v Pa(1— ekan) 852) L2(Qxs?) (H Ou1 | L2 xs2) Habz L2(Q><S2))
) Rmm a% a%l
= </ o) | H el P )d">
Ruin 3
<[ - (H% e, o)
0 02 e,

<Cel [n(e)[* < / _2K°"dn>
0

<Ce? |In(e)[®.
Similarly, we have

of cos¢siny 0% n cospcosyy 0
¢ Pi(1—er1n) Ou Py(1 — eran) Ot

<Ce 7 |In(e)[®.

(2.160) -
LZm—T (QxS2)

Using similar arguments, we may justify

(2.161)

sin S (S Lo .
€ (1;{/)17] (cosq’)(gl . (Q X (0127 X GQ))) — K1 PP SID¢COS¢)

1 0%
+ cosz/z( cosgb(g_'g . (g’i X (0127 x 6’1))) + ko P1 Py sinqﬁsini/))) a3

< Cés |in(e)®,
L2(QxS?)

1 —€eran PP, Oy

and

(2.162)

2 _SmY ([ sola (a aoan) o
€ (1_mm<005¢(§1 (§2><(5’127‘><§2))) K1P1P251n¢CObz/)>

Lo
PPy O

cos Y

. < ¢ ()"
R < Cé 7 [In(e)|

(— Cosgb(g"g . (5’1 X (0127 X ﬁ))) + ko PPy singbsinzﬁ))

LTT (xS2)
In total, we have

5
(2.163) IL[2]] 12 (erxg2) <Ce? [In(e)]?,
(2.164) 1c[2))| Oz [ln(e)[*,

2m <
LZm—T (QxS2?) —
(2.165) 1£[2)] 1 (@eey <CE (o)

Step 4: Estimates of ££.
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We need to estimate ily. The boundary layer contribution can be estimated as

(2.166) L[] —blnqﬁa— - (

sin? ¢ cos? 1 ) oy
+
on

Byt Ramen) %00

< cospsintyy Oy cospcosyp Oty

Po(l—emm) O | Po(1— eran) O

cos

1 —eran

+e <1 b_ul:fm (cos¢(§i . (5’2 X (0127 X g"g))) — kPP sinqﬁcoszb)
) -

(—COS¢(§3~ (5’1 X (0127 X &1 B, 00

cos¢siny 04y 4 COS ¢ CoS 1Y %
Pl(]. - 6["»‘1’!}) 61,1 P2(]. — GHQT]) 8L2

&“ﬁm@waa(ax@fx@»—mﬂgmwww>

cos

1-— €ER2T

1 0Oty
PP Oy

< cosgzﬁ(@ . (51 X (0127 X ﬁ))) + ko P Py sin¢sin¢)>

Based on Theorem 2.3, we have

(2.167) ] cos¢siny Oy cosgcosyp Oty
’ Pl 1-— EHlT]) 8L1 P2(1 - EHQT]) 8L2

<H dn

L (Qx52)
ot

L>(QxS?) H Oua

) < Celin(e)]®

L= (22xS?)

Similarly, we can show that

(2.168) He(% <Cos¢(g“1 . (5’2 X (0127 X @))) — k1P Py sin ¢ cos ¢>

cos Y
1 — eran

|5

1 94
PP, 0y

(— cos¢5<§_é . (g’i X (D127 X g‘i))) + ko PL Py sin¢sin1/)>>

> (QxS?)

<Ce < Celn(e)[®.

Lo (QxS2)

+ ko P Py singbsinw)) —— —— iy — o

25
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Also, the exponential decay of — in Theorem 2.3 and the rescaling n = n implies
€

oun
cos gsinyy Oty aﬂo
1( er1n) O L2(st2) A || 2 (axs?)
My ’
nnn - dod
O :
mln - d d
Seg / ‘ /2 mln - H 8110 d¢d77
0 5 Ly,
Rmin ™ %
+ G% ‘ mln - ded
</o /—g H aLl Ly, i 77)

1
nun 2
<c( Ty edte |ln (// ‘2K°"dn>

<Ce' T3 |In(e) .

Here the smallness of x; quantity comes from the small domain |¢| < €* and || < €2*~1. The smallness
of x2 quantity comes from the extra ¢* for 0 < @ < 1. This can naturally be extended to treat 5 and
derivatives. Hence, we have

cos psinyy O €OS ¢ cos P 8110) 143 8
2.170 _SOS@EMY _SP POV %0 <Ce+3 In(e) 2,
( ) (P1(1 —er1n) Oy Po(1—eran) Oio L2(0xs?) ‘ (el
cospsint Oy COSs ¢ cos 1 8110) o1y 3
2171 S8 PCeosy % <Ce 7T |In(e)|?,
( ) H (Pl 1— 6%177) 0L1 Pg(l — 6&277) 3L2 L%(QXSQ) - | ( )|

Using similar arguments, we may justify
(2.172)

H < L (P qb(fi : (52 X (0127 % 52))) — R Py sin¢0081/1>

1— e/ﬁn

—|—COSw(—coscé(g"g-(fi><(812F><§'i)>)—i—/@gPngsin(bsinw)) L 9t

< Ceta n(e)[*,

1 — €ergn PPy O L2(xs?)
and
(2.173)

smw I oL )
Ccos ¢<€1 : (Q X (Or27 x Cz))) — K1 P1 Py sin ¢ cos 1)
1-— emn
1 1
sy (L COS¢(52 : (51 X (0127 % 51))) + ko Py Py sin ¢sin _1 % < Ce 7t In(e))?.
1 — etz PP, Oy || 2m
! L2Zm—T (QxS2)

In total, we have

EX
(2.174) I£[2][| 2 xg2y <Ce 2% [In(e)[*,
(2.175) lcrel, <Ce 2 |In(e)|®,

(2xS2)
(2.176) Icl2 ]nmxgz) <Ce (o)l



DIFFUSIVE LIMIT OF TRANSPORT EQUATION 27

Step 5: Source Term and Boundary Condition.
In summary, since L[u] = 0, collecting estimates in Step 2 to Step 4 with & = 1 — § for arbitrarily small
0 > 0, we can prove

(2.177) LRI 2 0xg2) <Ce?° n(e)[*
3—5L—4§ 8

(2.178) ILIRI, 2, gy 0, SC n(e)[®,

(2.179) I£[R ]HLOO(QXS?) §C€|ln(€)|8-

We can directly obtain that the boundary data is satisfied up to O(e), so we know for the boundary data
RE of R,

(2.180) [RP[| 2y <C€,
(2.181) | RP| Lm(r §062,
(2.182) ||RBHLOO(F,) <Cé

Step 6: Diffusive Limit.
Hence, the remainder R satisfies the equation

ew-Vy,R+R—R=L[R] in QxS§?
(2.183)

R=RP for -7 <0 and & € 09.

By Theorem 2.1, we have for 1 < m < 3,

1 1
(2.184) IRl oo (2 xs2) 50( - IL[R ]||L2(Q><SQ)+2+T”£[ Il (Qxs?) + 1L[R] oo (52
1
o IR ey + 5 IR g )+HRBHL00<F>)

1 5_ 1 1
SC<6H2¢2 (] + e () + (€) (o)

1 1
+ o () + () + (62)>
€2t am €2m

<Ce' =m0 |In(e)®.
Here taking m = 3, we get the estimates
1_ 8
IRl oo (xg2) <Ce® * |in(e)[*.

Since it is easy to see

2

1
ZekUk + Zek%k

k=1 k=1

(2.185) < Ce,

L (2x5?)

our result naturally follows. We simply take U = Uy and UB = %+ 4y. It is obvious that U7 satisfies the e-
Milne problem with geometric correction with the full boundary data g(¢, ¥, t1,t2) —%o.1(t1,t2) —Fo,L(t1, t2)-
This completes the proof of main theorem.

3. UNSTEADY NEUTRON TRANSPORT EQUATION

In this section, we prove the diffusive limit of the unsteady neutron transport equation (1.3)

3.1. Asymptotic Expansions.
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3.1.1. Interior Expansion. We define the interior expansion as follows:
2
(3.186) U(t,Z0) ~ Y e U(t, &),
k=0

where Uy, can be defined by comparing the order of € via plugging (3.186) into the equation (1.3). Thus, we
have

(3.187) Uy — Uy =0,

(3.188) Uy — Uy = — - V.U,
(3.189) Uy — Uy = — 0,Uy — 0 - V,Uy.
Plugging (3.187) into (3.188), we obtain

(3.190) U =U, — - V,Uy.
Plugging (3.190) into (3.189), we get

(3.191) Uy — Uy =—0,Up — - V(U — 0V, Up)

== U — @+ V01 + (w300, U + 03020, Uy + 030r,2, 0
+ 2(w1w28$1$2170 + W1 w30z, 25 Uy + Waw30z, 1 UO).
Integrating (3.191) over @ € S?, we achieve the final form
(3.192) Uy — %AmUo =0,

where all cross terms vanish due to the symmetry of S2. Hence, Uy (t, &, w) satisfies the equation

Uy = Uy,
(3.193) _ 1 -
atUo - gAon - 0

Similarly, we can derive that Uy(t, Z,w) for k = 1,2 satisfies
{ Up = Ui, — @ - VoUi—1,

3.194 _ 1. -

( ) 0Ux — ng;Uk =0,

It is easy to see that Uy, satisfies a parabolic equation. However, the initial and boundary conditions of Uy,
is unknown at this stage, since generally U does not necessarily satisfy the initial and boundary condition
of (1.3). Therefore, we have to resort to initial and boundary layer analysis.

3.1.2. Initial Layer Expansion. In order to determine the initial condition for Uy, we need to define the
initial layer expansion. Hence, we need a substitution:

Temporal Substitution:

t ou’ 1 Ouf
We define the rescaled variable 7 by making the scaling transform for 7 = —, which implies 5:? == au .
€ € or

Then, under the substitution t — 7, the equation (1.3) is transformed into

Oruf + e - Vou +u —a€ =0 for (7,Z,%) € RT x Q x S?,
(3.195) uf(0,Z, W) = h(Z,w) for (¥ w) € QxS?,

(T, To, W) = g(7, %, W) for 7 € RT, Fr € 9N, and w7 <0.

We define the initial layer expansion as follows:

(3.196) U (1, %,%) ~ UL (,%,@) + eld] (1, %, ),
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where Z/l,g can be determined by comparing the order of € via plugging (3.196) into the equation (3.195).
Thus, we have

(3.197) oAU + Ul — Ul =0,

(3.198) oUl +ul —ul = —w-v,ul.
Integrate (3.197) over @ € S?, we have

(3.199) .Ul =0,

which further implies

(3.200) UL(r, @) =Ul(0,%) for 7 € RT.

Therefore, from (3.197), we can deduce
(3.201) UL (T, %, ) =e~ UL (0, Z,7) + / UL (s, 7)e* Tds = e TUL (0, Z,7) + (1 — e~ T)UL (0, 7).
0

This means that we have
0.0l =0,
(3.202) B
Z/Ié(T, Z, W) = e*TZ/l({(Oj’, W)+ (1 — e*T)Z/{({(O,f).

Similarly, we can derive that %! (7, Z, ) satisfies

oUf = — / (w-vmg) duw,
S2

(3.203) i
Z/ﬁI(T, Z, W) = e*TZ/[ll(O, ) + / <Z,{1[ — - Vﬂ,{é) (s, %, @)e* "ds.
0
3.1.3. Boundary Layers Expansion. Here, we implement the same geometric substitution as in steady prob-
lems.

Substitution 1: Spacial Substitution:
In a neighborhood of ¥y € 99, define an orthogonal curvilinear coordinates system (i1,¢2) such that at
the coordinate lines coincide with the principal directions. The boundary surface is ¥ = 7(t1,t2). Let
(3204) P = |8177>< 827_’1 = |817_’1 ‘(927:‘] = Plpg,
for P, = |0;7] with the unit tangential vectors

L O L O
3.205 == = 22
( ) S1 P, 62 P,

Then consider the new coordinate system (u, t1, L), where p denotes the normal distance to boundary surface

09, i.e.

(3.206) T=7— pw.
Let k1 and ko be principal curvatures and
(3207) Rmin = min{Rl(al, LQ), RQ(Ll, Lg)},
L1,L2
1 1 o
where Ri(t1,t2) = —— and Ra(t1,t2) = ———. Therefore, under the substitution (z1,z2,z3) —
Kl(bl,@) 52(b1,L2)
(1, t1,t2) for 0 < p < Rpin, the equation (1.3) is transformed into
(3.208)
Ous w-3 Ou W& 8u6> _ .
2 € — € € __ + 2
eou+el -0 V) —————"———————"—— | +u" —u°" =0 in RT x (0, Rpjn) X X x S?,
t ( ( ) O Pi(kip—1) 0 Po(kop —1) Oig ( )

u(0, pt, L1, t2,0) = h(pt, t1,12,0) in (0, Rpin) X ¥ x S,

u(t,0, 01, L2, W) = g(t,t1,02,%) for t € RT and -7 < 0.
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Substitution 2: Velocity Substitution:
Define the orthogonal velocity substitution

(3.209) @

W - G5 =cos P cos,
for ¢ € [—%, g} and ¢ € [—m, 7). Hence, under substitution (wy,ws,ws) — ($,v) for ¢ € [—%, g} and
], the equation (1.3) is transformed into

Ve l-
20,u¢ + esin 6 u sin® ¢ n cos? ¢ COS¢8u€
€ € —€
' 0 Ri—p  Ry—p o
N ( cosgsintyy Ou®  cos¢pcos 6u€>
Pl(].—lilﬂ) 8L1 Pg(l—lig,u) 8L2
sin o [ oo .
e<1 — f‘fﬂ (cosd)(gl . (§2 X (0127 X §2))> — k1P Py 51n¢cos1/1)
(3.210) cos 1) 1 ou
1= o < — COS(b(gg . (q X (0127 X gl))) + ko P1 P smqbsmzb) BB, 00
+u¢—a¢=0 in R" X (0, Rpin) X X X [—z, q X [—m, 7],
2°2
. T
(O ,U,7L1,L2,¢ 7/1) = h(/ilevLZ,qsvw) m (Ovain) X 3 X [_57 5] X [—7T,7T],
(t,0,t1,t2,0,90) = g(t,t1,12,0,%) for t € RT and sing >0
Substitution 3: Scaling Substitution:
0 10
= ——. Then, under the substitution y — n, the

Define the scaled variable n = E, which implies — =
€ ou € On

equation (1.3) is transformed into

ouc sin? ¢ cos?

2 € :

0

e o +Sm¢377 (Rl—en 2—€n)

. cos ¢siny  Ouc cos¢pcosty Ouf
Pl(]. - 6:‘<61'I7) aLl P2 1-— 6527} 8L2

( sin ¢ (cosqb( (§2 X 6127"X§2 )—K1P1stm¢cos¢)

)) ~+ Ko Py P sin ¢ sin ¢> ) p11P2 ?;j;
<[5

1—erin

+ut—ut =0

(3.211) + ﬂ ( — cos¢( (q X (0127 X &
1 —eran

+ut—uf=0 in Rt x (0, “““)

U’E(O?ThLlaLQa(ba 1/}) = h(n7L17L23¢7¢) in

} —m, 7,

<O, R’;ﬂn) x ¥ x {—g,g} X [—m, 7],

(t,0,01,02,0,0) = g(t,t1,t2,9,9) for t € RT and sing >0

We define the boundary layer expansion as follows
(3212) uB(t7 n,t1,L2, (rbv d)) ~ uOB (t 1,t1,L2, d)a 7/1) + d’{lB (tv n,t1,L2, Qb, 1/})5
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where UP can be defined by comparing the order of € via plugging ((3.212)) into the equation ((3.211)).
Thus, in a neighborhood of the boundary, we have

B 2 2 B
(3.213) sin ¢ 240 ( sin’y |, cosTy )cosd)auo FUP —uP =o,

on — € Ry —en Ry —en 0¢
. ous sin? 1) cos? 1 oug 5 g B
214 - ; _ -
(3.214) sin ¢ on €(R1—6n+Rz—en cos ¢ 96 +UPT — U GlUy'],

where

(3.215) G[L[f]:( oS ¢ sin 3u(§3+ COS ¢ cos 1 62/{53)

Pi(1—er1n) Ou Py(1 — ekam) Otg

+ (Sinw(cos (b(fi : (52 X (0127 x 52))) — k1P Py singbcosw)

1 —erin
cos 1) I L. . . 1 oup
+ m ( — cos qb(gg . (gl X (D127 X gl))) + ko P Py sm¢smw>> NI
and
_ 1 (™ [T
(3.216) UE(U7L1,L2) = E/ / Ulf(n7L17L2,¢,z/J) cos ¢pdodip.

3.1.4. Matching Procedure. Here we still define the boundary data decomposition

(3.217) 9(¢,9) =4 (d,¢) + &(¢, ¥).

For either ¥ and &, we may define the corresponding boundary layer % and U. We call % the regular
boundary layer and expand it up to O(e), i.e.

(3218) %(77, L1, L2, (bv ’l/)) ~ %0(777 L1, L2, ¢a 77[1) + 6Q/l (77, L1, L2, ¢7 d))
Also, we call i the singular boundary layer and only expand it to O(1), i.e.
(3219) u(nleaL2;¢7w) NL{O(nleyLZagba 77[1)

They should both satisfy the e-Milne problem with geometric correction.

The bridge between the interior solution, initial layer and boundary layer is the initial and boundary condi-
tions of (1.3), so we consider the initial and boundary expansion:

(3.220) Uo (0, Z, @) + UL (0, &, %) =h(&, ),
(3221) Uo(lf, Zo, ﬂ_j) + 62/0(?5, o 117) + uo(t7 Zo, ’Uj) :g(t, Zo, 117) for zy € 99,

(3.222) Uy (t, Zo, w) + U (t, Zo, ’IE) =0 for Zy € ON.

The construction and determination of asymptotic expansion are as follows:

Step 0: Preliminaries.
Define the force

. 9 2
sin® ¢ cos® 1 >
3.223 F(en,i1,02,9) = —¢ * '
( ) (€1, t1,t2,9) (Rl(u,bz)_en Ry(t1,12) —€n
1
Define the length of boundary layer L = e¢~" for 0 < n < 2 For ¢ € [_g’ g} denote 0] = =0

Step 1: Construction of %, o, UL and Uy.
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Define the zeroth-order regular boundary layer as

%O(tv mn,t1,L2, ¢7 /(/)) = yo(t, mn,t1,L2, ¢a d]) - yO,L(tv L1, LQ)?

., 0% 0%,
sinp—— + F(e;n,t1,t2,%) cos p——
(3.224) on o

yO(tOleaLQagbaw) = g(t7[’1a L2a¢7 ¢) for Sin(b > O’
yO(taLuLhL%gbvw) = y(](talﬁblvb%%[(b]?w)?

with %o 1(t,t1,2) is defined as in Theorem 4.1.

+ﬁ0—j0=0,

Define the zeroth-order singular boundary layer as

Uo(t, 15 1502, 0,9) = To(tsm, t1, L2, 9, 1) — Fo, (41, t2),
980
o
So(t,0,t1,2,0,10) = B(t,t1,t2,0,9) for sing > 0,
Solt, L1, b2, 0,0) = So(t, L, 11, 12, Z[9], 1)),

with §o,1(¢,t1,¢2) is defined as in Theorem 4.1.

0 _
sinani;—i-F(e;n,Ll,Lg,g/J)COS(;ﬁ + 30— F0 =0,

(3.225)

Define the zeroth-order initial layer as

(3.226) fo(7, 2, @) = e~ 7fo(0,Z, @) + (1 — e 7)fo(0, 7),

—

lim; s 00 fo (T, Z, W) = fo(o0, T).

Also, define the zeroth-order interior solution Uy(t, Z, W) as
Uo(t, fa U_j) = UO(ta f)?

1
atUO - *AxUO =0 in Q,
(3.227) 3

UO(va) = fO(OOaf) in Q,

Uo(t, fo) = gz.(),L(t, L1, Lg) + $O7L(t, L1, L2) on Of).

Step 2: Construction of %4, U{ and Uy;.
Define the first-order regular boundary layer as
Ui (t,n, 1,02, 0,0) = F1(t,m, 1,02, 6,0) — F1 L(E 11, 02),
07 0F _
sing—— + F(e;n, 11, 12, 0) cos p—— + F1 — F1 = G[%),
on ¢
<gfl(tv 07 L1,L2, ¢7 ¢) =- szO(tv fO) for Sind) > Oa

yl(tvLaLlaLQagba d}) = gzl(LLa LlaL27’%[¢]a’¢))a

with Z 1,(t,1,t2) is defined as in Theorem 4.1, and Gy is defined in (3.215).

(3.228)
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Define the first-order initial layer as

(3.229) f1(7, Z,0) = e~ 71 (0, Z, W) + / (fl —w - qu({) (s, Z,W)e* "ds,
0

limT_mo fl (T, f, 117) = fl(OO, f)

Then define the first-order interior solution Uy (%, &) as

Uy (Z,0) = Uy (%) — 0 - V,Up(F, W),
00y~ LA, = [ (V.00
U1(0,Z) = f1(00, &) in €,

Ul(t,fo) = yLL(t, L1,L2) on 8(2

))dw in Q,

gl

(3.230)

Note that we do not define 4; here.

Step 3: Construction of Us.
Since we do not expand to % and s, simply define the second-order interior solution as

)
_ 1 _
0~ A la =~ [ (@ V.0i(@D))da in 0,
(3.231) .

Here, we might have O(€®) error in this step due to the trivial boundary data. Thanks to the remainder
estimate, it will not affect the diffusive limit.

3.2. Remainder Estimate. In this section, we consider the remainder equation for wu(t, #, &) as
0+ e -Voyu+u—u=S for (t,7w) € RT x Q x §2,

(3.232) u(0, 7, W) = h(Z,w) for (Z,w) € N xS?
u(t, Zo, W) = g(t, Zo,w) for t € RT, T5 €N and -7 <O0.

The initial and boundary data satisfy the compatibility condition

(3.233) h(Zo, W) = g(0, Zp, W) for Zy € I and -7 <O0.

Define the LP norms with 1 < p < co and L™ norm in RT x  x S? as usual:

(3:234) W lisgessen =( [ [ [ 15wz asazar)”.

(3.235) If1l oo R+ x2x52) =€SSSUP(; 7 a5y e+ xxs2 | f (&, T )] -
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Define the LP norm with 1 < p < co and L° norm on the boundary I' = 99 x S? as follows:

1
(3.236) 11l Lo+ xTy = (/ // |f(t, 2, @) | - y|dwdxdt) ,
:
(3237) lanceesony =( [ [[[, ez o sasazar)
0

(3.238) ||f||Loo(R+ xI') —ESSSUD(¢ 7 ) eR+ xT |f(t, %, D),
(3.239) 1f Il oo (e Tty =€SSSUP(1 2 yert <= | f (E, &, W) -

In particular, we denote dy = (& - ¥)dwdZ on the boundary.
Similar notation also applies to the space [0,t] x  x S§2, [0,¢] x T, and [0,¢] x ['*.

3.2.1. L? Estimate.

Lemma 3.1 (Green’s Identity). Assume f(t,Z,w), g(t,%, @) € L°(R* x Q x S?) and 0, f + 0 -V, f, Org+
W-Veg € L2A(RY x Q x S?) with f, g € L*(R* x ). Then for almost all s,t € RT,

t
(3.240) / // ((8tf+u7~sz)g + (atg+u7~Vzg)f>da§’du7dr
QxS2
/ /fgd’ydr—i—// t)dzZdw — // s)dZd.
QxS? QxS2
Proof. See [2, Chapter 9] and [3]. O

Theorem 3.2. Assume S(t, 7, %) € L=°(R* xQxS?), h(Z, W) € L=(QxS?) and g(t, zg,w) € L=°(RT xT'7).
Then the neutron transport equation (3.232) has a unique solution u(t,¥,w) € L?(RT x Q x S?) satisfying

1
(3.241) ||u(t)||L2(Q><S2) + g ||U||L2([o7t]xr+) + ||U||L2([o,t]xgxs2)

1 1
SC<62 HSHLQ([OJ]XQXS% + Hh||L2(Q><S2) % HgHL2 [0,t]xT— ))

Proof.

Step 1: Kernel Estimate.

Applying Lemma 3.1 to the equation (3.232). Then for any ¢ € L?([0,t] x  x S?) satisfying ed;¢ + 1w - V¢ €
L3([0,t] x Q@ x S?) and ¢ € L2([0,¢] x I'), we have

oz =[] ow—c [ [[ oo [ ] -
Y —c//de///QXSQ

Our goal is to choose a particular test function ¢. We first construct an auxiliary function ((¢). Clearly,
u(t) € L*(Q x S?) implies that a(t) € L*(2). Define (¢, 7) on Q satisfying

Ay((t) =u(t) in Q,
(3:243) { ¢(t)=0 on 0.

In the bounded domain €2, based on the standard elliptic estimates, there exists a unique ¢(t) € H?(Q2) such
that

(3.244) IS 20y < Cllu)]l 2 -
We plug the test function
(3.245) o(t) = — - V(1)

into the weak formulation (3.242) and estimate each term there. By definition, we have

(3.246) 10 L2y < CICON 10y < ClaBll L2 ()
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On the other hand, we decompose

s o f s [ wson] [ s

For the first term on the right-hand side of (3.247), by (3.243) and (3.245), we have
(3.248)

o f [t

:G/ // ﬂ wl(w15’11C + w2012¢ + w3013() + wa(w1021¢ + W2022( + w3023¢) + w3(w1031¢ + wa032¢ + w3833C)>
QxS2?

/ // w16uC + w3daC + w35'33C = *EW/ / (011€ + 022¢ + 033¢) = €7T ||U||L2([o xQ)
QxS?

1
3¢ ||U||L2([o,t]xnxs2) :

Here 0; denotes the derivative with respect to x;. In the second equality, above cross terms vanish due to
the symmetry of the integral over S2.
For the second term on the right-hand side of (3.247), Hélder’s inequality and (3.246) imply

(3.249) ‘—e/ot /Axsz(w-vx¢)(u—ﬂ)

: 3
_ 2 _ _
<Ce|lu— “||L2([o,t]xﬂxsz) </0 ||C(S)||H2(Q) ds) < Cellu— u||L2([o,t}xst2) ||U||L2([o,t]x9xs2) :

< Cell - Vol 2o, xaxse) 1t = Ull 2o 4 xaxs2)

Using the trace theorem, Holder’s inequality and (3.246), we have

t Fwdv‘ =e/0t/g¢dv+e/0tfwu¢dv

<e 160l 2oty (||u|L2<[o,t]Xp+) " |g|Lz<[o,t]Xp>)

(3.250)

<€ ol g1 (0,4 xaxs2) <||U|L2([O,t]><F+) + ||g||L2([o,t]xr—))

<elltll 20,4 x02xs2) <|u||L2([o,ﬂxr+) + ||g||L2([O,t]><F—)>'

Also, using Hoélder’s inequality and (3.246), we obtain

(3.251) [ = 00| < Ol e 1 Tlagopennen
X
and
(3.252) . S¢’ < Cllall 2o, xaxs2) 11 L2 0,4 x axs?) -
X

On the other hand, using Holder’s inequality and (3.246), we may directly estimate

// ’ )| <Ce* ||p(t N irz@xs2) 14l 2@ xs2)
QXS2

_ 2
<Cé @)l 2 xs2y [l 2(axs2) < Ce [lu(®)ll 72 oxs2) -

&[] w000 < 0 g
Q><S2

(3.253)

Similarly, we know

(3.254)
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Then the only remaining term in (3.242) is

s o[ on|-|e [ [ 2w

< € 10:9 12 0. xaxszy 1 = Bl 20, xaxszy < € 19:Valll 120, xaxs) 18 = Tl 120, xaxs2) -

Now we have to tackle |0,V (]| - ([0.4]x2xs2)- We will implement difference quotient.

For test function ¢(Z,w) which is independent of time ¢, in time interval [t — §,¢] the weak formulation
in (3.242) can be simplified as

oo f e [ ff

Taking difference quotient as § — 0, we know

e | /Q » u(t)ci?—j / /Q L / /Q ot

(3.257)

Then (3.256) can be simplified into

(3.258

)
e[ awwo=e [ @viomn - [ (un-aw)o—c [uwoar+ [ swe

For fixed ¢, taking ¢ = —® (&) which satisfies

AP = du(t) in Q,
(3:259) { ®(t) =0 on 09,

which further implies ® = 9;(. Then the left-hand side of (3.258) is actually

(3.260) LHS = — ¢ // POsu(t) = —€* // POy = —€? // PA,D = ¢ // |V, ®|?
QxS2 QxS2 QxS2 QxS2

2
= 10: Vol (D)2 xs2) -
By a similar argument as above and Poincaré’s inequality, the right-hand side of (3.258) can be bounded as
(3.261) RHS <[|0:V2C(t)|| p2(0xs2) (”U(t) — ()|l 2 (xs2) T ||S(t)||L2(Q><S2)>'

Note that the boundary terms vanish due to the construction of ®. Therefore, combining (3.260) and (3.261),
we have

(3.262) € 10:VaC (D)l L2 axszy < Nult) = B L2 @xszy + 1S 12 xs2) -
(3.262) is true for all . Then we can further integrate it over [0, ] to obtain

(3.263) € 10:VaCll 220, x0xs2) < N =8l p2o,gxaxsz) + 150 22 0,qxaxs2) -
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Collecting terms in (3.248), (3.249), (3.250), (3.251), (3.252), (3.253), (3.254),(3.255) and (3.263), we have
(3.264)

€ HﬂHQL?([o,ﬂxstz)
<C (6 llw = @ll 120, x0xs2) 18l L2 (0,0 x0xs2) T €Tl L2(j0, 1 x2x52) <||“|L2([o,t]xr+) + ||g||L2([0,t]><F—))
+ 1@l 22 (j0,gxaxs2) 14— @l 22 0,qxaxs2) T 18l 22 (0,0xaxs2) 151l L2 (0, xxs2)
+é ||U(f)HiZ(ng2) +é HhHiz(ng% + llu = @l g2 (o, xaxs2) (|U = Ul 2o,y xaxs?) 1SN L2 (o, xaxs?) ))
Applying Cauchy’s inequality to each term on the right-hand side of (3.264), we obtain
(3.265) e llall 2o, x2xs2) SC( [l =l L2 (0, x 2xs2) T+ e (@)l L2@xs2) + € lull 20,4 xr+)
180 o + € Wilsess +ellolsguper- )

Step 2: Energy Estimates.
In the weak formulation (3.242), we may take the test function ¢ = u to get the energy estimate

(3.266)

2 t 2
€ 2 € 2 ) € 2 € 2
b Hu(t)HL?(QXS?) + ) Hu||L2([0,t]><F+) + Ju— u||L2([0,t]><Q><S2) = /0 //st2 Su+ 9 Hh”L"‘(QxS"‘) + 92 ”g”L?([O,t]ﬁ*) )

On the other hand, we can square on both sides of (3.265) to obtain
2 2 2 2
(3.267) € ||U’HL2([OJ,]><Q><S2 <C<||u_u||L2([07t]><Q><SZ) +é Hu(t)”m(nxs?) +é ||“HL2([0,t]xF+)

2 3 2 2
+ 115172 (o, xaxs2) + e 17l 2@ xs2) + ¢ ||g||L2([O,t]><F—)>'

Multiplying (3.267) by a sufficiently small constant and adding it to (3.266) to absorb |ju — ﬂ|\22([0’t]xﬂxsg),

2 2
63 ||u(t)HL2(Q><S2), and 62 ||u||L2([0,t]XF+)7 we deduce
2 2 —2 —2
(3.268) € Hu(t)||L2(Q><S2) +e€ ||u||L2([O,t]><F+) + €2 ||u||L2([0,t]><Q><§2) + [Ju — u||L2([0,t]><Q><SQ)

t
2 2 2
SC( 151172 0, x2x52) "‘/0 //Q o Su + € 17|72 (xs2) T € 9|L2([o,t]xr))-
X

Hence, we have

2 2 2
(3.269) € Nu®) 72 @xs2) + € lullz2(o.gxry + € Ul T2 (0. xaxs?)

t
2 2 2
<O(USlaqoapeanesn + [ [ S0t Wl + clolaguaur- )
X 2

A direct application of Cauchy’s inequality leads to

t
1 2 2
(3.270) /0 //st2 Su < W ||SHL2([O,t]><Q><Sz) + Coé? HU”Lz([o,t]xstZ) .
Taking Cy sufficiently small and inserting (3.270) into (3.269), we obtain
(3.271) e ||U(t)||2L2(st2) +e ||u||2L2([o,t]xr+) + € ||U||2L2([o,t]x9xs2)

1 9 2 2
<C<62 HS||L2([O,t]><Q><S2) + 62 HhHLz(QXSZ) te H9HL2([0¢]><F*) ) ’
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Then we have

1
(3.272) () 2 (axs2) + ey llull L2 (o, xr+) + Iull 20,4 x 2x52)

1
2

1 1
<C’<62 HSHLz([o,t]xstz) + ||h||L2(ssz2) + 5 HgHLz([Ovt]xF*) )

1
2

3.2.2. L*° FEstimate - First Round.

Theorem 3.3. Assume S(t,Z,%) € L°([0,t] x Q x S?), h(Z, @) € L>(2 x S?) and g(t, xo, W) € L>([0,] x
7). Then the solution u(t, ¥, W) to the neutron transport equation (3.232) satisfies

1
(3.273) lwll oo (0,4 x 2x52) <C<€3 15112 ((0,4x2xs2) F 191 oo (0, x 2 x52)

1
+ 3 [0l z2(axs2y + ||hL°°([0,t]><Q><S2))

1
+ 2 9l r2(0,x -y + 1191l Lo (0,5 %) -

Proof.
Step 1: Mild formulation.

The characteristics (T(s),X(s),W(s)) for s € R of the equation (3.232) which goes through (¢, %, &) is
defined by

G2re)  (10).x0). W) = 7w, T e BE gy T,
which implies
(3.275) T(s)=t+e%s, X(s) =+ (ew)s, W(s)=1w.

We rewrite the equation (3.232) along the characteristics as

—

(3.276) wu(t, &, W) :1{t>62tb}g(t - €2tb, T — ewty, U_)')eitb + l{t:eztb}h(f — ewty, U_)')eitb

tp ty
+ S(t — €5, & — esw, wW)e *ds + / u(t — €%s, & — esw)e *ds
0 0
:1{t>€2tb}g(t - €2tb, T — ewty, U_)')eitb + l{t:eztb}h(f — ewty, U_)')eitb
ty 1 ty
+ S(t — €5, & — esw, wW)e *ds + — (/ u(t — €*s, ¥ — esiw, u‘iﬁd@}) e °ds,
0 47 0 S2
where the backward exit time ¢, € [O, te_Q] is defined as
(3.277) ty(t, 7, W) = inf {s > 0: (t — €*s,7 — esw, @) € ([0,4] x [7)U ({0} x @ x §?)},

and w; is a dummy variable for velocity.

For the last term in (3.276), we rewrite u(t — €?s, ¥ — esw, ;) by tracking back along the characteristics
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again to obtain
(3.278)

ty
u(t, Z,0) =Lyysea,yg(t — €2y, & — €Wty W)e ™™ + 1 c2q, h(T — ety W)e™™ + / S(t', Ty, W)e *ds
0

1
* 4 Jo (/ Lipses,y 9t — €5y, T — edlsy, wt)e_sbdﬁt> e 5ds,
S2

1 tb , ,
+ — </ 1{t’:ezsb}h(ft — E’U_}'Sb7 ﬁt)e_‘sbdu_ft>e_bds,
47T 0 S2

1 ty Sy

+ — / (/ S(t' — é*r, & — ery, u‘}})e_rdr> dw, e *ds
am Jo sz \Jo
1 ty Sy

+ — / (/ a(t' — *r, & — eru’;’t)e_rdr> dw; |e*ds,
47T S2 0

where the exiting time from (¢, %, ;) = (t — €25, ¥ — est, ;) is defined as

(3.279) sp(t, &,y ,10;) = inf {r > 0: (t' — €r, 7} — erwy, @) € ([0,8] x I7) U ({0} x @ x §?)}.
We may reiterate (3.278) again along the characteristics to obtain
(3.280)

u(t, @, )

tp
sy gt — Ely, & — ety B)e " + 1j— e W(E — ety @)e ™ + [ S, F,d)e ds
0
ty

1
+ — (/ 1{t/>625b}g(t’ — €2y, & — eWsy, w't)e_sbdu_it> e *ds,
47T 0 S2

ty
4 Jo 2
1 to Sb
T / </ S(t”afsawt)erd’l“>du?t e ds
4T J < \Jo
Sb
) (/ </ 1{t”>521~b}g(t” _ 627“b,fs - €w5rbv7ﬁs)e_rbdws> e_rd’l“> A, |e*ds
2 0 Sz
1 2 rty sp
- () / (/ </ 1{t”:ezrb}h(fs — 611737"17,ws)e_rdeES)e—TdT)dwt e~ %ds
4 0 52 0 -
2 ty Sp -
) / / (/ (/ / S(t" - €q,8, - 6qu_js’ws>e_qdqdu_js>e_TdT) dw, |e *ds
0 S2 0 s2 Jo
1\ [t
- () / / (/ (/ / t — ¢ q,Ts — qus)e_qdqdw’s>e—Td7«>dwt e~*ds,
47 0 -

where the dummy variable @, and the exiting time from (", &, ) = (t' — €2r, T — eriy, ) is defined as

(3.281)  ry(t, &, W; s, Wy; v, Ws) = inf {q >0: (t" —e2q, & — eqs, wWs) € ([0,¢] x T7)U ({0} x Q x SZ)}.

Step 2: Estimates of all but the last term in (3.280).
Note the fact that 0 < s <t;, and 0 < r < s,. We can directly estimate

(3.282) ’1{t>62tb}g(t — 62tb, T — ewty, U_)’)eitb| < HgHLoc([OJ]pr) s

(3.283) |Lieatyy h(@ — ety @)e | < bl o (qrusey
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ty
(3.284) /O S(t — €%s,7 — es, @)e*ds| < 1] e o.1crrc
I 5
(3.285) 4—/ (/ Tpsers19( — €55, 8 — eiﬁsb,tﬁt)es”dwt>esds < gl oo (o0,4x1-) -
™ Jo S2
1 ["
(3286) 47/ </ l{t’:e2sb}h(ft — Ewa,lﬁt)esl)dwt>est S ||hHL°°(Q><S2)’
™ Jo S2
1 ty Sp
(3.287) =[] ( / s<t",fs,wt>e-fdr)dwt T S K r—
™ Jo s2 \Jo
(3.288)

< Hg||L°C([07t]><1"—)7

1 2 ty Sp
‘(4) / (/ (/ (/ 1{t,,>62”}g(t” — €2y, Ty — ewsrb,ws)e”’dzﬁs>e’"dr) dﬁt> e %ds
4 0 S2? 0 s2?

(3.289)

1 2 ty Sp
(4) / / (/ (/ Lgpr—e2p,  M(Ts —eu’)’srb,zﬁs)e_”’d1175>e_rdr)dwt e °ds
a 0 s2? 0 s?

(3.290)

1 2 ty Sy Ty
(4> / / (/ (/ / St — e2q, %y — eqw's,lﬁs)e_qdqdw's)e_rdr) dw, |e *ds
4 0 S2 0 sz Jo

Step 3: Estimates of the last term in (3.280).
Now we decompose the last term in (3.278) as

S A A VA A O WY A A OV VAR

for some 0 < § << 1 to be determined later. Since I; contains an integral in a very small region, we may
directly estimate

< NPl xs2) »

< ISl poe o, x2x82) -

(3292) |—[1‘ S ||u||Loo([0’t]><Sl><S2) (/<6 e_7'd7’) S (o) Hu||L°°([0,t]><Q><S2) .
UBS
We may further decompose

ty ty
(3.293) 1;:/ // // +/ // // -
0 S2 Jr>6 JS2 J0<qg<s 0 S2 Jr>6 JS2 Jg>6

Similarly, we may bound

(3.294) 2] <ull oo (0,4 x 2xs2) </<5 e_qdr) < 0 [|ull oo (0,4 x 2x52) -
q=

Then we need to handle the most complicated term I3,

(3.295) 15| <C/ / / / / a(t" — 2q, & — erwy — eqws)| eqeresdqdwsdrdwt> ds.
§2 Jr>5 Js2 Jg>6

By the definition of ¢, and s, we always have

(3296) 'ft - ET’lBt - Eqiﬁs e 0.
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Hence, we may introduce the indicator function 1 and apply Holder’s inequality to obtain
(3.297)

tp
1131 SC/ (/ / / / 10(%; — erw; — eqws) ’ﬂ(t” — 24, Ty — ery — equ‘is)’ e_qe_rdqdu_isdrdu_)}) e *ds
0 S2 Jr>6 JS2 Jg>6
ty ) %
SC’/ </ / / / 1o (% — erw; — eqbs) \a(t” — €2, T} — erwy — equ,)| e_qe_rdqdiﬁsdrdw’t>
0 S2 Jr>8 JS2 Jg>6
3
X (/ / / / 10(% — erwy — equ?s)eqerdqdvﬁsdrdu?t) )esds
S2 Jr>8 JS2 Jg>48
ty 9
SC’/ </ / / / Lo(&) — erwy — eqby) |a(t” — €q, & — erd, — equ,)| eqerdqdiﬁsdrdzﬁt>
0 S2 Jr>8 JS2 Jg>6

Note Wy, W, € S?, which can be parameterized as

(3.298) W =(sin ¢ cos 1, sin ¢ sin 1, cos @),
(3.299) Ws =(sin ¢’ cos ', sin ¢’ siny)’, cos @),
for ¢, ¢’ € [0,7] and 9,9’ € [0,27]. Hence, we may write the integral

(3.300) /S -, = /QW / - sin ¢ddep, /82---de: /OQW /Oﬂ--~sinqb’d¢’dw’

where sin ¢ and sin¢’ are the Jacobian of spherical coordinates. Then we define the change of variable
[0, 7] x [0,27] x [0,27] = Q: (6,9, ¢") = (y1,92,y3) = ¥ = Ty — eriy — eq, Le.

Nl

)esds.

y1 = (x4)1 —ersingcosy — eqsin ¢’ cos)’,
(3.301) ya = (xt)2 —ersingsiny — egsin ¢’ sine)’,
ys = (xt)3 —ercos¢g —eqcosq’.
The Jacobian is
(3.302)
Oy, ya, ys) —ercosch?sw er SiI.l(bSin’L/J —eq.sin?’ sinle’ o e /
‘W = —ereiossifzmw —er smoqb cosY eq sm% cos = e’r°gsin® ¢sin ¢’ sin(y — ¢').

Now we consider the restriction on r and ¢. Naturally, ,¢ > 6 implies 72q > §2. Therefore, we may bound
the Jacobian

(3.303) ‘a(yl’ Y2:83) | 5 353 6in? 6 |sin o sin(ep — )]

(o, v, 9)
sin ¢ sin ¢’ can be cancelled out by (3.300). Now, we need to further restrict sin ¢ sin(¢) — ¢0’). Decompose

IS A SO A A S A A 0 B |
0<sin ¢<§ Jr>§ JS2 Jq>§ sin>6 Jr>8 Jsin(yp—v’)|<§ Jq>5
SN B
0 sin¢>8 Jr>d Jsin(yp—4’)|>6 Jg>4

Similar to the estimate of I; and I3 in (3.292) and (3.294), we may bound

(3.305) 3] < [[ull oo ([0, x 2x52) singdg | < C6 [[ul oo (0,4 x02x82) »
<sin ¢<§

and

(3.306) [ La] < lull poc o, x x52) </ Sin?f’/d‘b/) < O |ull poc o, x0x52) -
[sin(yp—9")| <o
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Then in the estimate of I}, using (3.303), we know

(3.307) ‘W > 36% sin ¢ sin ¢

Hence, we may bound

(3.308)

ty 1 1 9 12 L % . C
In SC/ / / (/ =55 U = €4,9)] dy>e_qe_rdqd7“ e *ds < — [[a(®)ll 2 axs) -
0 r>6Jg>6 \JQ € €202

Here the time integral is finite due to the exponential terms.

Step 4: Synthesis.
Summarizing (3.282), (3.283), (3.284), (3.285), (3.286), (3.287), (3.288), (3.289), (3.290), (3.292), (3.294),
(3.305), (3.306), (3.308), we have shown

(3.309)

1

5%e

|ul SC(‘S l[ull e (0,4 x xs2) + 3 @) 2 axs2) + 151 Lo o, x2x52) + 1Pl oo (axs2) + 9|Lw([o,t]xr)>-

Taking supremum over all (¢, 7, ) € [0,¢] x  x S?, we obtain

1

5 3
5%55

(3.310) l[tll poo (0,4 x 2x52) §C<5 l[ull poc (0,4 x 2xs2) + ()]l L2 xs2)

180l o+ Willimqaen + lollimqoguroy )
Then taking ¢ sufficiently small to absorb C'6 [[ul[ ;e (9,4 xxs2) Into the left-hand side, we get

(3.311)

1
||UHL<>0([o,t]xQxS2) = C(

53¢

T 1)l L2axs2y + 151 Lo (o, x axs2) F 1Pl o (axs2y + ||g||L°°([O,t]><F)>'

Using Theorem 3.2, we get

1
(3.312) l[wll oo (252 Sc(eg 1511 20,4 x2xs2) F 191l Lo (xs2)
1 1
+ ) 17l L2 @xs2) + 17l oo (axs2) + ) 91l L2 0, x1-) T 119l oo -y )-

]

3.2.3. L*™ Estimate. In this subsection, we try to improve previous estimates. In the following, let o(1)
denote a sufficiently small constant.
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Theorem 3.4. Assume S(t,Z,W) € L®(RT xQxS?), h(F, @) € L>®(QxS?) and g(t, zo, @) € L®(RTxT7).
Then the solution u(t,Z, W) to the neutron transport equation (3.232) satisfies

(3.313)
1

()]l L2m (@xs2) + e [ull 20,4 x1+) + ||U||L2m( [0,4]xT+)

1 1 _ 1 _

- (0,4 xxs?) T T Ju— U||L2([o,t]xms2) + p=n [l = @l 2m (0,4 x 2 x52)
1 1
<c( e e 4 Il o s + i 18] omgo e

1
+ =y 10651 2 (0,4 x x52) T ; 1S(0)[| 2 (0 xs2)

1 1l
+ ei 17l p2(oxs2y + ||h||L2m(QxS2) + €7 @ - Vbl g2 sz

1
||9|| ([0,4] xT— ) ||9||L2m([o #]xI'—) + ||9||L2 ([0,)xT—) T S ||atgHL2(0t]><F )

Proof.

Step 1: Kernel Estimate.

Applying Lemma 3.1 to the equation (3.232). Then for any ¢ € L?([0,] x  x S?) satisfying ed;¢ + 0 - V¢ €
L2([0,t] x 2 x S?) and ¢ € L?([0,t] x '), we have

(3.314)

R o R | W e

Our goal is to choose a particular test function ¢. We first construct an auxiliary function ¢(¢). Since
u(t) € L=(Q x S?), it implies u(t) € L>(£2). Define ((t,Z) on Q satisfying

{ AL((t) = a1 (t) in

(3:319) C(t) =0 on IO

2m

In the bounded domain €, based on the standard elliptic estimates, there exists a unique &(t) € W% zn=1 (Q)
satisfying

(3.316) <@l < Clla> @)

2 1
W2t Q) — = C'lu(t )HLT?nm Q) -

2m
L2m—1 (Q)
We plug the test function
(3.317) ¢o=—w- V(

into the weak formulation (3.314) and estimate each term there. By Sobolev embedding theorem, we have

(3.318) 16O L2y <CNCO 1) < CICDO 2 g2y ) < Cllalt |73 ()
2m—1
(3319) 9, 2 gy <CICON 1 s, g < CNEOI3 oy

Note that the embedding W2zt (Q) — HY(Q) requires m < 3.
On the other hand, we decompose

(3.320) —e/ot//ww.vmu:—e/ot//ﬂxg2<w~vm)a—e/ot//ww-wxu—a).



44 LEI WU

For the first term on the right-hand side of (3.320), by (3.315) and (3.317), we have
(3.321)

[ ]

=€/ // a w1 (w1311C + w2612C + UJ3613<) + wg(’w1621< + w2822C + ’LU3623C) + w3(w1831C + w2832C + w3833C)>
QOxS2

t 4 .
26/ // a<wf811§ +whdnC+ w§833§) - geﬂ/ w(011¢ + 022¢ + 033()
o JJaxs? o Jo

. _n2m 7]- —_n2m
=gemllullzen qogxa) = 3€lulz2m (0,nxaxs)

In the second equality, above cross terms vanish due to the symmetry of the integral over S2.
For the second term on the right-hand side of (3.320), Holder’s inequality and (3.319) imply

(3.322)
2m—1 272"‘”_1’1
— <C m T "
[ ] Ve < el o [ 1920175, )
2m—1
7 m 2m—1
<Cellu =l p2m (o, xxs?) (/0 ||C||;V ;m 1(Q)> < Cellu = ull p2m (o, xxs2) 1@l L2m (0. x2x52) -

Based on Sobolev embedding theorem, trace theorem and (3.318), we have

(3.323)

I19.¢1 < CNTatl b e gy < C IV <Clel

2m—1
< Cllull75m gy -

L4m 3(I) wh Tt I(Q) w2 leg)

Using Holder’s inequality and (3.323), we obtain

t
(3.324) uqudW‘
r

U¢d7’

gédv‘
r+ -

< ||¢|\L4;¢;ggm (P -

2 1
<€ ||’LLHLT2n,,L [0 t]><Q><S2) (”UH 4m ([O t]XFJr + Hg“ 4m 0 t]XF ))

Also, using Hélder’s inequality and (3.318), we have

(3.325)

2 1 _
/ //Q W) <161l 120 4 xaxs2) 14 = @l 2o, xaxsz) < C @l 75m(j0,0x0xs2) 14 = ll 120 g xaxs2) »
XS

t
_2m—1
(3.326) /0 //Q . Sp<C< ||¢HL2([07t]XQXSQ) ||SHL2([07t]><Q><S2) <C ||u||Lglm([07t]><Q><SQ) ||S||L2([07t]><9><s2) .
X

[ f] oo

2 |- 12m—1 _
<e HUHLZl’"([O,t]XQXS?) ([0 (u — U)||L2([0,t]xszxs2) :

Then the only remaining term is
N/
QxS?

Now we have to tackle [|0yull 12 (o x0xs2)-

(3.327) < €118l L2 (0. xaxs2) 186w = @) L2 (0. xaxs2)
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Taking 0; on both sides of the equation (3.232), we obtain
GQat(atu) + €w - VI 8tu) + 8tu — 8tﬂ = 3755 for (t,.’f, ’U_}') S RJF x % 82,

—~

(—e - Voh — h+ h+ S)(0,7,1) for (%) € Q x S

a
w‘*—‘

(3.328) 0pu(0, %, 5) = h =

Oyu(t, By, W) = Org(t, T, W) for t € RT, Ty € 0N and -7 <0,
Based on the proof of Theorem 3.2, we have
(3.329)

1 _
ell0pult)ll L2 (xs2) €7 [10eull 2o, xr+y + 10e(w — @)l 210, x2x52)

1 = 1
SC( HatS||L2([0,t]><Q><S2) +e€ Hh‘ + €2 ||atg||L2([O,t]><l"*) >

L2(QxS?)

1 N 1 1
<O( 10eS 1| 120, x o xs2) T < [SO) I p2(oxs2) + 10 - Vahllp2(oxs2) + < 17l 2 (xs2) + €2 ||3t9L2([o7t]xr—))-

Inserting (3.329) into (3.327), we obtain

L fe

Collecting all terms in (3.321), (3.322), (3.324), (3.325), (3.326) and (3.330), we obtain
(3.331)

(3.330)

2m—1
<CNIZE o e, <eW%SnLqmﬂxgxy>+ensannngxy>

= 5
+8m»vmmmnw+emmmnw+fwawp@ﬂﬂﬂ)

€|l L2m (0,1 x2xs2)
§C(€ [t = @l| p2m ([0, x axs2) F 10 = Ul L2101 x2x52) T € ||U||L4Tm([0,t]xp+) 1SN L2 (o, x2xs2) + €N06S1 20,4 x 2 x52)
. 5
+ €[|S(0) | p2(axs2) + e || - Vah| 2 axs2y + € bl p2oxse) + € ”g”L%ﬂ([O,t]xl"*) + €2 |0l 120, x1-) >
Step 2: L?™ Energy Estimate.

Similar to the L? estimates, in the weak formulation (3.242), we may take the test function ¢ = u*™~! to
get the energy estimate

2
(3.332) o O |meMﬂﬂ+/// (u— @yt
O xS2

(/// 2m1+—wmmmmy g 1915 00
QxS2

Here, direct computation reveals that for 1 < m < 3,

m— 2m
(3.333) / //st2 w?™ > Cllu = 4l om0, xaxs?) -

Hence, inserting (3.333) into (3.332), we obtain

2m —12m
(3.334) € Jlut )||L2m axs2) T ellullzzm o gxr+) T 14 = @l 72m (o, xaxs?)

m= 2m 2m
SC(/ // Su2 1 +62 ||hHL2m(QxSQ) +6||g||L2m([0,t]XF))'
0 QxS2
Since

(3.335) )™ < C’<|u al*" 4 |u|2m1>7
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t t
<o [ [ _wstu=armra [ s,
0 QxS§? 0 QxS§?

Using Holder’s inequality and Young’s inequality, we obtain

2m—1
2m 1 2m 1 2m
(3.337) / //st S| |u — <H|u ‘Lgm (o xaxE) 1S 175 (0,01 2x5%)

2 1
=lu— U”L?m([m X QxS?) HS||L2m( 0,] x Q2 xS?)

we have

SU2m71

(3.336)

QxS2

2m

2m—1 Fm—1 Zm
§C<<0(1) Ju— u||L2m( 0 t]xﬂxs2)) (||S||L2m ([0,¢] xﬂxsz))

_2m 2m
<o(1) [u — “||L2m([o,t]xﬂxs2) +C ||S||L2m([0,t]><Q><S2) )

and
(3.338)

2m—1
2m—1 2m—1 2m
/ //(2><S2 |SH | = H| | ‘L2m I ([o, t]XQ SZ) || ||L2m(0t]><ﬂ><S2)

2m1

)

2m—1 2 1 2m—1
(6 2m ||UHLT2n (o, t]><Q><S2)) ( zm ||SHL2m [OthxSZ))

2m—1 _ 21%1
<0 (o a2 guaren) ™+ (2
C

—12m
<o(Del|tl| 2m (0. xaxs?) T Zm=T 2m—1 ||S||L2m([o X QxE2) -
Inserting (3.337) and (3.338) into (3.336), we obtain
(3. 339)

)")

C

u?m < 0( )”u uHL2m ([0,t] x Q2 xS?) +O( ) HUHLZ"L([Ot IxQxS?) BTy e2m—1 HS||L2T"(Ot]><Q><SQ) :

Q><S2

Inserting (3.339) into (3.334) to absorb o(1) |ju — 12||L72nm([0,t]xgxsz) into the left-hand side, we have
2m 2m —12m
(3.340) € ||u(t)HL2m(Q><S2) te ||u||L2m( 0 t]xl“+) + Ju = allzzm ([0,¢] x2x5%)
—12m 2m
<C(0(1)€ Hu||L2"”([O,t]><Q><Sz) + 1 ||SHL2m ([0, xxs2) T € ||h||L2m(Q><S2) +e ”g”Lzm([O,t]xI‘*) )

Taking (2m)*" root, we actually have
(3.341)
1 L _
em Hu(t)||L2m(Q><S2) +em ||u||L2m([0,t]><F+) + [lu— “||L2m([o,t]xﬂxs2)
o 1 a 1
<C<0(1)e2m ||UHL27”([O,t]XQXSZ) + 6177% ||S||L2m([o,t]><§z><s2) +em Hh||L27”(Q><S2) + e2m ”g”Lz”"([O,t]xI‘*) > .

Multiplying (3.331) by ¢ B, we have
(3.342) e7m

Ul p2m ([0 4)x 2x52)

1 _ 1
§C<62m [ = @l pom (o, xaxs2) T prE— lw =@l 22 (o, xxs2) + €7 [[ull 4 10 fxTH)

1 1 1
+ 7= ISll2 0,y xaxs2) T €77 1065l p2((0,gxaxs2) + €77 [19(0)l| 2o xs2)
€ 2m

1 3, 1
+ €2m ||h||L2(QXS2) + 61+2m ||U) v h||L2(Q><S2) + EQM Hg” [0 ] xT—) + 62+2m ||atg||L2([O,t]><F)>‘
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Adding (3.342) to (3.341) to absorb o(1)ezm @l p2m (0, x o xs2) and ez ||u — | p2m (0,1 x2xs2) into the left-
hand side, we have

(3.343)
1 1 1 _
e [u)ll pomaxsz) T €7 (Ul p2m o,gxr+y + €7 18l p2m 0,qx0xs2) T 14— @l p2m (o, xaxs2)

1
§O<6121n ” u||L2([O ] xQxS?) +€2m

1 1 1 N
ta 1Sl 220, x2xs2) + prE— ISl p2m ([0, x 2x52) + €7 [10Sl 210, xaxs2) + €7 IS0l 2 x52)

ull s B (j0,4] xI'+H)

1 1 1 —
+ €7 [|hll p2gugzy + €™ 1Bl pam@uszy + € T2 [0 - Vih| 2 s

1 34 1
6 Lall 1 g gy + €55 Dollomoaper + 43 100glago grey )

Step 3: L? Energy Estimate.
Recall the standard L? estimates (3.266), where, in the weak formulation (3.242), we take the test function
¢ = u to get

2
€ 2
(3.344) 5 [[u(t )||L2 @xs2) t 5 ||uHL2(Ot]><F+ + [l = |20 g xaxs?)

t
5 2 2
:/0 //stz Su+ D) ||h||L2(Q><S2) + 5 ”g”L?([O,t]XF*) :

Naturally, this implies

2 2 _112
(3.345) e Nul®) 22 xs2) + € lullzeogxr+) + 1v = @llz2(0 4 x0xs2)

t
2 2
S/ // S+ ¢ 17112 @xs2) + € 9112 o,0xr-) -
0 QxS2

Multiplying (3.345) by e 2+, we have

N 1 1 )
(3.346) e flu(t) HL2(Q><82) + - ||U||L2 ([0,]xT+) + . [l = 2l 72 (0,4 x 2xs2)

1 1 2 1 2
362_% /o //st2 Su+em HhHL?(Qsz) +7€1_% HgHL2([O,t]><F*)‘
t
< / / / S(u—a)| +
0 QxS2?

Using Holder’s inequality and Cauchy’s inequality, we have

Note that

(3.347)

QO xS2 QO xS2

t
— U < — U 9 m
e3a9) ([ [[ Sw=)] <l g 191, e
21 12
<o(1)e" " |lu — UJHLQM([O,t]xQxS?) Jr o HS”L2m T (0,]x2xS2) ’
and
U < U m
(3.549) QxS Sl < [l zm 0,0 xx52) HS”Lzﬁfl([o,t]xstz)

C

§0(1)62 HQHQLQW([O,)&]XQXSQ) 2 1S ”
Inserting (3.348) and (3.349) into (3.347), we obtain
(3.350)

LEmeT ([0,¢] x2xS2)

C

_ 1 _ 12 —112 2
<o(1)e ™ flu— Ul|2m (0,4 x2xs2) T o(1)e® @l z2m (o, x axs2) T 2 HSHL

2m .
stQ 2m—1 ([0,t] x 2xS?)
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Inserting (3.350) into (3.346), we have

1 2 1 2 1 2
(3.351) em Hu(t)||L2(Q><S2) + a-z Hu||L2([0,t]><r+) + prE— [lu— U||L2 [0 t]x Q2 xS2)

_n2 1,2
<o(1) [l = @llem o xxsz) + O™ 1l pam o g coxs) + G ”S”Lzm T ([0,t]x2%52)

1 2 1 2
+em ||h||L2(Q><S2) + el_i ||g||L2([0)t]><F—) .

Taking square root in (3.351), we obtain

1 1 1 _
(3.352) e [[u(t)| 2 oxs2) + pr— l[ull g2 o,y + prE— lw = @l L2 (0, x2xs2)

_ C
SO(l) ||U - uHLzm([O,t]XQxS?) + 0(1)52’” HU”Lzm( [0,£] x Q2 xS2?) + - HSH

2m
L2m—=1([0,t]xQ2xS?)

1
+emm 17l 2 (axs2) + ||9||L2([o xT-) -

Multiplying (3.343) by a small constant and adding it to (3.352) to absorb —— [ju — Ull 2 (0,4 x 2x52) >
€ 2m ’

o(1) |lu— ﬂHLzm([o’t]XQXsQ) and o(l)eﬁ Ha||L2m([07t]XQX§2) into the left-hand side, we obtain

(3.353)
1

1 1
€m ||u(t)||L2m(Qst) + 76%7% ||UHL2([O,t]><1"+) + e2m ||u||L2m([0,t]X1"+)
m
I _ _
+ €27 |G| p2m (0,4 x x5y T prE— lw =l 20, yxaxsz) + 1t = @l 2m (0 g xxs2)

1 1 1
<C(62'" [[ull 4 a2 0 gxrt) T o ||S||L%([O7t]mx§2) + = 1511 20,4 x2xs2) T o 1Sl L2m (0,4 x2x52)

2m
+ ez 106511 22 (0, x axs2) T €27 1S(0) ]| L2 (axs2)

1 1 JE ST
+ e [|hll 2 guszy + €™ 1Bl pamauszy + € T2 [0 Vahl|p2gxs2)

1 1 3.1
+emm ||9|| 2 ([0, xT— ) 7% gl pom o, -y + pr— 9l p20,4xm-) T €272 109l 20,51 -
Using the interpolation estimate and Young’s inequality, we know

2m—3 1
2m—2 2m—2

(3.354) ||UH L2m([0,t]xT+) HU”Lz ([0,4]xT+)

2 (o,xre) < 14l

2m—3 —2

2m—2 Zna Zm—2 2m=2
<o(1 )(”“Hmm ([o, t]xw)) ‘*‘C(H“”m ([0,¢] xr+))

1
<o(1) [[ull pam (o, xr+) + C Null 720 415+ -
Hence, we know

(3.355) 2 [[ull o o ey SO [l om o4y + Ce [lull g0 4yt

1 1
§0(1)€2m Hu||L2m([0,t]><F+) + 0(1)6%? HUHL?([O,t]xI‘ﬂ :
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Inserting (3.355) into (3.353) to absorb ezm ||u|| P (0.4xT+) into the left-hand side, we have

(3.356)
1 1 1
€em ||u(t)||L2'nL(Q><S2) + e%? Hu||L2([0,t]><I‘+) + e2m Hu||L2m([07t]><p+)

R 1 _ _
+exm ||u||L2m([0,t]><Q><S2) + prp—— [lu— U||L2([o,t]x9xsz) + u— U||L2m([o,t]xszxsz)

1 1 1
<O I, o gy + T Wy + oo IS lam g guancsn

L 1
+ e ||atSHL2([O,t]><Q><S2) +em ”S(O)HLZ(QXSZ)

1 1 g,
+ €7 [|hll 2 gaugzy + €™ 1Bl pamaxszy + € T2 [0 - Vah| 2 xs2)
1 ]. 3 1
™ Tm I 5tam
+ €7 ll 1 o ey + €7 N9l 2o, xr-) + = M9llezo ey T €27 ||3t9m([o¢1xr—>)-
Hence, we get the desired estimate

(3.357)

1
”u(t)”L?m(QxS?)+£%T”“”L2 [0, x1+) T ||u||L2m(0t]><F+)

_ _ 1 _
+ = @]l 2m (0,4 x 2x52) T T Ju— u||L2([0,t]><Q><S2) + g [ = @l f2m (0,4 x 2x52)

1 1
<O 180, 2 e + e 1S o + o ISTam o pesnesn
Sllz2(o,4yxxs2) T j 1S(0)[| 20 xs2)
€2m
1 I BT
* ei Il L2 xsz) T 17l L2m @xs2) + €72 || - Vahll 2 (axs2)
1 1 3_ 1
||g|| (0,411 + = g/l p2m (0,4 xT-) + I 9l z2 (0,4 xm-) T €272 199l 20,951 |-

3.2.4. L*° Estimate - Second Round.

Theorem 3.5. Assume S(t,Z,w) € L®(RT xQxS?), h(Z, @) € L>®(QxS?) and g(t, zo, W) € L®(RTxT7).
Then the solution u(t, Z,w) to the neutron transport equation (3.232) satisfies

(3.358)
Hu”LOO([O,t]XQXSz)
<C L L S 1 S S
ey S ||L2,,2;%1([O7t]xms2) + T 1511220, x2xs2) T vz 151l 2m (0, xxs2) T 151l oo (0,41 x 2x52)

1
+ 67 106Sl L2 0,4 x 2xs2) + =z ||S(0)||L2 (Qx52)
2 -
+elmm @ V:EhHL?(QxS?) oz ||hHL2(Qx82) + Hh||L2m(stZ) + 17l oo (axs2)

1 1 3_2
+ — llgll 4z (o.ejxr-y T ||9||L2m ([0,¢] xT— )+ 17z N9l r2 0,4 xr-) T 19 oo o, xr-) + €27 7 109l 2o, xr-) -

6771
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Proof. Based on the analysis in proving Theorem (3.3), the key step is the estimate of I;. We utilize the
same substitution in (3.301) and apply Holder’s inequality with a different exponent to obtain

1
ty 2m
(3.359) |15 <C/ </ 6/ . (/Q Y |u(t” —2q,7 )| mdgj’)e_qe_qudr> e *ds
>5Jg>

Sﬁ [|u(t )”LM(Ot]xQ)

€2m () 2m

Summarizing (3.282), (3.283), (3.284), (3.285),
(3.305), (3.359), we have shown that for any (¢,

(3.286), (3.287), (3.288), (3.289), (3.290), (3.292), (3.294),
7,15) € [0,8] x  x S,

oo 1 _
(3.360) |lu(t, Z,w)| <C (5 l[ull oo (0,4 x 2x52) + pny vy 12() | p2m (0 xs2)
18l oaperess) + DAl pqacss + ||g||Loc([o,ﬂxr>)-

1
Let 0 be sufficiently small such that Cd < 7 Taking supremum over (¢, Z, @) € [0,¢] x Q x S? in (3.360) and

using Theorem 3.4, we have

(3.361)
Hu||L°°([O,t]><Q><S2)
<C ! L S L S S
22 2 ” ”L%([O,t]xQxS?) + R ” ||L2([0,t]><Q><SZ) + 2 ” ||L2m([0,t]><f2><32) + H ||L°°([O,t]><Q><S2)
1
+ 671 ||8t5||L2([0,t]><Q><S2) + T ”S(O)HL2 (2x8?)

_2 -
+ €7 |0 - Vahl| o gns2) + z ||hHL2(Q><S2) + Hh||L2m(Q><S2) + 12l e (o xs52)

1 1
ei gl az b (0xr—) T z 91l L2m o, x-) T aiz N9l 22 j0,x -y T 191 oo (0,1 x - )+€2 " ||8tg||L2 ([0, 1)

O

3.2.5. Superposition Argument. In Theorem 3.5, the estimates depend on the derivative bounds of initial
and boundary data. Here we can use superposition property to get rid of such dependence and get a cleaner
form.

Theorem 3.6. Assume S(t,Z,w) € L®(RT xQxS?), h(Z,w) € L>®(QxS?) and g(t, zo, @) € L®(RTxT'7).
Then the solution u(t,Z,wW) to the neutron transport equation (3.232) satisfies

(3.362) [ull oo (0, x 2x82)

1 1
SC<€2+31 151l y2m, (0gxaxsy) T T 11l 20, x2xs2) + Tz 1811 L2m (1o, x 2 x52)

1 1
F 150 Lo f0,1x2x52) z 106Sl L2 0,4 x axs2) + z SOl L2 (2xs2)

1 1
+ e 17l L2m @xs2) T 1Rl Lo (axs2) + oz 91l p2m ((0,41x7-) + 19l e (0,57 )-

Proof. Since equation (3.232) is linear, we may decompose the solution u = u; + u9 satisfying

€20y + e - Vyuy +up — g =0 for (t,7,%) € RT x Q x §?,

(3.363) w1 (0, %, 0) = h(Z,@) for (&) € Q x S?

\.Hl

ul(t,fo,w):g(t,fo,w) for t€R+, Zo € 0 and -V <0,
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and

20uy + e - Voug +us — iz = S for (t,7,%) € RT x Q x §2,
(3.364) uz(0,7,W) =0 for (F,4) € Q x S?
ug(t, Zo, W) =0 for t € RT, To € dN and -V <O0.

Step 1: Estimate of u;.
In Step 2 of proof of Theorem 3.4, we have shown

2m — 12m
(3.365) € [|ua (t )||L2m(Q><S2) + €llurl|pzm (0,4 xr+) T U1 — @all72m (0, xaxs?)
2m 2m
0 112 + €191 e )
Take (2m)*" root on both sides, we have

EN S i
(3.366) e [[ur(®)ll p2m @xs2) + € lunllpam o,gxrsy + l1ur = @il pam o, xaxs2)
<C<6m Hh||L2m(Q><S2) +em HQHLZW([O,t]xF*) > :

Dividing €™ on both sides, we arrive at

1 1 _
(3.367) lur (0) [l p2m (o xs2) + g luall p2m (0,4 x0+) + = llur = Gl om0, x2x52)

C(l ( ,]><F)>’

Then using the argument in the proof of Theorem 3.5, we have
(3.368)

1
llwtll foc o, x2x52) 30(623

Ol s + Wl + 1ol oaier- )
1
<C( [l L2m @xs2) + 1l oo (axs2) + z g1l L2m o, x0—) + ||g||L°°([O,t]><F)>'

Step 2: Estimate of us.
Here we refer to Theorem 3.5. Since initial and boundary data are all zero, the estimate is much simpler

(3.369) [uz|l oo (0,1 x2x82)

1 1
<C< 72 152 o coxen) T g ISlzwoaxaxen ¥ g ISllaem oo

1 1
+ 1151 poe 0, x2xs2) T+ -y 1065l L2 (0,4 x axs2) T -y ||S(O)||L2(Q><S2)>‘

Step 3: Synthesis.
Combining (3.368) and (3.369), we obtain

(3.370) [ull oo (0,6 x2xs2) < Ul po o, x0xs2) T U2l oo (0, x2x52)

1 1 1
<C(62+; ”S”L%([O,t]xﬂxsa + At ”S”L2 ([0,t] x2xS?) + itz ||S||L2"L( [0,¢] xQ2xS?2)
1
F 150 oo 0,1 x2x52) T =z 10651 L2 (0,4 x xs2) + ? ||S(O)||L2(Q><S2)

1 1
+ — Al 2m (o xs2y + 1Bl Loo (o xs2) + z 91l L2 (0,4 xT-) T ||9||Loo([o,t}xr)>'

€ 27n
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Theorem 3.7. Assume eX'S(t,7,w) € L®(RT x Q x §?), h(F, @) € L=(Q x $?) and eXlig(t, x¢, W) €
L>®(RY x I'7) for some K > 0. Then there exists 0 < Ko < K such that the solution u(t,Z,w) to the
neutron transport equation (3.232) satisfies

(3.371)  [le" w01 axs2)

le

1
§O<62+72” ||eK0tS||L2317"11([0)t]><QXSz) + KOtS||L2([O,t]><Q><S2) + E ||eKOtS||LQM([O,t]><Q><S2)

1 1
+ HeKOtSHLw([o,t]xst?) + pry ”eKOta’fSHLQ([O,t]Xﬂxs2) * = 150220 xs2)

2
eltm

1 1
+ = 7l L2m @xs2) + 1l Lo (axs2) + 2 ||eK0tgHL2m([07t]><F—) + HeKOtgHLN([O,t]XF—))'

Proof. Let v = eoty. Then v satisfies the equation

€200 + e - Vv +v — 0 = efotS 4 Koge?v for (t,7,w) € RT x Q x S,

(3.372) (0, %) = h(Z,@) for (7)€ Q x S2,

—

v(t, T, W) = eKotg(t, Xy, w) for t € RY & € 0Q and -7 < 0.

Note that we have an extra term Kye?v. However, €2 helps to recover all the estimates in previous theorems
and we can obtain exactly the same results. |

3.3. Asymptotic Analysis.

3.3.1. Analysis of Regular Boundary Layer. Based on a similar analysis as in steady problems, we have the
following:

Theorem 3.8. For Ky > 0 sufficiently small, the reqular boundary layer satisfies

HGKOteKOU%O(t)HL;oL;ow <C, HeKDteKon%l(t)HL;oLgc_w < C|hﬂ(€)|87
O, %
eKoteKonZZ0 (1) < Clin(e)®, |eFoteKonZZL(y) < CIn(e)|*°,
O g rg, o g,
(3.373) O 0
eKoteKon ZZ0 (1) < Cln(e)]®, |lefoteKon=—"L(y) < C|ln(e)|*°,
Oui LELEy, Oui LeLE,
eK"teKO”%(t) < C'|in(e)|?, eKoteK(’”%(t) < C[In(e)]".
0 0
Vo g, Vo g,

3.3.2. Analysis of Singular Boundary Layer. Based on a similar analysis as in steady problems, we have the

following:
{ X1t
X2

For Ky > 0 sufficiently small, the singular boundary layer satisfies

Theorem 3.9. Let
0 < (¢ < 2%,

(3.374) <<l

HeKUteKon(Xlﬂo

<C,

||eK0teK0”(x2M0

< Ce*,

Ol 5,

Ol e, <

eKotgKon a(Xluo)(t) <C |h’l(6)‘8 eKotoKon a(XQLLO)(t) < Ce® |ln(e)|8
ot LELEy - ot LELEy -
(3375) eKOteKon 6(X1u0)(t) S C |ln(e)\8 ’ eKoteKon a(XQLLO)(t) S Ce® |1H(6)|8 ’
O LELEy Ous LLgy
cktekn 2O <O, |JoReteron 20l < Ce o)
LPLEy LELSy
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3.3.3. Analysis of Initial Layer. We divide the analysis into several steps:

Step 1: Analysis of U{.

Using (3.226), U satisfies

(3.376) UL(r,2,0) =e Ul —UL) = e 7(h - h).
Naturally, it decays exponentially in 7.

Step 1: Analysis of U{.
Using (3.229), U satisfies

(3.377) ol = — / (w-vxug )dw — e T / (w-vx(h - B))dw,
S2 S2
which, combined with U{ (0o, %) = 0, implies that
(3.378) Ul(r,7) = e / (- 9a(h— B )
S?

Then using (3.229), we have

(3.379) Ul(r,2,0) =e " (1?1 - V.U (0) + / (15- Va(h — h))dzﬁ —wW-Vy(h— ﬁ))
S2

Naturally, it decays exponentially in 7.

Theorem 3.10. For Ky > 0 sufficiently small, the initial layer satisfies

HeKOTU({(f)HL"O(RerSZ) <C, HeKOTull@)HL""(R*XSz) <G
(3.380)
[|efor v (2

<O, |leforvauf , <C.

)||Loo(R+xsz) (’f)HLoe(w x§2

3.3.4. Analysis of Interior Solution. In this subsection, we will justify that the interior solutions are all
well-defined. We divide it into several steps:

Step 1: Well-Posedness of Uy.
Uy satisfies a parabolic equation

1
(3.381) ) 3

Uo(ta '/fo) = <%\O,L(tv L1, LQ) + S’O,L(ta L1, L2) on 89
Based on standard parabolic theory, we have

(3.382) [|e™* Uo| <C.

|LgOHng;([o,oo)xst2) =

Step 2: Well-Posedness of Uj.
U, satisfies a parabolic equation

Ul(f7 ﬂ_f) =U (f) —w- szO(_’v U_j)a
1 _
0Ur — AU = — <_' V. Uo(Z, u7)>dw in 0,
(3.383) _ 3 Js

U1(t,fo) = f17L(t, L1, L2) on 69
Based on standard parabolic theory, we have

(3.384) [|e®otUy e In(e)[® .

||L;"°H§L3§’([0,oo)><Q><S2
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Step 3: Well-Posedness of Us.
U, satisfies a parabolic equation

Us(Z,W) = Uy(Z) — W - V, Uy (Z, W),
1

0T — AUy = — (@ V017 6))di in @,
(3.385) st

U2(0,Z) =0 in Q,

Ug(t,fo) =0 on 9N
Based on standard parabolic theory, we have

8

(3.386) ”eKOtU2HLgOHngf([o,oo)xstz) < Clln(e)l"

Theorem 3.11. The interior solution satisfies

(3.387)

ety

(3.388)

||Lg°HgL;c([o,oo)xst2) + HeKUtatUOHLgOHgLs([o,oo)xQxS% + ||eK0ter0HLgOHgL;o([o,oo)xst?) <G,

e,

(3.389)

)+ [leta,U, eVt < Cn(e)]?,

||L§°H§L§([O,oo)x9><§2 HL?OH;*{L;O([O,OO)><§2><S2 HL?OHg’LZ?([O,OO)XQXSQ)

HeKotUg ) + ”eKotatU'2 otvaQ C |]n(€)|8 .

HLgﬂnggs([o,oo)xQxS2 HL?"H%L;?([O,oo)XQXSz) + HeK ”L;?OHQLgJo([o,oo)xQxS% S
3.3.5. Analysis of Initial-Boundary Layer. The initial and boundary data satisfy the compatibility condition
(3.390) h(Zo, W) = g(0, %o, W) for &y € I and w-v <O0.

Then in the half-space @ - 7 < 0 at (0, &), the equation

(3.391) 20uf + e - Vut 4+ uf — af =0,

is valid, which implies that for arbitrary e,

(3.392) €20,9(0, Zo, W) + e - Vo h(Zo, W) + h(Zo, W) — h(Z) =0.
Since g and h are both independent of ¢, we must have that for @ - 7 < 0,

(3.393) 0:9(0, Fo, W) = 10 - Vo h(Fo, W) = h(Fo, W) — h(Tp) =0.

Then we obtain the improved compatibility condition

h(an’u_j) = g(ouf()?u_;) = CO?
(3.394) B for @y € 9N and -7V <0,
atg(ovf()»u_j) =- vzh(.’fo?U_;) = h(fo,’li_j) - h’(f()) = 07

for some constant Cj.
Theorem 3.12. The initial and boundary layers at {0} x 0 satisfy

(3395) %0(07 7,011,102, (ba w) = uO (07 mn,t1,L2, ¢a w) = 0;
(3.396) UL(t, Zo, W) =0 for -7 <0.
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3.3.6. Proof of Theorem 1.4. Based on Theorem 3.7, we know there exists a unique u(¢, ¥, @) € L>®(RT x
Q x §?), so we focus on the diffusive limit.

Step 1: Remainder definitions.
We may rewrite the asymptotic expansion as follows:

2 1 1
(3.397) u€ ~ZekUk + Ze’“u,ﬁ +Zek02/k + o.
k=0 k=0 k=0

The remainder can be defined as

2 1 1
(3.398) R =u¢ —ZekUk —Zeku,g —Zek%k —Y=u'-Q-90-2-9,

k=0 k=0 k=0
where
2 1 1

(3.399) Q=Y Uy, Q=) Ui, 2=> un, o=

k=0 k=0 k=0

Noting the equation (1.3) is equivalent to the equations (3.195) and (3.215), we write £ to denote the neutron
transport operator as follows:

(3.400)  Lu=€Ou+ei Vyu+u—u=0;u+ew-Vyu+u—1u
sin? 1) N cos? 1
R1 — €n R2 — €n

du

ot

cos qi)%

:62

. Ou
+sing— — €
(ban <

n cos ¢sinv @ CoS ¢ cos Y @
¢ Pi(1—erin) Oy Py(1 — ekan) Oua

+ e(%(cosd)(ﬁ : (52 X (0127 % 52))) — kPP SiH¢COS¢>

1 Ou

cos ou
PPy 0

u.

<— cosqb(g"g . (6’1 X (0127 X ﬁ))) + ko P Py singbsinw))

[
Step 2: Estimates of £[Q)].
The interior contribution can be estimated as
(3.401) L[Q] =30,U; + *0,Us + €8 - V,Us.
Using Theorem 3.11, we have
||£[Q]||L2(R+xﬂxs2) <Cé,
(el <C¢,

)
) LTET (R xQx§2) —
3-404) ILIQM oz x sz <CE*
) IL1QI Lo 2+ w2y SCE%,
) 10 LIQU 22+ xirxs) <C€,
) ILIQNO) | 2 a2y <C€*.

Step 3: Estimates of £[Q].
The initial layer contribution can be estimated as

(3.408) L[Q] = ¥ -V, Uj.
Based on Theorem 3.10, we know

2= I 2
(3.409) €20 - Vol || e g1 g2y SO
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t
Note that %, decays exponentially in 7 and the scaling 7 = —, we have

9
62

o0 3
(3.410) €20 - Valli || 12 zs sy 362( / / \v.ul|’ (7,7, u7)d;i’du7dt>
0 QxS2
oo 3 oo 3
§062(/ ert> = C63</ erT) < Cé.
0 0
Similarly, we can derive that

3.411) ||£[Q]||L2(R+xszxs2) <Ce,
1L[Q]]] _2m <Cetm,

[, 2m—1 (]R+><Q><S2) -

)

) ||£[QH|L2m(R+XQxSQ) §C€2+i’
3419 1E1Q) e s sty SO

) ||8t‘c[g]”L2(]R+><Q><SQ) SC€3,

) 1EIQNO)| g sn) <CE2.

Step 4: Estimates of £[2)].
The regular boundary layer contribution can be estimated as

cos¢siny 0% cospcosyy 0%
Pi(1 —ekin) Oy Py(1 — eran) i

(3.417) L[2] =20, % + 0,7 + e2<

e (%(Couf,(ﬁ . (52 X (D127 X @))) — k1 PPy sinchosw)

cos o /o L. ) . 1 0%
m ( — cosqb(gg . (gl X (D127 X gl))) + ko P Py sm¢smw>> EW
Similarly to steady problems, based on Theorem 3.8 and Theorem 3.12, we have
(3.418) ||£[Q]HL2(R+><Q><S2) <Ce? |1n(5)|87
(3419) HE[Q]”Lm%ZEl (R+ xQx5?) SCG?’_ﬁ |1I1 6|8 ,
(3.420) 1L o g xasy <O 27 el
(3.421) H‘C[Q]||L°°(R+><Q><S2) <Ce?[In 6|87
(3.422) 10LL2) 2 2 ey <Ce? [In(e)[*
(3.423) I£[2](0)][ L2 (2 x52) =0-
Step 5: Estimates of £[Q)].
The singular boundary layer contribution can be estimated as
i 12330 cospcostyy Oy
218 =20, cos ¢ sin oty oty
(9] =0t + 6(P1(1 —ek1n) Ovy  Po(l — eran) Oig
6(% (cos (;5(5’1 . (g’é X (0127 X c'é))) — k1 PP sinq&cosd))
cos P = (= L. . . 1 04y
m ( — cos (b(gg . (gl X (0127 X gﬁ)) + ko P1 Py mngbsmw)) ﬁ%
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Similarly to steady problems, based on Theorem 3.9 and Theorem 3.12, we have

(3.424) L1911 2 g+ xqrxsz) <Ce+2* [In(e)[*,
(3.425) 121211, 2y e gy SCE 7 (o)
(3.426) LI o (i xgaxgzy <Ce T2t In(e)
(3.427) ||£[Q]||L°°(]R+><Q><S2) §C€|ln(€)|8a

(3.428) 1OLIQ 2+ sy SCe T2 In(e)[
(3.429) ILIQ)(0) | 12 02y =0-

Step 6: Estimate of Source Term.
Summarizing all above, for &« = 1, we have

(3.430) ILIRIN L2+ xaxs?) <Ce? |In(e)[®,
(3.431) ”L[R]”L%(wmxsz) <Ceé 7w [In(e)|®,
(3.432) LRI 2 gt sy SCET2m (o),
(3.433) ILLRI oo (et xaxs2y <Ce ()],
(3.434) IOLIR 2 g+ a2y <Ce? [n(e)[,
(3.435) IELRI(0)] 2 02y <C€*.

Step 7: Estimate of Initial Data.
At t = 0, the initial data of R is

(3.436) R = €241(0,1, 11,19, ¢, ) + €20 - VU, (0, &, D).

Using Theorem 3.8 and Theorem 3.11, considering the spacial rescaling, we may derive

I 145
(3.437) ||R ||L2m(Q><82) <Celtmm,
I
(3.438) R oo 152y <C-
Step 8: Estimate of Boundary Data.
At I'", the boundary data or R is
(3.439) RB = el (1, %o, W) + VUi (t, To, W).

Using Theorem 3.10 and Theorem 3.11, considering the temporal rescaling, we may derive

a1
<Ce'tm,

<Cle.

(RFTxT=)) —

(3.440) HRBHLzm(Rwr)
(3.441) [RZ ] e

Step 9: Diffusive Limit.
Therefore, the remainder R satisfies the equation

R+ e-V,R+R— R=L[R] for (t,7,7)€ R x Qx8?
(3.442) R(0,%,w) = R (%,w) for (& W)€ Q x S?

R(t, %o, W) = RB(t, &0, w) for t € R*, ZF €09, and -7 < 0.

57
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By Theorem 3.5, for integer 1 < m < 3,

(3.443)
HR||L°°(R+><Q><S2)
1 1 1
<Ol 2z L Tz LR L2 e+ xaxs2) + gz LRI Lom (+ xxs2) + IL[RI Lo e+ xaxs2)

1 1
+ z [OLIR | L2+ w252y + -z IL[R](0) | 12 (052

+

1
1R o sy + 1B Nl o xsey + 2 1R o sry + IIRB||L00<R+XF—)>

<Ce'" 7 [In(e)|® < €5 [In(e)[®.

1
3
€2m

Since it is obvious that

(3.444) |eUr + €Uz + et + 6%1HL°°(R+><Q><SZ) < Ck,
we naturally have for any 0 < § << 1,
(3.445) [u = Uo — Uy — % — o] e (s w5y < CO)em 7.

Step 10: Exponential Decay.

The exponential decay can be easily derived following a similar argument using Theorem 3.7. In particular,
all the estimates remain the same with extra exponential terms. Then we simply take U = Uy, U! = Ul and
Uub = U + Yo.

4. e-MILNE PROBLEM WITH GEOMETRIC CORRECTION

This section is very similar to [23, Section 4] and [23, Section 5] (also see [18]), so we omit the details here
and only present the main theorems.

4.1. Well-Posedness and Decay. In this section, we temporarily ignore the superscript ¢ and hide the
dependence on (t1,t2), i.e. we consider the e-Milne problem with geometric correction for f(n, ¢,v) in the

domain (n, ¢, ) € [0, L] x |2, 7| x [~ 7]

2°2

Sinqﬁg + F(n, ) COS¢§TJ; +f=F=8m¢9),
(4.446) J(0,6,) = h(6,0) for sing >0,

f(L; o, 9) = f(L, Z[9],¥),
where L = ™™ for some 0 < n < %, (¢ = —o,

sin? ¢ cos?
4.44 F =—
(4.447) R ]
for Ry and Rs radium of two principal curvatures, and
_ 1 (™ %

(1.448) f =4 [ [ snscossdods,
in which cos ¢ shows up as the Jacobian of spherical coordinates in integration. Note that for ¢ € [fg, g] ,

we always have cos ¢ > 0, which means this will not destroy the positivity of the integral. Here, all estimates
we get will be uniform in €, ¢t; and ¢s.
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In this section, we need to introduce special notation to highlight the different contribution of space and

velocity. Define the norms in the space (n, ¢, %) € [0, L] x [—g, g} X [—m, 7] as follows:

(4.449) e, =( [ [ om0 con avavan) g

(4.450) ”f”L;OLgfw =E8SSUDP(y),¢,4)€[0,L] X[~ &, Z] x [~ 7,7] |f(n, ¢,9)]

Define the norms at the in-flow boundary as

1
2

(1451 e, =( /] (6. s cos o )
sin >0, €[—m,7]
(4.452) HhHLi",d),w =€8SSUDgin ¢>0,¢pc[—m,7 |h(¢, )] .

Here we purposely use + to indicate in-flow boundary to simplify the analysis, which is different from the
convention in remainder estimates.

Assume the source term S and boundary data h satisfy

(4.453) IAlle, <G,
and

K
(4.454) "3 ez, SC

for some constants C' > 0 and K > 0 uniform in € and ¢; for i = 1, 2.

Theorem 4.1. Assume S and h satisfy (4.453) and (4.454). Then there exists a solution f(n,d,v) to the
equation (4.446), satisfying that

(4.455) |frl <C, ”f_fL”ngLi,w+||f—fL”L$z°L$?w <C,
where
<Sin2 ¢7f>¢’w (L)

(4.456) o= :
lsin@llzs |

The solution is unique among functions such that above estimates hold.

Theorem 4.2. Assume S and h satisfy (4.453) and (4.454). Then there exists Ky > 0 such that the solution
f(n,@,9) to the equation (4.446) satisfies

K K
(4.457) le”on(f = fL)HLngw + [lefon(f - fL)HLgGL;fjw <C.
Theorem 4.3. The solution f(n,¢,1) to the equation (4.446) with S = 0 satisfies the maximum principle,
i.e.
(4.458) min h(o,v) < f(1.0,0) < max h(6,0).
4.2. Regularity. For regularity estimates, we further assume the source term S and boundary data h satisfy
(4.459) e, + 55| 5] =e
llez,, 1, ,

and

08 0S 0S
R A o U S S o T

4 o LeLy, 9¢ LeLy, o LeLy,

for some constants C' > 0 and K > 0 uniform in € and ¢; for i = 1, 2.
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¥V = f — fr satisfies the e-Milne problem with geometric correction

oY oV
Sin(ﬁaﬁn +F(7]7’(/)) Cosd)aigb + v~ % S(nv¢)a Tﬁ),

0,¢,w) = P(¢a¢) = h((i)ﬂ/)) - fL for Sin¢ > 07
V(L,¢,9) =V (L, Z[¢],¢).

(4.461) w(

Define a weight function

R 2sin’y 2cos? ¢\ 2
(4.462) C(n, ¢,9) = <1—COSQ¢(131677) ( 2R26n> )

Theorem 4.4. The solution ¥ to the difference equation (4.461) satisfies

oV oYV
(4.463) HC + HF(’/] ) cos ¢%
L;’IOL“?w L°°L°°
S (P REEE 1] s, ).
L°°L°° ’

Loo

Theorem 4.5. For Ky > 0 sufficiently small, the solution ¥ to the difference equation (4.461) satisfies

x4 oYV
(4.464) ||efon¢—— 5 + || F(n, 1)) cos p—=— 5
MliLeeree, ¢ LeLe,
oS
<l (W, + g5 | +||eK°"SHm;o,¢,+H KSR ey )
T L Ly e

In the analysis of regular boundary layer, we actually need to estimate the solution to the following
modified e-Milne problem with geometric correction:

0
sin qﬁa—i + F(n,v) COS¢ = S(n, ¢,v),

¢>
0,9,¢) = h(¢,¢) for sing >0,

9(L, ¢, ) = g(L, Z[¢], ).

Since there is no non-local term g, the estimates is even simpler. We can always track along the characteristics
back to the boundary data. Here S is not arbitrary and in all applications, it is always delicately chosen
such that the solution g decays exponentially to a constant gy,.

Equivalently, # = g — g, satisfies

(4.465) o

o
Sinqﬁain + F(n,7) 005¢87¢ +W =S, ¢,),

0,0,¢) =h(¢,¢) for sing >0,

W (L, ¢, 0) =W (L, Z[¢], ).

Theorem 4.6. Assume S and h satisfy (4.459) and (4.460). Then there exists Ky > 0 such that the solution
9(n, 1) to the equation (4.465) satisfies

(4.466) w(

(4.467) ||eK0nW||L$,Li_w + ||eK0nW||L;7°L;fw =C.
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Theorem 4.7. For Ky > 0 sufficiently small, the solution ¥ to the difference equation (4.466) satisfies

W W
(4.468) HeKO”C% + eKonF(nad’)COS(ﬁ%
Tlirgere, LyLe,
0 oS

8 P K K K
< o _ on on-_— on .
<Cla@l" (Iolos,, + 55|+l Slirz, * |5 )

+,é,% n T
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