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RAYLEIGH-BENARD CONVECTION IN STRONG
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Direct numerical simulations are performed to study turbulent Rayleigh-Bénard convection in
a vertical cylindrical cavity exposed to a uniform axial magnetic field. Flows at high Hartmann
and Rayleigh numbers are considered. The calculations reveal that, similarly to the behavior
observed in Rayleigh-Bénard convection with strong rotation, flows under a strong magnetic
field develop a central vortex, whereas the heat transfer is suppressed.

Introduction. Rayleigh—Bénard convection in the presence of a magnetic field
plays a significant role in a plethora of natural and industrial processes, where it affects
the turbulent transport of heat and momentum [1, 2]. The classical picture of the mag-
netic field effects includes suppression of turbulence and increase of the critical Rayleigh
number Ra.. In the case of free-slip boundaries, the latter effect is given by [3]

7+ a?
Rac = ——— [(v* + ) + 7"Ha’] (1)

where a=kH, H and Ha are the dimensionless horizontal normal mode wavenumber,
the height of the convection layer and the Hartmann number, correspondingly.

The asymptotic behavior Ra. ~ 72Ha? also holds for no-slip boundary conditions at
the top and bottom of a system. Interestingly, it has been recently found that magneto-
convection is present at Ra, < Ra in the form of subcritical modes attached to the side-
walls (the wall modes). Numerical calculations [4] of flows in a wide square cell reveal the
existence of these modes and their complex two-layer structure at a moderate Ra =107
and a low Prandtl number Pr=0.025. These structures are still present for Hartmann
numbers up to a doubled value of the linear stability limit Ha, = v/Ra/7 &~ 1000, and the
results show that similarly to the experiments with a rotating Rayleigh-Bénard system,
a significant transport of heat and momentum is maintained by the subcritical modes
which are attached to the sidewalls [5].

Several experiments, most notably [6], indicate that the classical picture of the
magnetic field suppressing the flow and, thus, reducing the rate of transport is not always
correct. In particular, in systems with sidewalls, a very strong magnetic field may lead
to growth of the transport rate and to the Nusselt numbers higher than in flows with
weak or zero magnetic field at the same Ra.

The ultimate goal of our study is to explore the hypothesis that the enhancement
of heat transfer at high Ha is caused by the wall modes having the form of ascend-
ing/descending jets located near the sidewalls. The results in this paper present the first
stage of the study, focused on the flow regimes in critical and moderately supercritical
regions. The second part of the study, in which flows at high Rayleigh and Hartmann
numbers are considered is reported in [19].
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1. Presentation of the problem.

1.1. Physical model. =~ We consider a flow of an incompressible viscous electrically
conducting fluid (liquid metal) with constant physical properties contained in a cylinder
under a uniform axial magnetic field. The top and bottom walls are maintained at a
constant temperature. The lateral wall is thermally insulated. All walls are perfectly
electrically insulated. Using the Boussinesq and quasi-static approximations, we write
the non-dimensional governing equations as

V.-u=0, (2)
ou B Pr, _, 9
E—l—(u-V)u— Vp—l—\/Ra(V u+Ha” (j xe,)) + Te,, (3)
oT 1,
Sr UV = [ VPT, (4)
j=-Vo+uxe,, (5)
V2p=V-(uxe,), (6)

where p, u, V¢ and T are, respectively, the fields of pressure, velocity, electric potential,
and the deviation of temperature from a reference value.

The governing equations are made dimensionless by using the cylinder’s height H,
the free-fall velocity U = /gaAT H, the external magnetic field strength By and the im-
posed temperature difference AT = Tyottom —Ttop as the scale of length, velocity, magnetic
field and temperature, correspondingly.

The dimensionless control parameters are the Prandtl number Pr = v/k, the Rayleigh
number Ra = gaATH?/vk, the Hartmann number Ha= ByH (¢/pv)'/? and the aspect
ratio '=D/H.

1.2. Numerical method. = Governing equations (2)—(6) are solved numerically us-
ing the finite difference scheme described earlier in [7-9]. The spatial discretization is
implemented in cylindrical coordinates with the boundary conditions at the axis specified
according to the principles outlined in [10] (see [9] for a discussion). The scheme is of
the second order and nearly fully conservative in regards of mass, momentum, kinetic
energy, and electric charge conservation principles [7, 11]. The time discretization is
semi-implicit and based on the Adams-Bashforth/Backward—Differentiation method of
the second order. At every time step, three elliptic equations — the projection method
equation for pressure, the equation for temperature (4) and for potential (6) — are solved
using the FFT in the azimuthal direction and the cyclic reduction direct solver in the
(r,z)-plane. The computational grid is clustered toward the wall according to the co-
ordinate transformation in the axial direction z =tanh(A,()/tanh(A.) and in the radial
direction r=0.9sin(nr/2) + 0.1n, where —1 < ¢ < 1, 0 < 5 < 1 are the coordinates in
which the grid is uniform. Here we only mention the novel features that appear in the
new version of the code. One is the implementation of hybrid (MPI — OpenMP) paral-
lelization in cylindrical coordinates. Another is the new approach to implicit treatment
of the viscous terms. In order to avoid the time-step limitations due to diffusive stability
limit in narrow grid cells near the axis, the Laplacians for three velocity components are
discretized implicitly in the azimuthal direction. The resulting one-dimensional equa-
tions are solved using the FFT. The radial and axial parts of the Laplacians are treated
explicitly. Further details of the numerical method are described in [7, 9].
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Fig. 1. Results of simulations for vertical mean profiles of the Nusselt number (a), tem-

perature (b), convective flux (c¢) and diffusive heat flux (d) for turbulent flows at Pr=0.7,
Ha=0, Ra=10° (left column) and Ra=10" (right column). SEM [12] on a grid of Ne=61440
elements with a polynomial order of 5 (left column) and 7 (right column). FDM: mesh 1 —
Ny X N, x Ng =064 x 128 x 48, mesh 2 — N, X N, X Ng =192 x 384 x 128 (left column); mesh 1

— Ny X N, x Ng =064 x 128 x 48, mesh 2 — N, X N, x Ny =256 x 512 x 192 (right column).
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Fig. 2. Instantaneous temperature iso-surfaces for Pr=0.7 at Ha=0, Ra=10° and Ha=0,
Ra=10". The aspect ratio is ' =1/2.

1.3. Verification of the model. ~ The numerical method for our new model has been
verified by comparing with the NEK5000 spectral element method (SEM) package for
cylindrical coordinates [12] (without magnetic field) and with the finite-difference (FDM)
DNS solver implemented in the Cartesian coordinates, which has been thoroughly verified
and applied to high-Ha flows with and without convection effects in recent studies, such
as [4, 8, 13-15]. Agreement in terms of the time-averaged integral characteristics of the
flow, such as temperature, kinetic energy and the Nusselt number

Nu = vVRaPr(u,T)a, — (dT/dz) 4,

where (-) 4.+ stands for averaging over time and horizontal cross-section, has been achieved.

For comparison with the results obtained by the spectral element method, we choose
the following control parameters: Ra=10% 107, Pr=0.7, Ha=0 and '=1/2. Our
simulations at two Rayleigh numbers show that the results obtained applying our finite
difference scheme converge to those obtained by the spectral element method as the
resolution increases. This is true for the vertical mean profiles of the Nusselt number
(Nu(z))a,. (see Fig. 1a), temperature (T'(z)) 4 (see Fig. 1b), convective flux (u,T(2)) 4
(see Fig. 1¢) and for the diffusive heat flux (d7'/dz(z))a, (see Fig. 1d). The flow pattern
can be seen on instantaneous temperature iso-surfaces for two regimes in Fig. 2.

As a further verification, comparison was made with the DNS in the Cartesian co-
ordinates performed for a square domain with I'=4 [4]. We chose the following control
parameters: Ra=10", Pr=0.7 and Ha=0. We expect that the effect of different geomet-
ries becomes insignificant at such large aspect ratio. The results prove this suggestion and
present quite a good similarity between the profiles of the Nusselt number (see Fig. 3a),
temperature (see Fig. 3b), convective flux (see Fig. 3¢) and kinetic energy (1/2){(u?(z))a.+
(see Fig. 3d) obtained in cylindrical and rectangular geometries. The instantaneous tem-
perature distribution in the vertical cross-section through the axis of the cylinder can be
seen in Fig. 4.
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Fig. 3. Results of simulations for vertical mean profiles of the Nusselt number (a),

temperature (b), convective flux (c) and kinetic energy (d) at Ha=0, Pr=0.7, Ra=10":
meshes for a cylindrical cavity — N, X N, x Ny =384 x 192 x 384 and for a square cell —
Ny X N, x Ng="T68 x 192 x 768.

1.0

Fig. /. Instantaneous temperature distribution in the vertical cross-section through the axis
of the cylinder at Ha=0, Pr=0.7, Ra=10". The aspect ratio is ['=4.

2. Results. The focus of the first stage of our study reported in this paper is on
the flow behavior in domains of large aspect ratios at moderately high Ra. We explore
the supposition that similarly to rectangular domains [4], the flows in cylindrical domains
also show subcritical regimes with wall modes near the lateral wall causing strengthening
of heat transfer. The computations were conducted for Ra =107, Pr=0.025, Ha = 0-1000
and I'=4. The effects of Rayleigh-Bénard convection in a cylindrical geometry with large
aspect ratios have been studied in [16-18]. The current results are for slightly under-
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Fig. 5.  Instantaneous distributions of the vertical velocity at the mid-plane of the cylinder
at Ha=0-1000, Pr=0.025, Ra=10". The aspect ratio is I'=4.

resolved DNS with the mesh NV, x N, x Ny =384 x 384 x 384. They, nevertheless, reveal
quite interesting insights which can be seen from the instantaneous distributions of the
vertical velocity and temperature at the mid-plane of the cylinder shown in Figs. 5 and 6,
respectively.

The flow is turbulent at Ha=0. The imposed axial magnetic field with Ha =300
and Ha =500 creates a cellular structure of up- and down-welling jets filling the entire
bulk region. A similar flow behavior was found in [4] for a square cell. Interestingly,
the horizontal velocity shows a vortex near the axis. This is clearly seen at Ha =500
in the patterns of u, and T by the horizontal velocity. In an almost subcritical regime
with the ratio of Ra/Rac,=1.01 at a stronger magnetic field (Ha=1000), the vortical
structure survives in the bulk region in the presence of strong wall modes. The vortex
could not been calculated in a square cell due to the difference in geometry. The presence
of a central vortex remains an open question for subcritical regimes because the effect of
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Fig. 6. Instantaneous distributions of temperature at the mid-plane of the cylinder at
Ha=0-1000, Pr=0.025, Ra=10". The aspect ratio is T =4.
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much stronger magnetic fields may totally suppress vortices in the bulk region, preserving
only wall modes near the lateral wall.

Conclusions. We have developed a new computational model for MHD convection
flows in cylindrical geometries based on a highly conservative scheme [7, 11]. The model
underwent successful verification based on comparison with two different methods: finite
difference and spectral element.

The advantage of cylinder geometry is that the system possesses an inherent sym-
metry, due to the periodic direction, which is not the case for rectangular enclosures,
considered in previous studies. This allows for the wall modes to exhibit an additional
degree of freedom, which opens a possibility to address a number of issues relevant to the
spatio-temporal evolution of the wall modes, such as (i) how the characteristic wavenum-
ber (wavelength) in the circular direction changes with the Hartmann number, (ii) will
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the wall modes exhibit a travelling behavior or remain steady at the walls, and (iii) will
or will not this behavior be similar to a cylinder convection cell with rotation.

The analysis of Rayleigh-Bénard convection in a cylinder at Ha = 0-1000, Pr =0.025,
Ra =107 has revealed the expected suppression of small scale fluctuations by increasing
magnetic field and, similarly to the prior results of MHD convection in rectangular geo-
metry, a residual motion in the form of the wall modes surviving at high Hartmann
numbers. An unexpected central vortex develops at high Ha and its nature remains an
open question for future research.
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