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optimality. We establish an upper bound for the number of machines to
achieve statistical minimax in two settings: nonparametric estimation and
hypothesis testing. Our framework is general compared with existing work.
We build a unified frame in distributed inference for various regression
problems, including thin-plate splines and additive regression under ran-
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cess by introducing the Green function for equivalent kernels. Thorough
numerical studies back theoretical findings.
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1. Introduction

In a distributed computing environment, a common practice is to distribute a
massive data set to multiple processors and then aggregate local results obtained
from separate machines into global counterparts. Recently, researchers have
made impressive progress in this modern Divide-and-Conquer (D&C) frame-
work with different conquer strategies. Examples include median-of-means es-
timator proposed by [13], Bayesian aggregation considered by [18, 23, 20, 22],
and simple averaging considered by [30] and [17].

Divide-and-Conquer often requires a growing number of machines to deal with
an increasingly large data set. A fundamental question in distributed learning
that statisticians are particularly interested in is how the number of machines
affects statistical optimality? To address this question, [30] and [17] studied
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the upper bounds for the number of machines s by analyzing statistical ver-
sus computational trade-off in D&C, where the number of deployed machines
is treated as a simple proxy for computing cost. Consider a classical nonpara-
metric regression setup, i.e., kernel ridge regression (KRR), [30] showed that,
when s processors are employed with s in a suitable range, D&C method still
preserves minimax optimal estimation. [17] derived critical, i.e., un-improvable,
upper bounds for s to achieve either optimal estimation or optimal testing. The
critical bound of processors for estimation in [17] significantly improves the one
in [30] by polynomial order. Unfortunately, [17]’s results only focus on smooth-
ing spline regression (a special case of KRR) with univariate even design and
cannot be generalized to a random designed setting due to its technical limita-
tion. However, in practice, data are usually generated with random designed,
and multidimensional predictors. On the other hand, there is a lack of literature
dealing with distributed nonparametric testing. To the best of our knowledge,
[17] is the only reference but with the aforementioned model limitation.

In this paper, we consider distributed KRR in a general setup: design is ran-
dom and multivariate. As our technical contribution, we characterize the upper
bounds of s for achieving statistical optimality based on quantifying an em-
pirical process. We show that a sharper concentration bound of the empirical
process leads to a tighter upper bound of s. Efforts then have been devoted to
a delicate bound of that empirical process. In the particular smoothing spline
regression example, we establish a tight bound of the empirical process by in-
troducing the Green function for equivalent kernels, leading to a polynomial
order improvement of s compared with [30]. Our result is almost identical to
the benchmark result in [17] (up to a logarithmic factor) for optimal estimation
in smoothing spline, but under random design setting instead of the univariate
evenly spaced design. Our theory can naturally handle various function spaces,
including Sobolev space, Gaussian RKHS, or spaces of special structures such
as additive functions, in a unified manner, as long as we can characterize the
empirical process correspondingly.

The second contribution of this paper is to propose a Wald type test statis-
tic for nonparametric testing in D&C regime. We derive the null limit distri-
bution of the test statistics and characterize how the number of processors s
affects minimax optimality of testing. The testing results are derived in a gen-
eral framework that covers the aforementioned important function spaces. As
an important byproduct, we obtain a minimax rate of testing for nonparametric
additive models with a diverging number of components. Such rate is crucial
in obtaining the upper bound of s for optimal testing and is of independent
interest. Our results indicate an intrinsic difference in bounding s for optimal
testing and estimation. For example, in smoothing spline, the upper bound of s
for estimation is of the order sz/(2m+1)/ log N, while the one for testing is of
the order N(m=3)4m+1) /150 N

The remainder of the article is organized as follows. In Section 2, we introduce
background on reproducing kernel Hilbert space, describe the distributed kernel
ridge regression and the nonparametric hypothesis testing. In Section 3, we
establish minimax optimal estimation and testing for distributed KRR along
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with some concrete examples. Section 4 contains thorough numerical studies. In
Section 5, we conclude with a discussion. We defer the main proofs in Appendix.

2. Background and distributed kernel ridge regression

We begin by introducing some background on reproducing kernel Hilbert space
(RKHS), and our nonparametric testing formulation under the distributed ker-
nel ridge regression.

2.1. Nonparametric regression in reproducing kernel Hilbert spaces

Suppose that data {(Y;, X;):i=1,..., N} are i.i.d generated from the follow-
ing regression model

)/i:f(Xi)—i_E%i:la"'aNa (21)

where ¢; are random errors with E(e;) = 0, E(e2|X;) = o%(X;) > 0, the co-
variates X; € X C R? follows a distribution 7(z), and Y; € R is a real-valued
response. Here, d > 1 is either fixed or diverging with N, and f is unknown.

Throughout we assume that f € H, where H C L2(X) is a reproducing
kernel Hilbert space (RKHS) associated with an inner product (-,-) and a
reproducing kernel function R(-,-) : X x X — R. By Mercer’s Theorem, R has
the following spectral expansion

R(Z,(ﬂ/) = Z:U'l(pl(x)(pl(xl)a l’,xl € Xa
i=1

where p1 > pg > -+ > 0 is a sequence of eigenvalues and {y;}2; form a basis
in L2 (X). Moreover, for any 7,5 € N,

(ispi)rzxy =0ij  and (@i, 95)n = dij/ i,

where §;; is Kronecker’s 6.
We introduce an embedded norm || - || in H by combining the Ly norm and
|| - |l% norm to facilitate our statistical inference theory. For f,g € H, define

where V(f,g) = E{f(X)g(X)} and A > 0is the penalization parameter. Clearly,
(-,) defines an inner product on H. As shown in [16], (H, (-,-)) is also an RKHS
with reproducing kernel function K (-,-) satisfying the reproducing property

(f; Ko()) = f(x), forall feH,

where K(-) = K(z,-) for z € X.



3074 M. Liu et al.

For any f € H, we can express the function in terms of the Fourier expansion
as f=>" <1 V(f,ou)py,. Therefore,

(fr00) = D> _V(f.0){pipw) = V(£ 00)(1+ M ). (2.3)

i>1

Replacing f with K, in (2.3), we have V(K,,¢,) = Kaovpr) — u(@)  Thep

IED YT W Y7
for any x,y € X, K(x,y) has an explicit eigen-expansion expressed as
o () v (y)
=Y V(Kz 00)e0(y) = EESY
v>1 v>1 P

2.2. Dzistributed kernel ridge regression

To estimate f, we consider the kernel ridge regression (KRR) in a divide-and-
conquer (D&C) regime. First, randomly divide the NV samples into s subsamples.
Let I; denote the set of indices of the observations from subsample j for j =
1,...,s. For simplicity, suppose |I;| = n, i.e., all subsamples are of equal sizes.
Hence, the total sample size is N = ns. Then, we estimate f based on the jth
subsample through the following KRR method:

~ 1 A
- inf. = in — Y, — f(X; 2. Z 2 =1,...,s,
fy = argmin; () = argmin o= 37 (Y~ FXO + IS G =10

fer i€l

where A > 0 is the penalization parameter. The D&C estimator of f is defined
as the average of fJ s, that is, f = >_° =1 f]/ s. In Section 3.2, we characterize
the upper bounds of s for f to be a minimax estimator.

For nonparametric inference, we focus on testing whether the nonparametric
function in (2.1) is equal to some known function. That is, we consider the
hypothesis testing problem

Hy : f = fo, vs. Hy : f S H\{fo},

where fj is an arbitrarily known hypothesized function. In general, testing f =
fo is equivalent to testing f, = f — fo = 0. Therefore, without loss of generality,
we focus on the hypothesis testing

Hy: f=0,vs. Hy: feH\{0}. (2.4)
Based on f, we propose a Wald-type statistic
Tna =17 (2.5)

where || - || is the embedded norm defined in (2.2). Intuitively, a large value of
T'nv,x tends to reject Hy. In Section 3.3, we will derive the null limit distribution
of T, and explicitly show how the number of processors s affects the minimax
optimality of testing.
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3. Main results

In this section, we derive some general results relating to f and T . We first
introduce some regularity assumptions.

3.1. Assumptions

We assume the design density is bounded, and the error e has a finite fourth
moment. Such assumption is commonly used in literature [3].

Assumption 3.1. There exists a constant c¢; > 0 such that for oll x € X,
0 < 7(x),0%(x) < cp.

Assumption 3.2. There exists a positive constant T such that E{e*|X} < 1
almost surely.

For any function f, define its supremum norm as || f|sup = sup,cx |f(z)|. We
further assume the eigenfunctions {y,}52; are uniformly bounded on X, and
the eigenvalues {u, }52; satisfy certain tail sum property.

ch:k*—l Hi

Toiin < 00.

Assumption 3.3. c, 1= sup;> [|@;llsup < 00 and supyq

The uniform boundedness condition of eigenfunctions holds for various ker-
nels including univariate periodic kernel, 2-dimensional Gaussian kernel, multi-
variate additive kernel; see [9], [12] and reference therein. The tail sum property
can also be verified in various RKHS, and is deferred to Appendix.

Define h = (3,5, ﬁ)’l. h~! is known as the effective dimension mea-

suring the capacity of H, and has been widely studied in [1], [11], [29]. In fact,
there exists an explicit relationship between h and A. For example, for the
polynomial decaying kernels with pu, =< v~2™ simple calculation shows that
h = AY/(@m) We provide concrete examples to illustrate such connection in
Section 3.4.

Define Pf = E{f(X)}, Pif =n~' 3 ,c; f(X;) and

§= sup |Pjfg—Pfg], 1<j<s.
fgEH
I£il=llgll=1

&, is the supremum of the empirical processes indexed by the class H-H = {f-g :
f,g € H} based on subsample j. The quantity max;<;<s&; plays a vital role in
determining the critical upper bound of s to guarantee statistical optimality. As
shown in our main theorems in Section 3.2 and 3.3 later, a sharper bound of &;
directly leads to an improved upper bound of s. The following Assumption 3.4
provides a concentration bound for §;, and says that §; are uniformly bounded

b . . . . .
by lofhaN , a, b are constants that are specified in various kernels. Verification of

Assumption 3.4 is deferred to Section 3.4 in concrete settings based on empirical
processes methods, where the values of a,b will be explicitly specified.
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Assumption 3.4. There exist nonnegative constants a,b such that

logb N
11;1?%(5 & =0r nhe

3.2. Minimazx optimal estimation

We are ready to establish the minimax property for the distributed KRR, esti-
mator with the assumptions stated in place.

Let X; = {X; : ¢ € I;} and X = {Xy,...,X}. Suppose that (2.1) holds
under f = fy. Let Py be a self-adjoint operator from H to itself such that
(Prf,9) = Mf,g)u for all f,g € H. Then for any f € H, ||f||*? = E{f*(X)} +
(Pxf, f). The existence of Py follows by [16, Proposition 2.1].

In the following Lemma 3.1, we obtain an uniform error bound for fj’s (J=
1,...,8). Then a general error bound for f can be achieved by aggregating local
estimators.

Lemma 3.1. Suppose Assumptions 3.1, 8.8, 3.4 are satisfied and long =
o(nh®) with a,b given in Assumption 3.4. Then with probability approaching
one, for any 1 < j < s,

~ ~ 1 9 4chif?
E{|lf; — EA1Xy} = Y aKx |P1X;} < — (3.1)
iEIj
IB{FIX;} — fo+Pafoll < 26X 72(lfolle (32)

In Lemma 3.1, we decompose the deviation from ]/”; to fy as two terms rep-
resenting bias and variance, that is, f; —fo= E{j?J|XJ} —fo+ fj — E{E|Xj}
Equation (3.1) quantifies the variance of fj via the leading term 1 3. 1, €iKx,
and a higher order remainder term involving &;. Equation (3.2) represents the
bias of ]?] as the dominating term Py fy and a higher order reminder as a function
of & for any 1 < j <s.

Lemma 3.1 immediately leads to the result on f via triangle inequality. Specif-
ically, (3.1) and (3.2) lead to the following (3.3) in Theorem 3.1, which, together
with the rates of Zi\il €, Kx, and Py fy in Lemma A.1, leads to (3.4).

Theorem 3.1. If the conditions in Lemma 3.1 hold, then with probability ap-
proaching one,

N 2
_ 1 2 CrC 2 2
E{|lf - N EGiKXi — fo+Pafoll|X} <4 ( Nif + )\||f0|;q> fgj?i%(sfj (3.3)
_ dc,c?
B~ folPIX) < 7 4 A fo (3.4)
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Theorem 3.1 is a general result that holds for many commonly used kernels.
The upper bound of s is implied by the key condition maxi<;<s§; = o(1), that
is, log" N = o(nh®) according to Assumption 3.4 with n = N/s. Then Equation
(3.4) in Theorem 3.1 states that as long as s is dominated by Nh®/log® N, the
conditional mean squared errors can be upper bounded by the variance term
(Nh)~! and the squared bias term M| fy||3,. Minimax optimal estimation can
be obtained through the particular A* that satisfies such bias-variance trade-off;
see [1], [26]. Since h is a function of A, denote h* = (3_, 5, m)’l, we claim

Nh*e/ logb N as the upper bound of s to achieve optimal estimation. Section
3.4 further illustrates concrete, and interpretable guarantees on the conditional
mean squared errors to particular kernels with a, b specified accordingly.

We build a connection between the upper bound of s and the performance
of f through the uniform bound of the empirical process &;. A tighter upper
bound of s can be achieved by a sharper concentration bound of max;<;<s&;.
Therefore, in Section 3.4, efforts are devoted to a tight bound of max;<;<s&;
based on various empirical process methods. For instance, in smoothing spline
regression stated in Section 3.4.1, we provide a sharp concentration bound of &;
with @ = b =1 holds in Assumption 3.4 based on [3]. Consequently, we achieve
an upper bound for s almost identical to the critical one obtained in [17] (up to
a logarithmic factor), and improve [17]’s sharp result in the sense of removing
the fixed univariate design assumption.

3.3. Minimax optimal testing

In this section, we study the nonparametric distributed inference based on f.
Consider the hypothesis testing (2.4), we first derive the asymptotic distribution
of the Wald-type test statistics Ty ) := ||f||> and further investigate its power
behavior. For simplicity, assume that o2(z) = 02 is known. Otherwise, we can
replace o2 by its consistent estimator to fulfill our procedure.

To prove the testing consistency, we show that T\ = ||+ Zfil eKx,||? +
remainder; detailed proof is deferred to Appendix. It is feasible to characterize
the asymptotic behavior of ||+ Zf\il €K x,||* thanks to the explicit expression
of the embedded kernel Kx;,.

Define W(N) = >, -, < n Wik with Wi, = 2¢;¢,. K (X, X)), and let o%(N) =
Var{W (N)}. Denote the empirical kernel matrix as K = [K(X;, X;)]Y._, and

ij=1

€= (e1,...,ex)T. In the following Lemma 3.2, we characterize the asymptotic
behavior of |4 SN | e Kx,|%.

Lemma 3.2. Suppose Assumptions 3.1, 3.2, 3.3, 3.4 are all satisfied, and N —
00, h =o0(1), Nh? — oo. Then it holds that

€Ke =’ Nh™' + W(N) + Op(VNh~2). (3.5)

Furthermore, as N — o0, 2/((]\[1\/)) N N(0,1), where 0%(N) = 20*N(N —

DX wasmy = N2
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The following Theorem 3.2 shows that T, is asymptotically normal under
Hy, provided that s satisfies a key condition logb N = o(nh®*1), where a,b are
determined through the uniform bound of ¢; in Assumption 3.4.

Theorem 3.2. Suppose Assumptions 3.1 to 8.4 hold, and as N — oo, h = o(1),
Nh? = oo, and log” N = o(nh®*t1). Then, as N — oo,

N2 o2 d

By Theorem 3.2, we can define an asymptotic testing rule with (1 — «) sig-
nificance level as follows:

U =1 (|Twy—0?/(Nh)| > z1_n/20(N)/N?),

where z1_4/9 is the (1 — a/2) x 100 percentile of standard normal distribution.

Intuitively, the smaller || f||? is, the harder it is to distinguish the alternative
hypothesis from the null. The power performance can be evaluated by the min-
imax rate of testing (MRT) that is defined as the minimal distance between the
null and the alternative hypotheses such that valid testing is possible ([5], [7]).
In the following, we show that the distributed test statistic T x can achieve
minimax rate of testing, provided that the number of divisions s belongs to a
suitable range.

For any f € H, define the separation rate

dvp= MZfl +  (NRYHTZ (3.6)
Bias of f Standard deviation of Tn x

The separation rate dy » is used to measure the distance between the null and
the alternative hypotheses. The following Theorem 3.3 shows that, if the al-
ternative signal f is separated from zero by an order dy ), then the proposed
test statistic asymptotically achieves high power. It is sufficient to minimize the
separation rate dy » to achieve optimal testing. We show that the minimax rate
of testing can be achieved by selecting A\ to balance the trade-off between the
bias of f and the standard derivation of T x; see [8], [24].

Theorem 3.3. If the conditions in Theorem 3.2 hold, then for any € > 0, there
exist Ce and N s.t.

HfHElgde,x Pi(ynyr=1)>1—¢, forany N> N..

In Section 3.4, we develop upper bounds for s in various concrete examples
based on the above general theorems. Our results indicate that there has an
intrinsic difference in bounding s for optimal testing and estimation. The ratio-
nale behind this phenomenon is that, different from the classical “bias-variance”
trade-off in the optimal nonparametric estimation; the optimal nonparametric
testing can be achieved by another type of trade-off between the squared bias
of the estimator and the standard deviation of the test statistic, leading to a
different number of processors s.
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3.4. Examples

In this section, we derive upper bounds for s in four featured examples to achieve
optimal estimation and testing, based on the general results obtained in Sections
3.2 and 3.3. Our examples cover the settings of univariate, multivariate, and
diverging-dimensional designs.

8.4.1. Example 1: Smoothing spline regression

Suppose H = {f € S™() : ||f|ln < C} for a constant C > 0, where S™(I) is
the mth order Sobolev space on I = [0, 1], i.e.,

smIy={fe L2(I)| f9) are abs. cont. for j = 0,1,...,m —1,
and /|f(m)(a:)\2d:1: < oo},
I

and || flln = J; | ™) (x)|?dz. Then model (2.1) becomes the usual smoothing
spline regression. In addition to Assumption 3.1, we assume that

et <7(x) <cg, for any x € I. (3.7)

We call the design satisfying (3.7) as quasi-uniform, a common assumption on
many statistical problems; see [3]. Quasi-uniform assumption excludes cases
where design density is (nearly) zero at certain data points, which may cause
estimation inaccuracy at those points.

It is known that when m > 1/2, S™(I) is an RKHS under the inner product
(+,-); see [16], [4]. Meanwhile, Assumption 3.3 holds with kernel eigenvalues
ty = 2" v > 1. Hence, Proposition A.1 holds with h =< AY/(?™) We next
provide a sharp concentration inequality to bound &;.

Proposition 3.1. Under (3.7), there exist universal positive constants c1,ca, c3
such that for any 1 < j <s,

nht?

P >1)<2 -
(&=t = nexP( c1+ eot

) , for allt > c3(nh)™t.

The proof of Proposition 3.1 is based on the technical tool that applying
Green function for equivalent kernels; see [3, Corollary 5.41]. An immediate
consequence of Proposition 3.1 is that Assumption 3.4 holds with ¢ = b = 1.
Then based on Theorem 3.1 and Theorem 3.3, we have the following results.

Corollary 3.1. Suppose that H = S™(I), (3.7) holds, and Assumptions 3.1,
3.2 hold.

(a) If m > 1/2, s = o(N?*™/Cm+1) [1og N) and X < N=2m/Cm+1) “then || f —
fOH — OP(me/(2m+1))'

(b) If m > 3/4, s = o( NUm=3)/(4m+1) [1og N} and X < N~=4m/4m+1) - then
the Wald-type test achieves minimaz rate of testing N —2m/(4m+1)
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It is known that the estimation rate N~™/(2m+1) is minimax-optimal; see [21].
Furthermore, the testing rate N —2™/(4m+1) ig also minimax optimal, in the sense
of [8]. It is worth noting that the upper bound for s = o( N?™/2m+1) /]og N)
matches (upto a logarithmic factor) the critical one by [17] in evenly spaced
design, which is substantially larger than the one obtained by [30], i.e., s =
o(N@m=1/(m+1) /1oa N); see Table 1 for the comparison.

TABLE 1
Comparison of upper bounds of s to achieve minimax estimation.

Zhang et al. [30] Shang et al. [17] Our approach
2m—1 ™m m
smoothing spline | s < N2m+T /log N s< N T s=o(N Tl /log N)
regression sharpness of s X sharpness of s v/ sharpness of s v

8.4.2. Example 2: Nonparametric additive regression

Consider the function space

IS

H={f(x1,....2a) = > _ ful@r): fr € S™W), | fulw < Cork=1,....d},
k=1

where C' > 0 is a constant. That is, any f € H has an additive decomposition
of fi’s. Here, d is either fixed or slowly diverging. Such additive model has
been well studied in many literatures; see [21], [10], [15], [28] among others. For
z = (z1,---,xq4) € X, suppose z;,z; are independent for i # j € {1,---,d}
and each z; satisfies (3.7). For identifiability, assume E{fr(z;)} = 0 for all
1<k<d. For f= Zi=1 frand g = Zz=1 gk, define

d

d
(fra)n = Z<fk79k>ﬂ = Z/Hf,im)(x)g,ﬁm) (x)dz, and
k=1
d

k=1
d
V(£9) = Vilfrogr) = Y B{fe(Xe)gr(Xi)}-
k=1 k=1

It is easy to verify that A is an RKHS under (-,-) defined in (2.2). Lemma
3.3 below summarizes the properties for H with d additive components.

Lemma 3.3. (a) There exist eigenfunctions ¢, and eigenvalues y, satisfying
Assumption 3.5.
(b) It holds that >, (1 4+ Mp,)™t == A7t < dA\"VC™) and 3 (1 +
A p)~2 < b1 accordingly.
(c) For f € H, |Prf||* < cd\, where ¢ is a bounded constant.
(d) Assumption 3.4 holds with a =b=1.

Lemma 3.3 (d) establishes a concentration inequality of §; for the additive

model, such that max;<;<s = Op( 105_}5\7) The proof is based on the extension
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of the Green function techniques [3] to diverging dimensional setting; see Lemma
A.2 in Appendix.

Combining Lemma 3.3, Theorems 3.1, 3.2 and 3.3, we have the following
result.

Corollary 3.2. (a) Suppose Assumptions 3.1, 3.2 hold. If m > 1/2, d =
o(N7#51 /log N), s = o(d" N 747 /log N), A < N~ 237 | then || f— fol| =
Op(d'/?N~=zns1),

(b) Suppose Assumptions 3.1, 3.2 hold.
4m—3 __4m+1 4(2m+1)  4m—3
If m > 3/4, d = o(Ni@=+D (log N)"im+D ), s = o(d~  4m+T Nim+1 /
logN), and A < d~ Tk N Tt , then the Wald-type test achieves mini-

) L, go2mAl o om
max rate of testing with d2@=+D N~ Im+T

Remark 3.1. It was shown by [15] that d'2N~ =1 s the minimaz estimation
rate in nonparametric additive model. Corollary 3.2 (a) provides an upper bound
for s such that f achieves this rate. Meanwhile, Corollary 3.2 (b) provides a
different upper bound for s such that our Wald-type test achieves minimazx rate
of testing d% N~ 7057, It should be emphasized that such a minimax rate of
testing is a new result in literature, which is of independent interest. The proof
is based on a local geometry approach recently developed by [24]. When d = 1,
all results in this section reduce to Example 1 on univariate smoothing splines.

8.4.8. Example 3: Gaussian RKHS regression

Suppose H is an RKHS generated by the Gaussian kernel K (z,z’) = exp(—c||z—
2'||2), z,2" € RY, where ¢, d > 0 are constants, || - ||2 is the Euclidean norm. Here
we consider d = 1,2. Then Assumption 3.3 holds with p, < [(v5—1)/2]~¥+1),
v > 1; see [19]. It can be shown that h < (—log A\)~'/2 holds. To verify Assump-
tion 3.4, we need the following lemma.

Lemma 3.4. For Gaussian RKHS, Assumption 3./ holds with a = 2, b = d+2.

Following Theorem 3.1, Theorems 3.2 and 3.3, we get the following conse-
quence.

Corollary 3.3. Suppose that H is a Gaussian RKHS and Assumptions 3.1 and
3.2 hold.

(a) If s = o(N/log®™3(N)) and A < N~'/log N, then
If = foll = Op(N~*1og"/* N).
(b) If s = o(N/ logdt3:5 N) and A < N—1 logl/4 N, then the Wald-type test
achieves minimaz rate of testing N—1/2 logl/8 N.

Corollary 3.3 shows that in Gaussian RKHS, as the sample size in the local
machine is greater than a logarithmic order of IV, one can obtain both optimal
estimation and testing. This conclusion is consistent with the upper bound ob-
tained by [30] for optimal estimation, which is of a different logarithmic factor.
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In fact, the effective dimension h~! for Gaussian RKHS is of order log N, which
is used to measure the space complexity.

83.4.4. Example 4: Thin-Plate spline regression

Consider the mth order Sobolev space on 1%, i.e., H = S™(I¢), with d = 2 being
fixed. It is known that Assumption 3.3 holds with g, =< v=2"/%; see [6]. Hence
h = A%/ (™) The following lemma verifies Assumption 3.4.

Lemma 3.5. For thin-plate splines, Assumption 3.4 holds with a = 3—d/(2m),
b=1.

Following Theorem 3.1, Theorem 3.2 and Theorem 3.3, we have the following
result.

Corollary 3.4. Suppose f € S™(1%) with d = 2, Assumption 3.1 and Assump-
tion 3.2 hold.

(2m— 2 m
(a) If s = 0(N2731<2m2'i> J/logN) and A< N~ 7t | then

If = foll = Op(N—m/Zm+D),

m2—7dm+d? m
b) If s = O(N4 Gt dm Jlog N) and A < N~ wita | then the Wald-type test
—2m/(4m+d)'

achieves minimax rate of testing N

Corollary 3.4 demonstrates upper bounds on s. These upper bounds are
smaller compared with Corollary 3.1 in the univariate case, since the proof tech-
nique in bounding the empirical process £; here is not as sharp as the Green
function technique used in Proposition 3.1 for the univariate example.

4. Simulation

In this section, we examined the performance of our proposed estimation and
testing procedures versus various choices of the number of machines in two
examples based on simulated datasets.

4.1. Smoothing spline regression

The data were generated from the following regression model

Y =cx(0.6sin(1.57X;)) +¢, i=1,---,N, (4.1)
where X; % Unif[0, 1], €; “ N(0,1) and c is a constant. Cubic spline (i.e., m = 2
in Section 3.4.1) was employed for estimating the regression function. To display
the impact of the number of divisions s on statistical performance, we set sample
sizes N = 2! for 9 < [ < 13 and chose s = N” for 0.1 < p < 0.8. To examine
the estimation procedure, we generated data from model (4.1) with ¢ = 1.
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Mean squared errors (MSE) were reported based on 100 independent replicated
experiments. The left panel of Figure 1 summarizes the results. Specifically, it
displays that the MSE increases as s does so; while the MSE increases suddenly
when p &~ 0.7, where p = log(s)/log(N). Recall that the theoretical upper bound
for s, is N%8; see Corollary 3.1. Hence, estimation performance becomes worse
near this theoretical boundary.

Next consider the hypothesis testing problem Hy : f = 0. To examine the
proposed Wald test, we generated data from model (4.1) at both ¢ = 0,1;
¢ = 0 used for examining the size of the test, and ¢ = 1 used for examining
the power of the test. The significance level was chosen as 0.05. Both size and
power were calculated as the proportions of rejections based on 500 independent
replications. The middle and right panels of Figure 1 summarize the results.
Specifically, the right panel shows that the size approaches the nominal level
0.05 under various choices of (s, N), confirming the validity of the Wald test.
The middle panel displays that the power increases when p decreases; the power
maintains at 100% when p < 0.5 and N > 4096. Whereas the power quickly
drops to zero when p > 0.6. This result is consistent with our theoretical finding.
Recall that the theoretical upper bound for s is N°%6; see Corollary 3.1. The
numerical results also reveal that the upper bound of s to achieve optimal testing
is smaller than the one required for optimal estimation.

N=512 N=512

04{ AkN=1024 075]  AkN=1024
-2 - N-2048

Nes12
15 ANet02e
n-20ss
-N-to96

N=8162

+ Nedoos i

N=g162 N=8162

f"\\i/\%/ Q\\*/ ~

00 i

o1 o2 03 y

04 0’5 03 04 05 03 04 05
log(s)/log(N) log(s)/log(N) log(s)/log(N)

FiG 1. Smoothing Spline Regression. (a) MSE of f versus p = log(s)/log(N). (b) Power of
the Wald test versus p. (c) Size of the Wald test versus p.

4.2. Nonparametric additive regression

We generated data from the following nonparametric model of two additive
components

}/;;:C*f<Xi1,Xi2)+€i7izl,"',N, (42)
where f(x1,72) = 0.4sin(1.57x1) + 0.1(0.5 — 22)3, and X;1, X;2 i Unif|0, 1],
€ N (0,1), and ¢ is a constant. To examine the estimation procedure, we
generated data from (4.2) with ¢ = 1. To examine the testing procedure, we
generated data at ¢ = 0,1. N, s were chosen to be the same as the smoothing
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spline example in Section 4. Results are summarized in Figure 2. The interpre-
tations are again similar to Figure 1, only with a slightly different asymptotic
trend. Specifically, the MSE suddenly increases at p ~ 0.6, and the power quickly
approaches one at p =~ 0.5. The sizes are around the nominal level 0.05 for all
cases.

o4 1.001 B - l»,,,,—_a'.\— 020
N=512 \ N=512
Ane1024 f \ Ane102
=208 \ 1 N=204s
—FNed096 / \ | neaoss
o Neg192 T+ s \ ot Neg192
B o2 A/ L% 0
"/ A
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/ A N=1024
/
N /A o
// S [
// N=B192
o
P -  — =
00{ ———w— 1 0.00
0 02 0

03 o4

05 03 04 05 03 04
log(s)/log(N) log(s)/log(N) log(s)flog(N)

FiG 2. Additive Regression Model. (a) MSE of f versus p = log(s)/log(N). (b) Power of the
Wald test versus p. (c¢) Size of the Wald test versus p.

5. Conclusion

This paper offers theoretical insights on how to allocate data in parallel com-
puting for KRR in both estimation and testing procedures. In comparison
with [30] and [17], our work provides a general and unified treatment of such
problems in modern diverging-dimension or big data settings. Furthermore, us-
ing the green function for equivalent kernels to provide a sharp concentration
bound on the empirical processes related to s, we have improved the upper
bound of the number of machines in smoothing spline regression by [30] from
N@Em=1/@m+1) /1og N to N2™/(2m+1) /1og N for optimal estimation, which is
proven un-improvable in [17] (up to a logarithmic factor). In the end, we would
like to point out that our theory is useful in designing a distributed version of
generalized cross validation method that is developed to choose tuning param-
eter A and the number of machines s; see [25].

Appendix A: Proofs of main results
A.1. Notation table
A.2. Some preliminary results

Lemma A.1. (a) For any x,y € X, K(z,y) < cZh™".
(b) For any f € H, ||Pxf] < XV2|| £l
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TABLE 2
A table that lists all useful notation and their meanings.

N sample size
Y response
X covariate
€ random error
H reproducing kernel Hilbert space (RKHS)
7(x) density distribution
d dimension of covariate
(92 |l - ll% | the inner product and norm under H
R(-,") kernel function under the norm || - ||%
i eigenvalue
© eigenfunction
(- '>L2\,(X) Lo inner product
Coy -l embedded inner product and norm
V(,-) Lo inner product
K(-) kernel function equipped with || - ||
Ko() | = K(o,)
s number of division
I; the set of indices of the observation from subsample j
n the subsample size
fj the estimate of f based on subsample j
A penalization parameter
f D&C estimator
TN test statistic
Il llsup the supremum norm
h1 =2 u>1 m
& :Supnﬂ,",gl“@l{ |Pjfg—Pfg|
Pa self-adjoint igerator satisfies (Pxf,g) = A ([, 9)n
K empirical kernel matrix
S™(I) the mth order Sobolev space on I = [0, 1]
Proof. (a)
K(a:,y) _ @V(Z‘)tpy(y) S C2 h—l7
v>1 1 + )\/MU v

where the last inequality is by Assumption 3.3 and the definition of h~!.

(0)

IPxfll= sup (Paf,9)= sup A(f,9)n
gEH, [lglI<1 geH, [lglI<1
< sup  AY2| A2 lgllae < A2 £l O
gEH, |lglI<1

Another quantity of interest is the series > -, (1+A/p,) "2, which represents
the variance term of the test statistics that will be analyzed in Theorem 3.2. In
the following Proposition A.1, we show that such variance term has the same
order of the effective dimension.

Proposition A.1. Suppose Assumption 3.3 holds. For any A > 0, ZuZl(l +
Mp)~2 =< hL.



3086 M. Liu et al.

A.3. Proofs in Section 3.2

Our theoretical analysis relies on a set of Fréchet derivatives to be specified
below: for j = 1,2,...,s, the Fréchet derivative of £; » can be identified as: for

any f7flaf2 €H7

Dl fi = ——ZY FXOKx,, /i) + (PAf. 1) o= (Sin(f), 1)
il
DSj,/\(f)fle - _ZfQ Kme1> <,P)\f23f1>:<DSj,)\(f)f27f1>7
zEI
D*S;A(f) = o.

More specifically,

Sialf) = ——Z (Yi — f(Xi))Kx, + Prf,
i€l;
DS;x(f)g = *Z )Kx, + Parg.
16[

Define S\(f) = E{S;A(f)}, hence, DS\(f) = E{DS;(f)}. It follows from [16]
that

(DSA(f) f1, f2) = (f1, f2)
for any f, f1, fo € H which leads to DSy (f) = id.

A.8.1. Proof of Lemma 3.1

Proof. Throughout the proof, let f; = E{f;|X;,}. It is easy to see that
~ 1 . N
0 = Sialfs) =~ > (Vi = (X)) Ex, + Pafs,
iel;

0 = _Z fg ))KX +P)\f]

i€l

Subtracting the two equations one gets that

- Z X)) Kx, +Palf; Z e Kx,. (A1)

ZGI zGI

Equation (A.1) shows that

~ o~ 1 A
i = Ty = angmin € ,(1) = angmin o= 32 (es = F06))” + 511

n
fen i€l
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Let e; =13, 1, €lx, and ; = fj — f;. Then consider Taylor’s expansion

Cales) ~ Gale) = S D) e —<)es — &)
= 3P =)+ 2 (Paley — i)y — ),
Galeg) = Galej) = DO (es)(ej —ej) + 5D\ (e5) (e — e5)(e5 — ¢;)
= (P;— P)(ej(e, €j))+%P](€j e;)?
+%<7’A(€j —€j)€5 —€j)

Adding the two equations one obtains that
Pi(ej — j)* + (Palej — €5),65 — e5) + (P — P)(e;(ej — ¢;)) = 0.
Uniformly for j, it holds that

illesll - lles — el
(1—&)lle; — 5l

|(Pj — P)(ej(ej —e5))]
Pi(ej —€;)° + (Palej —€)), (6 — €)))

IV IA

Combining the two inequalities one gets that

(L=&)les —eill* < &llesll - llej — el-

Taking expectations conditional on X; on both sides and noting that &; is
o(X;)-measurable, one gets that

(1= &)E{llej — e5111X5} <& ELlesll - lles — e;111X5}
<&E{|lej|P1X 32 Ef|le; — es11P1X, 12

By assumption log? N = o(nh®) and Assumption 3.4, maxi<;j<s&; = op(1), i.e.,
with probability approaching one max;<;<s&; < 1/2, hence,

E{lle; — e |P1X5} < 4 E{]le; )X}

4£2
= igj Z E{Eiei/K(Xi,Xi/”Xj}
n i,/ €l
47 o
= FZU (X)) K (X, X;)
ielj
4cﬂc§,£j2-

< )
nh

(A.2)

where the last inequality follows from Assumption 3.1 and Lemma A.1 that
K(x,z) < Zh~'. This proves (3.1).
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y (A.2), it is easy to derive

2

de
. (A.3)

nh

B{If; — Fi121X;) <

Now we look at ||E — f&l, where f§ = (id — Px)fo. Note that f; is the
minimizer of the following problem

P A
fy = ermmin (1) = sngmin s 30X = SO0+ 511

We use a similar strategy for handling part (3.1). Note that

Gal) ~GalF) = 3D TalBs — s~ 1)

= SRS+ 5P - F) S5 - ),

GaF) =G (f8) = Pi(fs — fo)(f5 — £3) + (Pfe, i — 12)
by P = F+ 3P~ 1) Ty~ 53,

Adding the two equations, one gets that

Pi(f; = f5)2 + (Pa(fy — 1), F5 — 1)

= PUo— IO = J0) = (Pafis fi = o) )
= (B = P)(fo =SB = 1§) + Plfo = F)Fs = 15) = (PASG, 5 = 1)
= (B = P)(fo = S5 = J5) + o = fi: 5 = 13

—(Pa(fo = J3). f5 = f3) — (Pafa [ = 13)

= (Pi=P)(fo—I)F5 = £2) + (fo— f2 = Pa(fo— 1) = P2 i — 2)

= (B = P)(fo— f5)(f5 = f3)-

Therefore,

Q=& — N2 <&lfo — £l < UIF5 = foll = &lIPasfoll < 15 — £2l
<CEN?| follwllf; — £21,

implying that, with probability approaching one, for any 1 < j < s, ||]7j -5 <
2C&;AY2|| fol|#. This proves (3.2). ]

A.3.2. Proof of Theorem 3.1

Proof. Recall f3

(td — Pa)fo and E = E(E|Xj) Also notice that

+ Zfil 6Kx, = %Z;:l ej. By direct calculations and Lemma 3.1, we have
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with probability approaching one,

_ 1 X
E{|lf-fo — NZQ

= S EUGF el + 2HZ - RIP
j=1

P 2

= N h [ max f
This proves (3.3). The result (3.4) immediately follows by the assumption that
maxlgjgs 532 = OP(].). O

A.4. Proofs in Section 3.3
A.4.1. Proof of Lemma 3.2

Proof. 1t is easy to see that

N
€Ke =) K(X;, X;)+W(N).
i=1

Since
N
Var (Z K (X;, XZ-)> < NE{e¢!K(X;, X;)*} < TcLNh 2,
i=1

where the last “<” follows by Assumption 3.2 and Lemma A.1 that K(z,z) <
¢2h™!, we get that

N

SOER(XLX) - B @K (X:, X)) + Op (el Nh=2)

=1 =1

= o’Nh™' +O0p(y/cANh~2).

Next we prove asymptotic normality of W (N). Note 0?(N) = E{W (N)?}.
Let Gy, G, Gry be defined as

Gr = Z {t}

1<i<t<n

G = Z (E{sztwfk} + E{Wtziwtzk} + E{W,fZWth})
1<i<t<k<n

Grv = Z (E{W Wiy Wi Wi} + E{W;W; Wi W }
1<i<t<k<l<n

+E{Wiy Wy Wy Wy ).
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Since K (x,2) < ¢2h™', we have G; = O(N?h~?) and Gy = O(N®h™*). It can
also be shown that for pairwise distinct ¢, k, ¢, 1,
E{Wszletkth}
= E{e erele fK(XZ,Xk)K(XZ-,Xl)K(Xt,Xk)K(Xt,Xl)}

— 4 8 1
= e Z 1+A/u,, =0(7),

which implies that Gry = O(N*h~1). In the mean time, a straight algebra leads
to that

) = 1(5) im

= 20'N(N-1)) ————— < N?n'
NN D |

v>1

where the last conclusion follows by Proposition A.1. Thanks to the conditions
h — 0, Nh?* — oo, Gr,Grr and Gy are all of order o(c*(N)). Then it follows
by [2] that as N — oo,
WN) a,
a(N)

The above limit leads to that W (N) = Op(Nh~1/?). O

N(0,1).

A.4.2. Proof of Theorem 3.2

Proof. The proof is based on Lemma 3.2. Under fy = 0, it follows from Corollary
3.1 and Assumption 3.4 that

N 2 b

_ 1 5 c,log” N

E{”f—NZﬁi i =Op (W )

i=1
N 2 b

_ 1 5 c,log” N

IF =52 :OP<W -
i=1

Following the proof of Lemma 3.1 and the trivial fact ]/”; = 0 when fy = 0, we
have for any 1 < j < s,

leading to

~ 5 4cﬂci? 9 cwci
BUIS - iP5} < =220 B{llePIX,} < 2, as (A4)

Therefore, by Cauchy-Schwartz inequality,

—~ = 5 5 2077039
B{[(fj —eje)||X;} < \/E{Hfj = &P 1% ElleslI*1X} < — ==&,
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and hence,
2

©
max &;.
nh 1<j<s >’

< 2cyscC

Z| — €5, €5)

By Assumption 3.4, the above leads to that

S

N sc [log® N
Z<fj_€j»€j>:OP n_;: he

j=1

Meanwhile, it holds that

Z(fj—ej,el):z —ej,ep) +Z —ej,e1) = R+ Ry,

AL j<l >l

with

sc2 [log? N sc2 [log? N
Ri=0p |22 Ry —0p | 22
! P\ nn nha |7 72 P\ nh nha

To see this, note that

B{R}X} = Y E{(f; —eje)PX}

Jj<l

< Y B - elPlel® X}
Jj<l

= > B{lf — e lP X E{lelPXa}
Jj<li

s\ 42t
< TP 2
- (2> n2h? 121?%(3&3’
where the last inequality is based on (A.4). Similar result holds for Ry. Hence,

by Lemma 3.2 and direct algebra, we get that

s N

2 -~ - 1
TN,)\ = N*2€/K€+ 5—2 Z <f] — 6j,61>—|— Ilf — N Zei
Jil=1 i=1
2 1 X
€Ke+ — 52 Z —€j,€5) 872(R1+R2)+||f7 *ZQKX 2
=1

o  W(N) c; 2 |log N 2 logb N
o) I O L o) L
“Nh A P(N3/2h>+ PANRY Tnhe ) T P(Nnh1+a>

o>  W(N) 2 2 [log" N
+O0p| == .
N3/2h Nh\ nhe

Nh T N2
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The last equality follows from the condition log” N = o(nh®*1). Therefore, by
¢t /(Nh) = o(1), Nh — oo (from Nh? — oo and h — 0), condition log’ N =
o(nh®*t1) and 0?(N) < N?h~! (Lemma 3.2), as N — oo,

N? o2 W(N) 2 log” N
—— (Tyr—— ] = o 2 2=
o(N) ( oA Nh) vy TP U T\ e

_ W) d
RS OR RO

Proof is completed. O

A.4.8. Proof of Theorem 3.3

Proof. For any f € H, define Ry = f — N~! Zfil e Kx, — f+Prf. By direct
examinations, it holds that

IFII* = o®/(Nh)

N
1 2 9
= ||Rf+N;€¢KX7¢+f*7’AfH —0o°/(Nh)

N

{€Ke/N? — o (NI} + 1]~ Pafl? — = D" eulf — Paf)(X)

i=1

Y

N
F D GRX) — 2 — Paf, Ry)
=T +1;21+ T3 + Ty + Ts.
It follows by (3.5), Theorem 3.1, Assumption 3.4 that, uniformly for f € H,
Ty = W(N)/N?+ Op((N*2h)~"), (b (3.5))
Py (|T3| >o|f - PAfH/(ax/ND < &2, for arbitrary £ > 0

Ty = Op(bna/VNK), (by Theorem 3.1, Assumption 3.4 and ( 3.5))
Ts = ||f —Pafll x Op(bn,»), (by Theorem 3.1 and Assumption 3.4)

Note that ||Pyf|| < A/2||f||3 for any f € H. Therefore, to achieve high
power, i.e., power is at least 1 — €, one needs to choose a large N, and C; s.t.
N > N, and

Ifll > Co/V NRY2, ||f| > Cc/VN, ||fl > Ce\/bn /YN,

£l = Cebn, IF] = CNY2|| e

Proof is completed. O
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A.5. Proofs in Section 3.4
A.5.1. Proof of Lemma 3.3 (a)

Proof. For each v > 1, there exist p € N and 1 < k < d, such that v =

pd + k. Suppose x = (z1, - - - ) then for each x;w there exists ((pé ), u,(,k)) and

k) (k k
(901()/);,“1()/)) satisfying Vk(‘%’g) )a ‘Pp ) = Opp and ﬁI @p ‘P;() )( )dx = Sppr /Ng) g

In fact, the eigenfunctions ¢, and eigenvalues p, can be constructed by an

ordered sequence of goék), ,u,(,k) as @, (x) = <p,(,k) (xg) and p, = uz(,k).

Next, we verify such construction of eigenfunctions ¢, and eigenvalues pu,,
satisfy Assumption 3.3. When v # pu, then there exist p1, g1, p2, g2, such that
v =pid+qi, pp = p2d + gz, then

V(‘Pmd-&-qu@md-ﬁ-%)
= V(@Zi (qu )’ @Zi (xih ))

_ 0 P1# D2, Q1 = Q2
Vo (081 (24,),0) + Vi, (0,02 (24,)) =0 q1 # g2

On the other hand,

(Pvrpu)m = (P2, p2)y = {wm =lw  p=pa=ae
78] pl’ p2

0 vF
For any f € H,
d oo
f@r, - ma) = filwn) 4+ falwa) = DD Vilfe o0l ()
k=1v=1
d oo [e%S)
= SV e (@) = SV e (@) O
k=1v=1 v=1
A.5.2. Proof of Lemma 3.3 (b)
Proof. 1t is easy to see that
d
> @+ M) Z (L+ A/~ < dx=t/Cm) =yt O
v>1 g=1p>1

A.5.3. Proof of Lemma 3.3 (c)

Proof. Notice that |f[j3, < Zle | fell?, < Cd, then by Lemma A.1 (b),
IPAfI? < NI, < Cax. )

Next, we prove Lemma 3.3 (d). To prove Lemma 3.3 (d), it is sufficient to
prove the following Lemma A.2.
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Lemma A.2. Under (3.7), there exist universal positive constants ¢, ¢, c3 such
that for any 1 < j <'s,

nht?
c| + cot

P (& >t) <2nexp (— ) , for all t > c3(nh) ™1,

where h=t =< d\=1/(2m)

The proof of Lemma 3.3 is based on the green function for equivalent kernel
technique in [3], see Section B.3 for details.

A.5.4. Proof of Lemma 3.4

Proof. For p,§ > 0, define G(p) = {f € H : |[fllsup < 1,||flln < p} and the
corresponding entropy integral

1)
J(p7 6) = /(; w;l (D(E,g(p), H : Hsup)) de + 61/}51 (D((S,Q(p), H : Hsup)z) > (A'S)

where 15(s) = exp(s?) — 1 and D(g,G(p), || - |lsup) is the e-packing number of
G(p) in terms of || - ||sup-metric. In what follows, we particularly choose p =
i (h/N)Y?, where cxc = supyeq h'/?||gllsup/|lgll is finite, according to [27].
Define ¢i(g) = ¢, 'h'/?g(X;) and Zj(g) = n'/? Zié[j [Wi(9)Kx, —
E{v;(9)Kx,}]. Following [27, Lemma 6.1], for any 1 < j < s, for any ¢ > 0,

t2
P swp 1Z(9)] > ¢ gzexp(), (A.6)
(gEG(p) ! Cc2J(p,1)?

for an absolute constant C' > 0. Since ||f|| = 1 implies that c'h'/2f € G(p).
Then it can be shown that

Vné; < ckh™t sup || Zi(g)], i=1,...,s.
9€G(p)

Following (A.6) we have

et h?t?
. > < [ —
P (ﬂfgf%{s@ = t) = 286Xp< C’QJ(p,l)2> :

log N
\/ﬁlrgjagsfj =0Op <\/ %J(p, 1)) ~ (A.7)

It follows by [31, Proposition 1] that J(p,1) = O ([log(h/\)](@+1)/2)
O ([log N](@*+1D/2) Then

which implies that

d+2 N

log
ax & =Op |\ — 55—

That is, Assumption 3.4 holds with ¢ = 2 and b = d + 2. Proof completed. [
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A.5.5. Proof of Lemma 3.5

Proof.

Jp.1) < / V10 D(E.G. | aup) de + /o8 D(1,G, | )

g/ \/(]3)E +1de + V2
0 19

< oy p¥/ )

i
m

where the penultimate step is based on [14]. Therefore, J(p, 1) = O(pzm ), where

p = (h/\)'/2. From e.q. (A.7), we have
| log N
112;2{5 5] - OP < nhB—d/(Zm)) U

Appendix B: Some technical proofs and auxiliary lemmas
B.1. Proof of Proposition 3.1

Proof. Define
sy = argmin{j : p; < A} —1,
that is, sy is the number of eigenvalues that are greater than . Then the effective

dimension can be written as
oo S o0

A
_ I I I
-l — J iy E: i
il S R s S B R

Note that 372, p1j/(11j +A) < sx, then we have

SA < I’L < S\ + Z
j=sx+1
By Assumption 3.3, we have Z;’isﬁ_l t; < Csaprs, < saA. Therefore, by (B.1),
we have h™1 < s5. Next we show Y (1 +A/p,) 2 < h™L.
Note that N

j+>\_8,\—|—— Z ;- (B.1)
Jj=sx+1

oo Sx oo
14 M, _ ICERY: LQ,
yzzf + M) g Z:(mx) +]§H(M+A>

similar to (B.1), we have

S>\<Zl—|—)\/‘u,, 2<3>\+ Z

v>1 j=sx+1

fSA 13 M-
,u]+/\ /\jZS,\Jrl

oo

Since 3z Y00, pud < ERFEYTY iy < 052, 1 4y < sa. Then we have
> 51 (1+X/ 1) 7% < sx. Based on the previous conclusion that h~' < s,ambda,
we finally get > < (1+\/p,) "2 < h™L. O
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B.2. Verification of Assumption 3.3

Let us verify Assumption 3.3 in polynomially decaying kernels (PDK) and ex-
ponentially decaying kernels (EDK).

First consider PDK with y; =< i~2™ for a constant m > 1/2 which includes
kernels of Sobolev space and Besov Space. An m-th order Sobolev space, denoted
H™([0,1]), is defined as

H™([0,1]) ={f : [0,1] = R|fY) is abs. cont for j = 0,1,--- ,m — 1,
and ™ € L ([0, 1])}.

An m-order periodic Sobolev space, denoted H{*(I), is a proper subspace of
H™([0,1]) whose element fulfills an additional constraint gt)(0) = gU)(1) for
j=0,...,m— 1. The basis functions ¢;’s of H{"(I) are

g, 1= Oa

0i(2) =4 V20cos(2rkz), i=2k k=12 ...,
V20sin(2rkz), i=2k—1,k=1,2,....

The corresponding eigenvalues are jigy = piox—1 = o2(27k)~2™ for k > 1 and
pto = 0o. In this case, sup;> [|¢l|sup < 0o. For any k& > 1,
1-2m

Zui</ x_zmdx:k < ]wk.
M ~ Ji 2m—1 "~ 2m —1

Therefore, there exists a constant C' < oo, such that

E;’)ik+1 Hi
sup —/————

=C < .
E>1 kg

Hence, Assumption 3.3 holds true.

Next, let us consider EDK with p; < exp(—~i?) for constants v > 0 and
p > 0. Gaussian kernel K(z,2’) = exp (—(z —2’)?/0?) is an EDK of order
p = 2, with eigenvalues p; =< exp(—mi?) as i — oo, and the corresponding
eigenfunctions

pilir) = (VB/4)Y4 (i) 2 VB0 A (VB /2) ),

where H;(-) is the i-th Hermite polynomial; see [19] for more details. Then
sup;>1 ||illsup < 0o trivially holds. For any k > 1,

> > 1 *®p—1 1
Z Wi S / eV dy = e k" _ / P e " dy < e K
S K Ypkr—t ko YpaP YpkP~!

Therefore,
oo
sup —Zi:kﬂ pi < 00
k>1 kg

Hence, Assumption 3.3 holds.
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B.3. Proof of Lemma A.2

To prove Lemma A.2, based on Lemma 3.5 and Lemma 3.4 in Chapter 21 in
[3], we only need to bound

1557 Kn(Xe) — ELL (X,

1 n

i=1

To prove this, we use the Green function technic tool that replace the kernels
K} (z,y) with the one-sided exponential family gy (z — y), defined by

9(z) =exp(—=2)1{z>0)
gn(x) =h"'g(h~'z), xR

Lemma B.1. Assume that the family K; = ijl Ky, 5 with Ky 5,0 < hg <1
s convolution-like. Then there exists a constant ¢, such that, for allh, 0 < h <1,
and for every strictly positive design X1, X2, , X, € (0,1]%,

||—ZKh i ||oo§0||—zgh INloo-

Proof. For t = (t1,--- ,tq) € [0,1]¢ and x = (xl, cLxg) €[0,1)% let Spp(t) =
1 Zl 1 Kn (X5, 1), and s"h( ) = 1 Zl 190X —t). For j=1,--- ,d, Kj ; sat-
1sﬁes

Ko, (t5,2;5)
1
:hogh,j(I)Kho,j(tmO)Jr/o Ghoj (@5 — 2)){ho K}y, (L), 25) + Ky (5, 25) Ydzj,
where hg = dh. Note that Kj, ;, hOK,’L j are all convolutional-like, then
lho K3, ;(t5.25)| < chg Yand |Ky, j(tj, 2;)| < chy'. Therefore,

1
| hostes = 500K 2+ K1)

1
<2c-hy / Gho,j (T — 25)dz;
0

1
=2c- 2/ e o ””jfzf)dzj
0

<26 (Gno,j (@) = Gho,j(Tj — 1)) < 2¢- ghy,(25).
Then, we have Kp, ;(t;,2;) < ho * Ghe,j (®)Kngy,j(t5,0) + ¢ gno,; (25)-

d d

d
Kn(@,t) = Kngj(tj,2) <ho > Gho i (1) Kng j(t5,0) +¢ Y gny ()
j=1 j=1 j=1
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d d d

<e1 Y Gnog () F €Y gnoi (@) <Y gnoi(x5) = dgn(@),

Jj=1 Jj=1 Jj=1

where ¢; = max{hoKp,1(t1,0), -, hoKp,,qa(tq,0)} is a bounded constant by
the convolution-like assumption. Let X; = x and substitute the formula above
into the expression for S, (¢) and s™"(¢), this gives S, (t) < ¢/s™*(0). Therefore,
[1Snnllee < ¢[8™(0)] < [|8™"]|0o- The last inequality is due to the fact that all
X; are strictly positive, then s""(¢) is continuous at t = 0, and so s"*(0) <
15" . 0

Let P, be the empirical distribution function of the design Xi, Xs, -+, X,
and let Py be the design distribution function. Here Py = 7(z). Define

@ @B~ )0 = [ e (@) ~ dPe)),

then based on Lemma B.1, we only need to show the following results to prove
Lemma A.2.

Lemma B.2. For all x = (z1,--- ,74) € [0,1]%,¢ > 0,

nht? }

IP’“[gh ® (dP, — dPy)](x)| > t} < 2eXp{ Cwy +2/3t

(B.2)

where wo is an upper bound on the density Py(x).

Proof. Consider for fixed z, 237" | g,(X; — z) = 2221 o Ok, with 6, =
%gho,k(x@k — ). Then 0, (i = 1,--- ,n;k = 1,--- ,d) are i.i.d. and |0;] <
(nho)~!, where hg = d~th. For the variance Var(6;),

1
Var(0ix) :ﬁ{[gfm,k ® dPo](zr) — ([gno.k ® dPo)(x))?}
1
<5 [Ghos ® AP] (2)
1
:n_Q/ ha2e—2ho_1(xik—wk)dp0(xk)
0
1 _
Siwznfzho L

Therefore, V := S0 S0 Var(6i) < fwon~'h~'. Then by Bernstein’s in-
equality, (B.2) has been proved. O

Lemma B.3. Forallj=1,--- ,n,

1/4nht?

]P){[gh ® (dPn - dPO)](X]) > t} S 2€Xp{—m

2

provided t > 2(1 + wq)(nh)~t, where wy is an upper bound on the density.
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Proof. Consider j = n. Note that

n—1

9 ® dP)(Xa) = —gu(0) + 3 gu(Xi = Xa)

1 d 1 n—1
= > e (0) + - Zgh(Xi - Xn)
k=1 i=1
1 n—1
= d(nhO) + T[gh ® dpnfl](Xn)a
so that its expectation, conditional on X,,, equals

B[lgn ® dPJ(X)|X0] = (n) ™ + " gy © dR(X,).

Then P[|[gh ® (dP,—1 — dP)](Xn)| > t|X,] < 2exp{— (z:;rlz)%: }. Note that this
upper bound does not involve X,,, it follows that

P[th ® (dpn—l - dPO)](Xn) > t|] = E[P[th ® (dpn—l - dPO)](Xn)| > t|Xn}:|

has the same bound. Finally, note that
n—1
[gh ® (dPn - dPO)](Xn> =é€nph t+ T[gh ® (dPnfl - dPO)]<Xn)7

where |en,| = [(nh) ™! = Lgp ® dPo](Xy)| < (nh)™ + (nh) lwa < ca(nh)™h
Therefore,

P{ [lgn ® (dP, — dP)] (X)| > ¢}
<P{|[gn ® (@Po s — AP (X)) > —" (¢ — ea(nt) )]

nh(t — co(nh)=1)? }
wg + 2/3(t — co(nh)~1) )"

<2 exp{ -

B.4. Proof of Corollary 3.2

Note that for any z,y € [0,1]¢, by Lemma A1, we have K (z,y) < cih’l, where
h=t < dA™Y ™) and ||Paf||? < M| f|?, < Cd), then Corollary 3.2 can be easily
achieved by applying Theorem 3.1 and Theorem 3.3.
Next, we show that dy , ; = dﬁ N~ #45T is the minimax testing rate.
Consider the model
y=0+w, (B.3)

n 03
j=1 5 < d, where piy > g >

. . . . 2
-++ >0, and the noise vector w is zero-mean with variance 2-. Note that model

where 6 € R™ satisfies the ellipse constraint »
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(2.1) is equivalent to model (B.3) (see Example 3 in [24] for details), thus we
only need to prove the minimax testing rate under model (B.3) for the testing

problem 0 = 0 with p; < [51_27”.
Let my(6;e) = argmax;cpcg{dme > 36%}, and my(d;e) =
argmax < <g{dpint1 > 2-6%}. Then by Corollary 1 in [24], we have
my(d;¢€) My, (05 €)

1
sup{0]d < 102 } <dy g < inf{d]d > cagf}.

)
Let 6* satisfies 62 < \/my(8;¢) =< /my(5; ), we have

* * SZmtl o 2m
) :dN)\dXdz(4m+1)N Im+1 |
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