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Abstract

We consider the mass preserving L2—gradient flow of the strong scaling of the functionalized Cahn
Hilliard gradient flow and establish the nonlinear stability of a manifold comprised of quasi-equilibrium bi-
layer distributions up to the manifold’s boundary. In the limit of thin but non-zero interfacial width, ¢ < 1,
the bilayer manifold is parameterized by meandering modes that describe the interfacial evolution. The nor-
mal coercivity of the manifold is limited by “pearling” modes that control the structure of the profile near
the interface, these are weakly damped and can lead to the dynamic rupture of the interface. Amphiphilic
interfaces may decrease energy by either lengthening or shortening, depending upon the amphiphilic mass
distributed in the bulk. We introduce an implicitly defined parameterization of the interfacial shape that
uncouples the length change from the parameters describing the shape and introduce a nonlinear projection
onto the manifold from a surrounding neighborhood. The bilayer manifold has asymptotically large but
finite dimension tuned to maximize normal coercivity while preserving the wave-number gap between the
meandering and the pearling modes. Modulo a pearling stability assumption, we show that the manifold
attracts nearby orbits into a tubular neighborhood about itself so long as the interfacial shape remains suf-
ficiently smooth and far from self-intersection. In a companion paper, [8], we identify open sets of initial
data whose orbits converge to circular equilibrium after a significant transient, and derive a singularly per-
turbed interfacial evolution comprised of motion against curvature regularized by an asymptotically weak
Willmore term.
© 2021 Elsevier Inc. All rights reserved.
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1. Introduction

The functionalized Cahn-Hilliard (FCH) free energy models the free energy of mixtures of
amphiphilic molecules and solvent. Amphiphilic molecules are formed by chemically bonding
two components whose individual interactions with the solvent are energetically favorable and
unfavorable, respectively. When blended with the solvent, amphiphilic molecules have a propen-
sity to phase separate, forming thin amphiphilic rich domains that are generically the thickness
of two molecules in at least one direction. On a periodic domain © C R? the FCH free energy is
given in terms of the volume fraction u — b_ of the amphiphilic molecule

2
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where W : R = R is a smooth tilted double well potential with local minima at ¥ = b4 with
b_<by,WbH_)=0> W(by),and W' (b_) > 0. The state u = b_ corresponds to pure solvent,
while u = b, denotes a maximum packing of amphiphilic molecules. The system parameters
n1 > 0 and 5y characterize key structural properties of the amphiphilic molecules. The small
positive parameter ¢ << 1 characterizes the ratio of the length of the molecule to the domain size,
and p =1 or 2 selects a balance between the Willmore-type residual of the dominant squared
term and the amphiphilic structure terms. We select the strong scaling p = 1, in which the am-
phiphilic structure terms dominate the Willmore residual. The FCH energy was introduced in
[16], motivated by the work of Gommper [17-19]. In particular the form of the energy in [20]
corresponds to the FCH with n; =0 and e”n; = — fy, where fj is a key bifurcation parameter.
A central feature of the functionalized Cahn-Hilliard energy (1.1) is that its approximate minima
include vast families of saddle points of a Cahn-Hilliard type energy. Within the FCH the com-
petitors for minima include codimension one bilayer, codimension two pores, and codimension
three micelles that are the building blocks of many biologically relevant organelles [14,15,26].
The chemical potential of F, denoted F = F(u), is a rescaling of its variational derivative

8F
F(u) := 835_ = (2A — W) (2 Au — W' () + P (me2 Au — ma W' (u)). (1.2)
u
We take the strong, p = 1, scaling of the FCH and consider the mass-preserving L? gradient flow

du = —ToF(u), (1.3)

subject to periodic boundary conditions on € C R?. Here I is the zero-mass projection given
by

Hof:=f—(fr2, (1.4)
where we have introduced the averaging operator

2



Y. Chen and K. Promislow Journal of Differential Equations 292 (2021) 1-69

1

Q

We consider the mass-preserving L? gradient flow of the strong scaling of the FCH free en-
ergy, (1.2)-(1.3), and construct a bilayer manifold, My, with boundary contained in H 2(Q) that
is comprised of quasi-equilibrium of the system, called bilayer distributions. Each bilayer distri-
bution is associated to an immersed interface in €2, and varies predominantly through the e-scaled
signed distance to that interface. The bilayer manifold has a nonlinear projection that maps an
open neighborhood of the bilayer manifold onto itself and decomposes functions u in the open
neighborhood of the bilayer manifold into a point on the manifold (a bilayer distribution) and a
perturbation that is orthogonal to the tangent plane of M,,. The bilayer distribution is parame-
terized by a finite but asymptotically large set of “meander modes” that characterize the shape
of its associated interface and a single bulk density parameter that characterizes the excess am-
phiphilic mass in the bulk. The orthogonal perturbation is further decomposed, through a linear
projection, into an asymptotically large but finite dimensional set of “pearling modes” and an
infinite dimensional set of “fast modes.” The pearling modes modify the internal structure of
the bilayer distribution near its interface and are weakly damped, subject to a pearling stability
condition. The fast modes are uniformly damped under the flow. The meander modes perturb
the shape of a predefined base interface, so that M; accommodates interfaces whose range of
shapes is independent of ¢.

The bilayer manifold is defined as a graph over a bounded domain of meander modes. We
show that initial data that start asymptotically close to M}, will remain close unless the meander
modes become sufficiently large that they hit the boundary of the domain. This domain is selected
to insure that the associated interfaces do not self-intersect, that their curvatures remain uniformly
bounded, independent of &, and that the pearling stability condition holds uniformly. Establishing
the stability of the manifold up to the meander mode boundary requires two classes of sharp
bounds. The first are upper bounds on the coupling of the evolution of the interfacial geometry,
characterized by the meander modes, upon the pearling and the fast modes. The second are lower
bounds on the coercivity of the second variation of the energy evaluated at points on the manifold
when restricted to act on the pearling and meander spaces.

In a companion paper, [8], we rigorously analyze the evolution of the interfaces. In partic-
ular we identify an open set of initial data of (1.3) whose projection defines interfaces that are
sufficiently close to circular, and show that the evolving curvature of the interfaces satisfies the
curvature bounds for all # > 0, and that after a transient in which the deviation of the interface
from circularity may grow by an o(1) amount, the interface ultimately converges to a nearly
circular equilibrium. Together these results partially validate the formal results obtained in [7],
where the authors applied multiscale analysis to the H~! gradient flow of the strong FCH free
energy. They considered the evolution of bilayer distribution with high density of amphiphilic
material that separate bulk regions of low density via a codimension one interface I". On the £ 3
time scale they formally derived the evolution of the curvature k of I"

Ik = —(As +KD)V, (1.6)
in terms of the e-scaled normal velocity
V=(o@t)—of)k +eA;x +HO.T.. 1.7)
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The normal velocity is proportional to the curvature « through a time-dependent coefficient that
can be positive or negative depending upon the initial data. Here A is the Laplace-Beltrami op-
erator associated to I', and for simplicity we have omitted positive constants that are independent
of time and €. The bulk density parameter o = o (¢) controls the spatially constant density of
amphiphilic material in the bulk. This couples strongly to the length of the interface in a relation
that is determined by conservation of mass, which is particularly one of the key differences of the
FCH model and the phase field model introduced in [11-13]. The critical value 01*, 18 a constant
depending only upon the system parameters 7y, 172, and the well W. When the bulk density is
above this critical value, o > al*, the interface absorbs mass from the bulk, and moves against
curvature, in a singularly perturbed meandering or buckling motion that is regularized by the
higher order diffusion, A;. This regime is called regularized curve lengthening (RCL), and the
weak surface diffusion plays an essential role in the local existence. Conversely, when o < o,
the interface releases mass to the bulk and contracts under a mean curvature driven flow (MCF).
In both cases the flow drives o towards o} and the curve attains an equilibrium length set by the
mass of the initial data.

In the absence of a maximum principle for the fourth-order system (1.3), we use energy es-
timates and modulation methods. The modulation methods for extended manifolds, [27,5,21]
consider the linearization of the flow about points on the manifold and establish lower bounds
on decay rates based upon coercivity estimates of the linearization restricted to subspaces that
are approximately tangent and approximately normal to the manifold. As a form of normal hy-
perbolicity they require a spectral gap between eigenvalues associated to the tangent plane of
the manifold, the slow modes, and those associated to the normal direction, the fast modes.
These results refine earlier estimates in [10,22,24], which introduced the slow space comprised
of pearling and meander modes. In particular [24], conducted spectral analysis of the linearized
operators restricted to the slow space and, modulo the pearling stability condition, used a slow
space with dimension O (¢~1/2) to establish a fast space coercivity that scales with /. However,
these results are too rough to close our nonlinear estimates.

Our analysis requires two significant modifications. First, the ansatz that defines the manifold
is constructed implicitly in the parameters that define the shape of the interface. A single param-
eter controls interfacial length, uncoupling those that control the shape and making the natural
basis modes of the tangent plane of the ansatz substantially closer to orthogonal. This allows us
to extend the size of the slow spaces while preserving the diagonal dominance of the correla-
tion matrix obtained from restricting the linearization of the FCH equation to the slow space.
We combine the implicit ansatz with higher-order corrections to the slow space to build the im-
proved estimates for the slow-fast, and pearling-meander coupling. We enlarge the dimension of
the slow space, to O(pe 1), where the spectral cut-off p < 1 is independent of ¢. This yields
a fast space coercivity that scales with p and is independent of €. Indeed, the choice of the size
of the slow space requires a delicate balance. A larger slow space allows for stronger coercivity
of the fast space. However the pearling modes have asymptotically short in-plane wave-length,
while the meander modes admit relatively long in-plane wave-length. The asymptotically large
gap between the in-plane wave lengths of the pearling and meander modes decreases the strength
of their coupling by one order of magnitude in .

It is illuminating to compare the estimates derived here for the bilayer manifold to the classic
results that establish rigorous results for front evolution in the scalar Cahn-Hilliard (CH) equa-
tion, such as [1-4,25]. The bilayer distributions are not fronts. An immediate distinction is that
the limiting curve motion for the FCH is singularly perturbed and ill-posed in the & — 0 limit,
while the CH interfacial motion is locally well posed in this sharp interface limit. This requires us
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to fix & > 0 small but nonzero, and to perform detailed analysis in the regions near the interface.
A second distinction is that the bilayer manifold has asymptotically weak relaxation rates to per-
turbations that incite the pearling modes that regulate the width of the interface. The coercivity
associated to fronts in CH is uniform with respect to ¢. For the FCH the pearling modes have
the capacity to destabilize the interfacial structure, modulating its width to the point that it can
perforate. Their amplitude must be controlled through tight bounds on the coupling between the
front evolution and the pearling modes. There is no analogue for these structural dynamics of the
interface within the fronts of the scalar CH models.

The seminal result, [6], of Bates, Lu, and Zeng establishes the existence of a true invariant
manifold for a general class of dynamical systems when they possess an approximately invariant
manifold that is approximately hyperbolic under the flow. It is important to place the results here
relative to the conditions of that work. The approximate normal hyperbolicity requires a decom-
position into a stable, center, and unstable space, with the center space associated to the tangent
plane of the manifold — here the meander modes. The rates of contractivity associated to the semi-
flow on the stable space must exceed those of the center space, associated to the tangent plane
of the manifold, embodied in assumption (H3’) eqn (2.7) of that work. In our application the
stable space includes the pearling modes, whose linear semigroup generates weak contractivity,
asymptotically weaker than the strongest contractive rates of the center space. We compensate
for this difficulty by tuning the parameter p precisely to weaken the coupling between the me-
ander modes and the pearling modes. It is plausible that the results of [6] can be adapted to this
situation, but the details may be delicate.

The singular nature of the interface motion and the weak damping of the internal pearling
modes generate significant technical obstacles whose resolution requires restrictions. The most
striking of these is that the interfaces must be sufficiently close to a base point interface I'g that
is far from self intersection. Self intersection in the RCL regime is a real possibility. Numerical
benchmark calculations have identified bulk parameter values for initial data that initiate the
formation of defects within the bilayer distributions, [9]. These results show that an initial bulk
density state o that deviates from the scaled equilibrium o} by an O(1) amount can lead to
defect formation, suggesting that the restriction |0 — o{*| < 1 we require here, see (5.54) and
Lemma 3.4, is not far from optimal.

The remainder of this article is organized as follows. In Section 2, we present the local coordi-
nates and estimates on the variation of the interface through the meander parameters. In particular
we introduce the implicitly defined perturbed interfaces I'p in Definition 2.6 and show that they
are well posed in Lemma 2.10. In Lemma 3.2 of Section 3 we construct the quasi-equilibrium bi-
layer distributions @, as the dressing (Definition 2.3) of the perturbed interface I'p, and estimate
their residual F(®p). The bilayer manifold M, is presented in Definition 3.3 as the graph of the
map p = ®p(-; o(p)) with the bulk density parameter o slaved to constrain the mass of .
Section 4 introduces the slow space in Definition 4.1 and the spectral cut-off parameter p. The
modified slow space is presented in Lemma 4.6, followed by a characterization of the spectrum
of the operator oL arising from the linearization of the flow (1.2) about ®p. In Lemma 4.9 we
establish the O (g) weak coercivity of the pearling spaces modulo the pearling stability condition
and in Theorem 4.11 we give sharp bounds on the pearling-meander and fast-slow coupling re-
quired for closure of the nonlinear estimates. In Theorem 4.13 we establish the strong coercivity
for the fast modes in terms of the spectral cut-off parameter p. In Section 5, we define the bilayer
manifold that includes the pearling modes, and the nonlinear projection onto the manifold. It
concludes with the main result, Theorem 5.13, which establishes the nonlinear stability of the
bilayer manifold up to its boundary. We emphasize that there are three small parameters used
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in this work, €g, p, 6 > 0. The first, g9 sets the upper bound on the size of the dominant small
parameter . The spectral parameter p > 0 controls the dimension of slow spaces, while § is
a technical parameter used to close the nonlinear estimates. We first fix § sufficiently small in
Lemma 5.2, and then p sufficiently small in Theorem 4.11 and Lemma 5.12. The value &g in set
in terms of these fixed values in Theorem 5.13.

The companion paper [8] establishes the unconditional stability of the bilayer manifold built
form a circular base point interface, and recovers the evolution of the meander modes and as-
sociated interfacial motion, as well as the scope of the transient and the rate of convergence to
equilibrium.

1.1. Notation
We present some general notation.

(1) The symbol C generically denotes a positive constant whose value depends only on the
system parameters 11, 172, the domain €2, and geometric quantities of initial curve ['g. In
particular its value is independent of ¢, p, and &, so long as they are sufficiently small. The
value of C may vary line to line without remark. In addition, A < B indicates that quantity A
is less than quantity B up to a multiplicative constant C as above, and A ~ B if A < B and
B < A. The notation A A B denotes the minimum of A and B. The expression f = O(a)
indicates the existence of a constant C, as above, and a norm | - | for which

|f1<Clal.

We also use f = O(a, b) for the case f < Cla|+ C|b|.

(2) The quantity v is a positive number, independent of ¢, that denote an exponential decay rate.
It may vary from line to line.

(3) If a function space X (£2) is comprised of functions defined on the whole spatial domain €2,
we will drop the symbol €.

(4) We use 1g as the characteristic function of an index set E C N, ie. 1g(x) =11if x € E;
1g(x) =0if x ¢ E. We denote the usual Kronecker delta by

5. — 1, i=j
Yo, i#
(5) For a vector q = (q;) j, we denote the norms

1/k
lglp =Y la;¥] . forkeNT,
J

and ||q|;> = max; |q;|. For a matrix Q = (Q;;);; as a map from 1% to [? has operator norm
12 defined by

IQlz= sup [ Qqlp.

{lall2=1)

6
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We write

qj=0()e;, Q;;=0(kE;,
where e = (e;) is a vector with |le||,2 =1 or E is a matrix with operator norm ||E||lz =1to
imply that ||q|l,2 = O(a) or ||Q||12 = O(a) respectively. See (2.47)-(2.48) of Notation 2.13

for usage.
(6) The matrix e’™ denotes rotation through the angle 6 with the generator R. More explicitly,

0 -1 oR cosf —sinf
R_<1 0 )’ ¢ T \sing coso )
2. Coordinates and preliminary estimates
In this section we recall the local coordinates associated to a general smooth interface and
use them to define a finite dimensional family of perturbations of the interface. In particular we
establish bounds controlling the variation of the interface in terms of the parameters.

2.1. The local coordinates

We consider a closed, smooth, non-intersecting curve I' C R? which divides = QLuUQ_
into an exterior €24 and an interior 2_. The interface I is given parametrically as

F:{y(s):seﬂC]R},
with tangent vector T(s) € R2
T(s):=»'/Iyl. 2.1
Denoting the outer normal to I" by n(s) we have the relations
T =«n, n'=—«T, 2.2)

where « = «(s) is the curvature of I" at y(s). By the implicit function theorem, there exists an
open set A containing I" such that for each x € N' we may write

x =y (s)+rn(s) 2.3)
where r = r(x) is the well-known signed distance of the point x to the curve I" and s = s(x)

is determined by the choice of parameterization p. In this neighborhood, we define the scaled
signed distance z = r/¢ and “whiskers” of length ¢:

we(s) = {y(s) +ezn(s) : r € [, L]},

and the £-reach of T,
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rt= U we(s). (2.4)
sed

In the following, (z, s) will be referred as the local coordinates near I'.

2.1.1. Dressings

We say that a curve I' is ¢-far from self intersection if none of the whiskers of length ¢
intersect each other nor with 32, and if the set I'* contains all points of € whose distance to I’
is at most £. We introduce the following class of curves and show they have a uniform distance
from self-intersection.

Definition 2.1. Given K, £ > 0 the class Qllz ¢ consists of those closed embedding curves I" whose
parameterization y satisfies (a) inf |y’(s)| > 1/4, |y || whoo(#y < K and (b) if points two points
on I' satisfy [s; — s2].# > 1/(8K) then |y(s;) — y(s2)| > £. Here | - | » denotes the periodic
distance |s| # :min”s - |f|k’ ke Z}.

Lemma 2.2. If { < { then g’;{ : C g’;”. If ¢t < w/(4K) then every curve in g%w is L-far from
self-intersection. ’

Proof. The first statement follows directly from the definition of g’;(, ;- PickT" € g; ¢ with pa-

rameterization y. The reach I'* contains the set of points whose distance to I' is less than or
equal to €. Indeed, if x € Q lies within £ of T, then there exists a least one point s € .# such
that y (s) is the closest point on I to x. Since the tangent T has a smooth derivative, it follows
that (x — y (s)) - T(s) = 0. If not, then (|x — y (s) |2)/ # 0, which contradicts y (s) being the clos-
est point on I to x. Consequently x € wy(s) C I'*. To see that the whiskers of length £ do not
intersect consider two points sq, 52 € .#. Since |T(s)| = 1 and

7. n
|T’<s>|=‘—y / ‘<4K,
ly’|
we have

[T (s1) - T(s2)| <4K.

And we deduce that |s; — 52| # < 1/(8K) implies T(s1) - T(s2) > % Moreover if S(s1, s2) is the
unit secant vector from y(s1) to y(s2), with s1 < s, then the mean-value theorem implies that
T(s1)-S(sq, 82) > % This estimate and the lower bound on the rate of parameterization |y’| yield

0| —

d
—d—sll}'(ﬁ) —y (2 =p'(s1) - SGs1,52) = ¥ (s)IT(s1) - S(s1,52) =
Integrating this result with respect to s1 over [s1, s2] yields

Is1 — s2].7

3 (2.5)

[y (s1) —y(s2)| =
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If the whiskers from p (s1) and y (s2) intersect at a distance ¢ from I', then p (s1) and y (s2) lie
on a circle of radius £. In particular the straight line distance between these two points must be
less than the arc-length along that circle. If v(s) denotes the angle of T(s) to the horizontal, then
this distance inequality implies

£
5 V1) = vs2)| > [y (s1) =y (s2)].
4

Since V' = k, we have the Lipschitz estimate [v(s1) — v(s2)| < K|s; —s2|.#, and combining these
estimates and dividing by |s; — s2| ~ yields the bound

T
> —.

4K
This shows that the whiskers of two points whose arc-length distance is less than 1/(8K') can only
intersect at a distance of at least % from I'. However since I" € g}( oo 1 [s1 — 2] > 1/(8K)
then by condition (b) the whiskers through y (s;) and p (s2) of length £ cannot intersect as the
points y(s1) and y(s2) are more than 2¢ apart. By assumption £ < min{;%, £}, and we deduce
that I is £-far from self intersection. 0O

Definition 2.3 (Dressing). Fix a smooth cut-off function x : R — R satisfying: x (r) = 1ifr <1
and x (r) =0 if r > 2. Given an interface I" which is 2¢-far from self intersection and a smooth
function f(z) : R — R which tends to a constant £ and whose derivatives tend to zero at an &
independent exponential rate as z — 00, then we define the dressed function, 7 : Q@+ R, of
f with respect to I as

) = F))x 201/ + (1 — x(elz(x)]/0).
From this definition the dressed function satisfies

fz(x)), iflz(x)]| < €/e;

<
fd(X)=! - .
I, if |z(x)| > 2¢/e.

Definition 2.4 (Dressed operator). Let L : D C L?(R) — L*(R) be a self-adjoint differential
operator with smooth coefficients whose derivatives of all order decay to zero at an exponential
rate at co. We define the space D to consist of the functions f : R + R as in Definition 2.3, and
the dressed operator Ly : DND — L%(Q) and its r’th power, r € N,

L, f =L ). (2.6)
If » < 0 then we assume that f € R(L) and the inverse L;l f decays exponentially to a constant
at 00. For simplicity we abuse notation and drop the subscript ‘d’ in both the dressed operator

and the dressed function where the context is clear.

A function f = f(x) € L' () is said to be localized near the interface I' if there exists v > 0
such that for all x € I'?¢,

|f (s, )| S el

9
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2.1.2. The Jacobian
Let J (s, z) be the Jacobian matrix with respect to the change to the whiskered coordinates
and denote the Jacobian by J(s, z) = detJ (s, z). In two dimensions, n’ || ¥’ so that

T _
I=(Y©+en®) en)=(r'© ne) ( e S)
where the curvature
Y (s)-m'(s)

= 2.7
N IO @7

We decompose the Jacobian as: J(s, z) = J(s, 2)Jo(s) where
Is.2) =e(1 —ezk(s)),  Jo(s) =y'(s)]. (2.8)

The metric tensor takes the form G = J7J.
If f, g € L*(Q) have support in 2, then the usual L2(2)-inner product can be rewritten as

(f.8)2= / /f(s,Z)g(s,Z)J(S,Z)dst, (2.9)
Ry &

where R, :=[—a, a] for a € RT. If § denotes the arc-length reparameterization of I" over the
interval .41 = [0, |T'|], then d§ = Jo(s) ds and the L2-inner product becomes

(fs8)2= f f f(s,2)g(s, 2)I(s, z) d5dz. (2.10)
Ro¢ 1
Moreover, if f € L? is localized near the interface I', then
/fdx = / /f(x(s,z))]dsdz—i— O (e V%),
Q Ry I

2.1.3. Laplacian
The e-scaled Laplacian can be expressed in the local coordinates near I' as

&2 A, =1719,(09,) + e Ay = 97 + eHd, + e A,. 2.11)

Here H is the extended curvature

H(s. ) kG 9] (2.12)
T 1 —ezx(s) €I’ '

and A, is the induced Laplacian under metric tensor G, which can be decomposed into

10
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1 1 _ Yy +em'> 0
A= (G VdelG d5) = A, + £2Dy 2, (G_( . o)

Here G/ denotes the (i, j)-component of the inverse matrix G~ A, is the Laplace-Beltrami
operator on the surface I" and D 7 is a relatively bounded perturbation of A;. In particular, since
ly’ +ezn’| = |p’||1 — ezx|, we have

1 1
A= s o5 |, Ds,2 =a(s,z2)As + b(s, 2)0s, (2.13)
[y (s)] <|)’/(S)| )

where the coefficients a, b have the explicit formulae

1 -1
a(s,z) = (ez)~! (m - 1) , b(s,z2) = (;Z)"—)/Pasa(s, 7). (2.14)

2.2. Perturbed interfaces

We construct families of interfaces by perturbation from a fixed base curve which we label I'¢
with parameterization y ), curvature ko (s) and length |Ig|. Without loss of generality we assume
that s is the arc length parameterization of I’y and takes values in .# = [0, |[9|], and that [y is
centered at the origin in the sense that the average value of p, is (0, 0). The effective radius

[Tol
Ry :=—,
0 2
forms a natural scaling parameter. The Laplace-Beltrami operator —A; : H 2(.7) —> L23(.¥) has
in-plane wave numbers {f;}7°, whose squares are the scaled eigenvalues of the |I'g|-periodic

eigenfunctions {®;}°,

—A;0; = B70; /R}. (2.15)
The ground state eigenmode is spatially constant:
®=1/y27Ro.  Po=0: (2.16)
and for k > 1, we normalize the eigenmodes in Lz(f ),

1 ks 1 ks
O = cos| — ), Oxp= sin{ — ); and 1= =k. (2.17
2%—1 R ( R0> 2% N ( R0> Bak—1 = Bk (2.17)

To control the smoothness of the perturbed interface we introduce the weighted p-norms.

Definition 2.5 (Weighted p-norms). Given Ny, k > 0, the weighted space V; = V[ (Ny) is de-
fined on the Nj-vectors p = (po, - - - ,le,l)T e RM a5

Ni—1

. k
1Py vy = D B} Ipjl < oo
j=0

11
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The elements of p starting with p3 that control the shape of the interface are denoted

pi=ms - pm-17, (2.18)

and by abuse of notation we apply the same norm to p, starting the sum with j = 3. When r = 1,
we omit the superscript 7 and denote the space by V.

The following definition introduces I'p the p-variation of I'g, through an implicit construction
that incorporates perturbations so that the change in length of I'p, is controlled solely by pg which
scales the effective radius Rg. This definition is shown to be well-posed in Lemma 2.10.
Definition 2.6 (Perturbed interfaces). Fix a smooth interface I'g.

(a) Given p € V, we define the p-variation of I'g, denoted by I'p, through the parametric form:

(1+po)
A(p)

yp(s) = yl—,(s) +p1OoE| + p2®oE;,, for se. .7, (2.19)

where {E{, E;} are the canonical basis for RZ2, the scaling constant A(p) normalizes the
length of y 5

A@) =10~ [ Iypas (2.20)
7

and the perturbed curve y ; is

Y 5(8) =yo+ p(S)no(s) 2.21)

where the vector ng(s) denotes the outer normal vector of I'g parameterized by s. The defi-
nition is made implicit through the relations

Ni—1

P& =Y p®i,  6:6):=0; (
i=3

27 Ros
°s> , (2.22)
ITpl
where § = 5(s; p) € #p = [0, |['p|] is the arc length parametrization of the perturbed curve
Yp solving

s i
i 1Ypl 5(0)=0. (2.23)

Remark 2.7. The parameters p; and p; rigidly translate the interface, and are the only terms
that contribute motion along the tangent to I'g. In particular their normal components recover
{©1, 02},

sin— = @,. (2.24)

1 K 1
@ E -y = = . —
O 0T A Re . Ro V2R, Ro
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As will be shown in Lemma 2.10 the curve |I'p| has length (1 + po)|I'gl, and the role of pg
is to scale the effective radius Ry, := (1 + po) Ro of I'p. Indeed it follows from (2.15) and (2.22)

that the arc-length scaled Laplace-Beltrami eigenmodes {© j}j=o of I'y satisfy

~01G)=B2,0,G),  Bp.j Pi

=—, 2.25
“ (I4+po)Ro 229

where we address ' of © ;j always denotes differentiation with respect to 5. The most significant
contribution of the rescaling is that it renders the perturbed eigenmodes mutually orthogonal in
Lz(ﬂp), satisfying

/éjékw;,ms=/®jékd§=(1+po)5jk. (2.26)
A T

The weighted norms are equivalent to usual Sobolev norms of p. Indeed the orthogonality (2.26)
implies

Bllvz ~ 151ty 15© () S 1Bl (2.27)

where the constants depend only upon the |I'y.| The following embeddings are direct results of
Holder’s inequality and the bound 8; < j for j > 3, details are omitted.

Lemma 2.8. It holds that
IBllv, < 1Dl Bllv, SN IBlyz.  IBlvy,, < Nillbllvy
Plv, = kaz_Hv Pilv, =~ Vy kaz’ ka-HN lka'
In addition, for any vector a € 2(R™)(m € Z7) we have the dimension dependent bound
lall;r <m'/?|al2. (2.28)
We assume that the base interface I'g € gﬁo’ t with £ sufficiently small that I is £o-far from
self intersection. To insure that the implicit construction of I'y is well posed and the resultant

curves are uniformly far from self-intersection we assume that the meander parameters p lie in
the set

Dy = {p € RY [Ipllv, < C. IBllv, < C5, po > —1/2] (2.29)

for some positive constant C < 1. The quantity § > 0 will be chosen sufficiently small, depending
only upon the system parameters and the choice of £ in g;‘(’ ¢~ The lower bound on py is chosen
to prevent the curve being scaled to a point, any fixed value greater than —1 is sufficient. We
assume that p € D;s throughout the sequel.

Remark 2.9. Dimension N is asymptotically large in this article, in fact, N; < ¢~ '. The uniform
V; bound on p € Ds implies that

13
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1

. - . -2
Iplly; Se™, Iplly, S&

This affords finite but asymptotically large bounds on the third and fourth derivatives of y, in
Lemma 2.11.

Lemma 2.10. Suppose that Ty € Q;‘(O’ t for some Ky, Ly > 0. Then for all p € Ds the system
(2.23) defined through (2.19) has a unique solution and the resulting interface I'y is well defined
provided that § is suitably small in terms of Ko, £o. Moreover, the length of the curve I'y is

ITpl = (1+po)|Tol. (2.30)

Proof. The construction of y, given in Definition 2.6 requires only that the ODE (2.23) is well
posed. The issue is that the right-hand side of this expression is implicit in 5. To apply the general
ODE existence theory we must establish a Lipschitz estimate on | y;, |. From the definition of y,
in (2.19), we take the derivative with respect to s, obtaining

’ 1+ po
Yp=

.. ds .
(J’6 + P’(S)Eno + p(S)nE)(S)> . (2.31)
Here and below, primes of p denote derivatives with respect to 5. Recalling
ny(s) = —ko($)yo(s), (2.32)
and combining the identity above (2.32) and (2.23) with (2.31) implies

, 1+ — NN
Vo= e (1= k0@ PENYH0) + 7 Byplma(s). (2.33)

Since py, is a tangent to I'g while ng is the unit outer normal, we have y, - ng = 0. Taking the
norm of (2.33), squaring, expanding, and solving for |y;)|, we find the equality

—1/2

1 1 2
Wl =2 (1~ ko p(3)) (1—< +p°> |ﬁ’(§)|2> . (2.34)

A(p) A(p)

Taking derivative with respect to §, and using (2.27) we bound the L norms of p and its
derivatives, to deduce

¥1ypl| S IBlv, (1 +1Bllv,) (2.35)
for 1 +po > 1/2, [Ipllv, < A(p)/(1+po). Here we note A(p) can be bounded as in the Appendix
Lemma 6.1 which implies the second condition is correct for [|p|ly, small enough. That is, |y;,|
is globally(uniformly) Lipschitz with respect to § provided that p € V; satisfying 1 + pg > 1/2
and ||p|ly, small enough. Hence by classical Picard-Lindelof existence theory, the system (2.23)
is solvable on a small interval with smallness depending on the Lipschitz constant only. In addi-
tion, by construction the length of I', satisfies (2.30) which implies that § is uniformly bounded
independent of p, and the solution is extendable to the whole finite interval .# for all p € D; with
8 suitably small. O

14
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The following Lemma establishes uniform bounds on the smoothness and distance from self-
intersection of the interfaces I'p.

Lemma 2.11 (Smoothness of T'p). Suppose that 'y € Qio’io for some Ko > 0 and {y €
(0, t/(8Kp)). Then there exist K, > 0 and § suitably small depending on Iy, independent of
& > 0 such that for all p € D the associated I'y, resides in 912(’ ¢ and is L-far from self-intersection.
Moreover the perturbed curves y, satisfy the bounds

k

ol =70 RIS+ Y BV @IS bl k=1.24 (2.36)
=1

—_

The curvature and normal of I'y, defined by

p=ry-mp/lypl’ mp=eT 2y [lyl. (2.37)

admit the bounds
mp| ST+ 1Bllv,; likpl S T+ 11Pllv, lkpll gk ez S 1+ IIf)IIVkZ+2 (2.38)
fork=1,2.

Proof. We first establish the bounds on y, and its curvatures. From identity (2.34) and relation
(2.27), we have upper and lower bound of the metric |y;,|

1S [¥pl <201+ Ipo), (2.39)

for p € Ds with § suitably small. This further implies that the first derivative of the metric has
the bound

1¥p - |
lypl'l= 22 | Slypl. (2.40)

The higher derivatives of the metric |y;,| enjoy the bounds

v

A

///

Sy + vl (2.41)

S+l |l

Moreover the definition (2.19) of yp(s) with p = p(s) and § = 5(s) given in (2.22)-(2.23), and
the smoothness of Iy imply

ol ST+ Mwplls g L ST+ 101 Wyl 1+ 1871 1lypll;
_ _ _ . . (2.42)
|y<4>|<1+|p’”|+|p<4)|+|p/|||y;,|”’|+|p”|(||y;,|’|2+||y;,|”|)+|p’”|-||y;,|’|,

provided that ||p||y, uniformly bounded independent of . Combining the first estimate in (2.42)
with the estimate (2.40) yields the bound

15
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[Ypl S1+19"() (2.43)

for | 7'l S IIPllv, < 8 suitably small. In a similar manner, combining the last two estimates of
(2.42) with (2.40)-(2.41) and (2.43) yields

I S1+1"®L IS 1+1PY®+ 1576 (2.44)

since || p”|lL S IIPllv, S 1 for p € Ds. Now the curvature «p in (2.37) admits bound
lepl S1ypl S1+12"G)I,

so that the L*° and LZ(J ) bounds of the curvature follow from (2.27). Taking the derivative of
the curvature and using the bounds (2.39), (2.43) and (2.44) with [|p|ly, < 1 implies

o—TR/2 —R/24,1 o—TR/2

" "
}’p'yl)+e }’ }’ yl) yP
3 5
l7pl l¥pl

I = "
|Kp|_ yp yp <l+|p |

The LZ(JP)-bound of Kl/, now follows from (2.27). The Lz(fp) bound of Kl/)/ is obtained from
similar calculations, the details are omitted.

To see that I'y € g%(, ¢» we remark from (2.36) that y, is uniformly bounded in W2 (7)
by some K > Ky. In particular ||kp|[z inherits this uniform bound. To establish condition
(b) of Definition 2.1 we first establish that I'g € 92 ; for some ¢ > 0. We have condition (b)
for T'p with Ko and £g. If 1/(8K) < |s1 — 2|0 < 1/(8K0) then by (2.5) we have |yo(s1) —
Yo(s2)| > 1/(64K). Combining these cases we have I'g € g2 i with ¢ = min{€op, 1/(64K)}. For
[s1 —s2].# > 1/(8K), by (2.19) with ®¢ independent of s and (2 22) we derive

Yplsn) — mw—M) mw/;?@zww

Here we used (2.27) to bound the L*-norm p and ||plly, < [Iplly,. Lemma 6.1 affords the
bound A(p) = O(1 + ||plly,), and we deduce that T'y € g;w for ¢ less than 5/4 for all p €
Ds by choosing § suitably small. We deduce from Lemma 2.1 that each I'y is £-far from self-
intersection. 0O

The dressing of interfaces requires a 2¢ reach. From Lemma 2.11 we may choose £ > 0 such
that the collection of perturbed interfaces belong to g;( »¢ With associated reach Fff. To each
p € D; this allows us to introduce the local whiskered coordinates (sp, zp) associated to I'p.

Similarly, the geometric structures nyp, y|, and «p associated to I'p have natural extensions to

[’2é The domain er of (sp, zp) overlaps with the domain FZEO of the local coordinates (s, z)

assoc1ated to the base point I'g. On the interface I'p, corresponding to zp = 0, the whiskered
variable sy reduces to s, that is sp |Zp:0 =s. The quantity §, and not s, corresponds to arc-length
on I'y. In the sequel the term “local coordinates of I'y” refers to (sp, zp) on er however it
is convenient to introduce Sp, the extension of s to F‘Z,‘Z, as this is the natural varlable for the

Laplace-Beltrami eigenmodes {© j}j>0 of Ay, and of their integrals.

Sp>

16
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Notation 2.1. To simplify the presentation of the subsequent calculations, we will use the blanket

notation £ (zp, yl(,k)) for any smooth function defined in Flzf that depends upon s, only through

the first k derivatives of y . If the function is independent of zp, we will denote it by h(yf,k)).
The following Lemma presents a common use of Notation 2.1.
Lemma 2.12. If function f = f(sp) defined on Flzf depends upon sp only through |y;)|, Kp,Mp -

ng, & Vskp, and their derivatives, then under the assumptions (2.29) there exists h = h(yg) in the
sense of Notation 2.1 such that f(sp) = h(y;;), where h satisfies

1Bl + 1@ I < 1; (2.45)

and forl > 1,

-1l ”
&1 vE v

< EN -1l " o < ~
prny ST IRl BTG S Bl 246)

Proof. The estimates (2.45)-(2.46) are direct results of Lemma 2.11. 0O

The following lemma is used frequently to establish bounds on vector and operator norms in
various error terms.

Lemma 2.13. Recalling the notation of section 1.1, if f € Lz(ﬂp), then there exists a unit vector
e = (¢;) €1? such that

f £8:d5p = Ol fll205,)er- (2.47)
A

If in addition f € L™ on %, then for any vector a = (a;) € 12, we have

> / £6i2;0; 5| < lall2 | fllee, (2.48)
A

and there exists a matrix E = (E;;) with operator norm lf norm equal to one, such that
/f@)ié,- dsp = O (|l fll o) E;;. (2.49)
]P

Proof. The estimates follow from Plancherel and classic applications of Fourier theory. O

17



Y. Chen and K. Promislow Journal of Differential Equations 292 (2021) 1-69

3. Quasi-equilibrium profiles and the bilayer manifold

Fix Kg, £o > 0 and a base interface I'y € g;*(oﬂo. We associate the collection of perturbed in-
terfaces {I"p}pep; and construct the bilayer manifold as the graph of the quasi-equilibrium bilayer
distribution ®j, over the set Ds. The bulk density parameter o is slaved to the meander param-
eters to enforce a prescribed total mass constraint. The construction of the quasi-equilibrium
bilayer distribution begins with ¢ defined on L>(R) as the nontrivial solution of

320 — W' (o) =0, (3.1)

that is homoclinic to the left well b_ of W. In particular ¢ is unique up to translation, even about
its maximum, and ¢ — b_ converges to 0 as z tends to oo at the exponential rate /W” (b_) >
0.

The linearization Lg of (3.1) about ¢,

Lo:=—32 + W ($0(2)), (3.2)

is a Sturm-Liouville operator on the real line whose coefficients decay exponentially fast to
constants at z = co. The following Lemma follows from classic results and direct calculations,
see for example Chapter 2.3.2 of [23].

Lemma 3.1. The spectrum of Ly is real, and uniformly positive except for two point spectra:
Ao < 0 and A = 0 and associated ortho-normal eigenmodes Yo and 1. Moreover, it holds that

Logy=0, Logj=—W" (o) |¢p|"

» Lo (2¢%) = =24,
The ground state eigenmode o is even and positive. The kernel of Lg is spanned by 1 =
#,/ 1194l 2. The operator Ly is invertible on the L? perp of its kernel, and both Lo and its inverse
preserve parity.

Some care must be taken to distinguish between functions in L*(R) and their dressings that

reside in L2(2). As an example, since 1 is L*(R) orthogonal to ¢(’) we may define By =L ke
L*(R) and its dressing subject to I'p,

B (x) == (Ly* ! e L™, (3.3)
defined on all of 2. Recalling the averaging operator, (1.5) we introduce
24 . d
By, =19 <BP,,{>L2 . (3.4)

Here and below, we drop the d superscript on the dressed function to simplify notation when no
ambiguity arises. Introducing n, := 11 — 2, we define the first dressed correction ¢; to the pulse
profile

$1(0) =¢1(zp;0) ;=0 Bp2 + n—zdLgl (zp90) » (3.5)

18
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which depends upon the bulk density and meander parameters, o € R and p. The bulk density
parameter controls the value of ¢ outside of I‘lzf, where the profile is constant. In the construc-
tion of the bilayer manifold o = o (p), adjusting the bulk density state to make bilayer mass
|2]{®p — b_);2 independent of p. Viewed as a function on R, ¢; is smooth and is even with
respect to z, while as a function on €2 it is smooth and even in zp to leading order.

The second order correction ¢, is composed of products of whisker independent dressed
functions and the whisker dependent curvature kp, = kp(sp). As such ¢ is not strictly the dressing
of a function of one variable, indeed for each fixed value of s;,, we define it as the LZ(R) solution
of

W///
Li¢2(z, sp) = g2(z, sp) := —Lo (Z"g‘f’(/) + Gl )¢1) <K§¢8 + (=01 + W (¢0)1)Log1

+ 14 w”(¢o>¢1) —p(2Log{ @) + (=1 +2W" G0)1 (1) ).

(3.6)
The constant o determined below to insure the right-hand side of (3.6) is in the range of Lo
on each whisker. Since each sp dependent term decays exponentially to zero in zp, the resulting
whisker-dependent function extends to a smooth dressing ¢, around I',. We denote this extension
by

W///
R <sz§¢6 (¢0)¢1> ('ﬁ%d’é’ + (=n1 + W"(¢0)p1)Log1
3.7

+ ndw”(¢o>¢1> —pLg? (2Lodi (@) + (=11 +2W" G0)1 (0765 ).

To verify that the inverses of Ly are well defined we observe that the first two applications of
Ly "in the right-hand side of (3.7) are to functions that are even in z, and hence orthogonal in
L>(R) to @(,- The third application is to a function that is odd in z, which we denote by (g2)°%,
In L?(R) we calculate the projection of g‘)dd onto the kernel of Ly,

/ 4 pydz = —mm? +2 / W (¢0) ¢ 11 (07)dz, (3.8)
R

where m is defined as

my = ||¢’(/)||L2(R)' (3.9

In light of Lemma 3.1, we have L%(qu(’)) —2Lo(¢)) = W/”(qbo)|qb(’)|2. Using the definition of
¢1 and integration by parts, we have

n
2/ WW(¢0)|¢(/)|2¢1 (07)dz = /L%(Z¢6)¢1 (07)dz = —mgo| + Edm% (3.10)
R R

For al* given by
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2
0?::—% with m0:=/(¢0(z)—b,)dz, 3.11)
0
R

we see that the terms on the right-hand side of (3.8) cancel, and we deduce the bounded invert-
ibility of Ly in (3.7). We are in position to introduce the profile.

Lemma 3.2. Let meander parameters p satisfy (2.29). Then for ¢o, ¢1, and ¢ defined in (3.1),
(3.5), and (3.7) respectively, we define the bilayer distribution

Dp(x; 0) := o(2p) + £¢1(2p: 0) + &7 (sp. 2pi 0, 0%), (3.12)
which has the following residual
F(®p) = 60 + &°F2 + £°F3 + e'Fx4. (3.13)

Here the expansion terms in the main residual F,, have the form

F2 =kp(o — o) f2(zp); F3 = —¢Agkcp + f3(zp, V)

(3.14)
F>u= fa.1(zp, ¥p)Ag f12(zp, ¥p) + f12(2p, V),

where f = f(z, yg) with various subscripts are smooth functions which decay exponentially
fast to a constant as |z| — oo. In particular, f>(z) is odd with respect to z and decays to zero as
|z| = oo. In addition, ¥y, F3 satisfy the following projection properties:

/ F ¢y dzp =mo(o) — o)kp + O (e tV/%)y:

Roe
3 (3.15)
’ 2 KP —Llv/e
F3 ¢y dzp = m7 —Asp/cp— 7+oucp + O(e ).
Ry

Here a = a(o; 01, n2) is a smooth function of o.

Proof. For brevity of notation, we drop the subscript p in the proof. The variational derivative
F(®) can be written as

F(@)=[0F +cHi: +¢7, = W/(@) +em | [020 4+ cH @+, — W/(@)] (3.16)

+engW'(®).

The components of the profile ® were chosen to make the residual TToF(®) small to 0(ed).
We expand F(®) in powers of ¢, and introduce ¢>1 := ¢1 + £¢,. Taylor expanding the k-th
derivative of W (®) around ¢ for k = 1, 2 and keeping terms up to third order we find,
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w2,
WO (@) =Ww® (go) + eWED (p0)¢1 + &2 <W(k+l)(¢0)¢2 + ( k)qb])

2
5 3 (3.17)
e Wkt
+ S WED (G0) 241 + o) + 83% L
Similarly the expansion of the extended curvature H to third order takes the form
2 4
H=- d =—Kk—¢€7 d =—k —ezk? — 2%k — 37 hd .
1 —ezx 1 —ezk 1 —ezk
The whiskered coordinate expression (3.16) of F(®) admits the expansion
F(®) =¢ (Lg¢1 Ty W’(¢0)> + 62F, + &3F; + e*F>. (3.18)

Using the identities from Lemma 3.1, F, and F3 reduce to

'"((i)o)

F, =19 (K¢i + Logp + zic>dp + ¢1) + (kd; — 1 + W (¢0)¢1)

x (kpp + Log1) + na W"(¢0)¢1;

w®
F3=Lo (xachz + W @0)p1¢2 + 22k g + 2] + %aﬁ‘)

W///
+ (k3 — 1+ W (¢0)¢1) (Lo¢2 + Kl 4 12z + (¢O) ¢1)

( W®(¢0) 5

— Ask + o7 + WW(¢0)¢2> (kpp + Lod1)

+ 13204 + 28, Lo + na (W”(¢o)¢2 + (¢O)¢1)

Within Ff, using the expressions for ¢1, ¢, in (3.5) and (3.7) we see that the O(e) term in
(3.18) reduces to the constant o. Using the definition of ¢, given in (3.7), the term F; further
reduces to

Fy = kLo(¢1 — ¢1(07)) +k3:Lo(p1 — d1(a1)) + W (o) (91 — d1(]))k ¢y,

and the final expression for F, in (3.14) follows from (3.5) with the reductions for F3 and F4
obtained from similar calculations. In particular F34 takes the exact form:
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F>4=—(33+8Haz+82Ag — W//(q))+€n1)< (%o )¢2 + Ay
W(4) A ) ol 4k,
+ ( )(3¢1¢2 +3e¢103 +e%¢3) + (7o +f"_‘i’1ﬂj’< ¢2)ZK>

1—ezk

k3 (4)( h)
+ 9, + (g1 + )2 | (kpy + Lop1) — (HI, +eAg

w®
= W (b1 + 1) (W”’<¢o)¢1¢z + 2Py + 2k + kb + %qﬁ)

W(4 h w"”
—(Ag—zxzaz 02, - W’”(¢o>¢>2) (k91 + 220} + Logn + 2 7),

where the & terms denote remainders from Taylor expansion. The highest derivative with respect
to s arises from Ag¢y where ¢ = ¢2 (s, z) through its definition in (3.7).

The projection of F, onto ¢(’) is similar to the calculation of (3.8) and (3.10) and omitted.
L2(Ry) to 2¢y, is zero. To estimate the projection of F3 in L2(Ry) to the function ¢y = ¢ (2), it
suffices to consider the odd part of F3. Indeed, since ¢g, ¢; are all even functions with respect to
z, we have

F§M = Lo (10,05 + 2236 + W (@0)9165) — Mgk + (=1 + W (90)1)

X (Logs™ + k) +wd: (Lo¢eve“ + 2K + (¢’ ) ¢1)

w®
P G20 W G09S + 20+ na W oI5

Integrating by parts, using properties of Ly from Lemma 3.1 and re-organizing, we obtain
/ 2 771 K 12 _
/F3¢0dZ=—AsKm1—T Lop1dpzdz +Z1 +Zo +13+ O(e” )
Rg Rl
where
Tii=« / Lprppedss = f W (o) dyprLodsdd dz:
R, R,

Ty = na / W (o) pls d

R,

For ¢1 = ¢1(0) and some smooth function & = «(0), the projection of F3 in (3.15) follows from
the identities:
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P

T =St b / Logidhedz — | W (o) b Loz dz
]Re Rlé

- UdK/ W (do)pr1¢pzdz + k / W ($o) i g dz;
]Re RZ

T —x / W (@0 dyb1Ly (=1 +2W" (Go)p1 (1)) b))

Ry

—ZK/W///(¢0)¢6¢1¢i(0{k)dz;
Ry

T3 = —nak / W (¢0)piLy > (2Loo1 (07) + (=1 +2W" (g0)p1 (07 )¢}) dz. O
R,

Outside of Fff, the profile @}, reduces to a constant value that admits the expansion
D =b_+ep{° + 25, (3.19)
where the leading order correction relates to the bulk density parameter
#7° = B30.

The flow (1.3) conserves the system mass, making it a key parameter that is fixed by the initial
data. As we study bilayers of length O (1) it is natural to scale the mass

/(u —b_)dx = eMj. (3.20)
Q

We adjust the bulk density parameter so that ®p, has mass ¢ Mo, and a solution u of (1.3) satisfies

M,
0= (u(t) — Pp) 2 = % — (®p —b_) 2. (3.21)

The exact relation of o required to guarantee (3.21) is determined from the expansion (3.12) of
®p with ¢y = ¢1(0) given by (3.5),

1 1 — /
o(p)= % {MO —b/ |:g (¢0(Zp) —b_+ 82¢2(Sp’ Zp)) + n_zde,%)(Zp%)] dx}. (3.22)

The bilayer manifold of perturbations from ®g is constructed as the graph of ®, over the
domain D;s subject to the mass condition ($p —b_);2 =eMy/|L|.
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Definition 3.3 (Bilayer Manifold). Fix K, £g, § > 0. Given a base point interface I'g € g;‘{o 20
and system mass My, we define the bilayer manifold M, (I"g, Mo) to be the graph of the map
p > ®p (o) over the domain Ds with o = o (p) given by (3.22).

From Lemma 2.11 for each fixed Ky, {¢ there exists K, £ > 0 such that for all p € Ds the
interfaces I'p € gf( 9 are 2¢ far from self-intersection and each bilayer distribution ®}, has the
mass (b_|Q2| + eM).

Lemma 3.4. For a given bilayer manifold, the map o = o (p) over Ds can be approximated by

Moy —mg|Tol  mo|To|
o(p)= = - ==
B3| B3°19|

po+ O(e),

where BS° is the nonzero far field of By introduced in (3.3) and po is the first component of p
that scales the length of T'p.

Proof. At leading order, the mass per unit length of interface associated to &}, is independent of
p and given by my, defined in (3.11). The mass of ®, satisfies

_1R1®p—b)p
&

Mo =mo|Tp| + B3° |0 + O(e). (3.23)
Combining this with (2.30) yields the result. O

Remark 3.5. In the companion paper [8] we present a refinement of ®;, which reduces to an
equilibrium of the system for p = (po, p1, p2,0, ..., 0), e.g., when p =0, and Iy is a circle.

At leading order the residual of @, is controlled by the deviation of the bulk parameter o
from o

Lemma 3.6. Under assumption (2.29), the residual satisfies
IToF(@p)ll.2 < &%%lo — o[+ &2 (1 + 1IBlly2)-

Proof. The second estimate results directly from the form of F; and F3 in (3.14) and the use of
the estimates

likplle <1+ 1Plv, <1, [Aspipll2es) S 1+ IIﬁllvg- a
4. Fast and slow spaces and coercivity

The nonlinear stability of the bilayer manifold hinges upon the properties of the linearization
of the flow (1.3) about each fixed quasi-steady bilayer distribution ®p, constructed in Lemma 3.2.
In this section we establish the coercivity properties of the linearized operators that allows the
nonlinear control established in Section 5.

We fix Ko, £o and a base point interface I'g € g?(o,%() and choose K, ¢ > 0 such that I', €

g}m for all p € Ds. The linearization of (1.3) about ®, takes the form IToIL. where
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82 F )
= = (*A - W' (® A - W' (D
5 lu, = € (@p) +en)(e (®p)) @

— (7 ADy — W/ (@p)) W (Dp) + ena W (Pp),

denotes the second variational derivative of F at ®p and recall that ny = 11 — n2. When re-
stricted to functions with support within the reach F%‘Z, the Cartesian Laplacian admits the local
coordinate expression (2.11) in terms of (sp, zp) which induces the expansion

L=Lo+¢L; +&’Lxo. 4.2)

The leading order operator takes the form
2 2 2
Lo:=(Lo— %A, ) =£% 4.3)

where we have introduced £ :=Ly — ezAsp. Much of the structure of the FCH flow stems from
Lo, particularly its balancing of the I'p-dressed operator Lo, defined in (3.2), against the Laplace-
Beltrami operator associated to I'p. The next correction to IL takes the form

L1 = (kpde, + W (¢0) 1 — Zp82Dsp,2 — )L+ Lkpde, + W (g0) 1

4.4

— 2pe” Dy, 2) + W (o) (ip (40) +Lod1) + na W (). o
The second and higher order correction term, IL»», is relatively compact with respect to Lo and
its precise form is not material. We use the expansion (4.2) to construct approximate slow spaces,
the meander and pearling spaces, that characterize the small spectrum of L in the sense that the
operator is uniformly coercive on their complement. We tune the spectral cut-off parameter p
that controls the size of the pearling and meander spaces and to preserve the asymptotically large
gap in their in-plane wave numbers while obtaining optimal coercivity.

4.1. Approximate slow spaces

Up to exponentially small terms, the approximate slow space Z is a product of functions of
zp and s, that exploit the balance of the operator Ly viewed as acting on the tensor product space
L%(R) x Lz(fp). As both LLg and £ are self-adjoint, it is sufficient to establish coercivity of
L. The spectrum of Lo, in particular its first two eigenmodes {4 }x=0,1 of Lo are introduced in
Lemma 3.1. The Laplace-Beltrami eigenvalues {,33, j} j=00f Ay, = 8521, are discussed in (2.25).

Definition 4.1. For kK =0, 1, we introduce the disjoint index sets:
— _ A2 252 2
=Sk, 0) = || AL i= O+ 628 2 <} 4.5)
their union, ¥ := Xo U X1, and the index function I : ¥ — {0, 1} which takes the value 1 (j) =k
if j € X.
The preliminary pearling and meander spaces, denoted by Z(p, p) and Z!(p, p) respectively,

are defined in terms of their basis functions
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23 =) (@ (0O, Gp(x),  j €S, (4.6)
where the dressed and scaled versions of the eigenmodes of Ly are defined by
Vi(zp) i=¢Yuzp) k=0,1.
In particular,
2, ) =span {2y | j e 3}
and the preliminary slow space Z(p, p) := Z0p, p) U Z1(p, p) € L%(), is their union. For
simplicity of notation, we use 2, Z to denote Z*(p, p) and Z(p, p), respectively when there is

no ambiguity.

The exponential decay of ¥ to zero away from the interface implies that the corrections
arising from dressing are exponentially small, in particular there exist v > 0 such that

LoZL D' = A} ), 2L + 0(e™ ), (4.7)
for all i € X. Since the set {A%(i) ;Yiew lies in the interval (0, p) the functions in the slow space

are compressed by a factor of p under the action of L.
To estimate the sizes Ny and N of ¥y and X, we remark from (2.25) and (2.17) that ,3; i~

Cj 2 The ground-state eigenvalue 1o < 0, hence k lies in Xo(p) if and only if

e —ro—p2<jSeT ~ro+02, = No=IZo(p)l~ep (48)

On the other hand A; =0, so j lies in ¥(p) if and only if
0<j<e ot = Ni=[Zi(p)~e o (4.9)
The lower bound of elements in o, e~'/—Ag — p!/2, is of order e~ while the upper bound of

¥ is of order e ! p!/4. We deduce that X and X are disjoint for p suitably small. Indeed there
exists pg, ¢ > 0 such that for p < pg the associated in-plane wave numbers {g;} satisfy

Bi — Bjl =ce”!, VieXg, jeX. (4.10)
The slow space Z has dimension
N :=|Z(p)] = Zo(p) +Z1 (o) ~ &' o,
Remark 4.2. The wave-number gap (4.10) plays an important role in bounding interactions be-
tween meander and pearling modes. In particular it yields the factor of ¢ in the upper bound
of (4.12). This is used in Proposition 4.8 and is required to close the nonlinear estimates in the
follow-on paper [8].

Using the formalism of Notation 2.1 we have the following estimates.

26



Y. Chen and K. Promislow Journal of Differential Equations 292 (2021) 1-69

Lemma 4.3. Assume p € Ds with Ds introduced in (2.29), p suitably small and h = h(yl(,k)) isa

function satisfying Notation 2.1. Then there exists a matrix E = (I£;;) which is bounded in l,% as
a map from I>(RN) 1o I>(RN) such that

/h(}’g())@iéj dsp| SE;ij 4.11)
P

hold fori, j € ¥ =%gU X1, and k =1, 2. Moreover for all i, j such that 1 (i) # I1(j) we have

/h(yf,">)©,~©,- dsp| S &1+ 1Bllv2)Eij. 4.12)

p

Proof. With & satisfying Notation 2.1, we bound the L°°-norm from Lemma 2.12 as
RIS k=12 (4.13)

and deduce from Lemma 2.13 that these terms are O (1)E;; for a matrix [E as above; the estimate
(4.11) follows. For (4.12), when I (i) # I(j) we have B; # B;. Integrating by parts twice we
transfer the highest derivative of (:),- to ® j» which generates lower derivative terms from the

product rule with /. Noting 95, = V,, we write the result in the form

/h (v}) 616 dsp = - f h(vp) 6,0/ dsp - / v, 10,0 5,

B B B
! ’ ’ (4.14)
= [1(ry) 85vyidn + [ 9, (618 - 8,8,) &5,
fp fp
Applying identity (2.25) and after some algebraic rearrangement we obtain
2 2 AY- W~ ~ .5 A O ~
B2 — B2 f h (yp) 0,0, ds, = / Vi, h (@,@j - @iQ,-) dsp. “.15)

‘/JP jl)
By the relation (4.17), the right hand side can be rewritten as
/Vsph ((Z)i(:)’j _ (:);é)j) dsp = By, f Vi, i, /By, d5p — B / Yy, 10/ Bp.i0; dip.
jp jl’ jl’

Note that from (4.17) that {:l:(:)’/./,Bp,j,j € X} is equivalent to the set {:I:(:)j,j € X}. Hence
Lemma 2.13 applies and there exists a matrix E = (E;;) with 5 norm one such that
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[ i (816~ 616,) d5p| < (B + o)1+ 11V, E .
p

Here we also used Lemma 2.12 to bound the L®-norm of Vsph, or Vsph. We divide both sides
of the equality (4.15) by the quantity ,3; i ﬂ;’i to obtain

P BT 1+ [Plly2
/h(yﬁ) ®i®j dsp§ ”p”V3 E,’j ,S 4 E,‘j. (4 16)
b |ﬂp,i _lgp,j| |,3p,i _,Bp,j| ’
P

Here we used embedding Lemma 2.8. Moreover, By =
follows from (4.10) and (4.16). O

Uﬂéﬁ by (2.26), the bound (4.12)

The estimates of Lemma 4.3 are central to controlling the action of the operator I when
restricted to the asymptotically large slow space Z. A benefit of conducting our analysis in R? is
that single derivatives of the Laplace-Beltrami eigenmodes behave well. Indeed, from (2.17) we
have

: ~Bp.i®it1, i odd
&= e ’ 417
l { Bp,i®i—1, i even, 4.17)

which furthermore implies
é(k) . A
9; " € span{®;, ©;}. (4.18)

The following lemma provides the asymptotic form of the restriction of LL. It uses shape param-
eter

Si = / W ($0(2) B1(2) IWo(2)1 dz, @.19)
R

where Bp 1 and ¢ = ¢1(zp; o) are introduced in (3.3) and (3.5) respectively. This parameter is
independent of choice of p € D;s. In addition, for k =0, 1, we have the o dependent parameters

S2.x(0) = 2[ W ($0(2))¢1 (25 ) Y ()] > dz — 1. (4.20)
R

Lemma 4.4. Let p € D; with Ds defined in (2.29) and p suitably small. The basis functions of the
slow space {le,(k)k, ke 2} are approximately orthonormal in L*>. More precisely there exists a

matrix & with [2-norm one for which

L (14 po) 8ij, 1G)=1(j);
(le)(l)l,Zp(j)J> — 4.21)

2ol By 1D #IG).
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Moreover, the action of the linear operator L restricted to the preliminary slow space Z(p, p) is
given by

. 1G)i 1)
Mij = <sz(1)z’ Zp >

9

L2
whose entries have the leading order approximations
(14 po) (A + (@51 +nako) +£520(@) A0y ) + 0@ i = j and 1() =0;
(1+p0) (AT + 28210 A1) + 0 ifi=jand 1G)=1;
M;; =
0(*) By i # j and 1) =1());
0(e% 2 lpllyz ) Eij 10 #10).

Remark 4.5. In the absence of the asymptotic gap between ¥ and ¥, then the leading term in
M;; for 1(i) # I(j) generically increases to O(g).

Proof. Using the localization of the basis functions, we establish the approximate orthonormality
(4.21) by integrating over Flzf. Recalling that dx = Jdspdzp with J = &(1 — ezpkp) in local
coordinates, we write

2
Ro¢ J A Ro¢

N I1(i)j ~ o~ ~ ~ =~ ~
<Z;I)(')I’Zp(’)’> = / f V16 V1(j)©i®dspdzp — ¢ / kp®; 0 dsp / Yra)¥i)zpdzp-

4.22)
The orthogonality of {®;} given in (2.26) shows that the first term on the right-hand side con-
tributes the main §;; term in (4.21). We claim second term on the right hand side can be bounded
by

0 if 13) =1(j)

o N C )
0. e Iplly2)Eij. if 1) # 1())-

S/Kpéiéj dsp / Vfl(z‘)‘#l(j)Zdep:{

I Ry

Indeed, if 7 (i) = 1(j) (4.23) holds by parity since [/ |Zzp is odd. On the other hand, if I (i) #
1(j) we use estimate (4.12) from Lemma 4.3 to bound the projection of «} to C:)iC:)j in Lz(fp),
and (4.23) follows. Returning back to (4.22) implies the approximate orthogonality (4.21).

To establish the estimates of L, on Z we apply the expansion (4.2) of IL to the inner product:

10)i H1()J _ 1G)i 1()J I1G)i ~1()J
<ILZP z! >L2 _<ILOZP .zl >L2 +8<]lep .z )L2
2 10 1()i 29
)l
+¢ <}L>2Zp »Zp >L2 .
Recalling (4.7) and employing the approximate orthogonality identity (4.21), we obtain the lead-
ing order approximation
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o (1po) A ;8 + 0 (™) By 1G) =10
<]LOZII)(1)17 Z{)(l)]) , — (425)
g 0 (2 &lbllyz ). 1) #10).

Estimates on I restricted to Z are more complicated. Recalling (4.4), direct calculations estab-
lish
L1(1y0i) = Aryi (Kp‘ﬂ;(i)@i + W (¢0)p1¥1(1)Oi — ZpSZDxP,Z@il/II(i)
- mwzm@i) + ﬁ(f«pw}<,~>@,- + W (G011 1)O; — ng2DSp,2c:>,-¢,(,.)) (4.26)

+ W (o) (kpop + Lop) V1) ®i + na W’ (o)1) ;.

Since the operators Dy, » and L incorporate derivatives with respect to sp scaled with ¢, we

apply (4.17)-(4.18) and we separate into cases for ®; and (:): We also exploit the even and odd
parity of functions with respect to z,. We define functions 1 (zp, yg) and h(zp, yg), denoting
higher order terms, that enjoy the properties of Notation 2.1. With these steps the identity (4.26)
is rewritten as

O — (oL " "\ Q. Lo " U
L0000 = (&1 G v+ oG yp) O (63 o) +ehatrpzp) o6

+ 8% (2p)0;

where the functions g,ﬁ- = g,ﬂ- (Zp» yg) have opposite zj parity of ¥ ;). Hence they satisfy

/ g (zp. Yp)¥ia)dzp =0, k=1,2. (4.28)
Roe
The zp dependent only function g* = g*(zp) is given explicitly by

§*(zp) =A1wyi (W @0)d1¥16) — m¥iay) + (Lo + 82,33,,) (W (d0)p1¥1(i))
+ W (o) Lod1V 1y + naW" (@) V1)

(4.29)

From (4.27) we decompose the (7, j)-th component of the bilinear form of IL; restricted to Z as
Lz ) ~T+Ti+ B+, (4.30)

where we have defined
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Zy:= / g" @)V de/@i@./ dsp,

Ry ya
T, = / /(gf(zp,yg)+£h1(yg,zp)> V1(j)©i0; dsp dzp,
Ry S
431)
I = / /(gf(zp,yg)+5h2(yg,zp)) 1//1(1-)5@;@,- dSp dzp,
Ry 7

I3 := —s//]L1(wl(i)(:)i)wl(j)(:)jzpfcpd§pdzp.
Roe Hp

In light of orthogonality (4.28), we see that 71, 7, 73 are higher order terms. Indeed, with the
aids of Lemma 4.3, (4.17)-(4.18), and uniform bounds on &8, ;, a direct calculation establishes

T+ +13= O(e)Eij. (4.32)

From the orthogonality of (©:) given in (2.26), the term Zy, is zero unless i = j. As g* = g% (zp)
defined in (4.29) decays exponentially in zp, we may decompose

/ 8" (2p) V1) dzp = To1 + oo + Zo3 + Ce™ /%, (4.33)
Ry,
where we have introduced the sub-terms

Zor == Ay / (W (@) 1¥1i) — m¥im) Yia) dz
R

+/ (Lo +82ﬂ[2,,,-) (W (@0)p1¥1)) ¥idz,
R

T = / W (¢0)Lod1 V1) V1) dz,
R

Tos = na / W (o)W1 V1 iy dz.
R

Proceeding term by term, we integrate by parts in the second integral of Zy;, rewriting it as

Zo1 = S2,1() A1) (4.34)

where $> ;i) = S2,1¢)(0) depending on o is introduced in (4.20). Recalling the definition (3.5)
of ¢1, we separate Zg;,
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d
T =Too.1 + Tz =0 f W”/(¢0)31|1ﬂ1(i)|2d2+% / W (@o)zp |1y >dz.  (4.35)
R R

From the definition of Ly we observe that
W (0)pg¥k = Ay — LoV, and  Lo(zyn) = zhx ¥k — 29,
which together with the self-adjointness of Ly on L*>(R) yield

Nd
Tn2=~5 / (M(Nﬁfr(i)%(i)z - 1Pfr(i)Lo(ZlﬂI(i))) dz
R (4.36)

2
= 77d||¢}(l) ”LZ(R)

When I (i) = 1 we have ¥, = ¢;/m. Recalling the identify W’//(¢())|q>(’)|2 = —Lo¢; from
Lemma 3.1 yields

1

" 2 _ 1 " _ 4 _
/W (¢0)Bil V1| dZ———2/31L0¢odZ—— 2/¢0dz—0, 437)
R "R "R

and hence Zp2,1 = 0 when /(i) = 1. Combining the identity (4.36) with (4.35) we obtain

To2 =0 S181600 + 11V 1 172 (4.38)

where §7 was introduced in (4.19). Finally, from the definitions of Ly and v/ ;), Zo3 reduces to

To3 =Na f Lo+ V10 Vi dz =naria) = nallv o 12w (4.39)
R

where v/ (;) has been normalized in L*(R). Combining estimates (4.34), (4.38) and (4.39) with
(4.33) yields for some bounded p-independent constant C,

f §* (2p) V1) (2p) dzp = (0 S1 + 1ar0)81 )0 + S2.16)Aryi + Ce V%, (4.40)
Ry,
which combined with the orthogonality (2.26) and Zy defined in (4.31) furthermore implies
To=(1+po) [@S1 + 1220160 + S210Ari + O™ 6. @4D)
Combining estimates (4.41) and (4.32) with (4.30) imply

o Ay (I +po) [(@S81 +naro)dryo + 2,1y A1y |, i=Js
<ILIZII)<1>1, zl’,(f”> = [ o whio] .. (4.42)
L O(e)E;j, i #Jj;
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To address the bilinear form induced by IL>» we employ (4.18) to arrive at the general form

L3,Z) @ = =12 <h1 (zp- )0 + ha(zp, y;;)g(:);) :

where the functions i1 and h; enjoy the properties of Notation 2.1 and are localized near I'y.
Integrating out zp, and employing Lemma 4.3, (4.17) and the uniform bounds on ¢8; we deduce

K]L>zz;<f>", zlﬁ‘f”)’ <Ej;. (4.43)
The conclusion follows from (4.24), the estimates (4.25) and (4.42)-(4.43). O
4.2. Modified approximate slow spaces
The modified spaces are corrections to the preliminary spaces that make them closer to be-
ing an invariant subspace of L. This provides the better control required to close the nonlinear

estimates of Section 5.

Lemma 4.6. For i € I, there exist functions ¢y ; = ¢k i (Zp, y;;)(k =1,2) localized near I'y that
enjoy the properties of Notation 2.1 for which

/ ki (zps Yp) W1y (2p) dzp =0, k=1,2. (4.44)
Ry,

The modified basis functions

Z}V' = (1/71(1') + 8(291,1') O; +e¢,e0, =g/ [(wm) +e91,i) O; + 8(/92,1'8@;] . (445)
are 1L is invariant up to order * in L*>(), satisfying

LZ)0" = (A%(i)i +&81()0(0 S1 + naro) + 52,10)(0)1\1(1‘)1')4,(,’;)" + &3/2 <h1 O; + hzs(:)§>

4
+ e3/? Z <8k_lafph3,k(:)i + Sk_lafph4,k8@;) .
k=1
(4.46)
Here the functions h = h(zp, yg) are localized near I'y, enjoy the properties of Notation 2.1, and

have L*(2) norm of O (/%).

Proof. To establish the Lemma it suffices to construct ¢ ; in the interior region as the dressing
process incorporates only exponentially small errors. Using the expansion (4.2) of I, we compute

LZLO! = Lozl 4. S*I/Z(Ll(w,(i)@i) +Lo(¢1,0:) + Lo(wz,i8@§)>
] ] b (4.47)
+et-e7! (Ll(wl,i(")i) +Li(¢2,i£0;) +81/2]L>221§,(i)l)'
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The first term is calculated as in (4.7). Since Lo = £2, from (2.25) we see that
= 2.2 \? = 2 22 \? =

Loki®) = (Lo+e28,) oui®i+ (L= (Lo+e28,) ) (0i®).  @48)

We show that ¢ ; = @x,i (zp, yg) in the sense of Notation 2.1, and consequently, in (4.51), bound

the second term of (4.48).
It remains to determine ¢ ; for which the e-order term in (4.47) equals A%(i)i((pl,,@,- +

<p2,i8®§) to leading order. From (4.27), we define ¢ ; (-, yg) as the LZ(R) solutions to

2
((LO + 82,33,,) - A%(,-),-)cvk,i
(4.49)
=—gi (z, yp) + 511(i)((31(i)0(051 + naro0) + S2, 1) A1) Vi) — g*(Z)),

in the subspace perpendicular to yr;(;y. The definition is well posed since (4.28) and (4.40) imply
that the right-hand side of the identity is orthogonal to ;) in L%(R). Dressing these functions
on I'p, we extend ¢y ; to 2. Applying (4.48), identity (4.27) and (2.25) implies

L1101 +Lo(@1,i0) + Lo(¢2,:0:)
= (81(i)o(aS1 +nakro) + Sz,I(i)A1<i)i)¢1(i)@i + A%(i)l-(m,»é,- + ,50))
2 2,2 2 » -,
+ (L — <L0+8 ﬁp,i) ((,01,1‘61' +¢2vi€®i)
+e (hl(Zp, y8; + ha(zp, y;;)g(:);) ‘

Returning this expansion to (4.47), we obtain

Lz, = (A%(,-)i + €810 S1 + naro) + 52,1(1')1\1(1')1')2{,,(?" +e2L, (@1,1‘@1‘
+ (,52,,'8@0 + 82L>2Zl§’(i)i + g2. g7 1/2 (h](zp, }'g)(:)i + hz(Zp, yg)séi) (4.50)
2 222 V)~ & .y
+el L — (Lo + ¢ 'BPJ) (01,i09; +¢2,,£0;).
Expanding the operators Iy and L >>, and using (4.17), we write the second and third terms as
Ly (@1,:'(:3,' + 952,:'8(:);) + ngz{,,(i)i =¢71/2 (hl(zpa )’g)@i + ha(zp, }’;,/)é?@;) ,

where i1 and Ay are new general functions. The conclusion follows from this identity, (4.50),
and the relation

<£2 - (Lo + 82/33’5)2)(951,1'@[ +¢2,i£0))
4.51)

=3 (40 o ap, ) ©: + -0 ha ik (zp, 720 ).
k=1

34



Y. Chen and K. Promislow Journal of Differential Equations 292 (2021) 1-69

Here we note the dependence of ¢ ; on 5p is uniform on i by its definition from (4.49) and hence
we omit the dependence of /s on i by abusing notation. O

Note the dependence of ¢y ; on sp is uniform in j, we may use this fact without further
mention.

The modified approximate slow spaces are defined as the spans of the modified basis functions
of (4.45):

Z.p.p)=2%p. ) UZ (p.p)  with Zf(p,p):span{Z{,(;)’,lEEk}. (4.52)

Similarly as we used for the leading order slow spaces, we utilize ij, Z, to simplify the notation
when there is no ambiguity. When restricted to Z, the bilinear form of the full linearized operator
Iyl Z induces an N x N matrix M* with entries

My =(MoLzp% 2,97) . (4.53)

By construction, ¢;(;,; are perpendicular to ¥y, see (4.44). Following the arguments that es-
tablish (4.21) it is easy to verify that under assumption (2.29)

(1+p0) 8+ 0 (2 2plyz ) Eije 1) =1());

| S N A . .
z 0 (2. &lbllyz ) Eis. 10 #10).
From the definition of the zero-mass projection Iy, the identity (4.53) can be written as
M}, = <]L FAS zl’,f,{ i Lz 5 / Lz} dx / 2y dx. (4.55)

To estimate M;Fj, use the following Corollary to control the mass of Zlﬁ(,ﬁ )

L.

and its image under

Corollary 4.7. Under assumption (2.29) there exists a unit vector e = (ej)jex such that for
jEeZ,

f zy dx = 0¥ e;. (4.56)
Q
Furthermore,
[L2327 =0 (2a+ 1) e “.57)

Q
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Proof. With Z,/"/ introduced in (4.45), we have

/Zg,j*dX=8”2/1/f1<j>(1p)d2p/@jd5p
Q

Ry %

+e3/2//(<p1,1®j+€02,18@9) (1 = e2pkp) dipdzp.
Ry (ﬁp

The integration of e ; with respect to 5y is zero for j € ¥\ {0} while for j =0, ¥;(;) = ¥ has
odd parity in zp. We deduce that the first term on the right-hand side is zero. After integrating
with respect to zp, the second integral takes the form

e/ / hi(yy)©; dsp + / ha(y)e®’; dsp | . (4.58)
jp jp

The estimate (4.56) follows from (2.47) in Lemma 2.13 and (2.45). To derive (4.57) we employ
Lemma 4.6 and the estimate (4.56). The error bound involves the V32-norm instead of the sz-

norm of P because there is an additional higher derivative acting on 7 = h(yg) as shown in
(4.46). O

Applying the orthogonality and mass estimates (4.54) and (4.56) to (4.55) yields the expansion
of MT] This principle result gives a sharp characterization of the behavior of the linearized
operator on the modified slow space, which we summarize below.

Proposition 4.8. For i, j € 3, the M* with components M;kj defined in (4.53) can be approxi-
mated by

(14p0) (A}, +2@ 51 +1ar0) + 852000 ) + 06D ifi = j,1G) =0;
(14 po) (A]; +eS21A11) + O(?) fi=j 10)=1;
M = (4.59)
0(e)Ey ifi # . 1G) =1());
0. IBllv; ) Eis iF1G) #1()),

where the matrix E is norm-one as an operator from 1>(RN) 1o I>(RM).

We decompose M™* into a block structure corresponding to the pearling and meandering
spaces,

M*(0,0) M*(0, 1 ) .
M*=<M*El,0§ M*El,g), Mk, 1) =M for i € 5y, j €%y (4.60)
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Since matrix [ is norm-one, the Ny x Ny subblock matrix M*(0, 0) is diagonally dominant. In
particular, under the pearling stability condition

(PSC) aS1+naro >0, 4.61)

M*(0, 0) is positive definite. This pearling-mode coercivity is formulated in the following
Lemma.

Lemma 4.9. Assume o (p) given by (3.22) is uniformly bounded, independent of ¢ > 0, for all
P € Ds. Then there exists g sufficiently small such that for all € € (0, &9) and for all p € D;s for
which the pearling stability condition (4.61) holds, we have

&€
0" M*(0,0)g > (@81 +naro)lalz, Vg ePRY).

Proof. The constants S2 o and S 1 in (4.59) depend upon o, but are uniformly bounded, inde-
pendent of ¢ since ¢ is bounded by assumption. In view of the expansion of ij from (4.59) for
i, j € X, the Lemma follows for ¢ < gq sufficiently small, by completing the square in Aj);
in the diagonal terms and using the pearling stability condition (PSC), the uniform bounds on
82,0, $2.1, and the diagonal dominance of M*(0,0). O

We denote by the L? projections to the finite-dimensional slow spaces 20, Z! and Z, by
Mzo, Mz, Mz, respectively. Introducing the H? inner norm

il 2 2= llull 2 + €2 el 2, (4.62)

then we have the following result with regards to these projections. We state it for Zg, similar
statements hold for Z, and Z/.

Lemma 4.10. Suppose p € Ds satisfying £2||f)||V42 < 8. If § is sufficiently small then for any

u € L? there exists a unique No-vector q = qgj)j € 12 such that Q = Hzgu, can be expressed
as

0= q;Zp. (4.63)

J€Zo
Moreover, there exists g suitably small such that for all ¢ € (0, e9) we have the relations
lallz < lullg2; 1Ol g2 ~ 11212~ llgll2-

The parameters 8, ey depend only upon the domain, the system parameters, and the choice of
Ko, £p.

Proof. For any u € L*(R2), the L? linear projection Q :=II Z0U € Z,? is well-defined by the

Projection theorem, and hence there exists q = (q;) €/ 2 satisfying (4.63). In particular, the vector
q = (q;) satisfies the linear algebraic system
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0j 0k 0k
> ai (ks ZP»*>L2 =(u. ZP’*>L2 . Vkex.
J€Xo

Due to the approximate orthogonality afforded by (4.54) and the bound 82||f)||v42 < 8 with §
suitably small, there exists a unique q solving the system and q can be bounded in terms of
L?-norm of u as

lallz S llullgz.

It remains to show the norm equivalences among Q and q. First, the equivalence of the L2-norm

of Q and [?-norm of q follows directly from the orthogonality relation (4.54) which requires the

condition ||[3||sz S 1IPllv, S1 and &g suitably small. The set {ezAZSf*}jeNo is approximately

L*(£2) orthogonal due to the local coordinates Laplacian expansion (2.11), the form of Zg,j* and
Lemma 2.13. Combining these implies

le*AQlIL2 ~ lIqlle,
and the Lemma follows. O
We call Q =11 Zou and the associated vector q = (q;); € 12 defined through (4.63) the

pearling mode component and pearling parameters of u, respectively. The relations (4.56) and
(4.57) imply

[oar=o(lals).  [Looar=o0(a+blyplals). b
Q

Q

We present our principal results on the linear coupling between the pearling-meander and slow-
fast modes.

Theorem 4.11. Assume that p, 8 are suitably small depending on the domain Q, the system
parameters, and the choice of Ky, £o. Then the following results hold uniformly for all p € Ds,
defined in (2.29).

(1) All Q in the pearling slow space ka) take the form (4.63) and satisfy || Oll y2 ~ llqll2. More-
over the pearling-meander coupling satisfies the bound

1Mz MLl £ (o2 + €21l ) gl
(2) For any function v € H?, the slow-fast coupling satisfies the bound
IN%, L0zl + 102 LTS vl S (22 + e2Bllyz ) ol 2.

Proof. We address the bounds in term.
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(1) The equivalence of the Hii and /% norms, || Q l z2 ~ llqll;2 is established in Lemma 4.10. For
mn
the pearling-translation coupling estimate we remark that

1/2

1i 2 *
Iz MLl = | Y- (Lo zL) | | =1vr© balpe.
€Y

Applying (4.59) for the case I (i) # I (j) yields the first bound.
(2) To establish the second bound it suffices to show for any v € Z,, w € Zj, we have

Lo, w)> S (2 + e2Bllyz ) Il 2wl 2. (4.65)
Writing v € Z, in the formv =), v v; Zli(i)i for {v;} € R, we obtain

Lo,wy2=Y v <]Lpz{,f;;>i , w>L2 . (4.66)

]

We consider each component in the summation. Utilizing Lemma 4.6 and the orthogonality
of w and Z, implies

. B i i
<w, szf,{”)Lz = 82<w, e 12,8, +h28@/j)>L2

4.67)

4
+e 2y <w, R AVEVCIE askph“”‘g(:)»ﬁ ’
k=1

where the functions i = h(zp, yg) enjoy the properties of Notation 2.1, localized in Fff and
can be bounded in two ways,

lefog Rl ST+ IBlIv, S1 e o5 hlle ST+ IBlv, S 1+ [Bllyz2.  (4.68)
Inserting (4.66)-(4.68) into (4.65) and using Lemma 2.13 completes the proof. O
We extend these results to the full linearization ITolLp of the mass preserving flow (1.3) at ®,,.

Corollary 4.12. Under the same assumptions as Theorem 4.11, if w € Zj- and q is such that
w + Q is mass free, with Q as in (4.63), then

INz, MoLwlz2 S (62 + &2 1Bllyz ) il + e lalle.

Proof. As in the slow-fast coupling estimate of Theorem 4.11, we need show for any v € Z,,
w e Z:-, and q as above, that

(MoLw, v) 2 S [ (62 + €2 1Blly2 ) il + e lalle | vl 2. (4.69)
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Writingas v=7> ;.5 V; Z{,fi)i, we have the equality

(IToLw, v) ;2 = Z v; <H0LZKI)fi)i, w>L2
ieX

We use the definition of ITg

10)j 1()j 1 10)j
(MoLw, 7, >L2 =(Lw, 7 >L2 T / VSRR, / Luwdx, (4.70)
Q Q
and apply the estimate (4.56) and identity (4.73) from Lemma 4.13 below to deduce
|z, MoLw| STz Lwl 2 + (w2 + ellgll)- 4.71)
The corollary follows from Theorem 4.11 by noting w € Zj‘. O
4.3. Coercivity
The coercivity estimates on the operator IL restricted to the orthogonal complement of the
modified slow space, Z*l, are essential to the orbital stability of the underlying manifold. Co-
ercivity estimates for the constrained bilinear form L | for the preliminary slow space were
derived in [10,24] and Theorem 2.5 of [22], for the weak functionalization under the restriction
0 ~ /€. However, these results lead to an ¢ dependent coercivity estimate. Our main coercivity
result, requires only p = o(1), independent of ¢, and exploits the improved orthogonality of the
modified slow spaces. In this subsection we establish this enhanced coercivity of the linearized

operator IL. on the space orthogonal to the modified approximate slow space Z,.

Theorem 4.13. Suppose p > 0 is suitably small. Then there exists gy > 0, dependent upon p, and
a coercivity constant C independent of p, such that for all € € (0, &9) and all w € Zi‘,

(Lw, w2 >Co’llwllr,  and |[Lwl|7, > Cp* (Lw, w)a. 4.72)

Moreover, if for any q the associated Q € ZQ satisfies (w + Q)2 =0, then we have the average
estimate

[(Lw) 2| S e 2wz +e2lalle, (4.73)
and in addition
Ce*llqll% + (MoLw, Lw) 2 > [Lwlf3,. (4.74)
Proof. To establish (4.72), we introduce
Li=—&2A+ W' (Dp) — %8771,
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and rewrite the linearized operator I defined by (4.1) in the form . = (L )2 + &R where
2 "
£ w"(®
R _m _ W (%) (

. e2AD, — W’(cbp)) + W (Dp).

Since R is a multiplier operator with a finite L°°-norm, it follows that

L, w) g2 > (L) 2w, w) | —elRle s,

L2

and moreover for some C > 0 independent of ¢,

2
2 2 2 2 2
ILwl2, > | @o?w| |, —CIRIE w2,

Imposing the condition &g < p% =o(1), then the coercivity estimates (4.72) for L follow from
Theorem 2.5 of [22] by replacing the preliminary approximate slow space Z with the modified
approximation Z,. It remains to obtain estimates (4.73) and (4.74). From the definition of Iy,

2

1
(MoLw, Lw) > = [[Lw]3, — a /]Lwdx . (4.75)
Q

To estimate the averaged term we turn to the definition, (4.1), of IL. which implies

/Lwdx = / [(szA — W (@) + gm) (82A _ W”(obp)) w
Q

Q (4.76)

— (2 Adp — W'(@p)) W (@p)w + eng W (Dp)w | d.

Since w satisfies periodic boundary conditions, both Aw and A%w has no mass which allows us
to rewrite (4.76) as

/]Lwdx =T+ + 15,
Q

where the terms Zy (k = 1, 2, 3) are defined by

T = —282/W”(<bp)Awdx, T, :=/(W”(Cbp))2wdx,
Q Q

Ty=— / [(ngcpp - w/(cpp)) W (®p) — £(na — m)W”<cI>p>] wdx.
Q

We address these terms one by one. For the first term we integrate by parts and add a zero term
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I = —252/ (AW (®p)) wdx = —282/ A (W' (@p) — W ($5®)) wdx.
Q Q

Since e2A(W” (Pp) — W (¢3°)) is bounded in L> and exponentially localized near the interface
I'p we obtain

171 S el lwll 2. (4.77)

By the definition of @y, the quantity e2A®, — W’(dy) is order of ¢ in L™, we deduce that the
part of the integrand in the brackets in Z3 is of order of € in L°°, hence

IZ3| Sellwllge2. (4.78)

Finally, to bound Z, we decompose it into near and far-field parts

L= [ [(W'@p) = (W) Jwdx+ (W65 [was.

Q Q

The mass of w balances with the mass of Q, thatis, (w);2 = —(Q) 2. From (4.64) we deduce
that

ol S e P lwll 2 + &2 gl . (4.79)

Combining estimates for Zy (k = 1,2, 3) in (4.77)-(4.79) yields (4.73). We deduce (4.74) from
these results together with (4.75). O

5. Orbital stability of the bilayer manifold

The tangent plane of the bilayer manifold M,, lies approximately in the meander space Z.
In this section we construct a nonlinear projection that maps a tubular projection neighborhood
of the bilayer manifold onto the bilayer manifold. The projection uniquely decomposes each u
in the projection neighborhood into a bilayer distribution parameterized by the meander modes
p plus an orthogonal perturbation v+ € (Z,})J—. The FCH gradient flow (1.6) weakly excites the
pearling modes, which from the coercivity estimates of Lemma 4.9 are weakly damped when
the pearling stability condition (4.61) holds. Accommodating the weak damping necessitates
extracting the pearling modes from the remainder and tracking their evolution dynamically. This
is accomplished by further decomposing the orthogonal perturbation v in its components in the
0O = Q(q) in the pearling slow space ZS and the fast modes w € Zj-.

We rewrite the flow as an evolution in these variables, and show that for initial data sufficiently
close to the bilayer manifold whose projected meander parameters lie within a set Os C Ds, then
the solution u = u(¢) remains close to My, so long as p remains inside of a slightly bigger set
O35 C Ds. In a companion paper, [8], we consider a circular base point interface associated to
an equilibrium of the flow and construct classes of initial data for which p remains inside of O3 s
for all time and derive a curvature driven flow that captures the leading order evolution of the
meander parameters.
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5.1. Decomposition of the flow

We say that a base interface I'g and a scaled system mass My introduced in (3.20) are an
admissible base-point pair if I'g € g‘,‘(o 2, and the system mass balances with the length of I'g
in the sense that

Mo — mo|Tol| S 1,

where my is the mass per unit length of bilayer, defined in (3.11). The collection of admissible
pairs, the admissible set, is denoted A(Ky, £o). This condition enforces that the far-field value of
@, lies within O (e) of b_, and hence that the bulk parameter |o| < 1, see (3.21)-(3.23).

For each admissible pair (I'g, Mp), we introduce an N{-dimensional bilayer manifold M =
Mp(To, Mp; p) as given in Definition 3.3, where the p dependence arises through Ny = Ni(p),
see Definition 4.1. With the H? inner norm defined in (4.62), we construct a projection onto the
bilayer manifold M, defined on the tubular projection neighborhood U/ of the bilayer manifold
My,

eMy

UMp) = {u € HX(Q) ‘pierg lu — Pp(o)lly2 <8, (u—b_);2= Q
5 m

}, 5.1)

where ®p(0) is defined in Lemma 3.2 with o = o (p) given by (3.22).

Definition 5.1. For u € U(Mp), we say ITpaqu := ®p(o) is the projection onto M, and
Hj—/lbu := v is its complement if there exist unique p € Ds and mass-free orthogonal perturba-

tion v € (Zi)J- such that
u=o,+vt. (5.2)

In this case we introduce Q(q) :=I1 20 v, the projection of the orthogonal perturbation onto ZS

and w:=1I Z)vl, the projection onto the fast modes. We call (p, q) the projected parameters of
u.

The following lemma establishes the existence of a projection of U to M}, and ZE.

Lemma 5.2. Let My, = My (Lo, My) be the bilayer manifold as defined in Definition 3.3. Then
for §, e9 > 0 sufficiently small the projection Tl a4, is well posed on U for all € € (0, &y). More-
over, for u € U of the form u = ®p, + v with po € Ds and massless perturbation v € H?
satisfying ||v|| H2 < 8¢, then u’s projected parameters (p, q) and its orthogonal and fast per-

turbations, v\ and w, satisfy

—1/2

. 1
lalle +& 1P = polle S Holl2s bl S lwllye + 1QH 2 S vl

The proof of this Lemma is postponed to the appendix.
Let u = u(t) be a solution of the flow (1.3) corresponding to initial data ug € U(M}). So long
as u(t) € U(Myp) then u admits the decomposition
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u(x, 1) = dp(x; o) +vt(x,1;q), vie@Eht, /dex:O, (5.3)
Q

where the projected parameters (p, q) = (p(¢), q(¢)) and the bulk density parameter o = o (p(?))
defined by (3.22) are all time dependent. Substituting the ansatz (5.3) into the equation (1.3)
leads to an equation for ®, and v:

3 ®p + d vt = —TIpF(dp) — MpLv* — MHN(vl), (5.4)

where L is the linearization of F about &}, introduced in (4.1), and N(v1) is the nonlinear term
defined by

N(vt) :=F(®p + v) — F(®p) — Lu™. (5.5)

To exploit the strong coercivity of ITpLp on Zj- and its O (g)-weak coercivity on (Z,l)J- we
follow Definition 5.1 and decompose the orthogonal perturbation v into its pearling and fast
mode sub-components

vE=Qx,0) +wx, 1), weZ(p,p). (5.6)

In the following, we make a priori assumptions that bound the rate of change of p induced by
the flow and norm estimates on p that subsume those of in Dg, defined in (2.29):

Ipo()| + IIpllv, <3, IBllv, +&lplyz <1, Il <&’ (5.7

Here § is as prescribed in the definition of Dy given in (2.29). The first two assumptions in (5.7)
ensure the existence and smoothness of the perturbed interface I'p. The third assumption, on the
12-norm of P, controls the flow of the FCH energy in the absence of prior estimates developed in
sub-section 5.5. Once in place, these estimates allow the condition on p to be dropped.

In the remainder of this section we develop bounds on w and q, which require an L2-bound
on the nonlinear term N(v). The projection of the solution u onto the manifold involves the ap-
proximate tangent spaces Z.(p). Although the flow of p is slow in the sense of (5.7), it induces
temporal variation of the tangent plane that must be accounted for. We emphasize that the linear
operator I = IL, and the spaces Zg (p) and Zi (p) are independent of q. The linearization and
tangent spaces are defined along the bilayer manifold M. More significant is the fact that the
space Z,(p) is only approximately invariant under the action of the linearized operator. This pro-
duces terms whose control is crucial to the closure of the estimates. Indeed these terms motivate
the introduction of the modified approximate slow space Z.(p).

5.2. Energy estimate for w

We derive an H2-bound on w under the flow induced by (1.3) assuming the a priori estimates
(5.7) on p and p. We decompose vt asin (5.6) to rewrite (5.4) as an evolution for the fast modes
w,

dw + MoLw = —3,®p — & Q — TgF(®p) — ML Q — MyN(vL). (5.8)
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Lemma 5.3. Let ¢ € (0, &) and the a priori assumptions (5.7) hold, the function w € Zj‘, obeys

d i _ .
g (Lw,w)ga + [Lwlz, SeMIpIE + %~ gl + 1417 +&%lo = o™
t (5.9)
+& (L4 11DII3) + IN@H 125,
V; L

provided that ey small enough depending on p.

Proof. Since the linearized operator I. depends on time through p, we have

d
o (Lw.w) 2 =2 (@w, Lw) 2 + (0 Lyw, w),2. (5.10)

Considering the last term on the right-hand side, the definition (4.1) of I provides the expansion
0Ly = (A=W +em ) (W3 0p) = W3,y (24 = W)
— (280p = W) WD,y — W (28 = W) 0, + e1g W8, by,

where the potential well W is evaluated at ®p. Since @y, is uniformly bounded in L* and in L?

after action by powers of £2A, we identify the upper bound on the bilinear form generated by
0 (IL)

(0 @w,w) 2 S (|5 Vp@p o + 1B+ Vo2 APyl ) (Il + e Awl ). (S.11)

Utilizing the bounds of @, established in the Appendix Lemma 6.4, assumption (5.7) and the
coercivity estimate (4.72), we obtain the upper bound on the bilinear term

(@ @Lyw, w) 2 Sep ILw|?, <e'Lwl?,

by choosing o small enough depending on p. Returning to (5.10), substituting (5.8) for 9, w,
using the coercivity estimate (4.74) and bounding the second term via the bilinear estimate above,
leads to

d

3 (Lw, w2 +ILwlf, < = 2(3Pp + 8,0 + MoL 0, Luw),»
! (5.12)

— 2<1‘I0F(<I>p) +ToN@Y), Lw)L

5"

Here we also used ¢ € (0, g9) with g9 small enough depending on domain, system parameters and
(o, Mp). Considering the terms on the right-hand side of (5.12), we apply Holder’s inequality
to the last term

(MoN@*), Lw) | S INGD 2L (5.13)

Utilizing Holder’s inequality and L?-bound of 0; ®p, we establish the bound
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(3 ®p. L), | S e 2Bl L]l 2. (5.14)

For the TToLL Q term we project onto Z, and its complement, use Q € Z,, Theorem 4.11, and
finally the coercivity of Lemma 4.13 to establish

(Mo Q. L), | = KHZ*L ML Q. 1Lw)L2 n <HZ*LLHZ*HOL 0. w>L

2
< @+ plv)llalz(wllz2 + ILwl ) (3.15)
Sep Mgl lLwl 2.

For the second term on right-hand side of (5.12) requires an investigation of 9; Q. By the defini-
tion of Q we calculate

. 0j 0j
50 =" 4;Zph+ D> qjdZy. (5.16)
J€Xo J€X0

Note that the second term can be written as
(3,0, Lw), > =<HZ¢L3,Q,w>L2. (5.17)
By employing relation (5.16), statement (2) of Theorem 4.11 and estimate (6.14) we may bound
IT 22 L3 Qllz> S (62 + 2 IBlly2)lldle + el (5.18)

Here by the 12-1! estimate and scaling of Ny from (4.8), we have

—1/2

lall;r <e " “liqll2- (5.19)

Using Holder’s inequality, the a priori assumptions (5.7) and the coercivity to bound |w]|;2 by
ILw|l;> we deduce from (5.17) - (5.19)

(0,0, Lw) 12| S ep™IILwll 2 (a2 + llall2)- (5.20)

Combining the estimates (5.13) and (5.14)-(5.20) with (5.12) and using Young’s inequality,
yields the estimate

d 12y - .
= L, w)p + 1LwlFs <C (721l + oo™l + 1) + IN@DI 2 Ll

— 2({TpF(®p), Lw),, .
(5.21)
It remains to bound the F(®p) term on the right-hand side of the above inequality. Using
Lemma 3.6 to bound the L2-norm of [ToF(®p) terms yields

[(MMoF(®p), Lw),| Se™2lo — o *[IILwll 2 + "2 (Bllyz + DILw] 2. (5.22)

Combining the above estimate (5.22) with (5.21) and using Young’s inequality, yields the esti-
mate (5.9). The proof is complete. O
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5.3. Estimates on the pearling parameters q(t)

We derive I2 estimates of q and ¢ subject to the a priori assumptions (5.7). We rewrite (5.8)
as an evolution for Q,

% Q + oL Q = Z[p, w,N], (5.23)

where Z[p, w, N] is the pearling remainder contributed by p, w, and the nonlinear terms N(UJ‘),
specifically

ZIp, w,N] := =0, Py — dyw — IMoF(Pp) — IMoLw — MToN(vb). (5.24)
We derive the evolution of q by projecting this system onto the slowly evolving space Zl Pp@)).
Lemma 5.4. Assuming the a priori estimates (5.7) and the pearling stability condition (4.61)

hold, ¢ € (0, gy) with &g suitably small, then there exists C > 0 independent of €, p such that the
pearling parameters q = (qx (t))kex, obey

lall7: < il + e llwlizs + lBlE + IN@OIZ: +&” + 1Bl
o/lall + Cellallp S ellwlizs + DI + & INQWDIZ, + 2% + e DI,
Proof. Taking the L?-inner product of equation (5.23) with Q yields

(0,0, Q)2+ (ML Q, Q)2 = (Z[p, w], Q)2 (5.25)

Using (5.16) we rewrite the first term on the left-hand side as

@0, 0= Y. (7 Zh)  + Y i (0Zg. Zh) . (526

i,J€Xo i,j€X0

The partial orthogonality of the basis {ng*} jexy» from (4.54), and the a priori estimate || IA’”V,} <
1 yield

||q|| ) .
E —ce?|qllp Nl (5.27)

N
> aia (Zp Zpk) L >+ po)

i,j€Xo

Applying Holder’s inequality to the second term on the right-hand side of (5.26), the estimate
(6.14) on o, ng* and the 1'-1% estimate (5.19) yields the bound

.
> aia (070 Zh) L Setlallelals S e lal (5.28)
i,jeXp

Combining estimates (5.27)-(5.28) with (5.26) and applying Young’s inequality yield
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1+ po
2

dllaly — Ce¥* gl — Celalh < (8,0, Q)2
which when substituted into (5.25) after multiplying by 2 implies

(1+p)d: lqll> +2 (ML Q. Q)2 < C>2|iql; + C&>2(|qll}; + 2 (Z[p. w. N, Q)2 .
(5.29)
The last term on the right hand side can be bounded by Holder’s inequality

<<%[p’ w, N]v Q>L2 < ||HZ$<%[I), w, N]||L2 ||(I||12

With the projection of the remainder Z[p, w, N] bounded in next Lemma 5.5, we derive

(1+p0)d: gl +2 (ML Q. )2 S &2al7 + & llall, + ellwll 2 llqll 2

+ (2000 + INWHI 2 + 672+ £l )l

(5.30)
Since the system is pearling stable, Lemma 4.9 implies the existence of C > 0 independent of &
for which,

(ML Q, Q);> = " M*(0,0)q > Cellqll.

The a priori estimates imply that |pg| is small and hence (1 4+ pg) is bounded away from zero.
Dividing both sides of (5.30) by (1 + pg) > 0 and applying Young’s inequality to the right-hand
side of the resulting inequality yields

dllal + Cellallf, S &21alE +elwlgs + DI + &7 IN@DIZ, + 6"+ 1Bl (5:31)

for ¢ € (0, &p) provided that g9 small enough depending on domain, system parameters and
Ko, 4. )

It remains to bound ||q/|,2. Taking the L? inner product of equation (5.23) with Zj620 q; Zg{*
implies

<atQ,quZS;’*> =—<noLQ,Zq,-Z.‘3{;> +<%[p,w,N],Zq,-ZS;’*> . (532)
Jj€Zo L2 J€Z0 L2 Jj€Zo 12

The term on the left can be dealt with similarly as we deal with (0, Q, Q)2 in (5.26)-(5.28),
which gives us

. . 1j .
(1 +po)lgll}x < <atQ, > qupf*> +Ce2 |\l lqll2
jEZo L2

for some numerical constant C independent of ¢ and p. In light of Lemma 5.5, the last term of
(5.32) which includes the remainder projection, can be bounded by
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. 1j .
<%’[p, w,NL, Y qup{*> <11 o221, w. Nl 2 1o
jEEO L2

Adding the two estimates above with (5.32), and applying Lemma 5.5 we obtain

. . 0j
(1+po)ldlp <— <HOLQ, > q,-zp,’*> + c(ewnqnlz +ellwlgz + IN@H 2 4672
L2

J€Zo

+e'2plp + 2Bl ) Il -
(5.33)

From the definition (4.63) of Q and the estimate (4.59) on M* we rewrite the term involving
Mol Q as

. 0j . .
<noLQ, 3 q,-zp,f*> =| 3 qa;M50.0) < lglzldle. (5.34)
L2

J€Zo i,j€Xg

We establish the /2-estimate of ¢ by returning this bound to (5.33), applying Young’s inequality
and assumption (5.7) on pg. The estimate on 9, ||q||122 follows from (5.31). O

The proof of Lemma 5.4 requires the following estimate on the projection of the remainder to
Z9.

Lemma 5.5. Under the assumptions of (5.7), the projection of the remainder, defined in (5.24),
to the pearling slow space can be bounded by

1T z0%0p. w. Nlll 2 S ellwll 2 + &3 llall2 + &2 1Bl + &2 + &2 1plly2 + NI 2.

Proof. Since || Q|2 ~ |Iqll;2, see Theorem 4.11, it suffices to establish the following inequality
0
forany Q=3 .5, q; Zpx € 22,

(1D, w.NL, 0)2 S (ellwll 2 + gl + 2Bl + %2 Bllyz + INW 12 ) Il
(5.35)
By the definition of Z[p, w, N], we expand
<<%[p, w, N]v Q>L2 = _(alq)pv Q>L2 - <HOF(q)p)7 Q)LZ - <atwa Q)L2 - (HO]Lw3 Q)L2

~(MoNw™h). 0)

L2

We deal with these terms one by one in the following. First, in order to bound the term involving
0; ®p we use its L? projection estimate to Z0. We use Lemma 6.4 from the appendix. Since
Q € 29, we have

(0:Pp, Q) 2| S ITT 200, Ppllz2 1 Qllz2 S &2 lIpll2 Nl 2 (5.36)
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Second, since w € Zj‘ we may apply the expansion (5.16) of 9; O to deduce

(Bw, Q) o =— (W, 3,0) 2= Y <w, qja,zﬁ;’*)Lz.

J€Xo
From the estimate (6.14), Holder’s inequality, and the [ 21! estimate of q (5.19) we obtain

32

[@w, Q) 2| S e~ IBllllwlli2llalln S & lwllz2llglle. (5.37)

For the inner product with the nonlinear term, so Holder’s inequality yields

(MoNwh), 0) | S INwH 2 lale: (5.38)

L2

For the Lw term, Corollary 4.12 and a priori assumptions (5.7) yield

|(MoLw, 0) 2| S (62 + &2 Blly2 ) Il 2 llall 2 + £l
(5.39)

Selwll2llalz + & llqlp-
The estimate of the term involving the residual, F(®p), is deferred to (5.40) of Lemma 5.7. As
a consequence of (5.37)—(5.39) and (5.40), the estimate (5.35) follows, and hence the proof is
complete. O
To complete the estimation of the projection of O and N to the pearling space we require the
following simple lemma which exploits the high in-plane wave number of the pearling modes.
This affords better bounds on the coupling of the residual to the pearling modes that compensates

for the weaker coercivity they experience.

Lemma 5.6 (High pearling wavenumber). Let h = h(yg) in the sense of Notation 2.1, then there
exists a unit vector (e;) such that

/h(y;;)é,- dsp = O(s, €|Il3llv42)ej, J € Zo.

Proof. The proof closely follows that of Lemma 4.3 for the case i =0, j € Xy, we omit the
details. O

With Lemma 5.6 we obtain an improved bound on the coupling of the residual with the
pearling modes.

Lemma 5.7. Assuming (5.7), the projection of the residual to pearling space satisfies the estimate

|(TToF(®p), 0) 2| <e”2(1 + I1Blly2) llall 2. (5.40)
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Proof. Subtracting off the far-field value F*° of the residual and using the definition of Iy, we
have

1
(MoF(®p). Q),> = (F(®p) —F*, Q),, — a / (F(dp) — F®) dx/ 0dx. (5.41)
Q Q
Using Lemma 6.6 and the estimate (4.64), the second term on the right-hand side satisfies
1
o / (F(®p) — F) dx/ 0dx=0 (811/2||q||12> . (5.42)
Q Q

We use the expansion of F(®p) given in Lemma 3.2 to estimate the first term on the right-hand
side of (5.41). Examining the L2-inner product of F> and Q, since Fy = (0 — 0)«p f2(zp) with
/2 odd, the leading order vanishes since /o has even parity in zp. Integrating out z, we then
deduce from Lemma 5.6 that

|(F2, Q)2 =¥ (0] —0) ) [ h(rp)a;©; dsp| S &7lof — o |1+ [1Bllyp) a2

jGEOJp
(5.43)
Using the form of F3 for Lemma 3.2 we rewrite
(Fs = F5%, Q)2 = = (80Aspip. O) 2 +(faCpe i) = £5.0) . (5.44)
Applying Lemma 5.6 again, we bound the lower order term on the right
(f3p v = £2.0) | <l (1 + [Blly2): (5.45)

For the higher order term including the second derivative of curvature Ay kp, since @, is perpen-
dicular to v in L2(R2;), the leading order vanishes yielding

($6Askp: O)a =22 Y g, / (hl(y;;)Aspr@,- +h2(yg)Asprs®’j) &, (5.46)
JE€Xo jp

for some A1, hy satisfying Notation 2.1. Note that hk(yg) for k = 1,2 lies in L™ since p € V>,
and utilizing the curvature H 2(,ﬂp) bound in Lemma 2.11 yields

\(%As,,xp, Q)po| S e2A + 1Bl lallz. (5.47)
Combining the above estimate and (5.45) with (5.44) and multiplying by &> implies
3(F; — F° <e2(1+||p 5.48
e(F3—F). Q) 1S (L+lplv2)lale- (5.48)

In a similar manner we have

51



Y. Chen and K. Promislow Journal of Differential Equations 292 (2021) 1-69

(e*®a—F). 0) | < e+ bl lalle

L2
which combined with the estimates on F, given by (5.43) and F3 from (5.48) yields

|(F@p) —Fpy, Q)2 | Se”2(L + IBlly) gl (5.49)
Combining estimates (5.49) and (5.42) with (5.41) completes the Lemma. O
Remark 5.8. It is essential to separate the pearling modes Q from the fast modes, w. The linear
operator has a weaker coercivity on the pearling slow space, which is compensated for by the
high-wave number estimates available for the pearling modes in Lemma 5.6. These decrease the
coupling of the residual to the pearling modes. It is instructive to compare (5.22) with (5.40).

5.4. Estimates on the nonlinearity

The estimates of Lemmas 5.3, 5.4, incorporate L2-bounds of the nonlinear term N(vL). The
following lemma affords these bounds on N(v1) in terms of w and q.

Lemma 5.9. If vt | Lo (@) is bounded independent of e, then
IN@HI S e (072 (L, whpo + llal). (5.50)

Moreover, decomposing vt =w+ Q as in (5.6), we have the bound

— — 1/2
ot s S e (o7 L, w)) 7 + la)]2)

Proof. From the definition (5.5) of the nonlinear term N(v'), with F given by (1.2) and L. given
by (4.1), some rearrangements lead to the equality

N@b) = — (W”(u) — W”) (azAvl - W”vl) @AW+ sn2)<W/(u) W - W//UL>
_ (W”(u) _ W// _ W///UJ_) (82A(Dp _ W/((Dp)),
where W', W, W" are evaluated at ®}, unless otherwise specified and u = ®, + v*. The func-
tion u is uniformly bounded in L> since v is by assumption and e*VA®, € L* is uniformly
bounded for k =1, .. .4, since ®p is smooth in the inner variables. We deduce that the nonlinear
term N satisfies the pointwise bound
IN@OIS IW s (219042 + 2 Avt [l + ot ),
which yields the L? estimate
IN@D 2 S vt + vt lzee | vtz + ot |74
In two space dimensions the Gargliardo-Nirenberg inequalities imply
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172 1/2

IVVH 2, S IVt vt lie and otz S o5 ot s, (5.51)
and the L2-estimate of N(v1) reduces to
IN@HI < Clt e (21202 + I 2)
< ClotIZeavt 1 + clvt 122 101 (5.52)

2
< cg—l(nanLz T szllAvJ‘lle> .

€

From the decomposition v— = w + Q, we have

1 2 1 2
v=liee Sllwllzz + ez, e7llAvT 2 S ellAwliz2 + lq@®)]2,

where we used the fact that 2 A is a uniformly bounded operator on ZS in L2 and hence on Q,
see (2.11) and (4.5). The estimate (5.50) follows from the coercivity Lemma 4.13. Applying the
estimate (5.51) leads to

ol <e'wlize + lall2) 2@ 1 awl 2 + llgl2) 2
_ _ 1/2
Se (o7 W, w7 + Nl
The proof is complete. O

5.5. Main theorem

In this sub-section we introduce thinner tubular neighborhoods Vg(My, Os) C U(M}) of
thickness R defined over the open base Os C Ds. We show that solutions of the gradient flow
(1.3) that start inside of Vg, (M}, Os) remain in a slightly thicker neighborhood Vg, (M, Oz s)
so long as p remains in the slightly larger base O, 5. For R € (0, £], the tubular neighborhood
with width R and domain Qs is defined as

M
Vr(Mp, Os) = {u € HX(Q) ‘ inf |lu—®p0)ly2 <R, (u—b_);2= 8—0} . (5.53)
peO;s in 12|
We introduce the nested base domains Oy, s as the subsets of D; that satisfy
Oms = PR [Ipol + IBllv, <m8:  [Bllv, +elllyz <m}, m=1,2. (554

When m = 1, we denote O; 5 by Os. The parameter § will be chosen sufficiently small that
Lemma 5.10 holds. The condition on pg insures that the pearling stability condition (PSC) holds
uniformly, see Lemma 5.10; the uniform bound on 8||f)||V42 insures the smoothness of the per-
turbed curve I'p.

From Lemma 2.8, each of the a priori bounds on p in (5.54) are inferred from the single,
stronger bound ||p|| V2 < mé. Hence we introduce a parallel set of smaller but more easily defined

domains,
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s = [P ERY [ Ipol + IBllyz <ms} C Oy, (5.55)

The equilibrium pearling stability condition arises from replacing o in the pearling stability
condition (4.61) with its leading order equilibrium value o, defined in (3.11),

(PSC*) o' S1+ naro > 0. (5.56)

The next lemma shows that if (PSC*) holds, then for a suitable admissible pair (I'g, Mp) the
(PSC) holds uniformly for all p € O, 5 provided that § is sufficiently small.

Lemma 5.10. Suppose that the equilibrium pearling stability condition (5.56) holds and that
(To, My) is a admissible pair satisfying

Mo—m0|F0|—BSO|Q|Ol* <4. (5.57)
Then for p € Oa5, the bulk parameter o = o (p) defined in (3.22) is uniformly bounded, i.e.
lo| < 1, and the pearling stability condition (PSC) from (4.61) holds uniformly for all p € Oy s
provided that §, &g is sufficiently small, in terms of the domain, the system parameters, and
Ko, €p.

Proof. From the bound of Lemma 3.4, we estimate

My — mg|To|
o(p) —

20— Mol” ol
) S Ipol +&.

The uniform bound on o follows from the assumption on pg since p € Oy 5. By assumption
(5.57), |o (p) — o;’| < 6 and the pearling stability condition (4.61) holds uniformly. O

Lemma 5.11. For p € Oy 5, the temporal derivative of p satisfies the bound
Bl S & + &2 vt 2 + & 2IN@D 2 + 67 vt 2 1Dl
Proof. We rewrite the equation (5.4) as
3 ®@p = —TpF(dp) — Re(vh), Re[v!]:= 90" 4+ HoLv* + MoN(b).
With a use of Lemmas 6.4, 3.6 and the a priori assumption on ||P||Vf we derive
Ipll < &'/2 1T 210, Dpll 2

Se'2IMoF(@p)ll 2 + &'/ T z1Re[v 1]l 2 (5.58)

Se+e' M giRe[v ] 2.

To estimate the projection of the remainder Re[v], we deal with its terms one by one. First, we
rewrite the projection of ;v as
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L 1k L 1k L 1k
(a0t z%)  =a (v k) —(hazl) .

The first term on the right hand side is zero since v" is perpendicular to the meandering slow

space Zi; and the second term can be bounded with the aid of (6.14). Combining these, we
deduce

L 1k =1 L
(ot Z3%) 1S e Iblalvt e Vee s,

which combined with a typical [2-/*° estimate and the N < ¢! implies

1 —1 77172 1 —3/2 1
IMz0v~ 2 S e Nyl vl Se PIplellot .

Second, we apply Lemma 4.11 to bound the projection of the linear term Ho]vaJ-,

[z MLyt < 2 + 2Bl o2

Finally, the projection of the nonlinear term can be estimated trivially,
IT 2 TN )12 S IN@H 2.
These three estimates imply
IMziRelv 12 S &2l 21Dl + (62 + 1Bl v ll.2 + IN@D 2,

which combined with (5.58) completes the proof. O
Lemma 5.12. Fix Ky, £y, and assume (g, My) is a admissible pair from A(Ky, £o). Then there
exists &g sufficiently small depending on 8, and a positive Ty independent of 8, p and &y such
that for all initial data ug € V,s5,2(My, Os), the projection parameter p(t) corresponding to the
solution u = u(t) remains in the open set O s for all t € [0, To,o_l] so long as u remains in the

tubular projection neighborhood U (M) for which the projection Tl a4, is well-defined.

Proof. Since ug € V,s2(My, Os), then there exists pg € Oy and vg € L? satisfying |Jvo]| 02 <
&3/2 such that ug = ®p, + vo. We first note that for &g small enough, Lemma 5.2 applies to u,
and hence there exists p(0) € Ds such that ®p() = IT o, 1o satisfying

Ip(0) —poll,2 <& (5.59)

By the Fundamental Theorem of Calculus we bound the difference

t
P& (1) — pr (0) ] </|Pk|df 1>0,
0
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for any k € ¥, which together with the Holder’s inequality and the a priori assumption (5.7)
implies

Ip@) —pO)ll2 Stlplle S &'t

Combining with (5.59) with the aid of triangle inequality implies

Ip(@) — poll2 < Ip®) —pO)ll2 + lIpo — PO) |l 2
<4 edr

Note that pg € Oj, from the estimate above the length parameter po(¢), as the first component of
p(2), satisfies |po(¢)| < 28 for &y small enough. It suffices to bound the difference of p and pg in
Vi, V5 and V42. By the embedding Lemma 2.8 with N1 < e~ p!/# from (4.9), we derive

1B — Polly, Se o HIB) — Polln S e Hpt) — pollp S &3/ + &3/,

and the following higher weighted estimate

1B —Bollv, +ellp — Bollyz S e~>pllb — boll2 < o+ pr.

Noting po € Os, there exists Tp > 0, independent of ¢, p, such that p € Oy for any ¢ €
[0, To/p]l. O

The following theorem presents the stability of the bilayer manifold up to its boundary. We
recall that (I'g, Mp) is a admissible pair with associated Nj(p)-dimensional bilayer manifold
Mp(To, My; p) defined in Definition 3.3, p is the spectral cut-off introduced in Definition 4.1
and is sufficiently small as required by Theorem 4.11 and Lemma 5.12. The slow spaces Zf, Zy
are defined in (4.52) and Vg (M}, Os) are the tubular neighborhoods with Hiﬁ—width R and base
Os defined in (5.53)-(5.54). The parameter § > 0 is a fixed sufficiently small as required by
Lemma 5.2.

Theorem 5.13. Consider the mass-preserving flow (1.3) subject to periodic boundary condi-
tions on the domain Q = [—L, L1>. Assume that the equilibrium pearling stability condition
(PSC*)—(5.56), holds for the given system parameters. Fix Ko, Lo, then there exists an go and
a C > 0 such that for each admissible pair (g, My) from A(Ky, £o), and for all ¢ € (0, &),
the bilayer manifold My(To, My) has the following properties. Each solution u = u(t) corre-
sponding to initial data ug € V,s,2(Mp, Os) remains in the slightly larger tubular neighborhood
Veesn(Mp, O5) CUMYy) so long as its projected meander parameters p remain in Oy 5.
Denoting this interval of residency as [0, T], then T > 0 and during this interval u admits the
dynamic decomposition

u(t) = Op(t; 0) + v+, vh =0 q) + w(), vt €0, T),

where Q = HZQUJ‘ S Zg(p, p), W € Zj- (p, p). In particular, the orthogonal perturbation v

and its fast and pearling decomposition satisfy
otz S lwllge + 1€l g2 < Ce¥2p72 (5.60)
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Proof. Since ug € V,52(Mp, Os) C U(M}p), Lemma 5.2 implies the existence of the decom-
position ug = ®p) + vy = Pp(o) + Qo(q(0)) + wo with Qg € Z2(T'p(0)) and wo € Z(Tp(0))
satisfying,

lwoll 2 €% a2 <& (5.61)

We establish the existence of positive constants K, K, independent of ¢, p,§ and T > 0 for
which the bounds

@) (Lwwp<Kiep? gl <Ke'p ™, (5.62)

hold uniformly for all ¢ € [0, T] as long as p(¢) € Oy 5 on the interval. In the argument below
we modify the notation of Section 1.1 writing ‘A < B’ to denote ‘A < CB’ for a constant C
that is independent of K1, K> as well as the small parameters ¢, p, §. The existence of a T > 0 is
assured by (5.61) and Lemma 5.12.

First, applying the coercivity Theorem 4.13 and assumption (A) implies
lwi?, S o~ (Lw, w)2 S Kiep™™, (5.63)

Then from the relation || Q|| ;2 ~ lIqll;2, Lemma 5.9 and assumption (A) we bound the L?-norm

of v = Q0 + w and nonlinear term N(v1) as

L
I

lv H2N||w|| +||q||,z, IN@DIZ, S (KT + KDedp~8. (5.64)

It suffices to verify the assumption (A) for all ¢+ € [0, T], on which p(¢) € O35, in order to
establish the main estimate (5.60) in the Theorem. We first note from Lemma 5.11 for K, K, >
17

1Bl S e+ (Ki+ KDe®o™® + (K1 + K& p~* I3 (5.65)

Since K1, K> are independent of ¢, for ¢ € (0, &9) with 9 small enough depending on p we have

Pl < €, (5.66)
independent of K, K7, and the a priori assumption (5.7) holds for p € O, 5. The pearling sta-

bility condition (PSC) (4.61) holds uniformly for all ¢ € [0, T] by Lemma 5.10. In particular
Lemma 5.4 applies. We restate the key estimates of Lemmas 5.3 and 5.4 as

d _ _ .
3 (Lw,w) g2 + [Lwlg, S e~ IpIE + 2 + %~ (lal + 1412)
+& L+ 11PI32) + INWH17,; (5.67)
V; L

0/llgl + Cellalp < ellwliz, + 1Bl + & INWHIZ: +&° + e IDI5,,,
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and ||f)||V42 <elforpe 0, 5. From the 12-bound of the pearling modes q from (A), the esti-

mates of the fast modes w and the nonlinear terms N from (5.63)-(5.64), and p € O, s we reduce
the /2 bound of ¢ in Lemma 5.4 to

Il S e’ + (K1 + K)e“p ™ + (K + K)ebp~®, (5.68)

where the first term on the right-hand side comes from the a priori assumptions on ||p||

and estimate of ||p||;2 in (5.66). Combining this with the first inequality in (5.67), and reusmg
(5.62)-(5.64) and p € O, 5 yields for K, K2 > 1

d
5 (Lw, w) ;2 + Cp? (Lw, w) 2 S &+ (K + KHe' p~ 12, (5.69)

where the term with the dominant power of ¢ arises from the inhomogeneous term on the right-
hand side of (5.67). Integrating this estimate in time we obtain

(Lw, w) 2 < (Lpoywo. wo), - € €0t 4 CeSp 24 C(KE+ KD)eTp 4,
Slhwollf +&%p72 + (Kf + K3)elp™H (5.70)
<C <a5 KT+ KDe pT,
for some positive constant C1 independent of ¢, p and K1, K. Here we used (5.61) to bound wy.

Turning to the q estimate in (5.67) and utilizing (5.63)-(5.64), (5.66) to bound the first three
terms on the right-hand side, we obtain the bound, valid for p € O3 s,

Nl + Cellqllh < Kie®p™* + (KT + K3e',

where the dominant e-term arises from ||w|| ;2. We integrate this inequality and apply the initial
value estimates (5.61) to ||qo|| ;> to obtain

lal% <e ' IqO)I% + CK1e5p™* + C(KT + K3)&° Cz(KwS 4+ (KT + KD)e®
(5.71)
Here C» is a positive constant independent of €, p and K1, K». Taking K1 =2Cq, K» =2C,K]
and gop small enough, we combine (5.70) and (5.71) to establish (A). Together with the first
inequality in (5.64), this completes the proof. O
6. Appendix
We present some technical and intermediate results.

6.1. The variation of the local coordinates with respect to p

Lemma 6.1. Assume ||p|ly, < 1 and T € g‘;(o,%o’ the normalized length constant A(p) defined
in (2.20) admits the approximation

A(P) =1+ 0(plv,)
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Furthermore, the rate of change of A(p) with respect to p can be bounded by

IV A®@)li2 S 1Dllyz-

If g is a circle then we have the isoperimetric bound

A@) =1+ 0I5,

Proof. The function A(p) is the proportional change in length of y to the perturbation y 5 given
in (2.21) that excluded the radial perturbation. In light of (2.23), taking the derivative of (2.21)
we find

¥y = —kop@)r)+ 5 G)ypmos). 6.1)

Taking absolute value, and using the orthogonality between and tangent y{, and normal ng, we
deduce

1/2
¥l = (1= k0pG)? + 15 GPIrpl) (6:2)

Considering terms including p as small, the right-hand side has leading order term 1 — ko p(5),
and hence

1

A _
(p) ol

[ =@ ds + 0UpIF,). 63)
g

The approximation of A(p) follows if Iy is a general smooth curve.

When I'g is a circle we return to (6.3) and remark that the curvature xo(s) = «¢ is a con-
stant while p(5) = ZZNZI; ! pi ©; (5) inherits a zero-integral with respect to ds = |y£,| ds from the
Laplace-Beltrami eigenmodes {C:)i(E)}i>3. From the definition of y, given in (2.19), identity
(6.2), and the general form expansion (6.3) of A(p) we find

14+ po
A(p)

Ypl = ¥51=1+0Bllv,)-
p p

Changing variables from ds to d§ and using the zero average of p with respect to ds we derive
the isoperimetric bound which shows that circles are critical points of perturbations p that do not
change the effective radius.

It remains to estimate the rate of change of A with respect to p;. By plugging |y;,| =1+
po)ly},l into the right hand side of (6.2) and solving for |y;,| we find

2 (—kop)®
= (1+po)p'I?

/
ly P |
To calculate the derivative with respect to p;, we need the derivative of p and p’. In fact,
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(1 — kop)p, p
1—(14po)?[p'|?
(1 —kop)>
(1= (1+po)?|p'|

On the other hand, by the definition of p,

20¥'518p, 175 =

5 (20001 + p) |5/ + (1 +p0)?25'0p, 7' | (64)

;P =013+ p' (3,5 — 8;05/(1 + po));
O, P’ =0/ 123+ p" (0,5 — 8;05/(1 + po)).

We note || Vps|l;2 S 1 by its definition in (2.23). The gradient estimate of A follows by combining
these identities with (6.4), integrating by parts, the a priori bound on p, and Lemma 2.13. O

The following lemma estimates the p-variation of the whiskered coordinates associated to I'p.
It controls the difference between the local coordinates (sp, zp) for I'p and (s, z) for I'g in terms
of the perturbation p.

Lemma 6.2. Let (sp, zp) be the local coordinates subject to I'y with whisker length 2¢. Under
assumption (2.29) the tangent coordinate sy has bounded variation on the domain |ezp| < 1,
satisfying

||Vpsp||L2(ﬂ) 5 1.

The normal local coordinate zy, varies quickly with respect to p; satisfying

aZp 1 <R0‘|‘13 ~p13/ ) .
— =—|—(1—-({1+pg)dy, INnA) — ———— | ng - np, =0,
dpp e\ A (1= A+ podpy ) Al tpy ) 0
9zp _ _ Ej-mp =12,
ap; e/2m Ry
BZP 1 ~ (1 + po)ap InA —
=P __ (6, - — P " (R ng - np, > 3.
9p,; 8< i 2 (Ro+ p) | o -mp J
Moreover, we have the estimates
”sp_S”LOO(l"lz)l) 5 ||P||V0’ ”Zp_Z”LDC(F%l) §8_1||p||V0. (6.5)

Proof. Any x € Fff can be expressed in the local coordinates of both I'p and I'g. Equating these
yields

Yols) +eznp(s) = yp(sp) + ezpnp(sp). (6.6)

Taking the derivative of (6.6) with respect to p;, the j-th component of the vector p, yields

8yp , 3sp 9zp on asp
0= (sp) +vy g +e— op; P np(sp) + £2p— op; P (sp) + 3 op; 6.7
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The vectors y ;) and ny, are perpendicular to each other since y;

ny, is the normal vector. Taking the dot product of (6.7)) with yl}:

dsp 1 e IYp
— = |-y tezp— -0y |. (6.8)
op; (1 —ezpicp)lypl? ( op; P Pap; P

lies in the tangent space while
and rearranging, we obtain

Here we used that p}, - mp is zero so that dp,(yp, - mp) = 0, and definition of kp given in
Lemma 2.11. Taking the dot product of identity (6.7) with ny(sp) and arguing as above we find

3 19
9zp _ 197 “np. (6.9)
ap; € dp;

From the definition of Yp in (2.19) and (2.22), for j > 3 it holds that

Wp = . Yo+ p(sp)no
;s =0;(Sp)ng — T(l +P0)dp; A;
Vo (= - P (5p)
S = <®;~<sp>|y;,| -—=> +po)ap,A) no (6.10)
pj A
- 1 —kop(sp)
- <K0@j(sp) + T})) (1 +p0)3ij}’6.

Here to obtain the second identity, we can take derivative with respect to s, directly and nj, =
—kong. Secondly, it’s a bit more complicate for the case j = 0 due to the dependence of © j
on |I'p| = (1 4 po)|Ip|. Indeed, 8p0(:)j = —Ep(:)’j/(l + po)? by its definition in (2.22) which
furthermore implies dp, p = —5pp’/(1 + po)?, and hence

p

"7 (1= (14 po)dy, In A)
apo PO %o

Yo+ pGpmo  14pp 1
A A (1+po)?

Spp'Mo. 6.11)

Since y;) is independent of p; and py, we have 8pjy;) =0 for j =1, 2. In addition, from (2.19)
we have

o, ¥p=E;/v27 R, j=172. (6.12)
The expressions for the derivatives of sp and zp with respect to p; follow by plugging (6.10),
(6.11) or (6.12) into (6.8)-(6.9) with the aid of yy = Rong and ko = —1/Rg. The estimates (6.5)
follow directly from the Mean Value Theorem. O

Lemma 6.3. For p € Ds introduced in (2.29), the sensitivity of o defined in (3.22) to p can be
bounded by

Voo @2 S 1.
Proof. This is a direct result of the Lemma 6.2 and the definition of o (p), details are omitted. O
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Lemma 6.4. The bilayer distribution ®y, defined in Lemma 3.2, satisfies the expansion

BCDI, | ,
E = g(¢0+8¢1)‘§j(sp) +¢R;,

d . . .
where & (sp) := 8% and the remainder R = (R ) can be bounded as a vector function in L?

. 1/2
IRI2 S TR Se'/2
Moreover, the quantity 0, Py satisfies the estimates L? and L™ estimates

19: Ppliz2 ~ T z10,Ppll ~ &~ 2pll2; 500, Ppll2 Se'/2lIplle,
B Vp®p o + 1D Vp(e2ADp) [l < 2Pl 2.

Proof. From the definition of ®p in Lemma 3.2, we calculate

do

0D 0z as
L = (p) + &) + 20,00 + 39 2 + 205,02 2 + £de (D1 + £¢2) —.
- dp; apj opj

op;
Combining with Lemmas 6.2 and 6.3 we obtain the expressions for derivatives of @, with respect
topj,

R; = (3,42 + s¢§)? + s2asp¢z% + 83, (1 +8¢2)£-
Pj Pj ap;
We remark that the leading order term comes from 9, ¢; = Bp > which is nonzero as |zp| — oo.
This fact combined with Lemma 6.3 and Lemma 6.2 yields the L? estimate of R. The estimate on
the projection of R to the meandering slow space is similar with the exception that the functions
in Z! are localized, decaying exponentially fast to zero as |zp| = oo. This contributes an extra
factor of £!/2 to the bound.
The time derivative of @, satisfies the chain rule

0, Pp=p- VpPp. (6.13)
The first L estimate on this quantity follows directly from the expressions of %, the orthogo-

nality of {® i}, and 1% bound of VpA in Lemma 6.1. Considering the L? estimate of the projection
to the pearling space, the leading order of d;, ®p has odd parity in zp while the leading order

terms in ng* for j € ¥¢ have even parity. This renders the projection higher order of ¢, and
establishes the bound.

The final L°°-norm bound is obtained from the form of &, and the fact that 2N 5 is a
bounded operator when acting on ®,. More explicitly,

[D- Vp®@pl o + 1D Vo ADp) e S Pl
Using the ['-/? estimate, Iply < N11/2||[')||,z and bounding N by ¢! finishes the proof. O
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Lemma 6.5. The rate of change of the basis functions of the slow space Z, with respect to p can
be bounded by

1G)j -
1VpZpil 12 S
Under the assumption ||pllp2 < &3 of (5.7) we have
1(j)j 1y
10 Zp L 12 S e bl S €. (6.14)
Proof. The basis functions of the tangent plane satisfy
I s o~ o~
oy, Zp " = 7109} ,,0, + 0(1).

The result follows from the orthogonality of ©; on Lz(fp) and ['-1% estimate with N < e~ !. O

Lemma 6.6. For p € D;, the mass of residual can be estimated by
f (F(®p) —F) dr =0 (s*,&*l1plly2 ).
Q

Proof. We expand F(®p) in Lemma 3.2, subtract F;;? and integrate,

/ (F(®p) — F) dx =¢? / Fa(®p) dx + & /(F3(©p) —FP)dx +&* /(F>4(<1>p) —FZ)) dx.
Q Q Q Q

(6.15)
Recalling form of F; in (3.14), where f>(zp) is odd in zj, we deduce
&’ / Fa(®p) dx = —&*(0 — o}) / / kp2zpf2(zp) dipdzp.
Q Ry &
x (6.16)

=Ce*(0 — al*)/h(y;;) dsp.
S

where the function & = h(y;;) follows Notation 2.1. Since 4 is bounded in L* by Lemma 2.12,
we have

eszz(cpp) dx = 0(e*|lo — of)). ©.17)
Q
From the form of F3 given in (3.14), the odd parity of ¢ with respect to zp, implies
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g / (F3(®p) — FP) dx = ¢* f / (¢6Asp/<p+( f3(zp. vp) — fSW))despdzp,
Q Ry I

=g s/h(y;;)Asprdsp+/h(yg)dsp : (©.18)
54 S

=0 (°lbllyz) + 0.
Here we used the H 2(,ﬂp) bound of the curvature from Lemma 2.10. Similar estimates show that
4 00 _ 514 4
e [ a(@p) ) ar = 0 (plz.e*) (6.19)
Q

Combining (6.17)-(6.19) with (6.16) yields (6.15). O

6.2. The decomposition

In the section, we prove Lemma 5.2. It suffices to consider pp = 0. Define {ﬁk}lly:‘(;l to be

real-valued functionals of v and the parameters p, explicitly given by

Fr(v,p) = / <d>0 +v(x) — dDP)le){‘* dx,
Q

fori € X1(Tp, p). Note that .%; (0, 0) = 0 and from mean value theorem
Do — Pp=—p-VpDyp, for some A = A(p) € [0, 1].
If we introduce {ey} as the canonical basis of RV and the p dependent notation T,?j = T}?j (p) as

T7;(p) == f 9p; Prp Zf,f‘*dx, (6.20)
Q

then the functional .%} can be rewritten as

Fi(v,p) = / v(x) Zp¥, dx — (TH(p)p. ex). (6.21)
Q

and the gradient of .7 := (%) with respect to p at (v, p) = (0, 0) can be represented by
VpZ(0,0) = —T7(0).

Here T (0) = T ! (0) and the superscript T denotes matrix transpose. We will show in Lemma 6.7

that T (0) is invertible. We use the contraction mapping theorem to establish the existence of p

such that % (v, p) = 0 for some v. Define the function
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9 ;) =(TO) " (TOP - F@:p)),

we are going to show that & is a contraction of p near the origin when v is small in L?. We
observe ¥ (p; v) =p is equivalent to % (v, p) = 0, that is, any fixed point of 4 (p) for a given v
is a zero of .% (v, p). With .% written in terms of T as in (6.21), we rewrite

Ge(p:v) =((T©) ' (T©) —T*(p))p.ex) + (TO)" [ v(x) Z)\, dx. (6.22)
12

Q
The following properties of T*(p) show that & (p; v) is a contraction mapping of p near zero.
Lemma 6.7. T (0) is invertible and satisfies the bound
(T @) 2 S &'
Moreover the difference between T* (p1) and T*2(p2), for A := A(pr), satisfies

(T 1) = T*2@)pille S e 2lpll2lpr — p2llp, [=1,2.

Proof. By the definition of Tkkj (p) in (6.20) with Z, ”‘ . replaced by its definition and dp; Pp given
in Lemma 6.4, there exists a matrix with lf-norm one such that

¢0( )Ej(skp)(ak(sp) dspdzp +¢ 3/2 E;j. (6.23)

T4E®) = 7 / f (¢ (ip) + 6] (1)
Rzgjp

Here (s)p, z1p) denotes the scaled local coordinates near I'yp for A € [0, 1]. Applying Lemma 6.2
and the /'-1? estimate with Ny < ¢! implies

32

1 1 —1 571
l2ip — 2l + & Isip — sl S e Pl S Ny 2l S e lple,

where we recall Vy is equivalent to / T(RN1). Thus the estimate on the difference of T*! (p;) and
T (p2) follows from standard calculations. We now estimate the inverse of T (0), i.e. T*(0)
for A = 1. From the definition of ¢y, ¢ in (3.1), (3.5), we deduce the useful but straightforward
identity

/(456 + e dz = m% +e(omy + ndm%), (6.24)

where m is introduced in (3.9), and my, m3 are constants defined by

my =

Nl'—‘

1
/L (2¢) dz; m3 = Eflzd)(’)lzdz. (6.25)
R R

Applying (6.24) and taking p =0, (6.23) implies
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m% + e(omy + ngm
el/2

2
3) /g,(s)ék(s) ds + 0(e32Ey)), (6.26)
B4

Tj (0) =
where £;(s) = —0©; and Ok (3) = O (s) since § = 5. Hence the orthogonality of ®; in L2(.9)
implies

m% +e(omy + T]dmg)
o £1/2

T(0) = [+ O(E/*E.

Since E has lf-norm one, the first term dominates and hence T (0) is invertible. In fact, for some
uniform constant C it holds that

IT©pl;2 > Ce™"2|pll 2.
The [2-bound of the inverse T (0)~! follows, which completes the proof. [
Lemma 6.8. Let Ty € Q?(OY%O with local coordinates (s, z) and € € (0, ¢&g). Let 0 <r < 1 and

lvll;2 < b for some 8, g9 small enough, then there exists p =p(v) € 12 such that F (v, p(v)) =0
and

Pl S &' 2llvl 2.
The smallness of §, eg depends on domain, system parameter and (I'g, My)

Proof. We check ¢ (p; v) = (% (p; v)) : I — % is a contraction mapping for p € 12 satisfying
lpll2 < 83/ with 8 small enough independent of &. In fact, employing Lemma 6.7 yields

19 @: v)ll2 S ez + e lipll}. (6.27)
which lies in the ball By,3/2(0) C I* provided that 8, & are suitably small. Hence & is a closed

map on the small ball Bg,3/2(0). It remains to show the mapping is contractive. Indeed, for any
P1, P2 € By.32(0) from (6.22) we have

GP1) = % (p2) =((TO) ™[ (T (1) = T©) (01 = p2) + (T (p2) = T* (b)) p2] s,

+ @O [0 (2, - 235 a
Q

From the gradient estimate of Zli(f )k in Lemma 6.5, we bound

1k 1k -1
”Zpl,* - Zl;|2,>;<”L2 5 3 ”pl - p2||[27 Vk € 21-

Combining this with Lemma 6.7 and py, p2 € B;,3/2 with § suitably small yields
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— — — 1/2

19®0 =4 @2l S (7Bl + 6Pl +~ 2N} 2ol 2) b1 — B2l

< Slps— pal
S S IP1T = P22

Hence ¢ is a contraction mapping on the space Bg,3/2(0) C 1%. The existence of p € Byg,32(0)
such that

Y (p;v)=p

follows from contraction mapping principle. And then the bound of p in terms of LZ-norm of v
follows from (6.27) provided with gq suitably small. O

Now we prove the projection Lemma 5.2.

Proof of Lemma 5.2. Without loss of generality we assume po = 0. With a use of Lemma 6.8,
there exists p = p(v) such that

u=od,+vt,  vteht, fvidxzo
Q
and p in /> can be bounded by
Iplle S &' lvll 2.

While u = ®( + v, the mean value theorem and the bound of p afford the estimate

0P
vt | g2x < sup Z(H —P )
H2k

+ vl g«
rel0,1] " op;
Ipll;2 + llvoll o

p=Ap

< g—2%—172
S e llvoll 2 + llvol v

By Lemma 4.10, v can be further decomposed as

T=0+w, Q=) qjeZz,

J€Z0
where the coefficient vector q satisfies
1L
lallz S vl
Finally, with w = vt — QO we bound
1 —2k —2k
lwll gz S vl g + 10N g2 S vl gz +e = llallz S e vl g2 + Il g

The proof is completed by translating the base point from O to pp and ptop —po. O
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