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Functionally Graded Materials (FGMs) are characterized by the distribution in composition and structure
gradually over volume, which were recently designed and developed as a key component of a multifunc-
tional building envelope for the high performance of energy efficiency. It was realized by mixing alu-
minum particles and fine High-Density Polyethylene (HDPE) powders through a vibration-
sedimentation process. To investigate the elastoplastic behavior of FGMs, an elastoplastic model based
on micromechanics with pairwise particle interactions is developed in this study. The particle phase is
assumed to remain in its linearly elastic state while the matrix phase undergoes elastoplastic deforma-
tion. The corresponding yield function for the FGMs is investigated, where the pairwise interaction and
probabilistic spatial distribution of particles are utilized to accommodate the gradation of particle volume
fraction. Accordingly, the overall elastoplastic behavior of FGMs is established through the microscopic
homogenization. The proposed algorithm is validated with uniaxial compression test of FGM samples,
where the authentic particle distribution is captured statistically through image processing method.
Finally, the effect of volume fraction distributions on the overall effective elastoplastic behavior of
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FMGs is investigated.
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1. Introduction

Functionally graded materials (FGMs) are often characterized
by the continuous distribution (Kumar and Dutta, 1998) in compo-
sition and structure over volume fraction. Within FGMs, different
microstructural phases have different properties, and the overall
FGMs attain the multifunctional status from their property grada-
tion, enabling various multifunctional tasks by virtue of spatially
tailored microstructures (Yin et al.,, 2004). FGMs are initially
designed for thermal barrier in aerospace application (Koizumi,
1997), however, thanks to its various devisable properties, it has
exhibited enormous applications in many industrial field, such as
bioengineering (Pompe et al., 2003), nuclear (Gasik, 1998), electric
engineering (Kurimoto et al., 2010), civil engineering (Chen et al.,
2016), and so on. For example, a novel two-phase FGM was devel-
oped in a building integrated photovoltaic thermal (BIPVT) roofing
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panel, which helps leading the conversion efficiency of solar
energy to achieve a considerable level by cooling down the tem-
perature of solar cells.

This BIPVT roofing system is schematically illustrated in Fig. 1
(Chen et al., 2016), in which the two-phase FGM layer (Al/HDPE
layer) gradually transits material phases from metal dominated
to polymer dominated. On the top surface, the high aluminum con-
centration creates a high thermal conductivity to make sure that
the heat can be transferred to water tubes immediately and taken
away by water flow; while at the bottom surface, pure HDPE is
used to insulate the heat from entering to the building so as to
improve the thermal comfort inside the building. The main multi-
functional FGM layer enhances the energy conversion efficiency
and improves the lifespan of PV cells as well. Due to the variation
of the effective thermal expansion coefficient along the gradation
direction, the FGM may exhibit curling behavior during the manu-
facture, which should be well controlled in the applications (Lin
et al., 2017). Similarly, significant thermo-elasto-plastic deforma-
tion may be induced in the FGM layer under the direct sun light,
especially in sun-drenched locations. Therefore, the elastoplastic
analysis of the FGM plays an important role to keep the panel’s cur-
vature in the design BIPVT roofing system.
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Fig. 1. A hybrid solar roofing panel integrating an FGM plate with other layers for
heat harvesting and temperature control.

In virtue of its heterogeneous nature, the analytical schemes to
tackle the spatial variation of each phase within FGMs are limited
in the literature. Historically, Eshelby (1957), Eshelby (1959) devel-
oped the equivalent inclusion method (EIM) to study the elastic
field of a single inhomogeneity within an infinite matrix domain,
in which the difference of material properties mismatch between
particle and matrix is represented by the eigenstrain. In this paper,
following Mura’s definition (Mura, 2013), the concept “inhomo-
geneity” is defined as a sub-domain Q in domain D, where the elas-
tic moduli in Q and D — Q are assumed to be different, while the
concept “inclusion” is defined as the elastic moduli in each domain
are assumed to be the same. Moschovidis and Mura (1975) further
modified and extended this method to address the multi-particle
problem and ellipsoidal shape. Effective medium approaches take
into account the effect of the occurrence of the particles on the
averaged material properties and the average elastic field of the
matrix, and then predict effective elastic properties of composites
regardless of the particle distributions and microstructure. Exam-
ples include Mori-Tanaka (Mori and Tanaka, 1973), self-
consistent (Hill, 1965), the differential scheme (McLaughlin,
1977; Hashin, 1988), and the generalized self-consistent model
(Christensen and Lo, 1979). In terms of FGMs, by using of EIM,
Zuiker (1995) considered the Mori-Tanaka, self-consistent and
Tamura’s models among comparisons of standard micromechani-
cal techniques. After that, a comparison between the Mori-
Tanaka, self-consistent models and the finite element simulation
of FGM was also presented in Refs (Reiter et al., 1997; Reiter and
Dvorak, 1998). However, those models did not directly analyze
the interaction between particles. When the variation is relatively
smooth, standard homogenization methods such as Mori-Tanaka
model and self-consistent model can be applied, while higher order
generalized theories should be used (Aboudi et al.,, 2003; Nemat-
Nasser and Hori, 2013) when the gradation is sharp. In addition,
finite element models (Nguyen-Xuan et al., 2011; Pascon and
Coda, 2015; Jrad et al., 2018; Mallek et al., 2019; Bouhamed
et al., 2019) based on micromechanics have been widely used to
predict the material properties of FGMs. However, these methods
were computationally intensive and inconvenient to be imple-
mented for engineering and structural analysis, when the local par-
ticle interactions are considered.

The micromechanics based homogenization method has been
widely utilized to analyze the elastoplastic (Vena et al., 2008;
Barai and Weng, 2011; Aghababaei and Joshi, 2011; Ortwein
et al,, 2014; Amirpour et al., 2017) and viscoplastic (Li and Weng,
2007; Pierard et al., 2007; Chen and Ghosh, 2012; Brassart et al.,
2012; Lahellec and Suquet, 2013; Agoras et al., 2016) problems
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of two-phase composites. In recent years, it is considered an effec-
tive approach to analyze the FGMs (Birman and Byrd, 2007; Yin
and Zhao, 2016), where the materials are homogenized locally in
the representative volume element (RVE) at the microscopic scale
to achieve globally heterogeneous behavior at the macroscopic
scale. Based on EIM, Ju and Chen (1994a), Ju and Chen (1994b) pre-
sented the elastic prediction of particle-reinforced metal matrix
composites (PRMMC) with spherical and spheroidal particles. After
that, Ju and Chen (1994c) also studied the effective elastoplastic
deformations and responses of PRMMC by introducing the “effec-
tive yield criterion”, which is derived micromechanically by con-
sidering effects of elastic spherical particles embedded in the
elastoplastic matrix. Ju and Tseng (1996), Ju and Tseng (1997) fur-
ther extended this theory by considering the pairwise spherical
particle interaction in particle reinforced ductile matrix compos-
ites, and they derived analytical expressions for the bulk and shear
moduli of a two-phase composite. Built upon this, Ju and Sun
(2001) and Sun and Ju (2001) proposed an expression for the over-
all elastoplastic stress—strain of randomly located, aligned spheroid
reinforced metal matrix composites. Furthermore, elastoplastic
responses of metal matrix composites with more complicated par-
ticle distribution (i.e., randomly located and randomly oriented
particles in the matrix) were developed by Sun and Ju (2004). In
recent years, Mareau and Berbenni (2015) developed a novel
self-consistent modeling based on the translated field method to
study the elasto-viscoplastic problems of fiber-reinforced compos-
ites and polycrystalline materials. A granular micromechanics
model by using of grain-scale force-displacement relationships
was built by Misra and Yang (2010) to study the cohesive materi-
als. This approach was also extended to study the rate-dependent
materials (Misra and Singh, 2013) as well as the cementitious
materials with thermal effect (Misra and Poorsolhjouy, 2015).

As FGMs with metallic/polymeric matrix are extensively used in
the industry field under externally applied mechanical or thermal
loadings, plastic deformation is inevitably occurred in the metal-
lic/polymeric matrix. Therefore, the elastoplastic analysis of the
FGMs is highly desired to accurately characterize their elastoplas-
tic behavior. Nevertheless, the studies of elastoplastic problems of
FGMs are rare in the literature. Gasik (1998) developed a Gasik-
Ueda model to study the elastoplastic behavior of FGMs. In his
study, the dilute model was used to develop the elastoplastic
behavior of plates. However, the model failed to consider the par-
ticle interactions and could not be applied to FGMs with high par-
ticle volume fraction. After that, Yin et al. (2004) developed an
elastic algorithm based on the micromechanics scheme to accom-
modate the graded nature of FGMs, which considered the particle
pairwise interactions and coupling effect of neighboring layers. The
method was later extended to interfacial debonding (Paulino et al.,
2006) as well as thermomechanical (Yin et al., 2008) behaviors.

In this study, the elastoplastic behavior of metal- and polymer-
matrix FGMs is micromechanically modeled by considering the
pairwise interaction between particles and the coupling effect
between neighboring layers. An image-based analysis method is
developed to statistically capture the authentic particle distribu-
tion of the FGM. The two-phase FGM is studied, with the assump-
tion that the plastic deformation only occurs in the matrix phase
(HDPE phase). This paper will formulate the problem, implement
the algorithm, and validate the model with the experiments. The
rest of the paper is organized as follows. In Section 2, a brief frame-
work of micromechanics and its application to the elastic analysis
of FGMs is provided. In Section 3, the corresponding plastic algo-
rithm is discussed, where the ensemble average yield function is
introduced with the corresponding stress norm. In Section 4,
experimental validation of the proposed method is provided and
discussed. In Section 5, the effect of the particle overall volume
fraction and its distribution function to the elastoplastic behavior



L. Zhang, Q. Lin, F. Chen et al.

of FGMs are numerically studied. Finally, some conclusive remarks
are provided in the last section.

2. Micromechanical framework
2.1. Micromechanics-based model with EIM

In this subsection, a brief review of the elastic formulation
is given to introduce the background and to formulate a com-
plete elastoplastic algorithm based on our previous work (Yin
et al,, 2004; Yin and Zhao, 2016; Lin et al., 2019). Both the
particle and the matrix phase are assumed to be in the elastic
domain. A particle embedded in an infinite matrix under far
field strain &° is considered, and the local strain field at a cer-
tain point x is decomposed into the far field strain and the
disturbed strain g,

e=¢8+¢

(1)

where the disturbed strain & represents the elastic mismatch
between the particle and the matrix and is computed through
the modified Green’s function G(x,x):
£ = —/ G(x,X) Co: & (x)dx (2)

Q

where Q represents the particle domain, Cy and C; are the elas-
tic stiffness tensor of the matrix and the particle, respectively. &* is
the eigenstrain which represents the material mismatch under the
external load. For a single inhomogeneity problem, as is shown in
Fig. 2, the stress equivalent condition around the spherical particle
domain Q is derived as:

Ci:(+&)=Co:(°+¢ —¢)

3)

where the eigenstrain & is related to the disturbed strain & and

is derived as:
-1

g =C- (DQ - AC’]) Y (4)

In Eq. (4), AC = C; — Cy is the stiffness difference and D® signi-
fies the integral of the modified Green'’s function within the spher-
ical particle domain , and is formulated as:

1

— S 5

30u(1 —v) ()

Combining Eqs. (1), (2) and (4), the strain field within the spher-
ical particle domain is shown to be uniform as:

Dijy (661 — (4 — 50) (dudy + dudy)]

-1
E:(I—DQAC) ey (6)

where I signified the fourth-rank symmetric identity tensor
Ly = % (0 + Sudje).

Moschovidis and Mura (1975) extended the above scheme to
two spherical particles embedded in an infinite matrix domain.
With the help of the polynomial expansion, the averaged strain
field within each particle domain is derived as:

b
7VQ Q

where p = a/b and Vo = 47a®/3 with a and b being the particle
radius and the center-to-center distance between the two particles
centered at x; and x,, respectively. D represents the integral of the
modified Green’s function inside the matrix domain, where the
other particle is located. Following the notification of Ju and
Chen (1994b), the fourth order tensor Dy, has the form Djy(Dn,),
and its parameters D,, are elaborated in the appendix Eq. (A2).
Eq. (7) represents the volume average strain within each particle

£dQ = (I—DQ-AC—D-AC)J 18"+ 0(p%) 7)
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with the influence of the other particle and its precision can reach
the order of O(p?), where p is not higher than 0.5. Comparing Egs.
(6)-(7), the average influence of one particle to the other is derived
as:

1.
d(x,,x) = £—8=AC" - L(x;,%)) : &

(8)

where the particle pairwise interaction tensor L(x;, ;) is:
-1 -1
L(x:.%;) = ([AC‘l ) L D] - [AC‘1 - DQ] ) +0(p%)  (9)

The explicit expression of Lcan be found in the appendix Eq.
(A3). It is noted that Eq. (8) can be extended to represent the pair-
wise interactions of multiple particles P;(i = 2,3, - - -) to one particle
P;(x4), such that for a given particle configuration G with N parti-
cles, the average strain of P;(x;) domain with pairwise particle
interactions is given as:

I

£(x) = (Ifl)‘?-Ac)*1 :s°+ZN:d(x1,xi) (10)
i=2

2.2. Effective elastic behavior of FGMs based on micromechanics

In this subsection, a brief review of elastic formulation of
FGMs is given based on our previous work (Yin et al., 2004; Yin
and Zhao, 2016; Lin et al., 2019). As shown in Fig. 3, the gradation
direction of typical FGMs is assumed along the X3(x3) direction
with a microscopic RVE and a microscopic coordinate x, at the
macroscopic point X. Within the RVE, the particle distribution is
graded in x; direction. Without loss of generality, it is assumed
that one particle P; exists at the center x = 0 of the RVE. With
the help of Eq. (10), the averaged strain inside the P; domain is
given as:

(&" = (1 -D°. Ac)’] :&°(Py) + iAC’l L(Py,Py): &°(P;)  (11)
i=2

where & (P;) represents the prescribed far field strain at the
same height of the corresponding particle P;,and varies along the
microscopic field with particle volume fraction, such that the
above equation can be further written as:

(€(0) = (1 —D%. AC)J 820 + iAC” L(0,¥) : &0(x)  (12)
i=1

The prescribed far field strain &°(x}) is related to the far field

strain at the center of the RVE &°(0) by the Taylor expansion to
the first order:

&°(x5) = £°(0) + &%(0) (¥ — 0) = £°(0) + &% (0)x3 (13)

Since all particles are statistically distributed microscopically in
a random way, a probability function P(x|0) is introduced to statis-
tically represent the probability to have a particle centered atx,
given another particle at 0. Therefore, the summation of the pair-
wise interaction is converted into integral over all possible particle
positions as follows:

(d)(0) :iAc” -L(0,x7) : &°(x}) = /D P(x|0)AC" - L(0,x)
i=1

- 80(x%)dx (14)
The particle probability function P(x|0) is also expanded with
Taylor expansion to the first order to accommodate the gradation

of particle distribution:

P(x|0) = ine [¢(X3) + e 3(X3) - X3] (15)
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Fig. 2. Eshelby’s equivalent inclusion method - using an eigenstrain in an inclusion to represent the inhomogeneity.

Macroscopic X

Microscopic x

Fig. 3. A micromechanics-based model of FGM to predict the effective behavior considering the microstructural aspects.

The ¢ is the parameter to control the attenuation rate such that
the probability function remains within a reasonable range inside
the RVE, ¢(X9) is the average volume fraction of particle in the
RVE and ¢ 4(X3) is the gradient of the particle volume fraction.
Egs. (13) to (15) are plugged into Eq. (12) such that the explicit

relation between particle strain and prescribed far field strain is
formulated:

(6)(X5) = (1-D* AC) ' &(Xs) + $AC™ D
:%(X3) + ¢ 5ACT - F 1 €%(Xs) (16)

The definition and expression of D and F are introduced in the
appendix Eqgs. (A4) and (A5). Tensor D addresses the pairwise
interaction between particles, while tensor F specially accounts
for the coupling of layers along the gradation direction. Eq. (16)
relates the ensemble average particle strain (g)(X3) with its corre-
sponding prescribed far field strain €°(Xs). It is straightforward to
consider the prescribed far field strain &° as the matrix strain in
macroscopic, after which the overall macroscopic stress @ can be
derived as the volumetric average of the particle stress and the
matrix stress as:

G = $(X3)C1 : (8)(X3) + [1 — $(X3)]Co : (8)°(X3) (17)

Given &, Eqs. (16) and (17) formulate an ordinary differential
equation that can be solved by the backward Euler’s method, such
that the elastic behavior of FGMs considering the pairwise particle
interaction is well defined.

It is noted that in the study of Yin et al (2004), three material
zones like Phase-A particles with Phase-B matrix (Zone I), transi-
tion zone (Zone II) and Phase-B particles with Phase-A matrix
(Zone III) are introduced to study the elastic properties of FGMs.
In which, the volume fraction could cover 0%-100% by transferring

373

the particle phase to matrix phase for Zone Il and utilizing Zone II
to bridge the results from Zone I and Zone III. However, since the
FGMs used in the present study has less than 60% of the particle
volume fraction (Chen and Yin, 2016), only one zone is considered
in scope of this paper. Otherwise the HDPE, which serves as the
binder to aluminum particles, is not enough to bind all the parti-
cles and will introduce significant air voids into the composite.

3. Effective plastic behavior of FGMs based on micromechanics

In this section, a brief review of plastic formulation of FGMs is
given to introduce the background and to fulfill the insufficient
derivation of our previous work (Lin et al., 2019). In the plastic
analysis of two-phase FGMs (Lin et al., 2019), it is assumed that
plasticity only occurs in the matrix phase, and the reinforcement
stays completely elastic. If the volume fraction reaches more than
50%, the matrix and the reinforcement will switch and the plastic-
ity no longer happens in the matrix, but inside the “reinforce-
ment”. The proposed theory will not hold for this scenario, and
additional research work is needed to address this issue. The
pressure-sensitive behavior of HDPE (Seltzer et al., 2011) is
neglected for simplicity in this paper. It is worth noting that the
derivation is based on Cauchy strain theory. For large plastic defor-
mation (Ayoub et al., 2010), quadratic terms are needed in the
strain definition. Thus, von Mises associated yield rule with isotro-
pic hardening is considered (Simo and Hughes, 2006):

F(c,e?) = VH — \@K(el’) (18)

For an isotropic homogeneous material, the stress norm takes
the form H = 6 : I : 6, and the isotropic hardening function takes
the form K(e?) = gy + h(eP)?, where gy is the yield stress, h and q
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are the hardening parameters and e” is the effective plastic strain.
However, such stress norm definition is suitable for isotropic
homogeneous material and can only be applied to the matrix in
the microscopic scale. The local disturbance from the particle inho-
mogeneity plays a key role in determining the starting place of the
plastic deformation and the corresponding plastic strain rate. In
order to incorporate the microscopic effect, the philosophy of the
ensemble average method in Section 2 is used in the plastic anal-
ysis of FGMs, to convert the particles’ interaction in microscope
to the averaged relation in macroscope, such that both particle to
matrix influence and the particle to particle pair-wise interactions
are characterized. Since the stress/strain relationship obtained is at
the macroscopic scale while the traditional von Mises stress is
defined for the matrix phase in the microscopic scale, an ensemble
average form of the current stress norm (H), is defined following Ju
and Chen (1994c), and the corresponding effective yield function
are used to define the macroscopic behavior. Based on that, the
ensemble averaged form of (H) is defined as (Ju and Chen, 1994c):

(H)=01-9¢)

where, (H),, stands for the ensemble average form of (H) in the
matrix phase. Since no plastic deformation is allowed in the elastic
particles, the ensemble average of (H) in the particle phase is
neglected, which is different from our previous work (Lin et al.,
2019) and make the model more sufficient. It is noted that the
hardening only occurs in matrix phase and has no contribution
from particle phase, therefore the e? in Eq. (18) is replaced with
the matrix effective plastic strain e},. The ensemble average yield
function F for two-phase FGMs is written as:

F(o,et) = (1 - ¢)\/(H), — \EK(eﬁT)

Given a particle configuration G, the ensemble average stress
norm of matrix is defined as:

(H) (19)

m

(20)

(H)p (%) (21)

H + / {H(x\g)—HO}P(g)dg
g

where H® = 6° : I, : 6° stands for the macroscopic average of
current stress norm of matrix and the second term represents
the integration of the microscopic variation due to particle interac-
tion over the entire representative volume element. The evaluation
based on real particle configuration G is impossible. The higher
order effect of particle influence in Eq. (21) is neglected, leaving
only the first order influence of particle to matrix, to have a simpli-
fied ensemble average stress norm of the matrix phase:
(H),, (%) = H® + / {H(x|x1) - HO}P(xl)dxl (22)

J|x—x1|>a

where P(x;) is the probability density function with the same
form as Eq. (15). With the help of Egs. (1), (2) and (4), the matrix
stress is evaluated as:

6=06"+c =(I+A):c° (23)

-1
where A = —D(x) : (DQ - AC’l) . Substituting Eq. (23) into Eq.

(22) yields the explicit form of ensemble average stress norm of
matrix as follows:

(H),, (%) H0+/ {Z;I,,:A+ﬁ;ld+ld:A}P(x1)dx1
J|x—x1|>a

=6°:T°:¢0° (24)

— -1
where A = —(D“ - AC") : D(x), and the components of the

fourth rank tensor T° are given by
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Tiu = T3 650w + T3 (Sudj + Sud) (25)
where
2 2
3719 4 279 (Bu+2p)>2(1 —22110) o 26)
18(1 — vp)*122
23-50 3512)p?
-1, %o +35%) (27)

2 225(1 — vo)* 2

and o and g are given in the appendix Eq. (A10d), which give a
respond to Lin et al. (2019) p, and v, are the shear modulus and
Poisson’s ratio of matrix, respectively. It is noted that the first order
term of probability density function Eq. (15) vanishes, thanks to
the symmetry of the volume integral. The probability density func-
tion can also be expanded to higher order term to account for lar-
ger gradation of particle volume fraction, which will generate
additional terms in Eq. (24).

Eq. (24) gives the stress norm that accounts for the first order
particle-matrix influence. It assumes dilute particle configuration
so that the disturbed strain field from each particle can be linearly
superposed. The pairwise particle interaction shall be considered
when the volume fraction is high. It is seen that Eq. (16) and (17)
give the relation between the ensemble average stress ¢ and the
macroscopic matrix stress ¢°:

e =Pr:

o (28)

However, the derivative of far field strain ¢4 in Eq. (16) makes
the fourth rank tensor P implicit, where the backward Euler’s
method shall be used to numerically determine the P in each layer
along the gradation. Since Eq. (28) holds for each individual layer

(6°) = P': (5)', we have:

@) =H: (6 +Q: (¢ (29)
where i denotes the i layer along the thickness, and
-1
H= {¢C1 : {(I—D“AC) + ¢AC™! ~D} G+ (1 —¢)I}
-Q (30)
N -1 —1
Q=7 30Ci-ACT - F G, (31)

in which t is the thickness and N denotes the number of layers
along gradation. Since the load is transferred along gradation, the

ensemble average stresses are the same in each layer (G)' = (.
Therefore, the relation between different P' is given as:

I=H:P'+Q: P (32)

The boundary at i = 1 corresponds to the 100% matrix material,
such that an explicit equation can be formulated by Eqgs. (16) and
(17) to calculate P°. For the FGMs of which the particle volume
fraction does not start from 0% (say 10%), the boundary condition
can be formulated by dropping the Q term in Eq. (29), such the gra-
dation effect is neglected in the first layer.

Compared with Eq. (24), the new stress norm in terms of
ensemble average stress also varies along gradation and is written
as:

H): (x)=6:T:c (33)
where the fourth order tensor T' is defined as:
T=pP:T°:. P (34)

Therefore, the yield function for FGMs becomes:



L. Zhang, Q. Lin, F. Chen et al.

F(@.e) =(1-¢)Va:T 5 [oy+h(eh)]

Following the associative flow rule, the macroscopic plastic
strain in each layer is determined by:

(35)

F=i—=l1-¢)—F——= (36)
Jo vo:T:o
Accordingly, the effective plastic strain for the matrix is:
p e 1 2. -
e"’_ilfd)_ilf(p 38P.8P (37)

The macroscopic total strain is the volumetric average of the
particle and matrix as:

(&) = (1—d)en + o

where the matrix strain is the combination of its elastic and
plastic part &, = &, + &, and the total strain of particle only con-
tains elastic part &, = &. The elastic part &, and & are determined
with the help of elastic algorithm described in the section 2.2,
while the plastic part &}, is fully defined by Egs. (35) to (37).

If the macroscopic ensemble average stress @ is known, the con-
sistency condition requires the yield function Eq. (28) smaller or
equal to zero, which determines the effective plastic strain directly.
In case of the strain-driven plasticity, return mapping algorithm is
applied to perform the stress update, during which Newton’s
method or Bisection can be used to determine the / from consis-
tency condition. Specifically, in each loading step the trial stress

(38)

in every layer (Acg™)' corresponding to the loading step AF is com-
puted via the elastic algorithm in Section 2.2, which is plugged into
Eq. (35) to see if the consistency condition holds based on the
parameters in the previous loading step:

F(G.et)=(1-¢)Ve:T .6 [ay+h(egj)q] <0 (39)

If consistency condition holds true in every layer, then the FGM
stays the elastic state or plastic unloading. If the yield function is
larger than zero in a layer, Fi(@,eh,) > 0, then plastic strain occurs
and the material parameters need to be updated, where the dis-
crete form of Egs. (36) and (37) are plugged into consistency con-
dition to solve for the 2 with the Newton’s method or the bisection

method.

4. Verification and validation
4.1. Verification: Uniaxial compression of PRMMC

In order to prove the accuracy of the proposed method, compar-
isons to existing methodology and experiments are needed for the
verification purpose. However, to the best of the author’s knowl-
edge, neither theoretical modeling nor experimental data has been
documented for the elastoplastic behavior of FGMs. The plastic
behavior of particle-reinforced metal matrix composites (PRMMC),
however, has been well documented and studied. PRMMCs are
widely used as they can exhibit nearly isotropic properties and
are easier to process using standard metallurgical processing such
as powder metallurgy or casting routes. The reinforcing particles
are assumed to be uniformly distributed among the metal matrix
to exhibit an overall homogeneous mechanical behavior, which
can be considered a special case of functionally graded material
with constant particle volume fraction along the gradation. There-
fore, the proposed method is downgraded to compare with the
experimental data and theoretical model of PRMMC for verifica-
tion. Specifically, experiments conducted by Yang et al. (1991)
are used as a reference. Micromechanics based elastoplastic behav-
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ior algorithm of PRMMC in the paper of Ju and Chen (1994c) is also
compared for the verification. Notice that the proposed method
shares the same framework with Ju’s method, in which the particle
interaction in both methods is addressed through the equivalent
inclusion method. However, the effect of neighboring particles is
addressed in different ways in two methods, whereas the pairwise
interaction term in the present method is derived from physics in a
more straightforward way and is easier to utilize for FGM model-
ing. In the experiment, uniaxial loading is applied to the Al/4Mg
alloy reinforced with SiC particles, where the material properties
for the matrix is Eq = 75GPa, vy = 0.33 and for the particle
E; = 420GPa, v; = 0.17. The hardening parameters for the matrix
is given as gy = 46MPa, h = 320MPa and q = 0.265. Four types of
particle volume fractions ¢ = 0%, 17%,30%and 48% are investi-
gated. Since the macroscopic ensemble average stress equals to
the applied stress and is known & = (611, 0,0, 0, 0,0). The effective
plastic strain eh, can be directed computed from Eq. (35). The total
strain can be fully determined with the help of Egs. (16), (17), (36)
and (38). Yang's experimental results, Ju’s theoretical predictions
and the prediction of the proposed algorithm are plotted in Fig. 4
for comparison. The solid line is the theoretical prediction based
on present theory, the triangles represent the result from Ju and
Chen’s (1994c) theoretical prediction and the circular dots are
the experimental result from Yang's experiment.

Very good agreement is achieved among the proposed theory,
Ju and Chen’s (1994c) theory and the experiment for PRMMC.
The minor deviations between experiments and simulations at
30% may be attributed to the influence of residual stresses, which
is caused by the reduction of the flow strength (Yang et al., 1991).
In general, the proposed theory slightly underestimates the total
deformation compared with Ju’s results, but perfectly captures
the experiment deformation when ¢ = 48%. It is noted that both
Ju’s theory and the present theory share the same fundamental
derivation. The small discrepancy is resulted from the different for-
mulation of pairwise interaction effect to the definition of micro-
scopic stress field and ensemble average stress norm, where a
more straightforward calculation is achieved in the present theory.

4.2. Validation: Uniaxial compression of FGMs

The experimental validation is conducted by comparing to the
FGM from our recent research works (Yin et al., 2013; Chen
et al., 2016; Chen and Yin, 2016) by developing a BIPVT roofing
panel with FGMs as an essential component, which have shown
great potential to harvest solar energy efficiency. The FGMs were
made by coarse aluminum powder and HDPE through the vibration
method. Coarse aluminum powder (Al-111) was chosen to mix
with the finer HDPE powder. The desired gradation of the Al/HDPE
FGM in terms of volume fraction of aluminum to the FGM is to be
from 0% to 50% across its thickness. Aiming at this gradation, a
mixing design of the FGM with an appropriate volume ratio of Al
to HDPE as 1:3 was applied and the ethanol added for the mixing
was chosen by the weight ratio of ethanol to the mixed powder
as 28%. The detailed mix design and fabrication processes are pro-
vided in reference (Chen et al., 2016). HDPE by its nature exhibits
viscous and thermoplastic behavior at higher temperatures, such
that temperature and time have strong effect in its overall behavior
under long time loading. However, those effects are neglected dur-
ing the current validation process, thanks to the relatively short
loading period and stable room temperature during the uniaxial
compression tests. Potential thermal residual stress does exist
from the temperature decrease during the manufacturing but is
neglected for simplicity. The uniaxial compression test is carried
out to validate the proposed theory developed from classical
elastoplastic scenario based on the von Mises yielding criteria.
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Fig. 4. Theoretical prediction and experimental data of plastic deformation of
uniaxial compression of PRMMC.

The uniaxial elastoplastic compression test is conducted with
pure HDPE samples and the stress strain loading curve is shown
in Fig. 5. It is worth noting that the derivation is based on Cauchy
strain theory. For large plastic deformation (Ayoub et al., 2010),
quadratic terms are needed in the strain definition. The curve is
switched leftward to account for effect unflatten and unparalleled
loading surface to the linear elastic behavior of HDPE. The material
properties are extracted from the loading curve, such that
E =550MPa, v = 0.3,0y = 17.6MPa, h = 67.5MPa, q = 0.5444. The
corresponding restored loading curve is also plotted in Fig. 5,
which matches well with the experimental data of HDPE and will
be used in the following analysis of the composites.

Four samples are cut from an FGM plate for the uniaxial com-
pression test, with its dimension and weight information listed
in Table 1. The samples are uniaxially compressed with the Instron
5984 34 k Universal Testing Machine inside the Carleton Labora-
tory of Columbia University and all samples are kept under con-
stant temperature and humidity environment. In order to clarify
the region of interest (ROI) of the samples, two assumptions are
introduced: a). there is a particle right at the center of the RO,
so that the interaction between particles can be established; b).
the particle distribution follows the volume fraction distribution
in the graded direction (x3 in microscope), and follows uniform dis-
tribution in the other two direction (x; and x, in microscope). The
samples are loaded with the speed of 0.508 mm/min until
1.524 mm total deformation is reached, where the approximate
total deformation is about 10%. A high-resolution photo is taken
at the beginning of each loading test, with Canon DSLR 6D camera
and the Tamron 90 mm f/2.8 macro lens. The YongNuo YN-14EX
macro flash light is mounted onto the Tamron macro lens to pro-
vide additional light in the macro photographing. The experiment
setup is shown in Fig. 6(a). The macro lens allows a much closer
shooting distance such that the frame can be filled as much as pos-
sible by the small FGM sample to reveal more detail of the FGM
cross section, as can be seen from Fig. 6(b), where approximated
4 million effective pixels are included in the area of the
161.29 mm? cross-section surface. The cross-section photos are
used to statistically retrieve the particle volume fraction distribu-
tion through the image analysis.

In Chen et al (2016), the particle volume fraction was measured.
The samples were taken from the four corners and the center of the
FGM plate after sedimentation and before heating and vacuuming
inside the oven. Four layers were divided along the gradation and
mixed together according to their relative position. The average
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Fig. 5. Elastoplastic behavior of pure HDPE under uniaxial loading.

volume fraction in the four mixed parts were measured and plot-
ted. The corresponding simulated particle volume fraction starts
with 0% at one end and linearly increase to 50% to the other end.
However, the heating and vacuuming process will surely change
the particle distribution along gradation, and thus cannot be
assume linear as the particle volume fraction distribution plays
vital role in the plastic behavior prediction. In order to get an accu-
rate and individualized particle distribution, image-based analysis
method is proposed and validated in this paper.

It is assumed that the particle volume fraction varies only
along the gradation direction and stays unchanged over the hor-
izontal plane. Statistically speaking, the particle volume fraction
distribution of a sample can represent the distribution of all
other samples and can also be represented by the volume frac-
tion distribution shown in the cross section in Fig. 6(b), by count-
ing the relative area of aluminum to the overall sample surface.
Recognition of aluminum particles’ area is accomplished by
image analysis. Aluminum shows a high reflection rate to the
flashed light, while HDPE, as a plastic, absorbs most of the light
from the flash and shows relatively much darker in the Fig. 6
(b), making it easy to be distinguished. It shall be noted that
HDPE is partially transparent, which means the aluminum parti-
cles in deeper layer will show up in flash-disabled photos and
may reduce the efficiency of the recognition. Therefore, the flash
light greatly contributes to the differentiation of Al and HDPE by
making the aluminum particle “shine” in the photo. This phe-
nomenon also helps the surface Al to gain a much brighter color
than the HDPE and stand out from the surrounding HDPE, as is
shown in Fig. 7. A very clear and growing trend of the pixels
close to 1 (indicating Al) can be observed from the top to the
bottom.

Specifically, the captured image is first converted from RGB to
the gray scale, where each pixel location has a number ranging
from O to 1, representing the relative light intensity. The FGM sam-
ple is cropped from the whole photo and divided into 10 sections
along the gradation. The histogram in each section is plotted in
Fig. 7, where the upper left to the bottom right represent the top
section to the bottom, correspondingly. The gray scale light inten-
sity from O to 1 is divided into 100 sections. The histogram counts
the number of occurrences of a certain light intensity range in the
corresponding section. It is clearly seen that from top to bottom,
the number of occurrences of brighter pixels (pixel information
close to 1) increase along gradation, in accordance with the gradual
increase of aluminum particle volume fraction.
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Table 1
The dimension and weight information of the FGM samples.
Sample Height Width Depth Weight
mm mm mm g
1 13.39 13.26 14.25 3.40
2 13.51 13.61 13.26 3.30
3 13.21 13.18 13.34 3.16
4 13.64 13.74 13.61 343
Average 13.44 13.45 13.61 3.32

Fig. 6. Microstructure acquisition: (a). Experimental setup; (b). Macro photo of the FGM sample’s cross section.
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Fig. 7. The histograms along the gradation of the FGM sample in the 10 different sections along the gradation.

A light intensity threshold is settled to distinguish aluminum
pixels from HDPE pixels, which is determined by calibrating the
predicted weight of the sample to the measured ones. The poros-
ity is not considered during this process, i.e. assuming no air void
inside, because the sample is very cut into very small size and
visually examined with no defects. Let us first assume that the
light intensity threshold is set as 0.86, such that any pixel’s light
intensity larger than or equal to 0.86 is considered as part of alu-
minum particle, while smaller than 0.86 is considered as HDPE.
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The identification of aluminum or HDPE can thus be easily
accomplished. The comparison of original image and Al-
recognized image is shown in Fig. 8, where the red dashed line
and the blue dashed mark are used to indicate the corresponding
location of one Al particles and part of the HDPE matrix. It is seen
that all the aluminum particles in the original photo are success-
fully recognized, while the vertical scratches from the sample-
cutting and the aluminum particles hidden in deeper layer are fil-
tered out.
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Fig. 8. FGM sample original photo (left) and Al-recognized photo (right).

Ten layers are divided along the gradation and the corre-
sponding particle volume fraction is calculated by dividing the
number of bright pixels to the total number of pixels. Such image
analysis is repeated for all four FGM samples and the averaged
particle volume fraction distribution is plotted in Fig. 9. The blue
dots represent the averaged volume fraction, where the uncer-
tainty is 0.07. A quadratic function with forced zero interception
is used to fit the volume fraction distribution. The area below the
fitted curve is the averaged particle volume fraction. Given the
sample dimension in Table 1, the weight corresponding to the
averaged volume fraction is calculated as 3.31 g, which matches
well with the measured average sample weight 3.32 g, where the
uncertainty of the average sample weight is 0.16 g, such that the
light intensity threshold 0.86 is validated. It is seen from Fig. 9
that when the relative location is smaller than 0.6, the particle
volume fraction gradually increases in convex form until approx-
imately 30% and gradually stabilize with a slight decrease. The
retrieved averaged sample particle volume fraction distribution
is slightly different with the linear distribution assumption in
the paper of Chen et al (2016). The decrease of the volume frac-
tion is due to the boundary effect of the mold. The gradation is
resulted from a sedimentation process, where the mold contain-
ing the sample solution is fixed to a shaking table with vertical
vibration. Since the bottom surface is fixed to the shaking table,
the particles close to the bottom surface are forced to bounce
back, and therefore the bottom layer is formulated with less par-
ticles. The layer close to the bottom will accumulate both the
particles fallen from the top and the particles bounced back from
the bottom, and therefore has the largest volume fraction across
the thickness.

Uniaxial compression test is applied to all the FGM samples,
until the total deformation reaches around 10%. The stress-strain
curve of experimental results and numerical results are plotted
in Fig. 10. The experimental results of all samples are in dot marker
with the error bar represents the maximum deviation of all sam-
ples. Numerical results with sample particle distribution given in
Fig. 9, quadratic distribution and linear distribution which pro-
posed by Chen et al. (2016), are marked in solid line, dash line
and dot-dash line, respectively. The numerical comparison
between the prescribed load and experimental load is listed in
Table 2. The relative difference is calculated by dividing the differ-
ence of the prescribed load and the experimental load by the
experimental load.
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Fig. 10. Elastoplastic behavior of FGM in the experiments and prediction.
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Comparison between experiments and prescribed load of elastoplastic behavior of FGM, take the prescribed load as reference.

Strain Experiment Load Prescribed Load Relative Difference Strain Experiment Load Prescribed Load Relative Difference
% MPa MPa % % MPa MPa %

0.34 1.4 3.00 114.89% 337 19.98 24.00 20.13%

0.67 3.24 6.00 85.13% 4.1 22.86 26.00 13.71%

1.01 5.49 9.00 63.95% 4.98 25.37 28.00 10.37%

1.35 7.88 12.00 52.33% 5.98 27.76 30.00 8.07%

1.68 10.24 15.00 46.54% 7.12 29.64 32.00 7.97%

2.03 12.54 18.00 43.55% 8.38 31.22 34.00 8.90%

2.55 15.8 21.00 32.90% 9.05 31.93 35.00 9.62%

It is shown in Fig. 10 that the experimental data exhibit similar
elastoplastic behavior with a narrow deviation over the whole
loading process. The present theoretical elastoplastic prediction
based on the true particle distribution tends to slightly underesti-
mate the overall deformation but captures the trend of the behav-
ior. The prediction mismatch happens majorly in the elastic
domain and becomes not that obvious during the plastic stage.
The maximum discrepancy happens at the beginning of the elastic
loading and rapidly decreases when the deformation goes into
plastic stage. According to best of the authors’ knowledge, the dis-
crepancy of prediction and experiment could be resulted from the
following reasons. Firstly, the two phases are assumed to be per-
fectly bonded and free of defect like air void in theoretical frame-
work. However, the connection between aluminum and HDPE
may not be that strong. Moreover, although the manufacturing of
the used FGM involves vacuuming process, air bubbles are still
very likely to be trapped inside (Tan et al., 2005; Brassart et al.,
2009), given the high viscosity of HDPE. Thirdly, the proposed algo-
rithm is developed based on the assumption that the particle shape
being spherical, which cannot be perfectly satisfied in the real case.
Considering the overestimation of stiffness in the elastic range, the
debonding and air void are very likely to dominate the causing for
strong reduction of overall stiffness. It is worth to point out that
the big initial percentage difference between prediction and exper-
iments could also be resulted from the pressure dependency of
HDPE. Overall, the proposed elastoplastic algorithm of FGM cap-
tures the real elastoplastic behavior of FGM very well and can be
used for further investigation and industry prediction.

5. Parameter studies: The effect of volume fraction
distributions

Volume fraction plays an important role on the FGM’s proper-
ties. Based on the procedure mentioned above, when a uniaxial
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loading is applied to the Al/HDPE FGM, the effect of volume frac-
tion distribution is studied in two cases: (1) different overall parti-
cle volume fractions with quadratic and linear distribution
functions; (2) the same overall particle volume fraction with differ-
ent quadratic distribution functions. In this section, the FGMs are
assumed as a mixture of Al particles embedded in a HDPE matrix
with maximum phase volume fraction remains smaller than 50%,
to avoid the phase transition between particle and matrix. The
mechanical parameters, which are E; = 550MPa, 79 = 0.3,0y =
17.6MPa,h = 67.5MPa,q = 0.5444 for HDPE matrix, and
E; = 70GPa, v; = 0.33 for Al particles, are collected in Section 4.
The effective Young’s modulusE, for the elastic behavior, the offset
yield stress g, and the corresponding total strain &, for the plas-
tic behavior are defined and calculated for comparison. The offset
yield stress oo, is defined as the stress state corresponding to
0.2% plastic strain and has been used in many literatures (Barlat
et al.,, 1991; Cleveland and Ghosh, 2002; Chowdhury et al., 2016;
Samei et al., 2018) for the measurement of plastic behavior.

5.1. Effect of different volume fractions

Fig. 11 gives the elastoplastic predictions of FGMs under differ-
ent overall particle volume fraction, with the quadratic and linear
distribution function. The overall particle volume fraction ranges
from 10% to 25%. The effective Young’s modulusE,, the offset yield
stress 0o, and the corresponding total strain &, are listed in
Tables 3 and 4 for comparison. It is seen that the effective Young'’s
modulus E, is strongly affected by the overall volume fraction, indi-
cating that the overall volume fraction has a strong effect to the
elastic behavior of the FGM. The effective Young’s modules E, will
rise 1.95% with every 1% increase of the overall particle volume
fraction. The offset yield stress 0o, remain stable with variation
smaller than 3% and can thus be considered as independent to
the overall particle volume fraction. However, the corresponding
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Fig. 11. Stress-strain curve of Al/HDPE composites of different overall particle volume fraction with quadratic distribution function (left) and linear distribution function

(right).

379



L. Zhang, Q. Lin, F. Chen et al.

International Journal of Solids and Structures 206 (2020) 370-382

Table 3

Comparison of E,, 6y, and &y, under different phase volume fractions with quadratic distribution, take volume fraction of 10% as reference, respectively.
Volume E. Comparison 002 Comparison €02 Comparison
Fractions MPa - MPa - % -
10% 673.942 0.00% 20.607 0.00% 3.258 0.00%
15% 748.342 11.04% 20.936 1.60% 2.998 —7.98%
20% 830.767 23.27% 21.002 1.92% 2.728 -16.26%
25% 921.982 36.80% 20.835 1.11% 2.460 —24.49%

Table 4

Comparison of E,, gy, and &y, under different phase volume fractions with linear distribution, take volume fraction of 10% as reference, respectively.
Volume E. Comparison o2 Comparison €02 Comparison
Fractions MPa - MPa - % -
10% 671.9657 0.00% 20.2911 0.00% 3.21967 0.00%
15% 742.4855 10.49% 20.3984 0.53% 2.94731 —8.46%
20% 820.0698 22.04% 20.4014 0.54% 2.68777 -16.52%
25% 905.3679 34.73% 20.2798 —0.06% 2.43995 —24.22%

total strain &g is significantly reduced to 40% with the increase of
the overall stiffness. The difference between quadratic and linear
distribution, under the same overall volume fraction, is less than
3% for all the three mechanical parameters. It is also worth men-
tioned that the prediction based on the linear particle distribution,
given by Chen et al (2016) provides similar behavior prediction
with the quadratic particle distribution and can be used as a sim-
plified estimation of the particle distribution, from the elastoplas-
tic perspective.

5.2. Effect of different quadratic distribution functions

In order to further study the effect of particle distribution func-
tion, Fig. 12 illustrates the elastoplastic predictions under the same
overall particle volume fraction but different quadratic distribu-
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Fig. 12. Stress-strain curve of Al/HDPE composites with different quadratic
distributed function at the same overall particle volume fraction at 23.42%.

tions, which are listed in the legend. The overall particle volume
fraction is equal to the measured result in the Section 4. The overall
effective Young’s modulusE,, the overall offset yield stress ¢, and
the corresponding total strain &g, are listed in Table 5 for compar-
ison. Since the overall particle volume fraction remains unchanged,
and the particle distribution configuration is restricted to and var-
ied from the authentic particle distribution formulation, the
mechanical properties for both elastic and plastic stages are weak-
ened with the increase of the gradation. The maximum difference
is less than 3% for the effective Young’s modulus E. and about 6%
for the offset yield stress gq,. Together with the comparison in Sec-
tion 5.1, it is therefore concluded that the slight variation in parti-
cle distribution function under the same overall volume fraction
will not generate big difference in mechanical behaviors, as long
as a similar trend is followed. However, for some extreme cases
where particles are overly sedimented to formulate a delaminated
composite, or insufficiently sedimented with almost homogeneous
particle distribution along gradation, big difference in plastic
deformation is expected and need further investigation.

6. Conclusions

The micromechanics-based algorithm to predict the elastoplas-
tic behavior of FGMs is proposed in this paper. The pairwise inter-
action between particles is considered to account for the higher
order effect from particle to matrix. The microscopic stress norm
is transformed to the macroscopic stress norm for the yield func-
tion with ensemble average stress components. The coupling effect
of neighboring layers is considered in the calculation of relation
between ensemble average stress and far field stress, numerically
through the backward Euler’s method. The proposed algorithm is
downgraded into homogeneous composite to compare with the
elastoplastic algorithm (Ju and Chen, 1994c) and the uniaxial
elastoplastic compression test (Yang et al., 1991) of particle rein-
forced metal matrix composites (PRMMC). The downgraded pre-
diction agrees well with both theory and experiment.

Table 5
Comparison of E,, 6o, and & under different quadratic distributed functions, take ¢' as reference, respectively.
Distribution E. Comparison 002 Comparison €02 Comparison
Function MPa - MPa - % -
@' 892.16 0.00% 20.89 0.00% 2.542 0.00%
@ 880.00 -1.36% 20.45 -2.12% 2.524 —0.70%
¢ 867.74 —2.74% 19.62 —-6.11% 2.461 -3.19%
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The uniaxial elastoplastic compression test of FGM is also con-
ducted to validate the proposed algorithm. The image analysis
method is proposed to statistically obtain the authentic particle
volume particle distribution throughout the gradation. The
elastoplastic behavior prediction based on the real particle distri-
bution, linear distribution and quadratic distribution are dis-
cussed and compared with the experiment. The prediction
based on the real particle distribution is in good agreement with
the experiments but slightly underestimates the deformation,
especially in the elastic range. The discrepancy in the elastic
range may be due to the imperfect interface and potential
debonding between particle and matrix and the potential defect
(such as air void) inside the FGM samples. The spherical particle
assumption may also contribute to the difference between pre-
diction and experiments. It is also worth to point the pressure
dependency of HDPE will also contribute to the discrepancy in
the initial elastic loading. More future work is needed to further
investigate the influence from potential thermal residual stress,
viscous, thermoplastic and pressure dependency of HDPE for a
more accurate prediction of the elastoplastic behavior of HDPE
based FGMs.

The effect of overall volume fraction and particle distribution
are numerically discussed. Cases with different overall particle vol-
ume fraction under specific type of distribution and different par-
ticles distribution under specific overall volume fraction are
collected. The effective Young’s modulus is strongly affected by
the change of overall particle volume fraction in the thickness
direction, but slightly affected by the particle distribution. The
overall offset yield stress, however, is more affected by the distri-
bution type than the overall particle volume fraction. Since only
linear and quadratic distributions are considered, further study is
needed to account for effect of extreme particle distributions,
which are likely happened in the FGM manufacturing. Also, the
mechanical properties of matrix and particles play important roles
in FGM composites, which should be further studied to predict the
overall effective elastoplastic behaviors of FGM composites with
different configurations.
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Appendix
Integration of the modified Green’s function in the matrix
domain Djjy

Dyjit(Dim) = Dyminjmny + Dy (S + dunjiy + Gnimy + dmiy)
+D3 851y + Daduning + D50 + De (0 + Sudjic)
(A1)

where
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,)3(5,7/)2) /)3(/J2—1/g) /)3(/)271)

D = G - D2 = G0 - D3 = w0 (A2a)
_p(p*1) _p*(5-3p%) _ P3(-3p2+1005-5)
Ds= Fpg(T=vg) * 3~ B0pto(1-2g) 'De = 4pio(1-2g) (AZb)
The pairwise interaction tensor Lij(X1,X2)
Lijkl(Lm) = Llninjnkn, + L, (6iknjn; + (Si,njnk + 5jkn,-n1 + 5ﬂn,~nk)
+L36ijn,<n, + L45k,n,<nj + L55,‘j(5k[ +Lg (5ik5jl + 5il(5jk)
(A3)

where L;(i =1,2,---,6) can be found in Yin’s paper
The integration of the pairwise interaction tensor D and F

D= [, 2sL0.8)dx = [§ ;2 [, L(n, p)dordp (A4)

F=Jpet 2aL0.08de= [le# 22 [ Ln pynjdordp  (AS)
where

fE L(n,p) dCO = 4” (15L5 + 10L; + Ll)buékl (A6)

+1% (15Ls + 10L2 + Ly) (6idjt + Sudjr)

Js

n, )n%dw 105 % [35Ls + 14L3 + Ly + 2(7L3 + L1) (013 + 0k3)]0ii0u
4T [35L6 +14L, + Ly + 2(7L, + L])(OB + (3]3)} (5,'/(5]'1 + 5,‘15]"()
(A7)

I(
+

The relation between disturb stress ¢ and far field stress 6°,
o =A:c°

-1
A=-D:(D*-AC") (A8)
Aji(Am) = Aynininny + Ay (S + Synyng + Siiny + &5y
+A3 8y + Agdanity; + Asdydi + As (Sikdii + dudii)
(A9)
where
_ /J3/i(7p2—5) o /)3/)’(1/0—/)2) . /)3/1'(1—/)2)
A= 2ug(1—vg) 112 = 2pg(1=v) '3 T 2p9(1-2p) (A]Oa)
_ PPB(1-p?)-pPul1-200) , _ p*B(3p7-5)+p>u(5-101)
As = 2pt9(T1=20) As = 30%(1—20) (A10b)
;}3/3(5—10ug+3p2)
As = 304p(1-2p) (A10c)
(3m0+2/f0 70 P = 4/fO (A10d)
_ 1 1 1 500-4 1
%0 = 30p5(1-0) ~ (m B m)’ﬁ = S0y A7
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