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348 G. De Philippis et al.

1 Introduction

We consider the two-phase functional J;,, defined, for every open set D C R4
and every functionu : D — R, as

Jp(u, D) :=/ IVul?dx + 22|12 N D+ 2219, N D], (TP)
D

where the constants A > 0 and A_ > 0 are given and fixed, and the two
phases

QF={u>0 ad Q,={u<0}

are the positivity sets of the functions # ™ :=max{u, 0} and u ™~ :=max{—u, 0}.
We say that a function u : D — R is a local minimizer of J;p in D if

(1. 9) < Jip(0.9)

for all open sets  and functions v : D — R such that @ € D and v = u on
D\ Q.

In this paper we aim to study the regularity of the free boundary 927 U
02, N D for local minimizers of J;, in D. Our main result is a full description
of 92" and 92, around two-phase points:

Ty, =09 Nae, ND.

More precisely, we prove that, in a neighborhood of a two-phase point, the
sets " and Q;, are C!"-regular domains touching along the closed set yp.

Theorem 1.1 (Regularity around two-phase points). Let u : D — R be a
local minimizer of Jip in the open set D C RZ. Then, for every two-phase
point xo € I'yp N D, there exists a radius ro > 0 (depending on x) such that
8Qui N By, (xo) are C'" graphs for some n > 0.

Combining Theorem 1.1 with the known regularity theory for one-phase
problem, one obtains the following result, which provides a full description of
the free boundary of local minimizers of J;,.

Corollary 1.2 (Regularity of the free boundary). Let u : D — R be a local
minimizer of J;p in the open set D C RY. Then, each of the sets QN D and
0€2,, N D can be decomposed as a disjoint union of a regular and a (possibly
empty) singular part

IQE N D = Reg(dQ2F) U Sing(9Q),
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Regularity of the two-phase free boundaries 349

with the following properties:

(1) The regular part Reg(9d Qui) is a relatively open subset of HQMi N D and is
locally the graph of a C'"-regular function, for some n > 0. Moreover,
the two-phase free boundary is regular, that is,

[;p N D C Reg(dF).

(i1) The singular set Sing(d Qui) is a closed subset of BQMi N D of Hausdorff
dimension at most d—5. Precisely, there is a critical dimension' d* € [5, 7]
such that
— ifd < d*, then Sing(3QF) = 0;

— ifd = d*, then Sing(dQF) is locally finite in D;
— ifd > d*, then Sing(BQui) is a closed (d — d*)-rectifiable subset of
BQf N D with locally finite HA=" measure.

As a second corollary of our analysis, by applying the same type of argu-
ments as in [43] we obtain a complete regularity results for the following
shape optimization problem, studied in [6,8,45], where the optimal sets have
the same qualitative behavior as the sets €2 and ;; in Corollary 1.2, contrary
to the classical optimal partition problem studied in [13,14,19-21] (which
corresponds to the case of zero weights m; = 0, for every 7).

Corollary 1.3 (Regularity for a multiphase shape optimization problem). Let
D be a CV7 -regular bounded open domain in R?, for some y > 0 and d > 2.
Letn>2andm; >0,i =1,...,n be given. Let (21, ..., ;) be a solution
of the following optimization problem:

min { 37 (11(@) +milul) : @ D (SOP)
i=1

open; Q;iNQ; =0 for i;ﬁj}.

where A1(82;) is the first eigenvalue for the Dirichlet Laplacian in ;.

Then, the free boundary 092; of each of the sets Q2;, i = 1,...,n, can be
decomposed as the disjoint union of a regular part Reg(02;) and a (possibly
empty) singular part Sing(0€2;), where:

(1) The regular part Reg(0S2;) is a relatively open subset of 0S2; and is locally
the graph of a C'-regular function, for some n > 0. Moreover, both the

! The critical dimension d* is the first dimension, for which there exists a one-homogeneous
non-negative local minimizer of the one-phase functional with a singular free boundary. Cur-
rently, it is only known that 5 < d* < 7, [12,30,34].
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350 G. De Philippis et al.

contact set with the boundary of the box and the two-phase free boundaries
are regular, that is,

0€2; NdD C Reg(0€2;) and 0$2; NIK; C Reg(9€2;)
forevery je{l,...,n}\{i}.

(i1) The singular set Sing(0K2;) is a closed subset of 02; of Hausdorff dimen-
sion at most d — 5. Precisely,
— ifd < d*, then Sing(092;) = 0,
— ifd = d*, then Sing(02;) is locally finite in D,
— ifd > d¥, then Sing(9%2;) is a closed (d — d*)-rectifiable subset of 9<2;
with locally finite HY=%" measure,
where d* € {5, 6,7} is the critical dimension from Corollary 1.2.

1.1 Regularity of local minimizers of the Bernoulli functional

The study of the regularity of minimizers of J;,, started in the seminal paper of
Alt and Caffarelli [1], which was dedicated to the one-phase case, in which u is
non-negative. In this case, it is sufficient to work with the one-phase functional

Jop(tt, D) ;=/ IVul*dx + 22192} N D, (OP)
D

as the negative phase 2, is empty. In [1] it was proved that for a local mini-
mizer u of J,,, the free boundary 32,7 N D decomposes into a C L1 regular
set Reg(9€2") and a closed singular set Sing(d2;") of zero H4~!-Hausdorff
measure. A precise estimate on the Hausdorff dimension of Sing(9€2;") was
then given by Weiss [46] as a consequence of his monotonicity formula and its
rectifiability was established by Edelen and Engelstein [31]. In fact, the results
in Corollary 1.2 are an immediate consequence of Theorem 1.1 and the known
regularity for the one-phase parts

Ty =097 \9Q,)ND and T, := (892, \3Q;)ND.

Indeed:

o the regularity of Reg(d fo) (Corollary 1.2 (1)) follows by Theorem 1.1 and
[1, Theorem 8.1];

o the estimates on the dimension of the singular set Sing (0 fo) (Corollary 1.2
(i1)) are again a consequence of Theorem 1.1 (which shows that singularities

can appear only on the one-phase parts of the free boundary) and the results
in [31,46].
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The regularity of local minimizers with two-phases (that is, local minimizers
of J;, which change sign) was first addressed by Alt, Caffarelli and Freed-
man [2], where the authors consider free boundary functionals that weight
also the zero level set of u:

Jact (, D) :=/ IVul|*dx + 2% | N D] (ACF)
D

+22|Q, ND|+A5[{u=01ND

’

where A, > Ag > Oand A_ > Ao > 0. When D C RZ is a planar domain,
and under the additional assumptions

Ay #A_ and Ag= A4 Or A_,

they showed that the free boundaries 32, N D and 32, N D are C'-regular
curves. The key observation here is that the additional assumption

AQ = Ay OF Ag=A_, (1.1)

forces the level set {u = 0} to have zero Lebesgue measure. Thus, the two
boundaries 89;’ N D and 0€2,) N D coincide and the solution u satisfies the
transmission condition

Va2 = |Vu P =22 -2 on  9Qf =0Q,. (1.2)
The free boundary regularity for local minimizers of J,.r in the case (1.1) is
already known in any dimension. Indeed, the regularity of the free boundary
Q" = 0Q;, for functions which are harmonic (or solve an elliptic PDE) in
Q,}L US2,, and satisfy the transmission condition (1.2), is today well-understood,
after the seminal work of Caffarelli [9—-11] (see also the book [15]) and the
more recent results of De Silva, Ferrari and Salsa [27-29], which are based on
the techniques introduced by De Silva [26] and which are central also in the
present paper.

On the other hand, in the general case,

Ay > Ao and A_ > Ap, (1.3)

one can easily construct solutions of (ACF) for which the zero set {u = 0}
has positive measure, preventing the application of the existing results and
techniques about two-phase free boundary problems, as for instance [9-11,27—
29], which rely on the transmission condition (1.2).

To the best of our knowledge, the only known regularity result for minimiz-
ers of (ACF) under the condition (1.3) is due to the second and third authors in
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[42], where it is proved that, in dimension d = 2, the free boundaries 92, and
082, are C L1 regular. The proof relies on a novel epiperimetric type inequal-
ity which applies only in dimension two and it was recently extended (still in
dimension two) to almost-minimizers by the same two authors and Trey [43].

In this paper, we complete the analysis started by Alt, Caffarelli and
Freedman [2], by proving a regularity result for the free boundaries of local
minimizers of (ACF), in the general case (1.3) and in any dimension d > 2.
Indeed, Theorem 1.1 and Corollary 1.2 apply directly to (ACF) as the local
minimizers of (ACF), corresponding to the parameters Ao, A+ and A_, are
local minimizers of (TP) with parameters

Moo= 2l =22 and A= /2% —23.

1.2 One-phase, two-phase and branching points on the free boundary

Let u : By — R be a (local) minimizer of J;, in By and let, as above,
Q,f = {#£u > 0}. Notice that, the zero level set {u = 0} might have positive
Lebesgue measure in By and also non-empty interior, contrary to what happens
with the minimizers of (ACF) with Ay = Ag. This introduces a new element
in the analysis of the free boundary, which can now switch from one-phase to
two-phase at the so-called branching points, at which the zero level set looks
like a cusp. Precisely, this means that the free boundary 32" N B; (the same
holds for the negative phase 0€2,, N By) can be decomposed into:

e aset of one-phase points 'y, := 9,7 \ 92, N By, and
e a set of two-phase points I';, := 9Q;7 NI, N By.

By definition the set of one-phase points l"jl‘p is relatively open in Q.
Precisely, if xg € Fj},, then there is a ball B, (xg) which does not contain
points from the negative phase, B, (xo) N 2, = @. Thus, u is a minimizer of
the one-phase functional J,, in B, (xo) and the regularity of 8QM+ N B, (x0)
follows from the results in [1,46].

For what concerns the two-phase points, we can further divide them into

interior and branching points:
int

e we say that xo is an inferior two-phase point, xo € I';,

if xo € I';p and

|Br(xo) N{u = O}| =0 forsome r > 0;

br

e conversely, we say that xg is a branching point, xo € I';,,

if xo € I';p and
‘B,(xo) N{u = 0}‘ > (0 forevery r > 0.
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Regularity of the two-phase free boundaries 353

By definition, F};‘,‘ is an open subset of 92,7 N By . In particular, « is a minimizer
of the Alt—Caffarelli-Friedman functional (ACF) with A, = A in a small ball
B, (xp) and the regularity of F};‘f is a consequence of the results in [2,9—
11,15,27-29].

In order to complete the study of the regularity of the free boundaries one
has then to focus on the branching points. Note that by the previous discussion
|Vu™| is a Holder continuous function on F;; U F,igt. By relying on the results
of [26], to prove Theorem 1.1 one has to show that [Vu™t| : 92 N B — R
is Holder continuous across the branching points

Mhe = (o9 0 Bi)\ (T, uTi).

By following [42,43] this will be consequence of
uniform “flatness” decay at the two-phase points xo € I';p,

which is the main result of our paper.

1.3 Flatness decay at the two-phase points

By the Weiss’ monotonicity formula (see [46]), at every two-phase point xg €
I';, the limits of blow-up sequences

u(xo +ryy)

Uxo,ry ) = "

are two-plane solutions of the form

Hyo(x) =a(x-e)" — B(x -e)~, where

eeS”! @?—pr=21 2% and a>hry, B>
(TPS)

However, a priori the limiting profile might depend on the chosen sequence.
As it is usual in this type of problems, uniqueness of the blow-up profile (and
thus regularity of u) is a consequence of a uniform flatness (or excess) decay.

Given u, its flatness in B, (xg) with respect to H = H, , is defined as

1
flatp, (x,) (u, H) = M = HllLoe(B, (xo)) -

In particular, we can assume that the flatness becomes small at a uniform scale
in a neighborhood of any xo € I';,. Precisely, for every ¢ > 0 and xo € I';),
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354 G. De Philippis et al.

there is » > 0 and a neighborhood U/ of xg, such that
flatp, (y,) (u, H) < & forevery yo €U NTYy,.
Our aim is to prove that there is a universal threshold ¢ > 0 such that
flatg, (o) (u, H) < ¢ for some two-plane solution H = H e,

then it improves in the ball B (xo), which means that there exists another
two-plane solution H = Hj z such that

flatp,, ) (u, H) <277 flatg, () (u, H), (1.4)

for some small, but universal, y > 0.
In order to prove (1.4), we argue by contradiction. That is, there is a sequence
of minimizers u; and a sequence of two-plane solutions Hy, such that

ek := lluk — HillLos)) — 0 but iIHLf lug — Hll Loy =277 e

where the infimum is taken over all H of the form (TPS).
Now, the two key points of the argument are to show that the sequence

up — Hy

Vg = ——
Ek

is (pre-)compact in a suitable topology and that any limit point v is a solution

of a suitable “linearized” problem (that turns out to be a non-linear one); then

the regularity theory for the limiting problem allows to obtain the desired

contradiction.

While the linearized problem can be guessed by formal computations, in
order to transfer back regularity estimates for vy, to vy, it is crucial to establish
the uniform convergence of v (which is a priori only bounded in L°°) to voo.
In our case, as well as for other variational problems, this is not just a tech-
nical issue but is where the proof of e-regularity-type theorems may actually
fail, even if the “formal” linearized problem enjoys all the desired estimates.
Instances of this phenomena are well known in literature. For example, while
an e-regularity theorem for minimizers of quasi-convex functions holds true
(as proved by Evans [32]), a similar result is false for critical points, as shown
by Muller and Sverak [36], eventhough the two problems share the same formal
linearization. A similar issue happens for harmonic maps: an e-regularity the-
orem is true for minimizers but it is false for critical points as it was proved by
Riviere [37]; also in this case the formal linearized problem is the same namely
the Laplace equation. In general, in many variational problems which exhibit
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Regularity of the two-phase free boundaries 355

singular behavior (as in our situation), the linearization is well-understood, but
the compactness is still out of reach.

Let us now briefly analyze these two main steps of the proof.

The “linearized” problem. The nature of the limiting problem depends on
the type of free boundary point one is considering. At branching points (the
ones that we are most interested in), vy turns out be the the solution of a
two-membrane problem, (3.10). At interior two-phase points F,i;‘,‘, we instead
recover a transmission problem as in [27].

Note that in the first case, the “linearized” problem is actually non-linear.

Similar phenomena have been already observed in a number of related sit-
uation: in this same context, a derivation of the limiting problem was done
in [4], while for Bernoulli type problems a similar fact appears in studying
regularity close to the boundary of the container, [18]. See also [33,41] for
similar issues in studying the singular set of obstacle type problems. Heuristi-
cally linearizing to an “obstacle” type problem is due to the fact that there is a
natural “ordering” between the negative and the positive phases of any possi-
ble competitor. Note instead if one linearizes the plain one phase problem, the
natural linearized problem is the Neumann one, this was observed in [3] (in
the parabolic case) and fully exploited in [26], see also [16,17] where other
non-local type problems appear as linearization.
Compactness of the linearizing sequence vi. We follow the approach intro-
duced by De Silva [26], which is based on a partial Harnack type inequality,
introduced in different context by Savin [39,40]. This is a weaker form of the
flatness decay estimate (1.4) that does not take into account the scaling of the
functional (which means that it cannot be used to obtain the regularity of the
free boundary in a direct way). The rough idea is that if [|u — H|| 1B, (xo))
falls below a certain (universal) threshold, then u is closer to H in the ball
B, (xo), precisely:

lu — Hllzoo(8,x0n < 27°Nlu — Hll 228, (xo)) (1.5)

for some § > 0. This estimate implies the compactness of the sequence vy by
a classical (Ascoli-Arzela type) argument.

For local minimizers of the one-phase functional (OP) or the two-phase
functional (ACF) with coefficients satisfying the condition (1.1), the functions
H can be chosen in the respective class of blow-up limits. In fact, for the one-
phase problem, it is sufficient to take H to be the (possibly translated and
rotated) one-homogeneous global one-phase solution H(x) = A+x; (as in
[26]); for the two-phase problem in the case (1.1), it is sufficient to take H in
the class of two-plane solutions (TPS), precisely as in [27]. However, in our
case, it turns out that the class of two-plane solutions is not large enough. The
reason is that there exist solutions which are arbitrarily close to a two-plane
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Fig.1 Inaneighborhood of a branching point x( the solution # might get closer to the solution
of the form(1.6)

solution of the form H),, ., but which are not a smooth perturbation of it. For
instance the function,

Hx)=hy(a+eD)T —r(xa—e)7, (1.6)

is max{ey, &2}-close to the two-plane solution H,__,,, but (1.5) fails for it.

This is not just a technical difficulty. In fact, in order to get the compactness
of the linearizing sequence, the partial improvement of flatness (1.5) is not
needed just at one two-phase point xg, but in all the points in a neighborhood
of xo. Now, since at a branching point, the behavior of the free boundary
switches from two-phase (which roughly speaking corresponds to the case
when the two free boundaries o Qj and 02, coincide) to one-phase (in which
the two free boundaries dQ2;" and 92;, are close to each other but separate, as
on Fig. 1 below), the class of reference functions H has to contain both the
two-plane solutions (TPS) and the solutions of the form (1.6).

Structure of the paper. This paper is organized as follows: in Sect. 2 we recall
some basic properties of minimizers and we fix the notation; in Sect. 3 we
establish the excess decay lemma; in Sect. 4 we prove our main results; in
“Appendices A and B” we collect the proofs of some technical facts.

At the final stage of the preparation of this work, the authors have been
informed by personal communication that two other groups are working on
similar problems, namely in [4] the authors aim to establish a result analogous
to the ours via variational techniques, while in [24] the goal is to prove the same
result for almost minimizers in the spirit of [22,23,25]. At our knowledge, at
this date, none of these works has appeared in a journal or on arxiv.

2 Basic properties of minimizers

In this section we recall (mostly without proof) some basic properties of local
minimizers of J;,. In particular, in Sect. 2.1 we recall Lipschitz-regularity and
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Regularity of the two-phase free boundaries 357

non-degeneracy property of u; Sect. 2.2 is dedicated to the study of blow-up
limits of u at two-phase points and in Sect. 2.3 we show that u satisfies an
optimality condition in viscosity sense.

2.1 Regularity of minimizers

Let u be a local minimizer of J;,. Then, it is well-known that u is locally
Lipschitz continuous and non-degenerate.
Throughout this paper, we will assume that the weights in (TP) are ordered
as follows:
Ap =2 >0. (2.1)

Notice that this is not restrictive as one can always replace u by —u in J,.

Proposition 2.1 (Lipschitz regularity and non-degeneracy of local minimiz-
ers). Let D C RY be an open set, Ay > A_ > 0, and u be a local minimizer
of Jip. Then the following properties hold:

(i) Lipschitz continuity. u € C 0,1 (D).

loc
(i) Non-degeneracy. There is constant o« = a(d, A+) > 0 such that

][ ut >ar forevery xg GQ_MiODandeveryO<r < dist(xg, D).
9By (x0)

Proof The second claim was first proved in [2, Theorem 3.1] and depends only
on the fact that each of the two phases Q" and Q2 is optimal with respect
to one-sided inwards perturbations (see for instance [8] and [44, Section 4]).
The Lipschitz continuity of u is more involved and requires the use of the Alt—
Caffarelli-Friedman monotonicity formula and the non-degeneracy of ™ and
u~. It was first proved in [2, Theorem 5.3], see also the recent paper [23] for
quasi-minimizers. O

2.2 Blow-up sequences and blow-up limits

Let u be a local minimizer of J;, in the open set D C R9. For every xo €
02, N D and every 0 < r < dist(xg, d D), we consider the function

u(xo +rx)
Uyy,r(X) 1= —

which is well-defined for |x| < %dist(xo, dD) and vanishes at the origin.
Given a sequence rr > 0 such that r; — 0, we say that the sequence of
functions uy,,, is a blow-up sequence. Note that, for every R > 0,and k > 1,
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the functions u, ,, are defined on the ball B, vanish at zero and are uniformly
Lipschitz in Bg. Hence, there is a Lipschitz continuous function v : RY > R
and a (non-relabeled) subsequence of u,, ,, such that uy, , converges to v
uniformly on every ball Bg C R?. We say that v is a blow-up limit of u at xo.
Notice that v might depend not only on x( and « but also on the (sub-)sequence
rr. We will denote by BU (xp) the collection of all possible blow-up limits of
u at xg.

The following lemma classifies all the possible elements of B/ (xg) when
xo € I';p. The result is well-known and we only sketch the proof for the sake
of completeness.

Lemma 2.2 (Classification of the blow-up limits). Let u be a local minimizer
of Jip inthe open set D C R4, and let v be a blow-up limit of u at the two-phase
point xo € I'yp. Then, v is of the form
v(x) = Hye(x) = a(x - e)+ —Bx-e),
where e € Sdﬁl, and o, B are such that
az—ﬂzzli_—lz_ and o >Arp, B=A_.

Proof Let v be a blow-up limit of u at xo and let u,, ,, be a blow-up sequence
converging to v (locally uniformly in R?). First, notice that the non-degeneracy
of u, Lemma 2.1 (ii), implies that v is non trivial and changes sign: v # 0
and v~ # 0. Moreover, since every uy, , is a local minimizer of J;, (it is
standard to infer that v is also a local minimizer of J;, in R? (see for instance
[44, Section 6]). Thus, v is harmonic on Qj and ;. On the other hand,

by the Weiss monotonicity formula, [46], v is one-homogeneous, in polar
coordinates:

v(p,0) =pV(©O).

In particular V is an eigenfunction of the spherical Laplacian Ag on the spher-
ical sets QX NS4~

—AsVE=@ -1V in @Fnsil (2.2)
We now choose ¢ > 0 such that

/ (V¥ —cvO)dr“ = 0.
gd—l
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Regularity of the two-phase free boundaries 359

Using (2.2) and integrating by parts, we get that
/ IVo(VE —cV)PdHT = (d - 1)/ [Vt — v PPani.
Sd—1 d B

This means that V™ — ¢V~ is an eigenfunction of the spherical Laplacian on
S=1, corresponding to the eigenvalue (d — 1). Since the (d — 1)-eigenspace
contains only linear functions one easily deduce that v is of the form (TPS).

Conditions (2.2) can be obtained by a smooth variation of the free boundary
{v = 0}. Indeed, if considering competitors of the form v;(x) = v(x + t&(x))
for smooth compactly vector fields &, and taking the derivative of J;, (v;, By)
att — 0, we get that

/ (e-&)(190H P = Vo P = (31 = 32) ) am~! =0,
{v=0}NB,

which by the arbitrariness of £ is precisely the first part of (2.2). The second
part of (2.2) is analogous and follows by considering competitors of the form
v;(x) = vT(x) — v (x + t&(x)) for vector fields with £ - e < 0 so that it
moves negative phase only inwards, that is, {v; < 0} C {v < 0}. Taking the
derivative of the energy at r > 0, we get

/ E-e(IVv 2 =a2)ani! <o,
{v=0}NB;

which gives 8 > A_. The estimate on « is analogous. |

The following consequence of Lemma 2.2 says that the “flatness” can be
chosen uniformly small in a neighborhood of a two-phase point.

Corollary 2.3 Let u be a local minimizer of J;p in the open set D C R, and
let xo be a two-phase point xo € I'yy. Then, for every ¢ > O there are r > 0
and p > 0, and a function Hy ¢ of the form (TPS) such that

”uyo,r - Hoz,e”Loo(Bl) <ée for every yo € Bp(x0)~

Proof By Lemma 2.2, there exists r > 0 and a function H of the form (TpS)
such that |luy, , — H| L (B,) < /2. On the other hand, by the Lipschitz conti-
nuity of u

L
||ux0,r - uyo,r”Loo(Bl) = 7|X() - y0|-
Choosing p small enough (such that % < ¢/), we get the claim. |
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2.3 Optimality conditions at the free boundary

Letu : D — R be a local minimizer of J;,. In this section, we will show
that u satisfies the following optimality conditions at two-phase free boundary
points:

VuT? = |[Vu~ =23 —2%  and  |VuF|>2x on Ty (23)

We notice that if u was differentiable at xo € I';p, that is,
ut(x) = (x —xp) - VuT(x0) + o(|Jx — xo|) forevery x e QF, (0.4)
u= (x) = (x —x0) - Vu~ (x0) +o(|x — xg|) forevery x € Q,, )

then (2.3) would be an immediate consequence of Lemma 2.2. Of course,
differentiability of »* and u~ (and the uniqueness of the blow-up limits)?
is not a priori known, so we will use the optimality condition in some weak
(viscosity) sense, based on comparison with (more regular) test functions.

Definition 2.4 Let D be an open set.

(i) We say that a function Q : D — R touches a function w : D — R from
below (resp. from above) at a point xg € D if Q(xp) = w(xp) and

Q(x) —wx) <0 (resp. Q(x) — w(x) = 0)

for every x in a neighborhood of xg. We will say that QO touches w strictly

from below (resp. above), if the above inequalities are strict for x # xg.
(i1) A function Q is an admissible comparison function in D if

@@ Qec'({fo>0nD)nc!({Q <0}n D);

(b) 0 € C*({Q > 0}ND)NC*({Q <0} N D);

(c¢) 9{Q > 0} and 9{Q < 0} are smooth manifolds in D.

The optimality conditions on u are given in the next lemma. Before we give
the precise statement, we recall that 902, N D = F;; U Fo_p U Ty, where

T =095 \9Q, ND, T, =09, \oQ ND
and Ty, :=0Q, NIQ ND.

2 It is immediate to check that, if the blow-up is unique at xg € I'¢p, that is,

lim (luxy,r — Hl poo(p)) =0  for some H as in (TPS),
r—0
then o = |Vu™|(xg), B = |Vu~|(xo) and (2.4) does hold.
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Lemma 2.5 (The local minimizers are viscosity solutions). Let u be a local
minimizer of Jy in the open set D C RY. Then, u in harmonic in Q;F U, and
satisfies the following optimality conditions on the free boundary 02, N D.

(A) Suppose that Q is a comparison function that touches u from below at x.
(A1) If xo € T, then |V O™ (x0)| < Ay
(A2) if xo € Fo_p, then QT = 0 in a neighborhood of xo and
VO™ (xo)| = A—;
(A.3) ifxo € I'yp, then [VQO™ (x0)| = A— and

VOt (x0)* — [VO™ (xo)|* < A5 — 22,

(B) Suppose that Q is a comparison function that touches u from above at x.

B.1) If xo € F;;,, then Q- = 0 in a neighborhood of xy and

VO™ (x0)| = A4,

(B.2) ifxo € Fo_p, then |VQ~ (x0)| < A_;

(B.3) if xo € Typ, then |V Q™ (x0)| > Ay and
IVO*(x0)” = IVO™ (xo)I> = 23 — A2,
Proof 1f xq is a one-phase point, then the gradient bounds in (A.1), (A.2), (B.1)
and (B.2) follow by [44, Proposition 7.1], the claims Q" = 0 in (A.2) and
Q™ = 0in (B.2) being trivially true. Suppose now that xy € I';, and that O
touches u from below at xq. Let u, ,, and Qy, , be blow-up sequences of u

and Q at xo. Then, up to extracting a subsequence, we can assume that u,, ,
converges uniformly to a blow-up limit H,, € Bl (xo) of the form

Hy(x) =a(x-e) —B(x-e)-.

On the other hand, since Q" and Q~ are differentiable at x( (respectively in
55 and 55), we get that Q, , converges to the function

Ho(x) = VO T (x0)|(x - €)1 — VO™ (x0)](x - &),

where e = |[VOT(x0)|'VOT(x0) = —|VO~ (x0)| "'V O~ (x0). Now since,
H touches H, from below (and since @ # 0 and 8 # 0), we have thate’ = e,

VOt (x0)|? = IVO™ (x)|* < o — B2
and  |VOT(x0)| <@, VO (x0)| > B.

Combined with (2.2), this gives (A.3). The proof of (B.3) is analogous. |
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In particular, if u : D — R is a continuous function such that the claims (A)
and (B) hold for every comparison function Q, then we say that u satisfies the
following overdetermined condition on the free boundary in viscosity sense:

IVut)? — |[Vu= P =22 — 2%, |[Vut| > Arand|[Vu—| > A_ on Q'NQ ND;

+ u u
[Vut| =ay on DNF\Q ; (2.5)
Vi~ | =ar_ on DN\ Q.

Thus, Lemma 2.5 can be restated as follows: If u is a local minimizer of J;p
in D, then it satisfies (2.5) in viscosity sense.

We conclude this section by recording the following straightforward con-
sequence of definition of viscosity solution, where we consider what happens
when a function is touching only one of the two phases (note that in the sec-
ond item we are restricting the touching points only to the one-phase free
boundaries).

Lemma 2.6 Let u : D — R be a continuous function which satisfies (2.5).

(i) Assume that Q is a comparison function touching u™* from above at the
point xo € AQ (resp. —u~ from below at xo € dK2;) , then

VO G0 = Ay (resp. VO I(x0) = 2-).

(i) Assume that Q is a comparison function touching u™ from below at the
point xo € T8, (resp. —u™ from above at xo € T'5,) , then

VOHI(o) < hs (resp. 1V I(x0) <2 ).

Proof The claim (i) simply follows by, for instance, noticing that the assump-
tion implies that Q > u™ > 0 so that Q touching u from above and thus one
can apply B.1 and the first part of B.3 in the definition of viscosity solution
and that a symmetric argument holds for u ™.

Concerning claim (ii), we note that since xo € I'dp, # > 01in a neighborhood
of xq. In particular, the function Q™ is touching u from below at xo and thus
the conclusion follows by (B.2) in the definition of viscosity solution. O

3 Flatness decay
In this section we prove that, at two-phase points, the flatness decays from one

scale to the next. Our main result is the following theorem, which applies to
any viscosity solution of the two-phase problem.
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Theorem 3.1 (Flatness decay for viscosity solutions). For every
L>Ay>A_>0andy € (0,')), thereexisteg > 0, C > 0and p € (0, /1)
such that the following holds. Suppose that the function u : By — R satisfies:

(a) u is L-Lipschitz continuous;

(b) zero is on the two-phase free boundary, 0 € T';, = 92 N9, ;
(¢) u is harmonic in 2} U Q;;

(d) u satisfies the optimality condition (2.5) in viscosity sense;

(e) u is eo-flat in By, that is,

lu — HyeyllLopy) < €0  forsome L >a>A. 3.1
Then, there are e € S°~ ! and & > Ay Such that
le —eq| + | —a| < Cllu— HyeyllLos))s (3.2)

and
lup — Hg ellLoosy) < p7 lu — Hy eyl L0 (By)- (3.3)

Proof of Theorem 3.1 follows easily combining the two upcoming lemmas.
In the first one we deal with the situation where the two-plane solution is,
roughly, H;_, . Note that this is the situation where one might expect the pres-
ence of branching points and it is indeed in this setting that we will obtain
the two membrane problem as “linearization”. In the second lemma, we deal
with the case when the closest half-plane solution has a gradient much larger
than A4. We will later show that in this case the origin is an interior two-phase
point.

Lemma 3.2 (Improvement of flatness: branching points). For every
L>Ay>A_>0,97€(0, ), and M > O, there exist e; = e1(y,d, L, M),
C,=Ci(y,d,L,M)and p = p(y,d, L, M) such that the following holds.
For every function u : By — R satisfying (a)—(d) of Theorem 3.1 and such
that

lu — HyeyllLoop)y <61, with 0 <o —Ay < Mlu — HyeyllLos),

there existe € S~ and & > A, for which (3.2) and (3.3) hold.

Lemma 3.3 (Improvement of flatness: non-branching points). For every
L > Xy > A > 0and y € (0,1), there exist ¢ = e3(y,d, L),
M = M(y, d,L)yand p = p(y,d, L) Co = Ca(y, d, L) such that the follow-
ing holds. For every function u : By — R satisfying (a)—(d) of Theorem 3.1
and such that

lu— Hy e llLom) < €2, with o —Ay > Mllu — Hy e, llLoB)),
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there existe € S~V and & > A, for which (3.2) and (3.3) hold.
Let us first show that Theorem 3.1 follows from Lemmas 3.2 and 3.3.

Proof of Theorem 3.1 Fix y € (0, !/2) and notice that « < 2L, where L is
the Lipschitz constant of u. Next choose M = 2M in Lemma 3.2, where M
is as in Lemma 3.3. Let &g = min {82 M), « /z}. Then, we can apply either
Lemmas 3.2 or 3.3. O

In order to prove Lemmas 3.2 and 3.3, we will argue by contradiction. Hence
in the following we consider a sequence u; of minimizers such that

ek = llug — Hoyegllzoey — 0 and Ay <o < L, 3.4
where

IVugllpoep,y <L  forevery k> 1.

We also set 5 5 5 5
oa; — A —A
=27 lim £+ =32 lim ﬂ"—z‘ (3.5)
k— 00 2akgk k— 00 2'8k8k

which we can assume to exists up to extracting a subsequence. It might be
useful to keep in mind that £ = oo will correspond to Lemma 3.3 while
0<{ <M < ootoLemma 3.2.

In order to prove Lemmas 3.3 and 3.2, we will first show that the sequence

up(x) — ozkx('j|r

v () = T e qf B
— O €k
v = - 3.6
() )+ By G0
vk == v e n By

is compact in some suitable sense; we give the precise statement in Corol-
lary 3.4 below and we postpone the proof to Sect. 3.1. We then establish in
Lemma 3.5 the limiting problem solved by its limit v. Note that this problem
depends on the value of £ which is distinguishing whether we are or not at
branching points.

Finally, in Sect. 3.3 we show how to deduce Lemmas 3.3 and 3.2 from
Corollary 3.4 and Lemma 3.5. In the rest of the paper we will use the notation

Bri =B, N {xfiIE >0} foreveryr > 0.

Lemma 3.4 (Compactness of the linearizing sequence vg). Let uy be a
sequence of functions satisfying (a), (b), (c) and (d) of Theorem 3.1 uniformly

@ Springer



Regularity of the two-phase free boundaries 365

in k and let e and oy be as in (3.4) and let vy be defined by (3.6). Then there
are Holder continuous functions

v+:BIJ/“2—>R and v_: B, > R,
with
vy <v_on By, N{xg =0}, v4+(0) =v_(0) =0,
and such that the sequences of closed graphs
i = {(x, vig(x) © x € Q2N Bl/z},

converge, up to a (non-relabeled) subsequence, in the Hausdorff distance to
the closed graphs

ry = {(x,vi(x)) ©x e?ﬁ;z}.

In particular, the following claims hold:

(1) Forevery§ > 0, vy i converges uniformly to vt on By, N {£xq > 5}

(ii) For every sequence xj € Quik N By converging to x € B,jE we have
vi(x) = lim vy g (xg).
k—o00

(iii) Forevery x € {xq = 0} N By, , we have

. Xk - eq
vi(x) = F lim for any sequence BQuik > Xy —> X.

k—o00 OUEk
In particular, {xq = 0} N B » decomposes into a open jump set

J ={vy <v_}N{xg =0}N By,
and its complementary contact set

C={vy =v_}N{xg =0} OEI/Z.
Furthermore, if x € J, then

lim inf dist (x, 92;,;, N9, ) > 0. (3.7)

k—o00
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In particular for all x € [J, there exists two sequences x,ﬁc € F,::op such that
x,it — X.

In the next lemma we determine the limiting problem solved by the function

v defined as
v for x € B},
v(x) = { +00) for x € By,

r (3.8)
v_(x) for x € BI/Q,

where v and v_ are as in Corollary 3.4.

Lemma 3.5 (The “linearized” problem). Let u, ex and ax be as in (3.4), vx
be defined by (3.6) and ¢ as in (3.5). Let also v+ be as in Corollary 3.4:
L=o00:Then J = O and vy are viscosity solutions of the transmission
problem:

Avy =0 in B,
5 5 L (3.9
a5 0qv4 = B5,0qv— on B,/Z N{xg =0}

where aoo = limg o and Boo = limyg By, which we can assume to exist up to
extracting a further subsequence.
0 <€ < o0 : Then v is a viscosity solution of the two membrane problem:

Avy =0 in Blj/i,

A dqve +€>0  inBi,yN{xg =0},

Adgvr +€=0 inJ, : (3.10)
Aiadv+ = A2 d,v_ inC,

vy < - in Bi, N {xqg = 0}.

Remark 3.6 Here by viscosity solution of (3.9) and (3.10) we mean a function

v as in (3.8) such that v are continuous in Blj/i, Avy =0in Blj/:2 and such that
the following holds:

— If we are in case (3.9), let p, q € R and let P be a smooth function such
that 04 P = 0. Suppose that P is subharmonic (superharmonic) and that
the function

P :=px:[—qx;-i-16
touches v strictly from below (above) at xg € Bi, N {xg = 0}, then
w2 p < Brd (agop > ﬂgoq) :

— If we are in case (3.10) then
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(1) if P4 is a smooth superharmonic function in Bi touching v strictly
from above at xo € B, N {xg = 0}, then xiadpi > 0;

(2) if P+ is a smooth subharmonic function in Blj/:2 touching v+ strictly
from below at x¢g € 7, then Aiad PL <0,

(3) if p,g € Rand P is a smooth subharmonic (superharmonic) function
such that d; P = 0 and such that the function

P:=pxj—qx;+}3

touches v strictly from below (above) at xo € B, N {xg = 0}, then
)L%rp <i\q (kip > )ﬁq) .

3.1 Compactness of the linearizing sequence: Proof of Corollary 3.4

The key point in establishing a suitable compactness for vy is a “partial Har-
nack” inequality, in the spirit of [26,27]. As explained in the introduction, in
dealing with branching points one needs to work separately on the positive
and negative part. An additional difficulties arise also at pure two-phase points
since we want also to deal with the case A = A,. Let us briefly explain the
ideas of the proof.

If u is close in By to a global solution of the form Hy , with @ > A, then
we expect that in a small neighborhood B, of the origin the level set {u = 0}
has zero Lebesgue measure and that all the free boundary points in B, are
“interior”” two-phase points (indeed, at the end, this will be a consequence of the
C! regularity of u and of the free boundary). In this case one expects to be able
to do the same argument as in [27]. This is true except for the following caveat,
if one wants to deal with the case A_ = A, then the sliding arguments used
in [26,27] (see also [9,10]) does not yield the desired contradiction since the
positive term might actually be zero. For this reason one has first to “increase”
the slope of the trapping solution, so that the sliding argument would give
the desired contradiction. Namely if u is trapped between two translation of a
two-plane solution:

Ha,ed(x +b)<uc< Ha,ed (x +a)
in say B; and at the point P = (0, ..., 0, !/2) u is closer to Hy ¢, (- 4+ a) then
to Hy e, (- +b), we can increase in a quantitative way the slope of the positive

part of the lower two-plane solution in half ball, i.e.

u>od'x+b)" —Bx+bT, o > a,
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see Lemma 3.7. The sliding argument of [26,27] then allows to translate this
to a a (quantitative) increase of b, yielding the partial decay of flatness of the
free boundary. This is the situation studied in Lemma 3.9.

If instead u is close to H, ¢, then the free boundary can behave in several
different ways. Indeed, in this case the origin can be either an interior two-phase
point, a branching two-phase point but it might also happen that

ux) R Ap(xg+¢e1)+ —A_(xg —e2)— with 0 <ep, e <L 1.

Since as explained in the introduction we have to deal with all the of the above
situations we have to prove a decay in this situation is to improve separately
the positive and the negative parts of u. More precisely if in B

dp (¥a +b4) T < Ut () < Ay (v +ap)",

—k_(xd + b_)_ <—u(x) < —A_(xd —i—a_)_,

for suitable a, b1, one wants to find new constants .., b+ € with
(b-—a)<b-—a), (by—ay)<by—ay),
and for which, in half the ball,
Ay (xq + 5+)+ <ut(x) < Ap(xq+ 6_l+)+,
—)L_(xd + 15_)7 <—-u(x) < —A_(xd + [1_)7.
Here one has to distinguishes the case in which, say, the lower function
Ay (xa + 5+)+ —A_(xg+b-)”

looks like a two plane solution, i.e by —b_ < 1, or not and to perform different
comparisons according to the situation. This dealt in Lemma 3.8.

We start with the following simple lemma which allows to “increase” the
slope of the comparison functions.

Lemma 3.7 There is a dimensional constants T = 1(d) > 0 such that the
following hold. Assume that v : By — R is a continuous function with Av = 0
on {v > 0} and such that

Mrxa+b)  <v<i(xg+a)”,

for some a,b € (— /100, 1/100). Let P =(0,...,0,1/), then forall ¢ € (0, %)
1 + + .
w(P) < A(l — e)(5 + a) — v=<i(l—te)(xa+a)t in B0,
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and
1 + + .
w(P) > A(l + e)(5 n b) — v= Al +7e)(xa+b)" in By(0).

Proof We prove only the first implication, since the second one can be obtained
by the same arguments. First, we notice that, since b < !/i00, both v and
A(xg + a)4 are positive and harmonic in Bi,(P). Thus,

rMxg+a)T —v >0 in B, (P)

and

A<l+)+ (P)>A.<1+)+>49)\1
5 a v _82 a _1008.

Hence, by Harnack inequality and the bound |a| < !/i00 there are dimensional
constants ¢ and ¢ such that

v(x) < A(xg +a)" —rée <A1 —ce)(xg+a)"  forallx € Biy(P).

We now let w be the solution of the following problem:

Aw =0 in B1(0) \ Bi4(P) N {xg > —a},
w=20 on By N{xy = —a},
w=A(xg+a)" on dB1(0) N {xg > —a),

w = A(1 —cfs)(xay—l—a)Jr on dBi,(P) N{xg > —a}.
By the Hopf Boundary Lemma,
wx) < (1 —te)(xg +a)™ for every x in B, N {xg > —a},

for a suitable constant T = t(d). Since, by the comparison principle, u < w,
this concludes the proof. m|

We next prove the two partial Harnack inequalities.

The proof is based on comparison with suitable test functions. In order to
build these “barriers”, we will often use the following function ¢. Let Q =
O, ...,0,!/5) and we let ¢ : B — R be defined by:

1 if x € Bij(Q),
o) = {ra(lx = Q17 = (1)) ifx € Bu(@)\Byw(©). G
0 otherwise,
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where the dimensional constant k,; is chosen in such a way that ¢ is continuous.
It is immediate to check that ¢ has the following properties:

(p.HN0<p < lin R, and ¢ =(lon 0By1;
(0.2) Ap > cq > 0in {p > 0} \ BI/IOO(Q);
(¢.3) dap > 0in { > 0} N {|xgq| < '/100};
(p4) ¢ > cqg > 0in By,

where ¢y is a dimensional constant. We distinguish two cases.
Lemma 3.8 (Partial Boundary Harnack I). Given Ay > A_ > O there exist
constants ¢ = g(d, +) > 0and c = c(d, A+) € (0, 1) such that, for every
function u : B4 — R satisfying (a), (c) and (d) in Theorem 3.1, the following
property holds true.
Letay, by € (—1/100, 1/100) be such that

b-<a-, by=<ay, b-=<by, a- =Zay,

and
(a- —b-)+ (ay+ —by) <&.
Assume that for x € By:
+ + +
)\.+(Xd + b+) <u(x) < )\.+()Cd + a+)
and
—A_(xd + b_)_ <—-u (x) < —)\_(xd + a_)_.

Then, one can find new constants a, by € (—1 /100, ! /IOO), with

b_<a., by<ay,, b_<by, a_<ay,,
and

a_—b_<éla_—b.) ay—by <clay —by)
such that for x € B:

~ A\t + -\t
A+(xd + b+) <u"(x) < )ur(xd + a+)

and

—A_(xd + 5_)_ <—-u (x) < —k_(xd + El_)_.
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Proof Let us show how to improve the positive part. More precisely we show
how given ay,a—, by, b as in the statement we can find a4 and b. The
proof for b_ and a_ works in the same way and is left to the reader.

We set

and we distinguish two cases:
e Case 1. Improvement from above. Assume that, at the point P, u™ is closer
to Ay (2 + b,)™T than to the upper barrier A, (2 + a4 )*. Precisely that

Aylay —by)

ut(P) < hy@+ap)™ — >

In this case, we will show that u is below A, (x + a4)" in a smaller ball
centered at the origin for a4 strictly smaller than a .
We start by setting
Ei=a4 — b+ <e.
Then

A
wH(P) <@t ant = T < hi(l—co)2+an)”t

for a suitable (universal) constant c. We can thus apply (the scaled version of)
Lemma 3.7 to ™, to infer the existence of a dimensional constant T such that

ut <y —te)(xa+ay)" in By (3.12)
For ¢ asin (3.11) and ¢ € [0, 1] we set
fi =y (1 = 18/2)(xg + ay — tcep)

where ¢ = ¢(d) is a small constant chosen such that for all x € B/, (Q) and
t €10,1),

u(x) < (1 —e)(xg +ag)”
< hp (1 —18/2)(xg +ay —ce)" < filn), (3.13)

where we used that (x; + a4) is within two universal constants for x €

B‘/]oU(Q)'
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We now let 7 € (0, 1] the largest 7 such that f; > u in B; and we claim that
t = 1. Indeed assume that ¢ < 1, then there exists ¥ € Bj such that

u(x) — fi(x) <u(x)— fi(x) =0 forall x € Bj. (3.14)
Note that by (3.13), x ¢ Bi;,(Q), while, by (¢.1) and (3.12), x € {¢ > O}.
Moreover x € {f; = 0}. In fact, if this was not the case, then, by (¢.2),

Afi(x) < 0 and Au(x) = 0, a contradiction with (3.14). Assume now x €
{f; = 0}, since u is a viscosity solution we get that, by (¢.3),

A< IVE@OP =231 — te/2)? — 2cethydap(X) + O(e?) < A%
provided ¢ < £(d, A+) < 1 (note that necessarily u(x) = 0 which gives that

X € {|xg| < '/100}). This contradiction implies that 7 = 1. Hence, by (¢.4), we
get for all x € By,

ux) < rp(l— rz—:/2)(xd +ay — cs<p)+ < A+(xd +ay — 68)+
for a suitable dimensional constant c. Setting
6_l+=a+—58, I;Jr:bJr

and recalling that ¢ = (b4 — a) allows to conclude the proof in this case.
e Case 2. Improvement from below. We now assume that, at the point P, u™
is closer to A, (2 + a;)™ than to A, (2 + b, ). Hence, we have

A(ay —by)

ut(P) = ryQ2+bp)" + >

and we set again
&l=a4 — b+ < g.

Arguing as in Case 1, by Lemma 3.7, there exists a dimensional constant T
such that
+ +
ut =2y (1+71e)(xqg+by)" in By (3.15)

We need now to distinguish two further sub-cases:
e Case 2.1: Suppose that

0§b+—b_§)’}8
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where n < 7 is a small universal constant which we will choose at the end of
the proof. In this case, for x € By,

=i (L+te)(xa+by) = A (xg+b)”
> h(1+78)(xa +by) " —A_(1 — cine) (g +bs)~ (3.16)

for a suitable universal constant c;. We now take ¢ as in (3.11) and we set, for
t €[0,1],

fix) = ap (1 +t8/2)(xq + by + czt(p)+ —h=(1 —cine)(xa + by + c219)

for a suitably small universal constant 0 < ¢; < 7, chosen so that for all
X € Bl/loo(Q):

(1+7e)(xq + b+)+ > (14 7e/2)(xq + by + cze)+.

This together with (3.15) implies that

ux) = hp (14 78)(xa + b)) " = Ay (1 4+ 18/2)(xa + by +¢2) "
> fi(x) > fi(x) (3.17)

forall x € B/, (Q),t € [0, 1]. Furthermore u > fj in By thanks to (3.16).
As in Case 1 we let 7 the biggest ¢ such that f; < u in B and x the first
contact point, so that

u(x) — f:(x) > u@®) — f(x) =0 forallx € By.

Since Af; > 0 on {f; # 0} N Bi;,(Q), as in Case 1, x is a free boundary
point. Moreover, since f; changes sign in a neighborhood of x:

either X € I}, =9Q\ 0%,
or xel,=0Q NiQ,.

In the first case, by definition of viscosity solution and (¢.3),
M= VET®1 =231+ 78/2)% + 2cefh 849 (%) + O(e%) > A3,

a contradiction for ¢ < 1. In the second case we have a contradiction as well,
provided n < t, since (recall also that Ay > A—, (2.1)):

M— A= VP —IVETP
=231+ 78/2)* =22 (1 — c1ne)?
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+ 20261 (s — A_) g0 () 4+ O(e?)
> A% =2

provided n = n(d) < 7 and ¢ < 1 (only depending on d and A ). Hence,
t = 1,u > f; which implies the desired conclusion by setting

c'1+=a+, E+=b++528

and by recalling that ¢ = (ay — b4).
e Case 2.2: Assume instead that

b+ —b_ > ne,

where n = n(d) has been chosen according to Case 2.1. In this case we
consider the family of functions

fi) =y (L4 18/2)(xa + by + 1) " =2 (xg +b-) 7.

Being ¢ < 1, this is well defined since b4 > b_ + n. Moreover u > fy and,
thanks, to (3.15) and by possibly choosing 1 smaller depending only on the
dimension,

u(x) > filx) = fi(x) forallx € Bi,(Q),t € [0, 1].

We consider again the first touching time 7 and the first touching point x. Note
that this can not happen where u 7# 0. Moreover, by the very definition of
fi» X € 9 \ 9, . However, again by arguing as in Case 2.1, this is in
contradiction with u being a viscosity solution. We now conclude as in the
previous cases.

Since either the assumption of Case 1 or the one of Case 2 is always satisfied,
this concludes the proof. O

The next lemma deals with the case in which the origin is not a branching
point.

Lemma 3.9 (Partial Boundary Harnack II). Given L > Ay > A_ > 0
there exist constants ¢ = e(d, A+, L) > 0, M = M(d, A+, L) and ¢ =
c(d,rx, L) € (0,1) such that for every function u : Bs — R satisfying
(a), (c¢) and (d) in Theorem 3.1 the following property holds true. If there are
constants a, b € (—1/100, 1/100) with

O<a-—-b<ce
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such that for x € By
Hy ey (x +beq) < u(x) < Hye,(x + aeq)
and
A +Me <a <2L,
then there are constants a, b € (—1/100, 1/100) with
0<b—a<cb-a)
such that for x € B,
Hoe;(x +beg) < u(x) < Hy,e,(x + aeq).

Proof We consider the point P = (0, ...,0,2) and we distinguish the two
cases (note that one of the two is always satisfied):

—b
cither Hoe, (P + bed) + % < u(P),

—b
or Ho,,ed(P + aed> - % > u(P).

Since the argument in both cases is completely symmetric we only consider
the second one. If we set

£ =(a—Db),

by Lemma 3.7 and by arguing as in Lemma 3.8 we deduce the existence of a
dimensional constant 7 such that

u <ol —7e)(xq —i—a)Jr — B(xa+a)”
in By. We let ¢ asin (3.11) and we set
fi@) = a(l —te/2)(xag +a —cto)" — B(xa+a—ctg)”
where c is a dimensional constant chosen such that
ux) < filx) < fi(x) forallx € Bi,(Q),t €[0,1].

where, again, Q = (0, ..., 0, !/5). As in Lemma 3.8 we let 7 and X be the first
contact time and the first contact point and we aim to show that 7 = 1. For, we
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note that, by the same arguments as in Lemma 3.8, necessarily x € {u = 0}.
We claim that

¥el, =02 NnaQ,.
Indeed otherwise X € 92, \ 92, the case X € I} \ 92, being impossible
since f7 is negative in a neighborhood of x. By definition of viscosity solution
this would imply

W= V@) =p2— 0@) = A2 +2Mhrge — O(e), (3.18)

where the implicit constants in O (¢) depends on A, L and d and we exploited
that, since « > A4 + Me,

B*=a? =23 +22 > A2 +2Mhaqe.

Inequality (3.18) is impossible if M is chosen sufficiently large. Hence x €
2, N9, . This however implies:

M= S IVE®P - IV @P
=a?(1 — te/2)% — B2 — 2cie(a — B)ogp(X) + O (&%)
< )L%r — Az_ — a1 + 0(82),

where we have used (¢.3), the equality
S S

and that since Ay > A_, @ > B. This is a contradiction provided ¢ is chosen
small enough. Hence 7 = 1 and , as in Lemma 3.8, this concludes the proof. O

With Lemmas 3.9 and 3.8 at hand we can use the same arguments as in
[26,27] to prove Corollary 3.4.

Proof of Corollary 3.4 We distinguish two cases:
0 < £ < 400 : By triangular inequality we have

luk = Hy, eqllLoe sy < (2€+ Dex

for k sufficiently large. In particular we can repeatedly apply Lemma 3.8 as
in [26], see also [44, Lemma 7.14 and Lemma 7.15] for a detailed proof, to
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deduce that if we define the sequence (wg)x by

up(x) — )\.+x;

w_|_7k(X) = T X € Q;"—k N By,
) = up () + Axg .
w_yk(x) = T X € Quk N By,

then the sets
= {(x, wi (X)) @ x € QE N Bl/z}

converge, up to a not relabeled subsequence, in the Hausdorff distance to the
closed graphs

Iy = {(x, wi(x)) 1 x € Ej/i},

where w € C%? for a suitable «. Since

H,
hi(x) = =

A"V exy ifxy <0,

— Hy+ , N {)Jrlﬁxd ifxg; >0,
Ek

the original sequence vy satisfies that their graphs,
Ty = {(x,vi(X)) DX EE%}

converges to the graph of a limiting function v as we wanted, this in particular
proves (i), (ii) and (iii).
Since 0 € 8&2,; N BQ;k then O is in the domain of v+ 4 and

v+ 1 (0) =0,

which implies that v (0) = 0. To show that v; (x) < v_(x) forx = (x,0) €
{xa = 0} N Bi), we simply exploit (iii) at the points x,ﬁc = (x/, tki) where

tr=sup{t: (X', €dQf} and 17 =inf{r: (', 1) €09, |

and by noticing that —t,j < —t, . Finally to show the last claim it is enough
to note that if x; € 852;; N 9€2,, is converging to x then v x(xx) = v— k(xk)
and thus v4 (x) = v_(x), yielding x € C.

£ = oo: In this case the conclusion follows exactly as in [27] by using
Lemma 3.9 and noticing that its assumptions are satisfied since { = co. O
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3.2 The linearized problem: Proof of Lemma 3.5

The following technical lemma is instrumental to the proof of Lemma 3.5. We
defer its proof to “Appendix A” below.

Lemma 3.10 Let uy, &, and oy be as in the statement of Corollary 3.4, vy be
defined by (3.6) and v+ be as in Corollary 3.4. Then:

(1) Let Py a strictly subharmonic (superharmonic) function on BIJ/“2 touching
vy strictly from below (above) at a point xo € {xq = 0} N Bi),. Then,
there exists a sequence of points BQ:]( > xx — xo and a sequence of

comparison functions Qy such that Qy touches from below (above) u,—: at
Xk, and such that

VO, (x) = areq + arerV Py (x0) + o(er). (3.19)

(2) Let P_ be a strictly subharmonic (superharmonic) function on B,, and
touching v_ strictly from below (above) at a point xo € {xq = 0} N B,
Then, there exists a sequence of points 982, > x — xo and a sequence of

comparison functions Qy such that Qi touches from below (above) —u;
at xi, and such that

VO, (xk) = —Prea + BrerV P-(x0) + o(ek). (3.20)

(3) Let p,g € Rand P be a function on By, such that E)dI3 = 0. Suppose that
P is subharmonic (superharmonic) and that the function

P::pxj—qx;—i-f’

touches v strictly from below (above) at a point xy € C. Then, there exists
a sequence of points xy — xo and a sequence of comparison functions Qy
such that Qy touches from below (above) the function uy at xi € 082,
and such that

VO (xk) = axea + arexp + o(er)
VO, (xr) = —Preq + Brerg + o(ep). (3.21)

In particular, if p > 0 and Qi touches ujy from below then xi ¢ 92, \
Q" whileifq < 0and Qy touches uy from above then xj, ¢ 8Qu+k \9€2,,.

up’

Proof of Lemma 3.5 We note that v,ﬁc converge uniformly to v+ on every com-
pact subset of {x4y > 0} N Bi;,. Since these functions are harmonic there,
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by elliptic estimates the convergence is smooth and in particular vy are har-
monic on the (open) half balls B]j:2 . Hence we only have to check the boundary
conditions on {x; = 0}. We distinguish two cases.

£ = oo. In this case we first want to show that 7 = . Assume not, since the
set {v_ > vy} is openin {x; = 0}, it contains a (d — 1)-dimensional ball

B.(y') == B:((y,0) N{xg =0} C J.
Next let P be the polynomial
P(x)=A(d —"2)x7—1x' = y'1?) — Bxg, where x = (x',xq),

for some constants A, B. We first choose A >> 1 large enough so that

+

P<v on {|x'—y|=¢e}N{xy =0}

and then we choose B > A so that
P <vt on B.((y,0)).

Now we can translate P first down and then up to find that there exists C such
that P + C is touching v from below at a point xo € B.((y’, 0)) N {xg > 0}.
Since AP > 0, the touching point can not be in the interior of the (half) ball
and thus xo € B.(y') C J.

By using Lemma 3.10, there exists a sequence of points 89;‘; > X — X0

and of functions Qj touching u,‘f from below at x; and such that

VO (xk) = axeq + arex VP (xo) + o(ex).

Since xp € J, by (3.7) in Lemma 3.10, x; € 89;;( \ 8Q;k. Hence, by (ii) in
Lemma 2.6

22 > |IVO ()I? = o + 2026184 P (x0) + o(sx)

Hence, recalling the definition of ¢,

2 2

AL — o
—B = adP(X()) < 2—2 +0(1) — —0OQ.
o

Kk

This contradiction proves that 7 = §.
We next prove the transmission condition in (3.9). Let us show that

2 2
05,04V — B 0qv— <0,
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the opposite inequality can then be proved by the very same argument. Suppose
that there exist p and g with ago p > ﬂgoq and a strictly sub-harmonic function
P with 0 P = 0 such that

P:pxj—qxg+l5

touches v strictly from below at a point xo € {xg = 0} N Bi;, (note that the
last set coincide with C by the previous step). By Lemma 3.10 there exists a
sequence of points 9€2,, > x; — xo and a sequence of comparison functions
Oy touching uy from below at x; and satisfying (3.21). In particular x; ¢
992, \ 9K, . We claim that x; € 9} N9, . Indeed, if this was not the
case, then by (A.1) in Lemma 2.5,

W= IVOf ()l
Arguing as above, this contradicts £ = 4-00. Hence, by Lemma 2.5 (A.3)

32 =32 = VO = IVO; (o)
= af — Bf + 2ex(aip — BEq) + olex)
=32 =22 + 2} p — BEg) + o(er).

Dividing by €, and letting k — oo, we obtain the desired contradiction.

0 < £ < oo. We start by showing that )L%_Ladvi > —Lon By, N {xg = 0}. We
focus on v_ since the argument is symmetric. Let us assume that there exists
g € R with 22 ¢ < —¢ and a strictly subharmonic function P with 3;P = 0
such that function

P=gx;+ P

touches v_ strictly from below at a point xo € {xgs = 0} N B1;,. Let now x; and
Qi be as in Lemma 3.10 (2). By the optimality conditions

22 < VO )P = B + 2exBiq + oler).
Since £ < oo, we have By = A_ 4+ O (&) and so the above inequality leads to

A2 — B2 ¢
5 = lim ;?CSQ<_T
A2 koo e B A

El

which is a contradiction.
We now show that )fif)d v+ = —f on J and again we focus on v_. By the
previous step it is enough to show that if there exists a strictly superharmonic
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polynomial P with 9; P = 0 such
P =qgxg+ P

touches v_ strictly from above at a point xg € 7, then A2g < —£. Again,
by Lemma 3.10, we find points x; — xo and functions Qy satisfying (3.20)
and touching —u, from below at x. Since xo € J, by (3.7) in Corollary 3.4,
xp € 992, \ 9} . Hence, by Lemma 2.5,

A2 > VO, (x)l* = BE+2Bterq + o(er),

which by arguing as above implies that 12 g < —¢.
It then remain to show the transmission condition in (3.10) at points in C.
Again by symmetry of the arguments we will only show that

)»%ravar — Az_adv_ <0 onC.

Let us hence assume that there exist p and g with )ﬁr p > A2 q and a strictly
subharmonic polynomial P with 9, P = 0 such that

P=pxj—qxd_+}3

touches vt and v~ strictly from below at xo € C. By Lemma 3.10, we find
points x; — xo and functions Qy satisfying (3.21). In particular x; ¢ BQ;k \

852;;. By the previous step we know that A2¢ > —¢ and thus )&p > —/{,
since we are assuming )ﬁ_ p+ > 2% g > 0. We now distinguish two cases:

(1) xj are one-phase points, namely x; € BQ;Z{ \ 0€2,,, . In this case
M= VO Gl? = af + 2aecp + olen),

which implies that

2 2
—A

W2 p =22 lim( +
+P Trooo P 20[]%6‘](

in contradiction with Ai p > —L.
(2) xj are two-phase points, namely x; € 852;; N 9€2, . Arguing as in Case
1, we have that, by Lemma 2.5,

AL =22 > VO () — VO (x)?
=af — B4 2er(a}p — BPq) + oler)
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=23 =22 +26(M0p — A2q) + o(er),

which gives a contradiction with )»2+ p>Artgase — 0.

3.3 Proof of Lemmas 3.3 and 3.2
We recall the following regularity results for the limiting problems.

Lemma 3.11 (Regularity for the transmission problem). There exists a uni-
versal constant C = C(Qoo, Boo, d) > 0 such thatifv € CO(BI/Z) is a viscosity
solution of (3.9) with ||U||L°°(Bl/z) < 1 then there exists v € R~ p,qg € R

with oego p= ﬂgo q such that

v(x) —v(0)— (v-x'+ pxI — gx;
Sup|() 0) (rz P Xy qd)|§C.

(3.22)

X€EB,

The proof of this fact can be found in [27, Theorem 3.2]. A similar result
holds for the linearized problem (3.10).

Lemma 3.12 (Regularity for the two-membrane problem). There exists a uni-
versal constant C = C(Ax,d) > 0 such that if v € CO(BI/Z) is a viscosity
solution of (3.10) with ||U||L°°(Bl/z) < 1 then there exists v € R4~ p,qg €R

satisfying )»%r p =A% q > —L such that

o) —v(0) — (v-x'+ pxj —qx))|
sup PN

<C(l1+40). (3.23)

X€EB,

The proof of the above lemma reduces easily to the one of the thin obsta-
cle problem, since we were not able to find the statement of this fact in the
literature, we sketch its proof in “Appendix B”.

It is by now well known that the regularity theory fo the limiting problems
and a classical compactness argument prove Lemmas 3.3 and 3.2. We sketch
their arguments here:

Proof of Lemma 3.2 We argue by contradiction and we assume that for fixed
y € (0,1/2) and M we can find a sequences of functions u; and numbers o
such that

ek = llux — HypeyllLog) = 0 and 0 <o — Ay < Mgy,
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but for which (3.2) and (3.3) for any choice of p and C. Note that by the second
assumption above

< —.
Ay

We let (v ) be the sequence of functions defined in (3.6) and we assume that
they converge to a function v as in Corollary 3.4, note that [|v||L>(p,,) < 1.By
Lemma 3.5, v solves (3.10) and thus by Lemma 3.12 there exists v € R,
P, q € R satisfying A%L p =A% g > —£ such that for all » € (0, 1/4)

wp o) —v(0) — (v-x'+ px) —qx))| .

y FPTYC(1+ M), (3.24)
-

X€B,

Hence we can fix p = p(A+, ¥, M) such that

sup [v(x) —v(0) — (v-x"+ px} —qx))| < %. (3.25)

xeB,

We now set
eq+ epv
2 b
J1+eglv?

where §; — 0 is chosen so that @; > «y, note that the existence of such a
sequence is due to the condition Ai p > —{ since

ar = o (1 +erp) +8ker  and e :=

£
a1+ eep) = (A + =i +0(e0) ) (1 + 6ep) = oy + ().
+

We let Hy := Hg, ., and we note that
lok — af + lex — eq| < C e

for a universal constant C > 0, hence the proof will be concluded if we can
show that

sup |ug(x) — H(x)| < p¥ex,
Bl)

where p is defined so that (3.25) holds. This however easily follows from the
convergence of v to v in the sense of Corollary 3.4 since the sequence of
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functions defined by

Hk(x)_chk,ed

e ey xqg >0
k)~ Hayeq
Been xqg <0

converges (again in the sense of Corollary 3.4) to the function

v-x’—i—pxj—qxd_. o

Proof of Lemma 3.3 Arguing by contradiction one assume for fixed y € (0, 1)
the existence of a sequence of of functions u; and numbers oy, My — 0o such
that

o — )\.+

ek = |luk — HoypeqllLoep) — 0 and Y > My — 00,
k

but for which (3.2) and (3.3) for any choice of p and C. This implies that £ = oo
and that the limiting functions v obtained in Corollary 3.4 are solutions of (3.9).
One then concludes the proof as above by using (3.11). O

4 Proof of the main results

4.1 Proof of Theorem 1.1 and Corollary 1.2

The final step to obtain the desired regularity result is to show that |Vu™|
are C" for a suitable n > 0 up to the boundary. This indeed implies that u*
are solutions of the classical one-phase free boundary problem in its viscosity
formulation and the regularity will follows form [26]. The argument is similar
to the one in [42], therefore we only sketch the main steps and refer the reader
to that paper for more details.

Lemma 4.1 Suppose that u is a local minimizer of Jyp in D. Then at every
point of I'y, there is a unique blow-up, that is,

BU (x0) = {Hu(xo).e(x0)}-

Moreover there exists 1 > 0 such that for every open set D' € D there is a
constant C(D’, A+, d) > 0 such that, for every xo, yo € I';, N D', we have

loe(x0) — a(yo)| < Clxo — yol” and  |e(xp) —e(yo)| < Colxo — yol",
4.1)

where He(xy),a(xg) and He(xy),a(xo) are the blow-ups at xo and yo respectively.
In particular, T'y, N\ D" is locally a closed subset of the graph of a C L1 function.
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Proof We first notice that by Corollary 2.3 and the definition of BU (xq), given
go > 0asin Theorem 3.1 we can find o > 0 and g such that (3.1) is satisfied
by uy,,r, for some Hy . € BU(xo) and for all yo € B, (xo).

We can thus repeatedly apply Theorem 3.1 together with standard arguments
to infer that for all yo € B, (xo) there exists a unique He(y),a(yy) such that

ltr,xo — He(yo),a(yo) | L(B, (yo)) = Cor” (4.2)

where y € (0, '/2). A covering argument implies the validity of the above
estimate for all xg € I';, N D". Next, for xo, yo € I';,N D’ setr := |xo—yol I=n
andn := y /(1 + y), and recall that u is L-Lipschitz (with constant depending
on D’) to get

| He(xo),a(x0) — Heyo),a(yo) lL(B)
=< ||ur,x0 - e(xo),a(xo)”Loo(Bl)

+ llttrxg = tryollLoeBy) + lltr,yg — He(yo),a(yo) L0 (By)

L
< (Cory + ?Ixo — Yol + Cor’/) = (L +2Cp) |xo — yol" .

The conclusion now follows easily from this inequality. O

Lemma 4.2 Under the same assumptions of Lemma 4.1, there are C%" con-
tinuous functions a: Q) — R, B: 90Q, — Rsuchthata > ry, B > A—,
and u* are viscosity solutions of the one-phase problem

Aut =0 in QF, |Vul|=a on Q]

and
Au= =0 in Q,, IVu™| =B on 09, .

Proof We will sketch the argument for u™, u~ being the same. Clearly Aut =
0in Q. By (4.2) we have that, if xg € I';, N D’, then

|ut (x) — a(x0) (x — x0) - e(x0)| < Colx — x| (4.3)

forevery x € B, (xg)N Qj, where ro and C depends only on D’. In particular,
u™ is differentiable on Q; up to xp and |[Vu™ (xp)| = a(xo). On the other hand
ifxg e Td, = QF\ 0Q;, then |[Vu™(x0)| = A+ is constant, in the viscosity
sense.

To conclude we only need to prove thate € C%7(3€2). Since « is n Holder
continuous on I';, by Lemma 4.1 and constant on ', we just need to show

that if xo € I';, is such that there is a sequence x; € 'y converging to xo,
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then a(xg) = Ay. To this end, let yx € I';, be such that
dist(xg, I'rp) = |xx — vl -

Let us set

1
re=lxk — | and  wugp(x) = Eu+(xk + rex),

and note that uy is a viscosity solution of the free boundary problem
Aup=0 in QF NBi, |Vug|=hiy on d{ur >0}NBy.

Since uy are uniformly Lipschitz they converge to a function u, which is also
a viscosity solution of the same problem, [26]. On the other hand, by (4.3), we
have that

oo () = a(x0)(x - e(x0)) ™,

which gives that a(xg) = Ay. O

Proof of Theorem 1.1 Let xg € Ty, = 32,7 N 92, and let & be the constant
in [26, Theorem 1.1]. Thanks to the classification of blow-ups at points of I';,,
we can choose ro > 0, depending on xg, such that

ltexy,ro — HaellLoo(B)) < €

so that thanks to Lemma 4.2, we can apply [26, Theorem 1.1] to conclude
that locally at xo € I';, the free boundaries aszui are C17 graphs. By the
arbitrariness of xq this concludes the proof. O

Proof of Corollary 1.2 The proof of the corollary is straightforward. Indeed
by Theorem 1.1 there exits an open neighborhood W of the two-phase free
boundary 'y, such that BQMi NnwW C Reg(E)QMi). Outside W, u™ are (local)
minimizers of the one-phase problem and thus the desired decomposition and
the stated properties follows by the results in [1,31,46]. O

4.2 Proof of Theorem 1.3

In this section we prove the regularity of the solutions to the shape optimization
problem (SOP). The proof is a consequence of Theorem 1.1 and the analysis
in [43]. Indeed, the existence of an optimal (open) partition (21, . .., £2,) was
proved in [8] and (in dimension two) in [6]. Moreover, in [8,45], it has been
shown that each of the eigenfunctions u; on €2; is Lipschitz continuous as a
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function defined on R? (extended as zero outside €2;). Furthermore, there are
no triple points inside the box D and no two-phase points on the boundary
0D, that is,

e 0Q2; N0Q; N AL = P for every set {i, j, k} C {1,...,n} of different
coefficients;
e 0Q2; N3Q; NOD =@ foreveryi # je{l,...,n}.

The regularity of 0€2; can then be obtained as follows.
e By [43, Lemma 7.3], the function u = u; — u; is a almost of (OP) with
)L%r = m; and A2 = m j, in the sense that

Jop(it, BY) < Jpp(v, B,) + Cré*?  forallv =u on 9B, ,

provided r is sufficiently small.
e By the classification of the blow up limits in [43, Proposition 4.3] and the
arguments in Sect. 2.3, u is a viscosity solution of

Au = =21 (2)u; +A1(2)u; on {u # 0},

IVut|? — |Vu~|> = m; —mj, |[Vut| > J/mi and |Vu~|> /m; on A NaQ; ;
|Vut| = /m; on dQ;\ 9, ;
|Vu~| = Jitj on 382, \ 9K .

e C™ regularity of the one-phase part 3%2; \ (9D U (U, 9<2,)) follows by
techniques in [1], see [7];

e Cl-regularity of 3€2; in a neighborhood of 3$2; N d D was proved in [38];
the main argument boils down to the regularity result from [18];

e Cl-regularity of 8$2; in a neighborhood of 3$2; N 92 ;j follows by using
the same arguments® in the proof of Theorem 1.1, using Theorem 4.3 in
place of Theorem 3.1.

Theorem 4.3 Let 0 < Ay <A_ <L, f € CO(Bl) andletu : B - R bea
L-Lipschitz viscosity solution of

Au=f on {u # 0}

IVut P = |[Vu= > =22 =22, |[Vut| > Ay and |Vu~|>A- ondQf NAQy ;
[Vut| =21y on I\ 09y ;
IVu~™| =2 on 32, \ 09 .

Then for every y € (0,')2), there exist g > 0, C > 0 and p € (0, !/s)
depending only on A+, L and y such that if

lu — HyeyllLooBy) < €0  forsome L>a>Ai.

3 Note that Auy(x) = rAu(rx). Hence, since Au is uniformly bounded in L, ||Auy| 0 =
O(r) and thus this does not interfere with the iteration argument.
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then, there are e € S and & > At such that
le —eql + @ —a| < C(llu— Hyeyllzoms) + I f L)) 4.4)

and

lup — Hz ellLos)) < 0¥ U — HaeyllLooy) + CllLf o))
Proof Note that (4.3) is satisfied with @ = o« and e = e4, p = 1/4 and
C=C(e)if

| fllLoo(By) = €llu — Hy eyl Loo(By)-

Hence itis enough to show that there exists £g universal such that the conclusion
of the theorem holds provided

lu — HyeyllLos) < &0 forsome L >a> iy

and
Il fllLoeB)) < €ollu — Hy,e,llLoo(By)- 4.5)

We can then argue by contradiction as in the proof of Theorem 3.1 by noticing
that, thanks to (4.5) the contradicting sequence satisfies

Aup = o(gp).

This allows to almost verbatim repeat the proofs in Sect. 3, see for instance
[26,27]. O
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Appendix A. Proof of Lemma 3.10

Here we prove Lemma 3.10. The idea to construct the comparison functions is
to perform (the inverse of) the changed of variable used in [35] (and attributed
to Friedrichs) which maps, for smooth solutions, the free boundary problem,
to a (non linear) problem on a fixed domain, see [35, Section 3].

Proof of Lemma 3.10 We divide the proof into several steps:
e Step 1: Given a > 0 function P € c! (B ) N CZ(B%) there exist € < 1,

depending only on the C! norm of P such that for all ¢ < g there exists a
function Q € C'({Q > 0}) N C2({Q > 0}) such that

0:(y',ya —eaP(y,ya)) =ays forally = (), yqs) € {0 >0} (A.])

To this end we define the following map T . Bf/’ — R4
To(x',xq) = (X', xg —eaP(x',x)) x=(x",xq) € B]/2

Note that if ¢ < ||P]~ Cl , Ts induces a bijection between the sets B;! p and

U, = Tg(BlJ/Z) C Bj. We let Q, be its inverse and we define Q, as its d-th
component times ¢, namely

Qs i=a(Q,-eq): U — (0,1/2),

and we extend it to zero on By, \ {Q > 0}. It is now immediate to verify that
(A.1) is satisfied. Furthermore, with the notation y, = Te(x),

V0 (y:) = aeq +aeVP(x) + O(e?) (A.2)

and
AQ(>ye) = a’eAP(x) + O(&). (A.3)

e Step 2: Let us now prove item (i) of the statement, item (ii) can be obtained
by a symmetric argument. Let ok, €; a be as in the statement. Let us assume
that Py is a strictly subharmonic function touching v, strictly form below
at xo. By assumption, for all § < 1 the function vy — P_ 4 § has a strictly
positive minimum at xg as § — 0. Let Q,‘z be the functions constructed in Step
1 withe =&, 0 = o and P = P_ — §. Let us define

0% — oyx)

PI? )= Uik
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and
o 5 8
T ={(x, P{(x)) x€{Q}>0}NBy}
One easily checks that they converge in the Hausdorff distance to

= {0, Pe(x)—8). xeBL}.

By using that the graphs l",j defined in Corollary 3.4 converges in the Hausdorff
distance to

F={@.ve@). xeBl}.

We claim that
{02 >0} N By, € {ug > 0} N Biy,.

Indeed otherwise one would find a sequence of points x; such that Qi (xx) >0
and u™ (x;) = 0 which implies that

Pl (xp) = vy 1 (xp),

where v i is define in Corollary 3.4. Assuming that x; — X we get PT(X) —
8 > v4(x) in contradiction with P — § < v4.

In particular there exists o = O (§) such that Q,‘z(- —oey) touches u™t from
below at some point x,‘z. Note also that, arguing as above) x,f — xp as k goes
to infinity. By (A.3) and the strict subharmonicity of P one has that

AQ2>0 0nQ,‘§>O.

Hence the touching point lies on the free boundary 0 Q,j‘k. Furthermore by (A.2)

V() = weq + eV PL(Q, (x5) + O ()
= aeg + aeV Py (x0) + ex O(Ixk — xo]) + O(e?).
Choosing a sequence 6 — 0 we obtain the desired conclusion.
e Step 3: We now prove item (iii). The proof goes exactly as above, more

precisely we let P be as in the statement and we define P* as P restricted
to Blj/i. We let also T+ : B,j/i be the corresponding transformations as in Step

I(with T~ defined in the obvious way on B|72). The key point is to note that

T+(B,72) NT™(B,,) =0
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Hence, with obvious notation, the function®

0=0"+0"

is a well defined comparison function. Arguing as in Step 2 gives the desired

sequence.

Appendix B. Proof of Lemma 3.12

Give a solution v we define w

£
wi(x) =vL(x) — —Xd, X € Bli/z.
AL

It is straightforward to check it is a viscosity solution of

Awy =0 in Bij,

oqw+ >0 in Bl/2 N {xqg = 0},
AL dqwy = A2 w_ inC,

wy < w_ in By, N {xg =0}

Furthermore one can easily check that

1
wi(x', xg) = FwN(x/, Fxq) — ws(x', Fxa),
+

where wy solves the Neumann problem

Awy =0 on B,Z,

dgwy =0 on B,72 N {xg = 0},
and wy is a solution of the thin obstacle problem

Awg =0 on By,

ws >0 on Blzﬁ{xd = 0},
dqws >0 on BJZ N {xg = 0},
ws dgws =0 on B%ﬂ{xd = 0}.

4 Note that if O~ is the d-th component of the inverse of 7'~ then it is negative!

O
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Clearly wy € C*(B7) with
lwwllcks,y < CrllwnliLes, -
On the other hand, by [5, Corollary pg. 58], wg € C!-'” (Ej;) with

lwsllcriz,y < Cllwslizes, -

From the last two estimates and the definition of w it is easy to deduce the
conclusion of the Lemma. O
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