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While elastic metasurfaces offer a remarkable and very effective
approach to the subwavelength control of stress waves, their use
in practical applications is severely hindered by intrinsically nar-
row band performance. In applications to electromagnetic and
photonic metamaterials, some success in extending the operating
dynamic range was obtained by using nonlocality. However, while
electronic properties in natural materials can show significant
nonlocal effects, even at the macroscales, in mechanics, nonlo-
cality is a higher-order effect that becomes appreciable only at
the microscales. This study introduces the concept of intentional
nonlocality as a fundamental mechanism to design passive elastic
metasurfaces capable of an exceptionally broadband operating
range. The nonlocal behavior is achieved by exploiting nonlocal
forces, conceptually akin to long-range interactions in nonlocal
material microstructures, between subsets of resonant unit cells
forming the metasurface. These long-range forces are obtained
via carefully crafted flexible elements, whose specific geometry
and local dynamics are designed to create remarkably complex
transfer functions between multiple units. The resulting nonlo-
cal coupling forces enable achieving phase-gradient profiles that
are functions of the wavenumber of the incident wave. The iden-
tification of relevant design parameters and the assessment of
their impact on performance are explored via a combination of
semianalytical and numerical models. The nonlocal metasurface
concept is tested, both numerically and experimentally, by embed-
ding a total-internal-reflection design in a thin-plate waveguide.
Results confirm the feasibility of the intentionally nonlocal design
concept and its ability to achieve a fully passive and broadband
wave control.

elastic metasurface | intentional nonlocality | total-internal-reflection |
wave control | wave filtering

he concept of metasurface was originally pioneered in optics

(1-8) and, shortly afterward, extended to acoustics (9-20).
Metasurfaces quickly gained popularity thanks to their ability
to achieve wave-front control via deep-subwavelength artificial
interfaces. This characteristic stands in stark contrast with tra-
ditional metamaterials whose ability to control incoming wave
fronts is limited by the strict dependence between the size and
number of unit cells and the wavelength of the incoming wave.
The most direct consequence of this physical constraint is the
existence of a minimum dimension of a metamaterial slab (typ-
ically on the order of several wavelengths) that is necessary to
control incoming waves. On the contrary, metasurfaces are very
thin layers (typically a fraction of the dominant wavelength) that
allow an abrupt control of the wave fronts, therefore offering a
powerful alternative to circumvent a key practical limitation of
metamaterials.

The response of a metasurface subject to an incoming wave is
described by the Generalized Snell’s Law (GSL) (1, 21), which
allows predicting directions of anomalous reflection and refrac-
tion across an interface characterized by a spatial phase gradient.
It is indeed this capability to encode the most diverse phase-
gradient profiles within the metasurface that allows achieving
unconventional effects, including, but not limited to, wave-front
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shaping (2, 8), surface-modes generation (7), and ultra-thin
lenses (5, 6).

More recently, the concept of metasurface was also extended
to elastodynamics (22-29) in an effort to achieve abrupt control
of elastic waves in solid media. Initially, Zhu and Semperlotti
(22) explored the behavior of an elastic metasurface in trans-
mission mode and investigated the possibility of controlling the
direction and the shape of a refracted wave front generated by
an incoming planar wave. Later, the study was extended to show
that metasurfaces could act as subwavelength barriers, therefore
completely preventing the transmission of elastic waves across
the interface (30, 31). Despite the great success in the application
of metasurfaces to wave-front control and shaping, their intrinsic
narrow-band performance has greatly limited their use in real-
world applications. The limited operating frequency range is a
direct consequence of the underlying design based on locally res-
onant unit cells. In passive metasurfaces, local resonances are
used to achieve abrupt phase changes as propagating waves cross
the interface. As the frequency of the incoming wave is detuned
with respect to the operating frequency of the individual unit
cells, the metasurface quickly loses its efficiency and ability to
control the wave.

In order to address this important shortcoming of passive
metasurfaces, researchers have explored the possibility to use
active designs, involving piezoactuators and control logic, to
extend the operating range. Chen et al. (32) introduced a pro-
grammable active elastic metasurface with sensing and actu-
ating units that achieved wave-control functionalities over a
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broadband range of harmonic signals. Despite the good success
of the active approach, the overall increased complexity and the
significant barriers in scaling the design to either larger struc-
tures or high-intensity waves make this approach not always
viable. It follows that the ability to synthesize fully passive broad-
band designs still represents a major research endeavor and
holds the potential to revolutionize elastic metasurface-based
devices. As an example, the ability to shield sensitive electronic
systems or infrastructures from incoming high-intensity waves
(e.g., seismic or blast waves) would greatly benefit from broad-
band passive metasurfaces that could successfully divert the
mechanical energy simply relying on thin ultra-subwavelength
layers.

To address this major challenge, we introduce the concept
of intentional nonlocality. The study and modeling of nonlocal
system properties have been a long-standing challenge in many
areas of engineering and physics. While the general concept of
nonlocality holds a practically universal meaning strictly con-
nected to the idea of action at a distance, technical nuances can
arise, depending on the specific area of application. In classi-
cal mechanics of solids, the concept of nonlocality implies that
the local response of the medium at a target location (typically
expressed in terms of a stress field) does not only depend on
the state of the medium (typically expressed in terms of a strain
field) at that same location, but also from the state of other dis-
tant locations. The ensemble of these distant points, whose state
affects the response at the target location, forms a surface (in two
dimension) or a volume (in three dimension) known as the area,
or volume, of influence. In elastodynamics, the concept of non-
locality results in a dependence of the stress (or, equivalently,
the strain) field on the wavenumber (33-36). Note that, at the
macroscale, the typical nonlocal character of many natural mate-
rials is very subtle, and, in most applications, it is considered as a
higher-order effect.

The concept of nonlocality has also found applications in
electromagnetisms and photonics; examples in the area of
engineered materials include electromagnetic metasurfaces (37,
38), metagratings (39-41), and metamaterials (42-44). More
recently, this concept was also extended to acoustic metamateri-
als (45-47) and metasurfaces (48). Despite these previous appli-
cations in other metamaterial systems, the concept of nonlocality
in elastic metamaterials was not explored and implemented. In
addition, none of the above systems explored an intentional use
of nonlocality with the goal of achieving selected dynamic prop-
erties. The main reason why this area lags behind is to be found
in the complexities related to accessing and exploiting nonlocal-
ity in the frame of elasticity. While electromagnetic and photonic
applications can directly access materials that naturally exhibit a
significant level of nonlocality (49-51), in mechanics, nonlocality
is a higher-order effect that is typically appreciable only at the
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micro (or smaller) scales. To date, no attempts have been made
to develop nonlocal elastic metasurfaces.

In this study, we propose the concept of intentional nonlocal-
ity that is introduced into the design of an elastic metasurface in
order to extend its operating range by leveraging wavenumber-
dependent mechanical properties. More specifically, starting
from a classical locally resonant elastic metasurface design
(22), we exploit the concept of action-at-a-distance by coupling
selected unit cells via carefully designed connecting elements.
These elements are conceived explicitly to create wavenumber-
dependent coupling forces that mimic, at the macroscale, the
nonlocal effect typical of nonlocal forces in elastic-continuum
microstructures.

In this study, the concept of intentional nonlocality will be
illustrated by applying it to a total-internal-reflection type of
metasurface (TIR-MS) (30, 31), which was chosen as a basic
benchmark system. Note that, despite this choice, the proposed
concept is extremely general and applicable to any type of meta-
surface. ST Appendix presents a simple example of application to
a transparent metasurface (SI Appendix, section 2G). A specific
semianalytical transfer-matrix model was developed to study the
effect of the nonlocality on the dynamic behavior of the metasur-
face and to facilitate the synthesis of practical physical designs for
numerical and experimental testing. Then, the nonlocal TIR-MS
(NL-TIR-MS) concept was embedded in a thin-plate waveguide,
and its performance was assessed via a combination of numerical
and experimental tests.

Methods and Materials

Fundamentals of Local Elastic Metasurface Design. In order to facilitate the
understanding of the nonlocal design, this section provides a brief overview
of the basic design principles of a classical passive elastic metasurface (22),
which, in the following, will be referred to as the local design. In the clas-
sical problem of wave transmission across an interface between dissimilar
materials, the angle of refraction is entirely determined by the impedance
mismatch between the two materials, and it is carefully described by
the Snell’s law. For a given wavelength, the angle of refraction is fixed
once the two materials are chosen. However, when in the presence of a
metasurface that encodes a prescribed spatial phase gradient (along the
metasurface direction), the refracted angle is no longer controlled only
by the impedance mismatch between materials, but also by the phase
gradient itself. In fact, metasurfaces are typically employed to control
the reflection and refraction of waves between half-spaces made of the
same material (hence, without an intrinsic impedance mismatch due to the
host medium).

When in the presence of an interface with a spatial gradient profile
(Fig. 1A), the direction of the refracted wave front is obtained from the
GSL (1):

sin(@)  sin(9;) 1 do

At A 2w dy’

where d¢/dy is the phase gradient, while 6; and 6; indicate the directions
of the incident and refracted waves, respectively.

[11

Fig. 1. (A) Schematic view of an elastic waveguide with an embedded local metasurface. Some of the fundamental parameters, such as the angle of
incidence 0;, the angle of anomalous refraction 6;, and the phase gradient ‘iﬁ, are shown. A, Inset also shows a schematic view of a typical locally resonant
unit, from which the metasurface is assembled. (B) Schematic illustration introducing the concept of intentional nonlocality realized via flexible elements

connecting different unit cells.
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In passive elastic metasurfaces, the phase gradient is often realized by
using a periodic array of locally resonant cells providing a linearly varying,
step-like phase modulation covering the range [0, 2r]. Fig. 1A shows a con-
ceptual view of a typical local elastic metasurface, as well as a zoomed-in
view (black dashed box) of the locally resonant unit cell. The latter con-
sists of a hollow frame with an internal resonator realized via a small mass
attached to two slender beams connected to the frame. Previous studies (30,
31) showed that the dynamics of the resonator can be easily controlled in
order to match specific phase profiles and design constraints, while limiting
the fabrication complexity.

While, in the local design, the desired phase-gradient profiles can be effi-
ciently achieved at a single target frequency, it is not possible to maintain
the target phase gradient over a wide frequency range. This limitation is a
direct consequence of the fundamental operating mechanism of the meta-
surface based on local resonances. A possible approach to overcome this
limitation could include the design of multiresonant unit cells (e.g., using
internal multi-degree-of-freedom resonators) within the basic local meta-
surface design. The increased number of design parameters would improve
the ability to tune the phase-gradient profile versus frequency. Although
conceptually possible, this approach would likely result in a very complex
design of the unit cells, in a discrete type of control, and in an operating
range still limited by the total number of local resonances available per unit
cell (see more discussions in SI Appendix, section 1C).

Basic Concept and Mechanics of the Nonlocal Supercell. In the case of an
elastic metasurface, a possible implementation of the nonlocal design is
shown in Fig. 1B. The design relies on flexible beam-like links that con-
nect the resonators of multiple distant units. This approach implements, at
a macroscopic level, the basic concept of action-at-a-distance and results
in the formation of a nonlocal supercell. The nonlocal supercell consists of
a prescribed number of locally resonant units whose internal resonators
are coupled to each other via specifically designed flexible links. Despite
this physical implementation, we anticipate that the fundamental operat-
ing mechanism does not rely on the concept of a coupled resonator design.
This topic is extensively discussed below and in S/ Appendix. Given a basic
nonlocal supercell design, the metasurface can be assembled by creating a
periodic distribution of identical nonlocal supercells.

The remainder of this section addresses in detail both the source and role
of nonlocality in our metasurface design. As will be evident in the following
discussion, the nonlocality manifests itself in different (but all interrelated)
ways. Therefore, we will discuss its role both from a physical and a mathe-
matical perspective in order to provide a comprehensive account of the use
of nonlocality to achieve target dynamic performance.

Origin and role of nonlocality. The proposed design is based on and imple-
ments, at a macroscopic level, the concept of action-at-a-distance. By using
carefully designed mechanical links between pairs of units separated by a
finite distance, our design represents the conceptual equivalent (in the form

k+k' 2n-1k -f-._kr
/ Nonlocal link;::'
Supporting plate :

stiffness

N\

of a discrete macroscopic medium) of the long-range interactions typical
of nonlocal materials. From a high-level perspective, a nonlocal material is
defined as a medium in which the mechanical response at a given point
(typically expressed in terms of stress) is affected by the state of all of the
surrounding points (expressed in terms of strain) in a given area or volume,
the so-called horizon of nonlocality. This definition is in contrast with that
of local media, in which the stress at a point is only a function of the state of
strain at that same point. While this definition is typically provided within
a static context, it does apply identically to any type of response (e.g., to
dynamic and stability analyses). However, when considering the dynamic
response of a medium, the nonlocal action also manifests itself in additional
ways. A classical example of the effect of nonlocal actions on the dynamic
response of a medium is the dependence of the elastic material properties
on the wavenumber. While this property is often indicated as the distinctive
characteristic of dynamic nonlocal media, we stress that this is simply a dif-
ferent statement of the same concept of static nonlocality (that is, of the
dependence of the response on the state of the medium represented, for
example, by the spatial distribution of strain).

Although the intentional use of long-range connections makes the
supercell nonlocal by design, we also corroborate our statement by math-
ematically showing that the effective elastic continuum representing the
metasurface maps, indeed, to a nonlocal medium.

Consider a simplified one-dimensional (1D) discrete model, as illustrated
in Fig. 2. The model is intended to simulate only the section of the nonlocal
metasurface in order to illustrate the role and effect of long-range con-
nections. The lattice model consists of N identical supercells with a lattice
constant a. Each supercell counts three masses M that mimic the mass-in-
mass units. Note that both the locally resonant nature of the unit and their
different mass values are neglected in order to yield a more streamlined
mathematical representation. These assumptions do not limit the overall
goal of the model that is to show that long-range connections are the main
elements responsible for the emergence of the nonlocal behavior and of the
wavenumber-dependent elastic properties. In fact, the choice of neglecting
local resonances strengthens even further the statement that the nonlo-
cal properties are not due to resonance effects. The units are connected
by springs which mimic both the local (k) and nonlocal (k') interactions, as
illustrated in Fig. 2. The comparison in Fig. 2B shows the correspondence
between the elements of the 1D model and the physical design. Note that
the local connections are those occurring via the supporting plate, while
the nonlocal connections are the links added between the masses (both
between consecutive and distant masses).

In order to show that the equivalent continuum has wavenumber-
dependent elastic properties due to the presence of the long-range connec-
tions, we first derive the dispersion relation for the discrete lattice system,
and then we perform a continualization process combined with the classical
Eringen integral approach to nonlocal elasticity (34, 36). While the com-
plete mathematical details are reported in S/ Appendix, section 1A, here,

Supercell

Fig. 2. (A) Schematic of the 1D discrete equivalent model of the metasurface and the corresponding supercell unit. The schematic illustrates the classical
nearest-neighbor and next-nearest-neighbor interactions between the masses within the supercell. The red colored springs indicate purely local interactions
(k), the magenta colored springs indicate purely nonlocal interactions (k’), and the black colored springs indicate a combination of local and nonlocal
interactions (k + k). B shows the correspondences between the simplified model and the physical design of the nonlocal supercell.
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below, we report the resulting form of the effective elastic material proper-
ties describing the metasurface. These properties are provided in the form
of Lamé constants for the equivalent nonlocal solid (34):

e A2 [20+0) [0}
X002 ) = (7 )[ Kz T 32k
1 2 _ 4¢sin? 2) ] —
{3( + ¢) az,gbzsm (Ka/ ):| [w(ic)}*% _ 1}’ 2l

where K denotes the wavenumber in the metasurface, ¢ = k' /k is a nondi-
mensional ratio defining the strength of the nonlocal interactions, solid
P(K) is a function of the wavenumber K and ¢, and \ and p are the
Lamé constants of the corresponding local solid. The O indicate Fourier-
transformed quantities in space. Eq. 2 clearly shows the dependence of the
effective elastic properties of the metasurface on the wavenumber. Note
that, as the strength of the nonlocal contributions vanishes, then \’, u’ — 0,
hence recovering the local case (see details in S/ Appendix). S| Appendix pro-
vides additional considerations to help in interpreting and contrasting the
role of the different simplified models used in this study.

Role of the nonlocal properties in achieving broadband behavior. The
previous section confirmed that the introduction of the long-range con-
nections induces a wavenumber dependence in the equivalent elastic
properties of the metasurface. Interestingly, this unique dependence offers
two complementary mechanisms to control the dynamic behavior of the
metasurface.

Recall the duality that the dispersion relation of a medium establishes
between wavenumber and frequency. The dispersion is typically expressed
in the general form w:w(\l?,—|), or, equivalently, |E;\ = |I?,-\(w), where w is
the circular frequency, and I?,' is the wavevector. For the simple case of
bulk local media (or even for simple structural elements like strings and
rods), the medium is nondispersive, which results in a constant wave speed.
However, if the bulk medium is nonlocal, it does acquire a frequency depen-
dence via the wavenumber dependence of the elastic properties. Clearly,
this dependence is maintained also for the more complex case of waveg-
uides that are naturally dispersive, even in their local form. For nonlocal
waveguides or dispersive media, the general-dispersion relation acquires
the form c:c(|l?,-\,cu). In this latter case, the effect of the wavenumber
dependence combines and superimposes with the frequency-dependent dis-
persion typical of waveguides; hence, its effect is less evident to isolate and
recognize.

The above discussion suggests that nonlocality can be leveraged in two

different, but complementary, ways—that is, by exploiting: 1) its direct
(or explicit) effect on the wavenumber, and 2) its indirect (or implicit)
effect on frequency (via the wavenumber). A detailed discussion of these
dependencies is reported in S/ Appendix, section 1B.
Difference between the proposed nonlocal design and a coupled res-
onator design. The proposed nonlocal design is not equivalent and does
not operate as a coupled resonator system. While a more detailed dis-
cussion is reported in S/ Appendix, section 1C, here, we highlight the
most significant differences. Systems of coupled resonators have been
used in the context of elastic metamaterials in order to achieve either
vibration or bandgap control (52-54). However, these studies leveraged
the coupling only as a mechanism to achieve multiple resonances and
exploited the principle of vibration localization, which occurs in the scat-
tering regime (as opposed to the homogenized regime, in which the
nonlocal design operates). Our nonlocal design does not add any addi-
tional resonator, but leverages long-range, spatially dependent forces to
create a complex frequency and wavenumber-dependent dynamics of the
metasurface.

Results and Discussions

NL-TIR-MS. To illustrate the concept of nonlocality, we apply it to
the design of a NL-TIR-MS (30) embedded in a plate waveguide.
We recall that a local TIR-MS (30, 31) consists of a meta-
surface that is specifically designed to exhibit a phase-gradient
profile meeting the requirement for total internal reflection.
Under these conditions, incoming waves with any arbitrary angle
of incidence (but in the neighborhood of the target operating
frequency—i.e., the resonance frequency of the local unit cells)
will not be able to cross the interface and will be reflected back.
Note that the selection of the TIR-MS as a benchmark sys-
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tem to test the nonlocal concept does not limit the generality
of the results. Similar performance can be envisioned also for
transparent metasurfaces.

Basic design elements. In order to obtain complex phase-
gradient profiles over an extended frequency range, the con-
necting elements must exhibit an elaborate local dynamics that
can be obtained by using proper choices of the cross-sectional
properties, materials, and local resonances. Within this general
design framework, the synthesis of the links’ final configuration
requires the formulation and solution of an optimization prob-
lem. The objective of the optimization procedure is to select
the links’ physical parameters capable of producing the desired
nonlocal forces that ultimately enable maintaining the target
phase profile. Dedicated analysis tools are needed in order to
simulate the response of these nonlocal systems—specifically, to
understand the effect of the design parameters on the physical
behavior of the supercell and to allow the synthesis of physically
realizable designs. The overall modeling approach implements
the following strategy. The nonlocal supercells are initially mod-
eled by using simplified lumped parameter (e.g., mass-spring)
systems that allows formulating the system dynamics via the
transfer-matrix (TM) method. In the TM approach, the resonant
unit is represented via a lumped parameter system, conceptu-
ally shown in Fig. 34, which allows for capturing the relevant
dynamics while requiring a reduced set of system parameters.
This simplified approach is possible because the metasurface
operates within a deep-subwavelength regime (i.e., the domi-
nant wavelength is much larger than the characteristic unit-cell
dimension). In addition, the long-range coupling forces between
local unit cells can be simulated by means of mass-spring con-
nections having frequency-dependent properties. Once the unit
cells are coupled to form the nonlocal supercell, the links’ param-
eters can be tuned to achieve a frequency-dependent phase
profile. The details of the TM model, as well as some numeri-
cal results of a nonlocal supercell, are reported in SI Appendix,
section 2.

Design of the NL-TIR supercell. In the following, we briefly illus-
trate the design procedure on the TIR nonlocal supercell. Both
the metasurface and the host waveguide have thickness h =6.35
mm. The target operating bandwidth is set to Af=[4.2,5.7]
kHz. Note that this selection of the operating range is somewhat
arbitrary, and it was chosen exclusively for convenience of the
experimental measurement. The nonlocal approach per se is not
limited to a specific frequency range. The overall dimensions of
the basic unit are L(=20 mm) x W (=10 mm) x h(=6.35 mm),
as shown in Fig. 34. Recall that, in order to ensure TIR con-
ditions (30), the phase-shift gradient should always exceed the
critical value d¢/dy =4x /A, and the transmission coefficients
of each unit should have a comparable value. Assuming that the
supercell contains n basic units to cover the 27 range, then it
must be f—gv >4/, which results in a condition on the number

of units n < ﬁ Over the selected frequency range, the wave-
length )\ approximately varies between 12.3 W and 10.1 W;
hence, a nonlocal supercell of n =3 units would fulfill the TIR
criterion. Note that the three-unit supercell implementation
represents a classical case of nearest-neighbor and next-nearest-
neighbor interaction typical of many nonlocal systems. While
more units could certainly be envisioned in order to achieve even
a more general frequency response, this choice does not affect
the generality of the proposed concept (see also SI Appendix,
section 1D). Indeed, the choice of using a limited number of
units simplifies the design and facilitates the explanation and
the understanding of the role of different elements and their
operating principle.

Assuming three basic units, the synthesis of the physical design
(that is, the link that exhibits the desired effective dynamic
properties predicted by the TM method) requires an optimiza-
tion approach. To achieve a physical design, the procedure is
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Fig. 3. Schematics illustrating the representation of the unit-cell model in discrete form. This representation is at the basis of the development of the
TM model. (A) Schematic of a typical locally resonant unit cell (Upper) and its lumped-parameter counterpart represented by a mass-in-mass-spring model
(Lower). (B, Upper) Schematic showing the integration of the lumped unit-cell model within an elastic waveguide, as well as the amplitude of the incident
(A,), reflected (B1), and transmitted (A;) waves. (B, Lower) Schematic showing the integration of local resonant units to form a nonlocal supercell. The
connecting links are represented by lumped elements having stiffness k. and mass m.. The superscript in the amplitude coefficients represents the units

number.

separated into three main steps: 1) select the fundamental unit
cells; 2) identify the necessary profiles of nonlocal interaction
force versus frequency; and 3) synthesize the physical design of
the links capable of realizing the target nonlocal force profiles.
These three steps are further elaborated in the following.

Step 1. The first step consists of selecting the physical design
of the locally resonant unit cells. Note that, contrarily to the
local design (22), which requires setting the fundamental reso-
nance of the unit cells at the target frequency, in the nonlocal
design, the individual unit cells do not need to be designed for
a specific frequency. In fact, it is even preferable not to start
with units operating at the same frequency because this would
bias the dynamic behavior of the nonlocal metasurface in favor
of a single frequency. The most direct effect of this bias would
be the need for extreme values of the effective properties (e.g.,
either zero or negative mass and stiffness values) of the links
in order to guarantee broadband performance. On the other
side, an appropriate selection of the basic units can facilitate
achieving a broadband design. In general, it was found to be
a good design rule for the nonlocal metasurface to select units
whose phase contribution (compared with the adjacent units)
is close to 27 /n (where n = 3 in the present case) over the
selected frequency range. This first step of the design can be per-

formed by acting on the basic geometric parameters of the unit
cells in order to tune their local resonances and, consequently,
the phase profile. For the example presented in this study, the
three selected units are shown in Fig. 44. Details on the geo-
metric design can be found in SI Appendix, section 3A. Their
amplitude and phase responses were extracted by using the dis-
crete TM model, and the results are summarized in Fig. 4 B
and C. It can be seen that, although the phase profiles of the
three units are slowly varying over the selected frequency range
0, 27/3, and —27/3, the corresponding phase jumps between
adjacent units (Fig. 4B) are always in the neighborhood of the
target value.

Step 2. Once the fundamental resonant units forming the
supercell are selected, the next step requires the identification
of the nonlocal interaction forces needed to achieve the target
performance of the TIR-MS over the selected operating range.
Equivalently, the former objective can be stated by saying that
the frequency-dependent effective properties (i.e., m.(w) and
kc(w)) that identify the dynamics of each connecting element
must be determined, such that the phase jump between adja-
cent units is maintained at the constant value 27 /3. Note that,
although the amplitude of the response of each unit should also
be maintained to comparable levels to each other (a condition
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Fig. 4. (A) Schematics of the three selected locally resonant unit cells that will form the basis for the NL-TIR-MS. B and C show both the transmission phase

and the transmission amplitude versus frequency for the three individual units.
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Fig. 5. (A) The phase shift of the local supercell without coupling elements.
(B) The predicted phase shift from the lumped nonlocal supercell model
after the application of the optimized coupling elements.

that guarantees the transmission coefficients of each unit to be
equivalent), for the TIR-MS design, the ability to guarantee a
constant phase gradient poses a more stringent requirement. In
other terms, the ability to yield the desired phase gradient is
more important than matching the response amplitude at the
unit level. In a previous study on a local TIR-MS design (31),
the authors illustrated this aspect in a more quantitative fashion.

The phase-shift response of the local and nonlocal three-
unit supercell under normal incidence conditions is presented
in Fig. 5 A and B, respectively. Results show that the nonlocal
design is capable of producing a reasonably constant phase shift
at the desired value 27 /3. The corresponding effective prop-
erties characterizing the three coupling elements are shown in
Fig. 6 A-C, respectively. For the sake of completeness, we fur-
ther examined the dependence of the phase gradients on the
wavenumber in the TIR design after obtaining these coupling
elements. The phase-shift profile versus frequency, parameter-
ized in terms of the angle of incidence, is presented in S/
Appendix, Fig. S8. It is clear that different wavenumbers (i.e.,
angle of incidence) experience different phase shifts. For the TIR
design, these deviations are limited because the goal is to main-
tain the target value 27 /3. It is also noticeable that the deviation
is more evident at higher frequencies, which also explains the
deterioration of the performance.

A visual analysis of these wavenumber-dependent functions
allows making an important consideration. The dynamic mass
profile of coupling element 2 (Fig. 68) shows a sharp variation

around 5.4 kHz. While at this stage, we are dealing with synthetic
coupling forces (i.e., effective forces not yet associated with a
physical design of the link), this result suggests that, to be able
to achieve such a sharp change in the dynamic properties of the
link, a local resonance should be exploited. It is also worth not-
ing that, this being the result of an inverse problem, the set of
force profiles discussed above is only one of the many possible
solutions.

Step 3. Once the necessary dynamic mass and stiffness pro-
files of the connecting elements are identified, the third and
last step consists of converting these synthetic long-range trans-
fer functions into physically realizable designs of the three
coupling elements. To simplify the design process and avoid
the need for topology optimization, we assume that the basic
geometry of the connecting elements is fixed to be a thin
rectangular beam having piece-wise constant thickness. While
changes in thickness can help controlling the flexibility and the
global dynamics of the link, it was already pointed out that
sharp variations in the coupling forces requires local resonances.
Hence, the beam connectors could also include attached res-
onators tuned at selected frequencies. Also in this case, in
order to avoid the use of topology optimization, we assumed
these resonators to be designed always in the form of cantilever
dumbbells.

Based on the above assumptions, the topology of the links
is entirely defined, so that the profiles of the effective proper-
ties (or, equivalently, of the nonlocal coupling forces) can be
matched by performing a simple parameter optimization on the
geometric design variables. This step was performed by using
a commercial finite-element-based optimizer (COMSOL Mul-
tiphysics). The resulting physical configurations of the three
coupling beams are shown in Fig. 7, and their dynamic responses
are evaluated in Fig. 7 (dashed lines) and compared with the tar-
get profiles (solid lines). Overall, the dynamic properties of the
three beams are in good agreement with the target profiles. We
emphasize that the main goal of this study is to present and val-
idate the concept of intentionally nonlocal metasurfaces, not to
establish optimal designs and performance. Hence, these results
should not be taken as indicative of best performance. Indeed, it
is foreseeable that the use of a concurrent optimization approach
might provide a better match of the nonlocal coupling terms and
overall higher performance. The approach followed in this study
was explicitly designed to illustrate the importance of intentional
nonlocality and to characterize the role of the different design
components, which would otherwise be lost if using only a purely
numerical optimization approach.

Equivalent Mass |

—_— Equivalent Stiffness ——

A 5 %104 B 5 %107 9 4 %1073

T 566 9§ ol . . 28 F 1p2 3
< 2z o= 2
[ ~ o = -~
= 2E L 2 S 2
gs,sa - 1363 % g-2_4 e 5 5 204} 03 5
o o Q 9 o 8
£ g £ 2 £ ©
= E £ I log B ¥ .35l o -
o 5.6 -3.97 © o -2.8 2.8 © = 1.8 2.4 P
Q E o \ E o E
] E E ©
: 3 > g 3
2557 43 © 3.32 - 56° 232 - . £19

4200 4700 5200 5700 4200 4700 5200 5700 4200 4700 5200 5700

Frequency (Hz) Frequency (Hz) Frequency (Hz)

Fig.6. The required dynamic stiffness and dynamic mass profiles necessary to achieve the broadband TIR effect. Results are presented for the three coupling
beams: beam | (connecting unit 1 to 2) (A), beam Il (connecting unit 2 to 3) (B), and beam Ill (connecting unit 1 to 3) (C).

26104 | www.pnas.org/cgi/doi/10.1073/pnas.2004753117

Zhu et al.


https://www.pnas.org/lookup/suppl/doi:10.1073/pnas.2004753117/-/DCSupplemental
https://www.pnas.org/lookup/suppl/doi:10.1073/pnas.2004753117/-/DCSupplemental
https://www.pnas.org/cgi/doi/10.1073/pnas.2004753117

Downloaded at PURDUE UNIVERSITY LIBRARY on August 2, 2021

Target Stiffness Target Mass = =— = Actual Stiffness = =— = Actual Mass

A Lo 0t B qef 102 © 10°°

5 L:_ 55’ e £ s
A — 212 £ I v = <
2 = o0 =~ o =
= e & I s € =
B, s & P\ PP S 5oe 03 3
e 2 o A S & e
7] w O - w 7] %]
Q w @ nw @ 1%
I c &= - ——-— g £ ©
5 E E-2 S EE =
%39 o o ~l1 4 o = -1.8 24 o
L E g \ E e E
§ g § £ 5 £
€ A &3 5 B A
23 . . 529 & . - e P! 232 . . Tk

4200 4700 5200 5700 4200 4700 5200 5700 4200 4700 5200 5700
Frequency (Hz) Frequency (Hz) Frequency (Hz)

Fig. 7. Comparison of the dynamic stiffness and dynamic mass profiles provided by the synthetic (dashed lines) and the physical (solid lines) designs. Insets
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Numerical Results. The previous section presented the physical
design of the connecting elements capable of achieving a broad-
band TIR effect. Based on this physical design, a complete three-
dimensional (3D) model of the nonlocal metasurface (Fig. 84)
embedded in a flat plate was assembled. Note that the nonlocal
metasurface was simply obtained by periodically repeating the
basic nonlocal supercell (Fig. 8 A, Inset I) along the interface
direction. The side view of the nonlocal supercell (y — z plane)

is also provided (Fig. 8 A, Inset II') in order to clarify the connec-
tion strategy between units. Further details on the connection
scheme can be found in SI Appendix, section 3 B and C.

The waveguide with the embedded nonlocal metasurface was
modeled via finite-element analysis using a commercial software
(Comsol Multiphysics). The metasurface was excited by a point-
load source located at a distance of 0.12 m from the plane of
the metasurface (white star marker in Fig. 8C) and acting in the
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Fig. 8. Numerical simulations obtained from a full 3D model showing the performance of the NL-TIR metasurface. (A) Schematics showing the 3D model
of the assembled NL-TIR-MS embedded in a thin waveguide. A, Insets show the isometric (Inset ) and the side (Inset I) view of the nonlocal connectors
mounted on the resonating cores. Different components are marked by colors: basic unit cells, yellow; and connecting links, dark gray. (B) Spatially averaged
amplitude ratio of the out-of-plane component of the velocity obtained from the response of the waveguide before and after the MS interface. Both local
and nonlocal designs are compared. The wide dip observed in the nonlocal MS response (highlighted by the dashed black box) indicates the broadband
wave-blocking effect. (C) Full-field simulations showing the out-of-plane particle displacement at five selected frequencies within the nonlocal MS operating
range. The white star marker shows the location of the point-load source excitation.
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out-of-plane z—direction, hence generating predominantly Ao
guided modes. Perfectly matched layers (PMLs) were applied at
all of the boundaries to eliminate the effect of unwanted reflec-
tions. In order to assess the effect of the nonlocal metasurface on
the propagating wave, the model of the equivalent local metasur-
face design was developed and used as a reference. This model
consisted of the same set of resonant unit cells as those used
in the NL-TIR-MS design, but without the nonlocal connec-
tions and the large masses (drawings provided in SI Appendix,
Fig. S15).

Fig. 8B shows the comparison of the spatially averaged ampli-
tude ratios calculated from the transverse particle displacement
(z—direction) before and after the MS. Note that this specific
ratio is only one of the different metrics that could be used
to assess the behavior of the metasurface. This ratio provides
a good quantitative estimate of the percentage of “mechani-
cal energy” that propagates across the metasurface following
a given incident wave. The spatial-averaging process helps in
smoothing out possible local variations due to the scatterer, thus
providing a more reliable indicator to track the behavior of the
metasurface. Fig. 8B shows both the reference (local) MS and
the NL-TIR-MS. The large reduction in the amplitude ratio of
the NL-TIR-MS waveguide (marked by the dashed black box
in Fig. 8B) compared with the reference waveguide is a clear
indicator of the broad operating range of the proposed non-
local design. Full-field numerical results are shown in Fig. 8C
for five selected frequencies inside the operating bandwidth.
The results are still presented in terms of out-of-plane parti-
cle displacement of the Ay wave field. The direct comparison
of these wave patterns shows that, although a small fraction
of the incident wave front can still be transmitted through the
metasurface, the nonlocal design is capable of producing a dras-
tic reduction of the transmitted wave intensity over a broad
frequency range.

In order to put these results in perspective, note that
the numerically calculated bandwidth for the nonlocal design
(approximately Af =[3.5,5.1] kHz) corresponds to a 37.2% rel-
ative bandwidth with respect to its center frequency fy = 4.3 kHz.
Compared to previous studies on local TIR-MS (30, 31), where
available data showed approximately a 250-Hz bandwidth (only
4.54% of the center frequency fo = 5.5 kHz), the nonlocal design
provides a range that is approximately eight times larger.

Experimental Validation. In order to validate the concept of inten-
tional nonlocality as a viable approach to the synthesis of pas-
sive broadband metasurfaces and to confirm the performance
of the NL-TIR-MS, we built an experimental test bed follow-
ing the configuration that was numerically studied in Fig. 84.
The plate waveguide and the supporting frames of each res-
onant unit cell were made out of aluminum and fabricated
via computer-numerical-control (CNC) machining. The nonlo-
cal connecting links (including the three resonating masses)
were made out of 316L stainless steel and fabricated via addi-
tive manufacturing techniques (i.e., metal printing). The links
were later glued on the corresponding unit-cell slots. Further
details on the fabrication process are discussed in SI Appendix,
section 3D.

The test setup is shown in Fig. 9. Fig. 94 provides a front view
of the setup consisting of a plate waveguide with the embed-
ded nonlocal MS, while Fig. 9B shows a closeup view of the
metasurface. In Fig. 9C, from top to bottom, the three panels
show different views (Iso, Front, and Top) of the nonlocal links
assembled on the three resonant masses. The plate waveguide
was mounted in an aluminum frame, while a single Micro-Fiber-
Composite (MFC) actuator was glued on the surface of the plate
in order to apply the external excitation (red star marker in
Fig. 94). Viscoelastic tapes were applied all around the bound-
ary of the plate so as to reduce back-scattering. The response
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Fig. 9. Experimental setup consisting of a thin-plate waveguide with an
embedded NL-TIR-MS. The waveguide was inserted into an aluminum frame
providing a clamped boundary condition on two sides of the waveguide.
The excitation was provided by an MFC patch glued on the surface (red star
marker). (A) The front view of the experimental test bed. (B) Zoomed-in
view of the NL-TIR-MS. (C) The 3D metal printed nonlocal beams mounted
on the resonating masses. Three views are shown (Iso, Front, and Top), mov-
ing from C, Top to C, Bottom panel. The connectors are later glued in place
on the corresponding unit cells realized in the supporting waveguide. (D)
The spatially averaged amplitude ratio obtained from the measured out-of-
plane velocity field before and after the MS. The comparison between the
local and the nonlocal design clearly shows the broadband nature of the
latter, which is highlighted by the large drop in the amplitude ratio (dashed
black box).

of the plate was measured under white-noise excitation (band-
width 3 to 6 kHz) by using a scanning laser Doppler vibrome-
ter. Both the local (reference) and the nonlocal configurations
were tested.

Fig. 9D presents the comparison of the spatially averaged
amplitude ratios collected from the measured out-of-plane par-
ticle velocity in the regions before and after the MS. As already
discussed for the numerical results, the large reduction in the
amplitude ratio in the frequency band 3.55 to 4.55 kHz (black
dashed box in Fig. 9D) identifies the region in which the nonlocal
metasurface is effective and provides broadband wave-blocking
effect. Note that, although the operating range is slightly smaller
than the one predicted via numerical simulations, it still cov-
ers a range of 1 kHz—that is approximately a 24.69% relative
bandwidth with respect to the center frequency fo =4.05 kHz.
Compared to the numerical results, we observed a reduction in
the operating range and a global shift toward lower frequencies.
These differences were due to structural modifications applied
to the original design during the fabrication phase, to some vari-
ability in the properties of the 3D-printed connecting beams, to
the coarseness of the printing process, and to inaccuracies during
the manual assembly procedure of the nonlocal links (which were
glued on location). Note that the shorter wavelengths obtained
at higher frequency became progressively more sensitive to small
changes in geometric features and to fabrication errors. We also
note that the averaged amplitude ratio observed in the experi-
mental data appears to be significantly higher than the numerical
predictions. This difference was due to the boundary condi-
tions applied in the experimental setup, as opposed to those
used in the numerical model. The numerical model employed
PMLs that absorbed entirely any incoming wave, hence simu-
lating an infinite domain. In the experimental setup, the size of
the domain was finite and, while the boundaries were treated
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Fig. 10. Full-field experimental data showing the performance of the NL-TIR-MS in comparison to the local design. The images show the out-of-plane
particle-velocity field at four selected frequencies within the operating bandwidth of the nonlocal MS. (A) The out-of-plane particle-velocity amplitude for
the reference (local) MS configuration. (B) The out-of-plane particle-velocity amplitude for the NL-TIR-MS. The comparison of the wave patterns clearly
indicates the broadband wave-blocking effect of the NL-TIR-MS compared to a local design.

with a dissipative viscoelastic layer to reduce unwanted reflec-
tions, a significant portion of the incident wave was still reflected
back into the domain. This behavior is evident in Fig. 10B (f =
3,900 Hz), where the first half of the plate in which the source
is located gives rise to a typical modal vibration pattern, hence
attesting to the finite nature of the domain. Despite these
boundary effects, the experimental results show that the under-
lying waveblocking behavior of the metasurface is still well
captured and that the operating frequency range is markedly
increased (of approximately a factor of six) compared with the
local MS.

Fig. 10 summarizes the results of the experimental measure-
ments in terms of full field data. In particular, Fig. 10 shows
the response of both the reference and the NL-TIR-MS waveg-
uides at four selected frequencies (fi = 3.5, f» = 3.9, fs = 4.3, and
fa=4.75 kHz, marked by the four yellow dashed lines in Fig. 9D)
within the operating range of the nonlocal metasurface. The
response was measured in terms of out-of-plane (z—direction)
velocity V, amplitude field. As expected, in the NL-TIR-MS
waveguide, the vibrational energy was mostly confined in the
area preceding the MS, while only a small fraction propagated
through the MS interface. On the other hand, in the reference
(local) waveguide, the wave could penetrate the MS practically
unaffected. The direct comparison of these wave patterns fur-
ther support the validity of the intentionally nonlocal concept to
achieve passive broadband metasurfaces.

Conclusions

We have presented and experimentally validated the concept
of intentional nonlocality in order to design passive elastic
metasurfaces capable of broadband performance. Contrarily to
the classical (local) metasurface design, where wave control
is achieved by engineering the phase gradient via local reso-
nances, in the nonlocal design, the response at a point of the
metasurface depends simultaneously on the response of multi-
ple distant points along the interface. This unique behavior was
achieved via the use of specifically designed connecting elements
that, by coupling together multiple spatially distributed units,
resulted in wavenumber-dependent effective elastic properties
and carefully tuned effective dynamics of the metasurface. These
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