INSTABILITY FOR AXISYMMETRIC BLOW-UP SOLUTIONS
TO INCOMPRESSIBLE EULER EQUATIONS
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ABSTRACT. It is still not known whether a solution to the incompressible Euler
equation, endowed with a smooth initial value, can blow-up in finite time.
In [Comm. Math. Phys., 378:557-568, 2020] it has been shown that, if it
exists, such a solution becomes linearly unstable close to the blow-up time. In
this paper, we show that the same phenomenon holds even in the more rigid
axisymmetric case. To obtain this result, we first prove a blow-up criterion
involving only the toroidal component of the vorticity. The instability of blow-
up profiles is also investigated.
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1. INTRODUCTION

Let e, be the vertical unit vector in R?, and let Q be either R? or any smooth
bounded subset of R? invariant by rotations of axis e,. We then consider the
following incompressible Euler equations in this domain:

(1) ou+u-Vu+VP = 0,
div(u) = 0,

for T* > 0. If ©2 has a boundary, we supplement the equation with the impermeable
boundary condition:

0<t<Tr ze,

u-n =0, 0<t<Tr z €,

where n is normal vector at the boundary.
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We consider solutions to (1) which are axisymmetric flows. It means that they
are defined via three functions depending only, in space, on the toroidal variables
Z=(r,z) as

(2) u(t,x) = ur-(t, %) e +ug(t, &) eg + u,(t, T) €,
where & = (rcosf,rsinf, z) = re, + ze,, and
e, = (cosf,sin6,0), eg = (—siné,cosd,0), e. =(0,0,1).

We denote  the 2D domain such that z € Q whenever & € . With a slight abuse
of notation, we use the same notation u both for the function of the variable z € €,
and for (u,,ug,u.) as function of the toroidal variable Z € Q. In particular LP(f2)
will denote a Lebesgue space on a domain of dimension 2 while L? () will denote
a Lebesgue space on a domain of dimension 3.

The axisymmetric structure (2) is preserved by the system (1) and, for any
axisymmetric u® € H*(Q) initial value with s > 5/2, there exists 7' > 0 such that
the associated solution u to (1) verifies

(H1) u € CO([0,7), H*(2)) N C'([0,T), H*~H(Q)).

Moreover the solution is axisymmetric and unique on this lifespan (see for in-
stance [1]). Consider T* the biggest such time 7. It is still unknown whether
there exist such a solution which blows up in finite time, that is such that 7% is
finite. The aim of this paper is to study, in this finite time blow-up scenario, the
associated development of instabilities.

For this, we consider the semigroup of axisymmetric solutions generated by the
linearization of the Euler equations (1) about the solution w:

ow+u-Vo+v-Vu+VQ = 0, 0<t<T* zeq
(3) diviv) = 0 0<t<T* xze€q,
v-n = 0, on 0f).

The solution v is uniquely determined for any initial initial value in H*(Q2) (see
Inoue and Miyakawa [13]). We only consider initial values in H1;(Q), the set of
axisymmetric functions in H'(Q,R3). Since u is axisymmetric, the axisymmetric
structure is also preserved by this linear equation, and the solution v of Equation (3)

verifies (2).

In order to apply our result on blow-up profiles, we study the instability in
weighted LP spaces. Therefore we measure the growth of the semigroup associated
to the linearized Euler equation (3), in the space of axisymmetric functions, by

r=%v(t, )|l
N TR L 0 P
v(0,-)EH] () ||7“ ’U(OF)HLP(Q)

axi

v solves (3)
Our main result is the following.

Theorem 1 (Instability of the Blow-up). Assume u is an azisymmetric solution
of (1) wverifying the Hypothesis (H1) with s > 5/2, and with initial condition u™
verifying ru™ € L°°(Q) N LY(Q) with ¢ < &. Let T* > 0 be the mazimal time T
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such that u verifies Hypothesis (H1), and assume that T* is finite. Then for any

p € [1,00) and any o € (_1%’%)’

Ap’a‘(t) t?" Q.

This result follows ideas of [17], where a similar result was proved without weight
nor axisymmetric assumptions. The method is based on the WKB expansion
method developed in [18, 11] to define rigorously the concept of fluid Lyapunov
exponent (see also [10] and [9]).

This line of work is motivated by the numerical investigations of finite time
blow-up solutions of Euler equations (1). The genuine difficulty to predict finite
time blow-ups for compressible models is well documented (see Hou and Li [12], or
Kerr [14] for instance). The result in [17] shows that, if such a finite time blow-up
solution exists, it becomes linearly unstable close to the blow-up time.

In [15], Luo and Hou made very precise numerical computations providing strong
evidences for the existence of axisymmetric solutions blowing up in finite time. This
has been recently backed up mathematically by Hou and Chen [4]. The proof fol-
lows the theory initiated by Elgindi [7] (see also Elgindi, Ghoul and Masmoudi [8]
for solutions with non vanishing swirl). Note that these solutions constructed math-
ematically have initial values in C"® (without more regularity).

Considering only axisymmetric solutions prevent the non axisymmetric instabil-
ities in the flow. Theorem 1 shows that, even in this case, purely axisymmetric
instabilities develop at the blow-up time. Therefore it justifies the need of high
precision numerical techniques introduced in [15].

Most of these studies of blow-ups, whether mathematical or numerical, involve
the control of a local blow-up profile. Consider the rescaling of the solution in the
toroidal variables:

1 T —xy

Ult, 5 )
(T* =)~ ( (1" - t)")
where (2§ );e[0,7) is a curve in time with values in Q. The function U is called a blow-
up profile if it smooth enough, up to the blow-up time 7*. A natural question is then
whether the instabilities developing close to the blow-up time induce instabilities on

the blow-up profile itself. For this, we consider the rescaled axisymmetric solutions
to the linearized Euler equations (3):

~ 1 T —xy s Q-
(5) U(t»ff)zm_mv(tvm_t)ﬁ)’ =Ty

(4) u(t’j) =

And we define the associated quantity:

(6) Ap(t) == sup V() o, -
i HL (), [VIM 1 ) <1

Using the weighted norms considered in Theorem 1, we can show the following
result.
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Corollary 1.1. Let 1 <p < oo, a € R and 3 > 0 be numbers such that

S<1+ 1

B P

Assume u is an azisymmetric solution of (1) verifying (H1) with s > 5/2, and with
initial condition u™ verifying ru™ € L>(Q) N LY(Q) with ¢ < . Let T* > 0 be the
mazimal time T such that u verifies (H1), and assume that T* is finite. Assume
that the rescaled function U defined by (4) verifies:

li 1 o (S :
S [eurl Ul poe g3,y > 0

Then
Ap(t) — oo
p(t) o1 O
While the instability result Theorem 1 is stated in the 3D variables x € Q, the
Corollary 1.1 use the 2D set of toroidal variables € Q2. The choice is arbitrary.
However, the conditions on parameters are dependent on the choice of representa-
tion when p < oo.

This result provides scalings for which blow-up profiles, if they exist, become
themselves unstable. In particular, we compare the scalings obtained here with
the scalings numerically computed in [15] in the last section. Note in comparison
that [8] provides a stability result of the blow-up profiles in very strong norms, but
for less regular solutions.

Following [17] we want to compare the growth on the vorticity w = curl v and
the growth on the instabilities A, ,. The vorticity w = curlu verifies

(7) Ow+u-Vw=w-Vu.

In the axisymmetric case, the vorticity can be written as the sum of the poloidal
component wy eg, and the toroidal component

W= Wrer + W,y e,

Note that the poloidal component wy of the vorticity is known to be important for
axisymmetric solutions. Actually the system (1) can be reduced to a system of two
equations describing the evolution of (ug,wy) (see Section 3):

O¢(rug) +u - V(rug) =0
() v(2) - 2

Blow-up criteria based only on the poloidal component were obtained by Chae and
Kim [3], and Chae [2].

N

However, because the perturbations are themselves axisymmetric, we can only
compare A, , to the toroidal component of the vorticity @. A first step is then
to obtain the following blow-up criteria a la Beale Kato Majda involving only the
toroidal component of the vorticity.

Proposition 1 (Blow-up criterion). Assume u is an axisymmetric solution of (1)
verifying Hypothesis (H1) with initial condition u™ verifying r u™ € L (Q)NLI(£2)
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with ¢ < g Then u can be extended as a solution verifying (H1) on a bigger interval
of time if and only if

T ~ 2
/ [ H“’ dt < oo,
0 I RV | P

Remark 1.1. One can replace the above criterion by the following more general
one: @ € LY((0,T), L>) and

e L'((0,7), L) and 25 € LYY((0,T), L),
ra r

where (a,b) € [0,s — 2)? are such that a+b > 1 and a < 2, ¥ = “2%21 € [0,1] and

q<3 Zi—; (see Lemma 3.1 and 3.3). If one removes the upper bound s — g, then

this criterion is still sufficient to extend the solution.

2. SET UP OF THE METHOD

To simplify the notations, we will not denote the domain for the functions spaces
when this domain is 2, so that for example LP := LP((QQ).

As in [17] and [18], we use a WKB approximation of the solution v of the lin-
earized problem (3) under the form

o(t,z) ~ b(t, z) eH?)/E when e — 0,

with b and & = V.S verifying the bi-characteristic amplitude ODE system

Ty = uy
0 & = (V&
by = —b;- (vu)t +2 bt'(‘ztulgtft fta

where the subscript indicates that we look at the quantity along the flow, i.e.
the notations have the following signification: u; = u(t,x:), (Vu)r = Vu(t, xt),
& = & (x0,&0) = &(t,x¢) and by = by(xo, &0, bo) = b(t, ). Remark that x; depends
only zo while & depends both on z¢ and & and b; depends on (z,&o,bp). The
incompressibility condition on v corresponds to b; - & = 0 in this approximation,
which is a property conserved by (8).

We want to obtain results similar as in the paper [17] but in the axisymmetric
case. In this setting, notice that since S is invariant by rotation around the axis
z = 0, we obtain in polar coordinates S(t,z) = S(t,r,2), so that 99S = & = 0,
¢ = €, and the quantity 3(T) defined in [17] is no more able to control wy with
the constraint &€ = £. This is the reason why we first need Proposition 1, which is
proved by proving that that the bounds on @ implies bounds on wy and then using
Beale-Kato-Majda criterion. Then, we define

Bo(t) = sup |77 be(0, €0, bo)| -
(20,b0,€0) EQXR? x §*
bo-£0=0, |bo|=77

where &; = (1, z:). This quantity controls two components of the vorticity in the
sense of the following proposition.
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Proposition 2. Assume u is an axisymmetric solution of (1) verifying Hypothe-
sis (H1). Then for any T € (0,T*) and any o € R, we have

(Z)(T, ) ~in a
H ’ < @] B (1)

LOO
Moreover, this quantity can be controlled by the norm of the semigroup corre-

sponding to the linearized Euler equation (3) in weighted Lebesgue spaces.

Proposition 3. Let T € (0,T*), p € [1,00), o € (— 5, %) and assume u is an

azisymmetric solution of (1) verifying Hypothesis (H1). Then
Bo(T) < Ap o (T).
Combining these two propositions and the new blow-up criterion leads to the

proof of the main Theorem.

Proof of Theorem 1. Combining Proposition 2 and Proposition 3 with a > 0 or
a = 0 we deduce that

22

|| S e e B < @ o Ao (1)
and we can then conclude by Remark 1.1 with a =b € [3,s — 2). 0

I,

I&AT, Moo < @] oo B (T)? < [[&™]] e Apor (T)?

3. BLOW-UP CRITERION

We use the same notation u both for the function of the variable € R® and for
the function of the variable & = (r,z) € Q. We will however use the notation V as
the gradient with respect to x, while we will define V := (0, 0-). Remark however
that for any axisymmetric scalar function w(z) = w(r, z) € R it holds

Vw =V (w(r,z)) =0we, + D,we, = Vuw.
We will write & = u, e, + uye,. Remark that since u is axisymmetric, we have
div(ugeg) = Ogug = 0, therefore @ is also divergence free and with these notations

div(rit) = div(ii) + — = div(@i) = 0,
T

Moreover, remarking that u,. and ugy are odd functions of r, if u is continuous, we
deduce that u,.(0,2) = ug(0,2) = 0. If u € H37¢ C C*, then we have even better.
Computing the gradient in cylindrical coordinates yields

Uy |2 Ug |2
9) |8,«ur|2+|8,«ua|2+‘7r +‘79 < |Vuf® < oo.

Ifue Hite C C?, computing the Hessian matrix V2u in cylindrical coordinates
yields

2
+

2
ar Uy 3rue Uy 2

(10)  |0ur|” + |02ug|” +

+ [l ] < vl <o
r

r r2

From these estimates we deduce the following bounds
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Lemma 3.1. Assume u € H® with s > g is azisymmetric and let w = curlu. Then
for any (a,b) € [0, s — %)2, there exists a constant C > 0 such that

Wy Wy
|5, < Ol and |75 < Cllully.
Proof. As a consequence of the Sobolev embedding H3te C ct, Hite C?, the
fact that 0,up = —w, and and the above inequalities (9) and (10), we obtain for

any € > 0 the existence of a constant C' > 0 such that

w
leorll e < € Ml e and || < Cllul 3.

and we conclude by interpolation. Since w, = 0,ug+ =%, the same reasoning implies
the result for w,. When s > 7/2, one can use higher derivatives. Remark that the
result also follows from Hardy’s and Sobolev’s inequalities. O

Lemma 3.2. Let p > 1, and (a,b) € R? verifying (a+b—1)(3—a) > 0 and
b # % — 1. Assume u is an axisymmetric solution of (1) verifying Hypothesis (H1)

with initial condition u™ such that ru™ € LPU=Y) with 9 = 322 Then for any

b2
T € (0,T*), it holds
we(T win Thw w, ||Y
H"() < |2 +c/‘% “=)" g,
| e T e o Hralipee Il 7t llpee
_ 2 H 1—99
where C' = s ey HrumHLP(lfﬁ).

Remark 3.1. In the case when §) is a bounded domain and *= and % are in
LY*((0,T), L>), we deduce in particular that

T
| el <c
0

for some constant C > 0 depending on the size of the domain.

Proof. Remarking that the pressure P does not depend on 6 since u is axisymmetric
and taking the 6 coordinate of the first equation in (1) and of Equation (7) yields

Orug + upOrug + u0,up + ueﬁ -0
,

U, U
Orwy + upOrwy + u,0,wp + w7»79 = w,Orug + w0:ug + wef,
which can be rewritten
u
atw; + %ar(TUQ) + Uzaz’u,g =0

w Wy U
Orwy + 1us-Op (—0) U 0wg = —2 9,
r r
where we used the fact that d,uy = —w, and 0,ug = w, — “¢. Therefore, defining
@ = (wr,w;), multiplying the first equation by r and dividing the second equation

by r we get

(11) Or(rug) +u-V(rug) =0
(12) at(ff) T V(%) — 9 w;;‘”.

We immediately deduce from Equation (11) that for any g € [1, o],

lruell o = [[rug'| . -
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Since ug(0,2) = 0, we can use Hardy’s inequality (see e.g. [16, Equation (1.3.3)])
which tells that for any p € (1,00) and o # % and function v : R? — R with the

additional assumption that v(0) =0 if 0 > %, it holds

1
Lr(RY) lo —d/p|

Vu(y)
yl”

v(y)
ly|”

Lr(R4)

In particular, taking v(r) = rug(r, z), remarking that 9,(rug) = rw., and then
taking the LP norm with respect to z, we obtain for any p € [1,00] (by passing to
the limit to get p = co and p = 1) and any b # % -1,

(13) Hrb+1 ’Lp

Therefore, from Equation (12), we get for any ¥ € [0, 1]

Wy

<Cap H*
s Cavp || 73],

w150, <205, 2
dt = llralipe llr2=allpe
Wy ug 1-9
<2| 2| || el
< Fp— Lp(1-9)
re¢llpee ||ro—@ Lw
— |b+1 2/p| ’ oo H H u ||Lp(1 9) )
with b = W. This implies the result by Gronwall’s inequality. (]

When Q = R3, we still have to get estimates on the L> norm of w for large
values of 7.

Lemma 3.3. Let T > 0, Q := R? and (a,b) € R? verifying either b > —1 and
a€[l-5b,2] or3 <a<—b. Assumeu is an axisymmetric solution of (1) verifying
Hypothesis (H1) with initial condition u™ such that r u'™ € L> N LY with ¢ < 3 ZI;-T-S
and
— € L'7((0,T), L™) and = e L' ((0,7), L),
ra
[0,1]. Then it holds

wp € L>=((0,T) x RY).

with ¥ = rnax(bJr27 b+2)

Proof. We come back to Equation (12) to obtain that the equation for wy can be

written
wo Uy Wy U

Oswg + u - Vwy = -2

r
Hence, similarly as in the proof of Lemma 3.2 and using our new bound on #2, we

can control the LP norm in the following way

e |7
at ez = {150, L= 7‘1_“ Lr

we w 1—9
(14) < |12l CE L

with ¥, = % € [0,1]. To bound u,, we use the Biot and Savart law which gives
us

u(z) =curl | K(x—y)w(y)dy = curl K * w,
R3
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where K(z) = ﬁ is the Newtonian kernel. Taking the scalar product with e,
and using the fact that since we are in an axisymmetric setting dyw, = 0, we obtain

Upr = _azK *We,
and since 9, K € L3/2>, we deduce
[url[ o < Cr [lwpll a1 < Cllwollps—cnpste -

Therefore, by taking p = pg € (2,3) and p = p; > 3 in Inequality (14), by Gronwall’s
lemma we deduce that wg € L>((0,T), LP° N LP1) and

[urll e < Cllwsll Lronre < Cras

where Cr g depends only on 7', on the initial conditions and on the bounds on
’ “r and ‘ - Now that we know that u, € L>((0,T) x R?), we can take

r® [l Loe

p = oo in Inequality (14) and then conclude by Gronwall’s inequality. (]

Wz
rb

4. PROOF OF THE LINEAR INSTABILITY

4.1. Control of the vorticity by S.

Proof of Proposition 2. Fix (T,zr) € (0,T7*) x Q\{r = 0} and define backward the
solution x; of the first equation in the system (8) for ¢ € [0,77], and wy = w(t, xy).
Taking & as the unit vector such that (&) = 0 and & - @r = |@|p, since &
solves the backward dual vorticity equation, it holds &) - wy = & - wr (see [17,

Equation (8)]). Since £, remains axisymmetric, (§))g = 0, so that
& -0 =& wo =& wr =& -or = |or|.

Thus, with the notation r, = r(z¢) := (z¢)., we get the following inequality

(15) rp lor] =g (& - @) < rgrp® ] Irw (0, )] .
Now consider vectors (b, bj, &) € (R?)? x $! such that b)), bfj and &) are orthogonal
to each others, |by| = |bj| = r§ and 7,27 (b)) x b)) - £ = |&}|, and let b, and b/

be the solutions of (8) corresponding to the same &; defined before. Then by [17,
Equation (10)], we get

(16) a7 &l = (b x bg) - & = (b x by) - & < |bp| b7 -

We can also consider an other solution & = & of equation (8) such that &, -wy = 0.
Once again, since this scalar product is conserved, for any ¢ € [0, 7] we still have
& -w = 0. Now define b; as a solution of the third equation in (8) such that

by = rgep and the incompressibility condition & - b = 0 is satisfied. For such a
solution b, since &y = 0 we have

U
O¢(rbg), = (urbe)s + ¢ (—b -Vu-eg— 79 br)t = —(rb- Vug), — (ugby,), .
Thus, using the fact that 0,up = —w, and 9,uy = w, — %%, we obtain
O¢(rbg), = (b X w), - re9.

However, b x w has to be parallel to £ since £ -b = 0 and £ - w = 0, and since
& = 0, we deduce that the right-hand side of the above equation is 0, and so (7bg),
is constant. Therefore,

(17) 7"3+1 = (Tbe)o = (Tbg)T <rp |bT| .
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Combining Inequality (15), Inequality (16) and Inequality (17), we get
—a |~ —0 2 o —1\% 20 —a
rp® for] < g 7 (e t) o 0] 10w (0, )] e
—0 2 a —a
< g 7 b V| 167 [l (0, )]
< Bo (127 [|rw(0, )| o -
which leads to the result. O
4.2. Control of 5 by the linear stability. Before proving Proposition 3, we

need the following stability result of the linearized Euler equation with additional

source term in weighted LP spaces.

Lemma 4.1. Let T > 0, p € [1,0], a € (— %, 5) and assume u is a solution
of (1) verifying Hypothesis (H1). Then there exists a unique v € C°([0,T), H*(Q))
solution of the system

ow+u-Vo+v-Vu+VQ
div(v)

f
0,

with boundary conditions v-n =0 on 0Q and initial condition v(0,-) = v'™. More-
over for any t € [0, T,

ol o < €9 (™| + 17 Fls oo
with Ur = [ [[u(t, )| o dt.
Proof. The existence and uniqueness of v follows from [13]. Remarking that
B (r®v) +u - V (ro) = (1) - (a “7 - Vu) Lo (f - VQ),
and then taking the derivative of the LP norm yields
Ol vl < a2t = ul _lrvll, + 107 (F = VQ) o

By Inequality (9), we have |lo %= — quLoo < (la] +1) ||Vul|| ,«. Moreover, since
v-Vu-n =0, the pressure @) verifies the Neumann problem
—AQ =div(2v-Vu — f) (in Q)
0@ =2v-Vu—f)-n (on 09),

so that by elliptic regularity theory (see e.g. [19, Theorem 1.6]) we have

[V QI o < lIr® 2v - Vu = f)ll
S 2roll g IVl oo + 117 Fll 2o »

as soon as r°? is in the Muckenhoupt class A,. One can check (see e.g. [6, The-
orem 1.1]) that this holds as soon as 2(1 —p) < —ap < 2. Hence, the estimates
follows from the Sobolev embedding H* C W for s > g and Gronwall’s inequal-
ity. ([

With this result, we are now ready to get a bound on 8 in weighted Lebesgue
spaces.
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Proof of Proposition 3. Since u € CY([0,T],C'), as in [17, Proposition 1], we can
define the flow ~ associated to u verifying 9;v(t,x) = u(t, (¢, z)) with initial con-
dition (0, x) = x. It is a Lipschitz function of time and is C? with respect to the
initial condition. The inverse of (¢, -), denoted v~1(t,-), has the same regularity.

Now let (x4, &, b:) be a solution of the ordinary differential equations system (8)
with initial condition (1‘0, 507 bo) = (1’0, 507 bo) € Ox Sl X $2 be such that bg . 50 = 0,
and define

§(t,x) :
):

( (tax)va)
b(t, x (7~

(tv .’E), 50)7

&
by
or equivalently &(¢,v(t,z)) = &(&,&) and b(t,v(t,x)) = b (Z,&). In particular

xy = Y(t, xo), &(x0,&0) = &(t, 2¢) and bi(zg, &o,bo) = b(t,x¢). Now we can also
define S as

S(t,x) =5t z) - &.
This implies that S is axisymmetric and S(t, v(¢,z)) = & - &, so that S is a solution
to

(18) 0S+u-VS =0,

with initial condition Sp(z) = & - &. Differentiating the equation verified by S
yields
HVS+u-V(VS)=—-Vu-(VS),
which is exactly the equation verified by £, with the same initial value. By unique-
ness, we deduce that £ = € = V8.
Since u € CY([0,T],C"), by Inequality (9) we deduce that %= € L>°([0,T], L>).
Therefore, remarking that from the system (8) we have

(8 be) - (Vu)y - &
&

we deduce that ¢ by remains bounded on [0,7] and S_,(T) < oco. Therefore, for
1 > 0, we can choose (xg,&p, by) such that ro # 0 and

(19) fa(T) < (L+n) g |br (0, €0, bo)| -

The regularity and the uniqueness of the flow ~ implies the existence of some
constant § > 0 such that the ball Bs(zr) C R? of center 1 = 4r(wo) and radius &
is strictly included in 2\ {r = 0}, and
(20) (1 =mn)rr(xo)® [br(zo,&o,bo)| < E}‘H(f ) lr (vt (2)* br (v (), €0, bo)|

xr s\ T
< inf  |r*0(T,2)|,

z€As(zT)

O b) = o (5) (197 bi) = b+ (V) +2 3

where 2 = (r, z) and we defined the annulus As(z7) := {z € Q, & € Bs(zr)}. Now
we define @7 as a smooth function supported in As(z7) and such that

(21) lerllpe =1,
and for any t € [0,T), (t,z) := pr(y; *(x)). We also define

b .
Ve 1= ECU.I‘I( ‘gf Lpe’S/E) ,
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so that divv. s = 0. Since ¢ is compactly supported in €2, v. s is also compactly
supported in 2, and in particular, v, 5-n = 0 on ). Moreover, v 5 is axisymmetric,
since it is the case for b, S and ¢.

As proved in [17], for any ¢ € [0, T, we still have the property of orthogonality
& -b =0 and from this we deduce the following formula
(22) Ve,5 :icpbeis/5+scn75 eS/e,

with ¢, 5 = curl(% <p) independent of €. Remark that since Vu € L, by the
second equation of the ODE system (8) we deduce
|§t| > e—tHVuHLOO([o,T]xQ) |§0| > Crp,

where Cp = e~ T IVellzeeqo.ryxa) > 0. This implies also a bound of the x dependent
function |€ \71 on Ajs(z¢) by choosing § sufficiently small, since this function is C?

with respect to its initial conditions, from which we deduce Cy 5 := [|r%c; 5/, < 00,
and
(23) ool Lo = ves 7| 1| < € Cis.

This inequality, combined with the fact that 1"0% bo =1 and ||¢7l/,, =1, yields

Zg = Hravén(SHLp <1+¢eCps.
Now by inequalities (19), (20), the normalization condition (21) and the fact that
¢ is supported in As(zr), and by Inequality (23), we obtain

(1) < inf o u(T,-
B ()flul?x)lr (T,

e 0)(T )
1+7] (HT U55( 7.>||Lp +<SC7])5)
“” L (Ze |lro(T, )| o + 7 (ves = Zev) (T, )| o + £ Cpa)

where v is a solution of the linearized Euler equation (3) with initial condition
v = Z- 15, Moreover, as in [17], it holds

€
atva,(i +u- VUE,E + Ve, * Vu + Vq5,5 = €R€,57

I/\ \/\

| /\

where using the fact that ¢ is compactly supported in a ball not containing the
central axis, |[r*R.s||;, < Cys for some constant Cj s independent of . Thus,
applying Lemma 4.1 to v, s — Z.v, we arrive at

Boa(T) < 122 (Ze |r*o(T, )| o + € Cps e’ +Cys)
and we obtain the result by letting € go to 0 and then 7 go to 0. O

5. PROOF OF COROLLARY 1.1

We want to prove here that if we know that the solution is blowing up in a self-
similar way, then the system is linearly unstable even if we are in the appropriate
scale. Hence, we assume that there exists 7" > 0 such that the solution u°® of the
Euler equations (1) is of the form (4). If one would want to observe the shape of
U°®, one could scale the amplitude by (T'—t)* and scale the positions using the new

variable y = (T t) ————. At this scale, perturbations take of the form

U(t,y) :==U°(t,y) + V(t,y).
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Equivalently, this defines a function

u(t,z) = u’(t,x) + v(t, ),
where v and V are related by Equation (5). From this scaling relation we deduce
that [lo(t, )l poq,) = (T — t)%f'l IV, )l po(q,) and if V' solves the linearized

equation around the state U°, then v solves the linearized Euler equation (3).
Thus, from the definition of the scaled growth bound (6) we have
25

Ap(t) = (T =) 7 ~% Ap(t).

Therefore, we can use Proposition 2 and Proposition 3 with w = curlu® to get

in 2 %*a
(24) ot Mpee S [l e (7 = 75 ) £,(T)2,
Moreover, we can also compute the vorticity from the Formula (4). This yields
1
[w(t, M e = mc(t)y

with C(t) = [|curlU°(t,-)|| . Thus, we deduce from (24) that if u° blows-up at
t=T,thenforany 0 <T —e<t<T,

Ap(t) > (T - 1)) ey,
where Cr = infip_. 7 C(t) > 0. Thus, the solution is unstable as soon as § > 0 and
« 4
- <14 -
p P

Remark 5.1. In the work [15], the azisymmetric locally self-similar blow-up profile
as a slightly more precise shape since different rates are taken for ug, and wg, which
yields different scaling for u, and u, compared to ug. In the scaling of the dominant
components of such a solution, we have with the notations of [15, Equations (4.17)]

a = —v, and B = vy, and the balance of the dominant terms implies o + g =1
(see [15, Equation (4.20)]). Hence, in this case, the solution is unstable if
1
B>z 1
215

In particular, this means that at this scale, solutions are unstable in any LP as soon
as B > % As indicated in the above mentioned paper and proved in [5], in the case
of a blowing-up solution, B is always larger or equal to 1, so this kind of solutions
is always linearly unstable.
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