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1 Introduction

The term electroweak precision observable (EWPO) refers to a class of quantities that are

intimately connected to properties of the electroweak W and Z bosons. These quantities

can be measured with high precision, and they permit a clean and robust theoretical de-

scription within the Standard Model (SM), with negligible non-perturbative contributions.

Therefore they can be used to put severe constraints on many models beyond the SM. A

widely used set of EWPOs includes (a) the W -boson mass, MW , which can be predicted

within the SM from the Fermi constant for muon decay, Gµ, (b) the partial widths of the

Z-boson into different fermion final states, Γf , extracted from measurements of the cross-

section for e+e− → ff̄ at the Z peak, and (c) the effective weak mixing angle sin2 θfeff ,

which is related to the ratio of the vector/axial-vector Zff couplings and can be deter-

mined from measurements of parity-violating asymmetries at the Z peak. Predictions for

these observables within the SM are currently known up to full two-loop level [1–22], and

partial three- and four-loop level, where “partial” refers to contributions that are enhanced

by powers of the top Yukawa coupling, αt = yt

4π [23–30].

It has been proposed that future high-luminosity e+e− colliders may re-measure these

EWPOs with significantly increased precision. These proposals include the circular colliders

CEPC [31] and FCC-ee [32], as well as the linear collider ILC/Giga-Z [33]. Hence the

further effort from the theory side is desirable. In ref. [35], it has argued that the most

important missing higher-order corrections are the three-loop contributions given at O(α3),

O(α2αs), O(αα2
s ), where α and αs refer to EW and QCD couplings, respectively. These

corrections can be further classified according to the number of closed fermion loops in the

diagrams. Contributions with multiple fermion loops are especially important since they
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are numerically enhanced by powers of the top-quark mass and the total flavor number of

fermion flavors.

In [36], results have been presented for the three-loop electroweak corrections with

the maximal number of fermion loops. In this article, we report on the computation of

the leading fermionic correction at the order O(α2αs), which involves diagrams with two

closed fermion loops and one gluon exchange. It is demonstrated that the size of the leading

fermionic corrections at O(α2αs) are comparable to those at the order O(α3), as expected

from ref. [35].

This paper is organized as follows. In section 2, we introduce the renormalization

schemes we adopted and illustrate the types of diagrams relevant for the mixed EW-QCD

contributions considered in this calculation. Section 3 discusses the definition of each

EWPOs that we compute. We describe the methods used for the calculation, with a

discussion of several technique aspects, in section 4. Numerical results for each EWPO are

given in section 5 and section 6 for two different definitions on the top-quark mass: on-shell

and MS. Finally, our summary is given in section 7.

2 Renormalization

In this work, the on-shell (OS) renormalization scheme is adopted for electroweak radiative

corrections. However, when computing O(α2αs) corrections to electroweak observables,

one needs to include QCD corrections in the renormalization of the top-quark mass, and

the modified minimal subtraction (MS) scheme is more commonly used for QCD calcula-

tions. Therefore, we consider two alternative schemes for the top-quark mass, OS, and MS.

The OS mass is closely related to the experimental top-quark mass determined by using

the template fit approach [37]. However, the OS top mass is subject to the renormalon

ambiguity and other non-perturbative QCD effects. In contrast, the MS mass is protected

from such long-distance phenomena and thus preferable from a theoretical point of view.

Therefore, it is worth to perform the calculation in both mass renormalization schemes.

The values of the top-quark mass in these two schemes are related by a non-divergent

function, which has been computed up to four-loop level [38–43].

In the on-shell scheme, the electromagnetic charge is defined as the electromagnetic

coupling strength in the Thomson limit, and on-shell external fields are renormalized to

unity. Furthermore, renormalized masses are defined through the location of the propagator

poles. However, for an unstable massive particle, the pole of the propagator is complex, in

which case the renormalized mass coincides with the real part of the complex pole, while

the imaginary part is associated with the decay width of the particle as follows,

s0 ≡ M
2 − iMΓ, (2.1)

where M is the on-shell mass, while Γ is the decay width of an unstable massive particle.1

1We would like to remind the reader that this definition of the mass and width is theoretically well-

defined and gauge-invariant [44–47], but it differs from the definition used in experimental analyses. Due

to this difference, the experimental mass and width M , Γ, respectively, are related to M , Γ by the relations

M = M
/

√

1 + Γ2/M2, Γ = Γ
/

√

1 + Γ2/M2 [48].
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Including radiative corrections, the inverse massive gauge boson two-point function

can be written as

D(p2) = p2 − M
2 − δZ(p2 − M

2
) + Σ(p2) − δM

2
, (2.2)

where Σ(p2) is the transverse part of the gauge boson self-energy, and δM
2

is the mass

counterterm. Quantity δZ describes the counterterm contributions of the field strength.

For simplicity we set δZ = 0 for the massive gauge bosons, which is justified by the fact

that, being unstable, they appear only as internal particles in a physical process.2

In the on-shell scheme, setting D(s0) = 0 and using eqs. (2.1) and (2.2) leads to the

conditions

δM
2

= Re Σ
(

M
2 − iMΓ

)

, (2.3)

Γ =
1

M
Im Σ

(

M
2 − iMΓ

)

. (2.4)

Expanding eq. (2.3) and eq. (2.4) iteratively in orders of perturbation theory, the W -mass

counterterm is found to be

δM
2
W(αsα) = Re ΣW(αsα)(M

2
W),

δM
2
W(αsα2) = Re ΣW(αsα2)(M

2
W) + [Im ΣW(αsα)(M

2
W)] [Im Σ′

W(α)(M
2
W)]

+ [Im Σ′
W(αsα)(M

2
W)] [Im ΣW(α)(M

2
W)].

(2.5)

Here and in the following the subscripts in parenthesis denote the loop order. Furthermore,

Σ′ denotes the derivative of the self-energy with respect to the external momentum. Due

to the γ–Z mixing effects, deriving the Z-mass counterterm is more subtle (see detailed

discussion in ref. [36]):

δM
2
Z(αsα) = Re ΣZZ(αsα)(M

2
Z) ,

δM
2
Z(αsα2) = Re ΣZZ(αsα2)(M

2
Z) + [Im ΣZZ(αsα)(M

2
Z)] [Im Σ′

ZZ(α)(M
2
Z)]

+ [Im ΣZZ(α)(M
2
Z)] [Im Σ′

ZZ(αsα)(M
2
Z)]

+
2

M
2
Z

[Im ΣγZ(αsα)(M
2
Z)] [Im ΣγZ(α)(M

2
Z)] +

1

2
M

2
Z δZγZ

(α) δZγZ
(αsα) .

(2.6)

The self-energies receive contributions from one and two-loop diagrams with counterterm

insertions shown in figure 1.

For counterterm insertions on internal fermionic lines, one needs to derive the mass

counterterms for massive fermions. Writing the inverse massive fermion two-point function

as

Dψ(p) = /p − M + Σψ(p2) + δZψ(/p − M) − δMψ

= /p[1 + ΣV (p2) + δZψ] + M

[

−1 + ΣS(p2) − δZψ − δM

M

]

,
(2.7)

2In our calculations, we have checked explicitly that any field renormalization counterterms for the

massive gauge bosons cancel in the result for a physical observable.
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the charge renormalization is given by

δZe(α) =
1

2

[

∆α + Σtop ′
γγ(α)(0) + Πlf

γγ(α)(M
2
Z)

]

, (2.11)

δZe(αsα) =
1

2

[

Σtop ′
γγ(αsα)(0) + Πlf

γγ(αsα)(M
2
Z)

]

, (2.12)

δZe(αsα2) = 3 δZe(α)δZe(αsα), (2.13)

where

Πγγ(q2) =
Σγγ(q2)

q2
. (2.14)

Here Σtop ′
γγ denotes the derivative of the massive-top loop contribution to the photon self-

energy. The symbol ∆α in eq. (2.11) stems from light-fermion two-loop contributions in

the photon vacuum polarization,

∆α = Πlf
γγ(M2

Z) − Πlf
γγ(0), (2.15)

where Πlf
γγ(q2) can be further divided into a leptonic part, which is perturbatively calcu-

lable [49, 50], and a hadronic part that becomes non-perturbative for small q2. With the

help of dispersion relation, one can extract the hadronic contribution from experimental

measurements of e+e− → had. [51–53]. Given that ∆α is inherently non-perturbative, it

is not strictly associated with any loop order in (2.11)–(2.13), but one can maintain the

correct book-keeping by including it in the one-loop counterterm.

3 Computation of observables

In the SM the Fermi constant is defined through

Gµ =
πα

√
2s2

W
M

2
W

(1 + ∆r), (3.1)

where s2
W

= 1 − M
2
W/M

2
Z and ∆r includes the contribution from radiative corrections.

When focusing on corrections with maximal number of closed fermion loops, ∆r receives

contributions from the W -boson self-energy and counterterms for the W mass and Wℓνℓ
vertex, see ref. [36] for details.

Gµ can be determined with high precision from measurements of the muon decay

lifetime [54] after subtracting QED corrections [55–57]. This measurement together with

eq. (3.1) can then be used to obtain a prediction for the W -boson mass within the SM.

The effective weak mixing angle and the partial decay widths are both related to

the effective vector and axial-vector couplings of the Z-boson to ff̄ , denoted vf and af ,

respectively. When limiting ourselves to corrections with closed fermion loops, vf and af
receive contribution from vertex counterterms, as well as photon-Z mixing. See ref. [36] for

explicit expressions.

In terms of these effective couplings, the effective weak mixing angle is given by

sin2 θfeff =
1

4|Qf |

(

1 + Re
vf
af

)

s=M
2

Z

. (3.2)
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The derivation of the partial width, Γf , for Z → ff̄ is more involved and requires the use

of the optical theorem. Its has the general form

Γf =
Nf
c MZ

12π
CZ

[

Rf
V|vf |2 + Rf

A|af |2
]

s=M
2

Z

. (3.3)

Here Nf
c = 3(1) for quarks (leptons), and the radiator functions RV,A represent final-state

QCD and QED corrections. For contributions with maximal number of closed fermion

loops they are simply RV,A = 1. CZ depends on Z self-energy contributions and must be

determined recursively order-by-order [36]. At O(α2αs) one finds

∆Γf,(α2αs) =
Nf
c MZ

12π

[

∆F f

V,(α2αs) + ∆F f

A,(α2αs)

]

s=M
2

Z

, (3.4)

δF f

V(α2αs) = v2
f(0)

[

2(Re Σ′
Z(α))(Re Σ′

Z(αsα)) − Re Σ′
Z(αsα2)

− 1

2
(Im ΣZ(α))(Im Σ′′

Z(αsα)) − 1

2
δZ

(α)
γZ δZ(αsα)

γZ

]

+ 2 Re (vf(0)vf(α))(−Re Σ′
Z(αsα)) + 2 Re (vf(0)vf(αsα))(−Re Σ′

Z(α))

+ 2 Re (v∗
f(α)vf(αsα)) + 2 Re (vf(0)vf(αsα2)), (3.5)

where δF f
V contains the contributions from vf and CZ expanded to the given order, and

δF f
A(αsα

2) is given analogously by replacing vf with af . Note that ΣZ includes Z–γ mixing

effects, given by

ΣZ(p2) = ΣZZ(p2) − [Σ̂γZ(p2)]2

p2 + Σ̂γγ(p2)
, (3.6)

Σ̂γZ(p2) = ΣγZ(p2) +
1

2
δZZγ(p2 − M

2
Z − δM

2
Z) +

1

2
δZγZp2, (3.7)

Σ̂γγ(p2) = Σγγ(p2) +
1

4
(δZZγ)2(p2 − M

2
Z − δM

2
Z). (3.8)

Furthermore, when neglecting light fermion masses, Im Σ′′
Z = 0 at 1- and 2-loop order.

4 Technical aspects of the calculation

Most algebraic computations in this project are carried out by computer tools due to the

lengthy expressions, within the framework of Mathematica. FeynArts 3.3 [58] and

FeynCalc 9.2.0 [59] have been employed for generating amplitudes and computing some

of the Dirac and tensor algebra. The reduction of two-loop amplitudes to a set of master

integrals has been performed with two independent methods, one using integration-by-

parts (IBP) identities [60] as implemented in FIRE6 [61], and the other using the integral

reduction techniques of ref. [62]. The two-loop master integral topologies used in this work

are shown in figure 2. TVID 2.1 [63] is used for the numerical evaluation of these master

integrals. The masses and Yukawa couplings of all fermions except the top-quark have

been neglected. Furthermore, CKM mixing of the top quark with other quark generations

has been ignored.
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Figure 2. The master integral basis chosen in our calculation, with notation taken from [63].

For the computation of the renormalization counterterms, one needs the derivatives

of two-loop self-energy functions, see e.g. eqs. (2.5), (2.6), (2.11), (2.12). The procedure

for taking the derivative at zero external momentum is different from the situation with

non-zero momentum. Let us define I(ν1, ν2, . . . , m1, m2, . . . , ; p2) as one of the two-loop

scalar integrals according to

I(ν1, ν2, . . . , m1, m2, . . . , ; p2) (4.1)

≡
∫

dDq1 dDq2

(q2
1 − m2

1)ν1((q1 + p)2 − m2
2)ν2((q2 − q1)2 − m2

3)ν3(q2
2 − m2

4)((q2 + p)2 − m2
5)ν5

.

For p2 = 0, one has [64]

∂

∂p2
I(. . . ; p2 = 0) =

1

2D

∂2

∂pµ∂pµ
I(. . . ; p2)

∣

∣

∣

∣

p2=0

=
2

D

[(

1 + ν2 + ν5 − D

2

)

(ν2I(ν2 + 1) + ν5I(ν5 + 1))

+ m2
2ν2(ν2 + 1)I(ν2 + 2) + m2

5ν5(ν5 + 1)I(ν5 + 2)

+ ν2ν5((m2
2 − m2

3 + m2
5)I(ν2 + 1, ν5 + 1) − I(ν2 + 1, ν3 − 1, ν5 + 1))

]

p2=0

,

(4.2)

whereas for p2 6= 0, one obtains [18, 19]

∂

∂p2
I(. . . ; p2 6= 0) = − 1

2p2
pµ

∂

∂pµ
I(. . . ; p2)

= − 1

2p2

[

(ν2 + ν5)I − ν2I(ν1 − 1, ν2 + 1) − ν5I(ν4 − 1, ν5 + 1) (4.3)

+ ν2(m2
2 − m2

1 + p2)I(ν2 + 1) + ν5(m2
5 − m2

4 + p2)I(ν5 + 1)
]

.

Then by using IBP identities, one can reduce the new I(. . . ; p2) to a linear combination

of the chosen master integrals in figure 2. This can be carried out, for example, with the

help of FIRE6.
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MZ = 91.1876 GeV
}

⇒ MZ = 91.1535 GeV
ΓZ = 2.4952 GeV

MW = 80.358 GeV
}

⇒ MW = 80.331 GeV
ΓW = 2.089 GeV

Mt = 173.0 GeV

Mf 6=t = 0

αs = 0.1179

α = 1/137.035999084

∆α = 0.05900

Gµ = 1.1663787 × 10−5 GeV−2

Table 1. Benchmark values for the input parameters used in the numerical analysis, based on

refs. [65, 66].

All steps of the calculations described above have been carried out in two independent

implementations. Due to the ambiguity in the choice of master integrals, the final algebraic

expressions in terms of these basis functions may not be unique, so that a comparison at

this level is difficult. However, numerical comparisons with the help of TVID yielded very

good agreement between the two results. The cancellation of UV divergencies in TVID

can be checked algebraically.

5 Numerical results in the on-shell scheme

To illustrate the numerical impact of the leading fermionic O(α2αs) corrections, this section

presents results for the input parameters listed in table 1. The results do not depend very

strongly on the choice of input values within experimentally allowed ranges. The numerical

evaluation of master integrals has been carried out with TVID 2.1. Some O(D − 4) coeffi-

cients from scalar one-loop integrals have been computed by following eq. 4.1 in ref. [67].

The correction to ∆r is found to be

∆r(α2αs) = −0.000109. (5.1)

Using eq. (3.1), this can be translated into a shift for the predicted value of the W -boson

mass, given by

∆MW(α2αs) ≈ παM
2
Z

2
√

2GµMW(M
2
Z − 2M

2
W)

∆r(α2αs) = 1.70 MeV. (5.2)
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For the effective weak mixing angle and partial decay widths one obtains

∆ sin2 θfeff,(α2αs) = 1.31 × 10−5, [independent of the fermion type f ] (5.3)

∆Γf,(α2αs) = Nf
c

[

−7.9 × 10−4 (If3 )2 + 2.69 × 10−3 If3 Qf − 0.0168 Q2
f

]

MeV,

∆Γℓ,(α2αs) = −0.0157 MeV,

∆Γν,(α2αs) = −2.0 × 10−4 MeV,

∆Γd,(α2αs) = −0.0049 MeV, (5.4)

∆Γu,(α2αs) = −0.0203 MeV,

∆Γtot,(α2αs) = −0.103 MeV.

In these results, MW is taken as an independent input parameter. However, one can also

assume that MW is predicted from Gµ, in which case one needs to include the leading effect

of the shift ∆MW(α2αs) from eq. (5.2), yielding

∆′sin2θfeff,(α2αs) =∆sin2θfeff,(α2αs)−
2∆MW(α2αs)MW

M
2
Z

=−1.98×10−5, (5.5)

∆′Γf,(α2αs) =∆Γf,(α2αs)−
2∆MW(α2αs)MW

MZ
× αNf

c

6s4
W

c4
W

[

(2s2
W

−1)(If3 )2+2s4
W

Qf (Qf−If3 )
]

=Nf
c

[

0.0663(If3 )2+0.0148If3 Qf−0.0289Q2
f

]

MeV, (5.6)

∆′Γℓ,(α2αs) =−0.0049MeV,

∆′Γν,(α2αs) =0.0166MeV,

∆′Γd,(α2αs) =0.0475MeV, (5.7)

∆′Γu,(α2αs) =0.0260MeV,

∆′Γtot,(α2αs) =0.2296MeV.

The results presented above have been computed in terms of the gauge-invariant complex-

pole definitions of the gauge-boson masses and widths, see the footnote on page 2. However,

when translating the conventional (unbarred) mass and width definition, the results to not

change within the significant digits quoted above, since Γ2/M2 is less than 10−3 for the W

and Z bosons.

Compared with the current experimental precision for the EWPOs listed above, mainly

from LEP, SLD and LHC, the mixed EW-QCD fermionic three-loop corrections computed

here are negligible. For example, the direct measurements of the W mass, effective weak

mixing angle, and Z width are δM exp
W = 0.012 GeV, δ sin2 θℓ,exp

eff = 0.00016 and δΓexp
Z,tot =

0.0023 GeV. These are at least one order of magnitude larger than the corrections in

eqs. (5.2), (5.5) and (5.7). However, for the anticipated precision of future high-luminosity

e+e− colliders, such as FCC-ee, CEPC or ILC [31–33], the corrections computed in this

paper cannot be ignored, see table 2.

In particular, when combining with the recently computed leading fermionic elec-

troweak three-loop corrections [36], see table 3, we observe significant corrections for ∆MW

and ∆′ΓZ, while ∆′ sin2 θeff is rather small due to an accidental cancellation.
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CEPC FCC-ee ILC/GigaZ

MW[MeV] 1 1 2.5

ΓZ [MeV] 0.5 0.1 1.0

sin2 θfeff [10−5] 2.3 0.6 1

Table 2. This table demonstrates the future experimental accuracies projected for CEPC, FCC-ee,

and ILC for three EWPOs [31–34]. For ILC, the GigaZ option is considered, which is a Z-pole run

with 100 fb−1.

∆MW (MeV) ∆ sin2 θeff ∆′ sin2 θeff ∆Γtot [MeV] ∆′Γtot [MeV]

O(α3) −0.389 1.34 × 10−5 2.09 × 10−5 0.331 0.255

O(α2αs) 1.703 1.31 × 10−5 −1.98 × 10−5 −0.103 0.229

Sum 1.314 2.65 × 10−5 0.11 × 10−5 0.228 0.484

Table 3. This table shows the numerical results of the leading fermionic three-loop corrections to

EWPOs at O(α3) from ref. [36] and at O(α2αs) presented here. One can see that the two contri-

butions have comparable size, except for ∆MW , where the mixed EW-QCD three-loop correction

is about four times larger in magnitude than the pure EW three-loop.

∆r(α2αs) [10−4] ∆MW(α2αs) [MeV]

−0.50 0.78

X ∆X(α2αs) ∆′X(α2αs)

sin2 θeff [10−5] 0.75 −0.76

Γℓ [MeV] −0.0003 0.0047

Γν [MeV] 0.0009 0.0086

Γd [MeV] −0.0018 0.0223

Γu [MeV] −0.0029 0.0183

Γtot [MeV] −0.0093 0.143

Table 4. Leading fermionic three-loop corrections to EWPOs at O(α2αs) with MS prescription for

the top mass.

6 Numerical results in terms of the MS top mass

The numerical evaluation of the leading fermionic O(α2αs) corrections in terms of the MS

top mass keeps all input parameters the same given in table 1, except the top-quark mass,

which we set to

mt(µ = mt) = 163.229 GeV. (6.1)

The numerical results are summarized in table 4. While they have the same order of

magnitude as the OS results in section 5, the specific numerical values differ noticeably.

Overall, the fermionic O(α2αs) corrections are smaller in magnitude when using the MS

top-quark mass rather than the OS mass. This matches the pattern in previous calculations

of O(ααns ), where a better convergence behavior was observed for the MS top mass [26–30].
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on-shell Mt MS mt

O(α2) O(α2αs) O(α2) O(α2αs)

∆r [10−4] 7.85 −1.09 7.56 −0.50

∆ sin2 θfeff [10−5] 30.98 1.31 31.18 0.75

∆Γℓ [MeV] 0.2412 −0.0157 0.2284 −0.0003

∆Γν [MeV] 0.4145 −0.0002 0.4152 0.0009

∆Γd [MeV] 0.6666 −0.0049 0.6780 −0.0018

∆Γu [MeV] 0.4964 −0.0203 0.4911 −0.0029

∆Γtot [MeV] 4.951 −0.103 4.947 −0.0093

Table 5. Numerical comparison of leading fermionic O(α2) and O(α2αs) results between the on-

shell and MS top-quark mass prescriptions. See text for more details.

When using MS renormalization for the top-quark mass at O(α2αs), one must also

use the MS top-quark mass, eq. (6.1), as input at the lower order O(α2), for the sake of

consistency. The leading fermionic O(α2) contributions have previously been computed

in refs. [6, 7, 12–16, 18, 19] and re-evaluated in ref. [36]. The corresponding numbers of

both perturbative orders are listed in table 5. One can see that the numerical changes at

O(α2) and O(α2αs) partially compensate each other when going from the OS to the MS

scheme. This is expected since the all-order results should be identical in both schemes (up

to non-perturbative effects). The difference of the sum O(α2) + O(α2αs) between the two

schemes could be used as an estimate of the size of the unknown higher-order corrections at

O(α2α2
s ). A more detailed analysis of theoretical uncertainties from missing higher-order

contributions will be left for future work.

7 Conclusions

This article reports on the calculation of mixed electroweak-QCD O(α2αs) corrections

with two closed fermion loops to several important electroweak precision observables: the

W-boson mass predicted from the Fermi constant, the partial and total decay widths of

the Z-boson, and the effective weak mixing angle. On a technical level, this required

the calculation of one- and two-loop self-energy integrals, as well as the derivation of the

appropriate renormalization counterterms. To ensure gauge invariance, the complex pole

scheme is adopted for the W- and Z-boson mass renormalization. Numerical results were

presented for two definitions of the top-quark mass: in eqs. (5.1)–(5.7) for the on-shell

scheme, and in table 4 for the MS scheme.

The numerical size of the corrections was found to be small compared to the exper-

imental precision for direct measurements of these quantities today. However, they will

be important for electroweak studies at future e+e− colliders, such as CEPC, FCC-ee,

or ILC/GigaZ. The order of magnitude of the corrections in the on-shell scheme matches

expectations from previous estimates [35, 68]. It is also observed that the magnitude of
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the leading fermionic O(α2αs) contributions is reduced when using the MS scheme for the

top-quark mass.

On the other hand, one can observe that there are substantial numerical cancellations

among the O(α2αs) corrections. For example, when setting ∆α to zero the corrections to

most EWPOs increase by roughly a factor of 5. This indicates that there are cancellations

that are accidental in nature since they depend on the specific value of ∆α. between terms

involving ∆α and other contributions. Consequently, the remaining O(α2αs) corrections

with only one closed fermion loop may be comparable in magnitude to the results presented

in this article, and it will be important to compute them for the physics goals of future

e+e− colliders. These contributions require the evaluation of genuine 3-loop integrals and

thus significant additional work.
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