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In high-energy leptonic collisions well above the electroweak scale, the collinear splitting mechanism of
the electroweak gauge bosons becomes the dominant phenomena via the initial state radiation and the final
state showering. We point out that at future high-energy lepton colliders, such as a multi-TeV muon
collider, the electroweak parton distribution functions (EW PDFs) should be adopted as the proper
description for partonic collisions of the initial states. The leptons and electroweak gauge bosons are the
EW partons, that evolve according to the unbroken Standard Model (SM) gauge group and that effectively
resum potentially large collinear logarithms. We present a formalism for the EW PDFs at the leading-log
(LL) accuracy. We calculate semi-inclusive cross sections for some important SM processes at a future
multi-TeV muon collider. We conclude that it is appropriate to adopt the EW PDF formalism for future

high-energy lepton colliders.
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I. INTRODUCTION

With the discovery of the Higgs boson at the CERN Large
Hadron Collider (LHC), the particle spectrum of the
Standard Model (SM) is complete. The next target at the
energy frontier will be to study the Higgs properties and to
search for the next scale beyond the SM [1]. The physics
potential for TeV-scale eTe™ linear colliders, such as the
International Linear Collider [2] and the CERN Compact
Linear Collider (CLIC) [3], has been studied to great details.
More recently, due to the breakthrough in the cooling
technology for a muon beam [4], there has been renewed
interest in constructing a u*pu~ collider reaching a center-
of-momentum energy (c.m. energy) +/s ~O(10 TeV).
Advancement of the wake-field electron acceleration tech-
nology [5] has also been encouraging to have stimulated our
ambition for reaching multi-TeV threshold in leptonic
collisions.

Lepton colliders provide a clean experimental environ-
ment for precision measurements of physical observables
and for discovery of new particles. Near a mass threshold,
the e e~ annihilation may produce a new particle singly in
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the s-channel, or a particle/anti-particle in pair. As the
beam energy increases, the initial state radiation (ISR)
becomes substantial. It not only degrades the colliding
energies of the leptons, but also generates new reactions of
the radiation fields. The most familiar phenomenon is
the collinear photon radiation off the high energy
charged particles given by the Weizsdicker-Williams spec-
trum [6,7]

a E?
P,r(x) = Zpy,f(x) lnm_ﬁ’ (1)

where the splitting functions are P, ,(x)=(1+4(1—x)?)/x
for £ — yand P,s(x) = (1 4+ x%)/(1 — x) for £ — £, with
an energy xF off the charged lepton beam of energy E. This
is the leading order effective photon approximation (EPA).

In Fig. 1, we show some representative production cross
sections versus the p"u~ c.m. energy /s for

iy~ > WrW-,ZZ, i, ZH and iH.  (2)

The dashed (falling) curves are for the direct u*u~
annihilation, and the solid curves (slightly above the
dashed) include the ISR effects [8]. We see the typical
fall of the annihilation cross sections as 1/s. The ISR
reduces the c.m. energy at the collision and thus increases
the cross section. At /s = 10 TeV (30 TeV), the cross
section for uu~ — 17 production can be enhanced by 40%
(60%) due to the ISR effects. Owing to the collinear
enhancement, the two-photon (yy) fusion processes grow
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FIG. 1. Production cross sections in p u~ collisions versus the

c.m. energy. The dashed falling curves are for the direct ptu~
annihilation, and the solid falling curves (slightly above the
dashed) include the ISR effects. The solid rising curves are for yy-
EPA by Eq. (1) and the dashed rising curves are from the leading-

order y-PDF at Q = v/3/2.

double-logarithmically. We calculate the total cross sec-
tions with the EPA spectrum in Eq. (1) for

yy > WW~, it and tiH. (3)

Those processes take over the annihilation channels at
higher energies \/Ez 2.5,4.5, 11 TeV for WrW~, tf and
ttH production, respectively, as shown in Fig. 1 by the
rising solid curves labeled by EPA. At /s =~ 30 TeV, the
production rate for yy — ff is higher by two orders of
magnitude than that for g™y~ — ¢ annihilation.
However, this description becomes inadequate at some
high scales. First, at high energies E > m,, the collinear
logarithm (a/27) In (E*/m?2) may be sizeable and needs to
be resummed for reliable predictions. This leads to the
QED analogue of the Dokshitzer-Gribov-Lipatov-Altarelli-
Parisi (DGLAP) equations [9-11], the concept of QED
parton distribution functions (PDFs) for the photon and
charged fermions [12-14]. To estimate the resummation
effects, we plot the cross sections with the leading-order y-

PDF with a scale Q = v/5/2, where /3 is the yy c.m.
energy. As shown in Fig. 1 by the dashed rising curves
below those of EPA, we see that the rates are lowered as
expected, and could be smaller by about a factor of two
at 30 TeV.

More importantly, as pointed out in Refs. [15-17] and
explored in details [18], at scales QO > M2, the SM gauge
symmetry SU(2), ® U(1), is effectively restored.
Consequently, the four EW gauge bosons (W*3,B) in
the SM must be taken into account all together coherently
with B-W? mixing and interference. The fermion inter-
actions are chiral and the couplings and states evolve
according to the SM unbroken gauge symmetry. One needs
to invoke the picture of electroweak parton distribution
functions (EW PDFs) [19-21] dynamically generated by

the electroweak and Yukawa interactions. The longitudi-
nally polarized gauge bosons capture the remnants of the
EW symmetry breaking. The effects are governed by power
corrections of the order M%/Q? [22,23], a measure of the
Goldstone-boson equivalence violation [15,24], analogous
to higher-twist effects in QCD.

II. ELECTROWEAK PARTON DISTRIBUTION
FUNCTIONS

Below the EW scale Q < My, the effects of the SU(2),
gauge bosons are suppressed by g?/M2. The gauge boson
radiation off a charged lepton beam (£* = e*,u®) is
essentially purely electromagnetic. At the EW scale and
above, all electroweak states in the unbroken SM are
dynamically activated. The massless states involved at
the leading order are

g, Cp.vy and B, W*3, (4)
We will not include the Higgs sector in the initial state
partons since the Yukawa couplings to e, u are not relevant
for the current consideration. However, we must include the
effects of longitudinally polarized gauge bosons charac-
terized by power corrections of the order M%/Q?. Denote
an EW PDF as f;(x, 0?) with i labeling a particle with an
energy fraction x at a factorization scale Q. The EW PDFs
evolve according to the full EW DGLAP equations [16,25]

dfi _ ﬂ yi
danZ_ZI:anj:Pi’j(gfj’ ®)

where [ specifies the gauge group, and the P{j are the
splitting functions for j — i. The complete list of the EW
splitting functions for the SM chiral states are available in
Refs. [15,16,20]. The initial condition for a lepton beam is
fe(x,m2) = 8(1 — x) + O(a) and it evolves as In(Q?/m?).
At the electroweak scale, the matching conditions are
(M%) #0, fz(x.M%) =0, f,z(x,M%) =0, with a
general relation

2 2
/B Cy Sw —CwSw fy
fw | = Siy ciy CwSw Iz |

faws 2ewsw  —2cwsw  cxy—s% ) \fyz

where sy, = sin @y, is the weak mixing angle. The mixed
PDF f,; (or fgys) represents a mix state and is important to
account for the interference between the diagrams involv-
ing y/Z (or B/W?) [15,16,19]. Chiral couplings and their
RGE running are fully taken into account including the
correlation between the polarized PDFs and the corre-
sponding polarized scattering amplitudes. With one-loop
virtual corrections, our results are accurate at the leading-
log (LL) order. In Fig. 2(a), we present EW PDFs for the
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FIG. 2. Distributions for (a) EW PDFs f;(x) and, (b) parton
luminosities d£;;/dz versus /7 for /s = 30 TeV with a fac-

torization scale Q = \/§/ 2 (solid) and v/3 (dashed).

states in Eq. (4) for £ = p with a scale Q = 3 TeV and
5 TeV. For completeness, we have also included the quarks
g=>"'_,(gi+g;) and gluons from the higher-order
splittings. We give the averaged momentum fractions
(xf;) = [xfi(x)dx carried by various parton species in
Table I. The two scale choices lead to less than 20%
difference for the EW PDFs. As expected, the fermionic
states sharply peak at x ~ 1, while the bosonic states peak at
x = 0, reflecting the infrared behavior. It is noted that there
is an enhanced rate at small x for the fermions, deviating
from the leading order behavior ~1/(1 — x). This is from
the soft y*/Z* /W* splitting at higher orders. Owing to the
large flux of photons at low scales, the neutral EW PDFs
are largest. Unlike all the other EW PDFs that scale
logarithmically with Q, the longitudinal gauge bosons
(Wy,Z;) do not scale with Q at the leading order

TABLE I.  Momentum fractions (%) carried by various parton
species. The sea leptons include ., = i + Z,#(f .+ ¢;) and
v=>;(v; + ;). The quark components include all the 6 flavors.

0 w1 ZyZ WE v L q g

My, 97.9  2.06 0 0 0.028 0.035 0.0062
3TeV 915  3.61 1.10 3.59 0.069 0.13 0.019
5TeV 899 382 1.24 482 0.077 0.16 0.022

[15,16,26]—an explicit example for Bjorken-scaling
restoration.

III. CROSS SECTIONS FOR SEMI-INCLUSIVE
PROCESSES IN p*pu~ COLLISIONS

We write the production cross section of an exclusive
final state F' and the unspecified remnants X in terms of the
parton luminosity d£;;/dr and the corresponding partonic
subprocess cross section &

1 ds..
a(f+f——>F+X):/ df§ d—”&(ij—»F),
T — T
0 ij

ac; 1 1de T o
& 1 +5,-jl & [fi(‘f’Qz)fj<ng2> + (i 9])},
(6)

where 7 = §/s with \/s(v/3) the collider (parton) c.m.
energy. The production threshold is 7, = m2/s.

In presenting our results for production of SM particles
at a high-energy lepton collider, for definitiveness, we
consider a future u "y~ collider with multi-TeV energies. It
is informative to first examine the parton luminosities as
shown in Fig. 2(b) for /s = 30 TeV versus /7, with a
variety of partonic initial states. The upper horizontal axis

labels the accessible v/3. Although we properly evolve the
EW PDFs according to the unbroken SM gauge groups, we
convert the states back for the sake of common intuition,
shown in the figure for u* =, v,0,.yy/ZZ/yZ, Wy Wy and
W, W;. We see that the fermionic luminosities peak near
the machine c.m. energy 7~ 1, while the gauge boson
luminosities, generically called vector boson fusion (VBF)

dominate at lower partonic energy /3. As noted earlier, the
neutral gauge boson luminosities are the largest, followed
by Wr and W;.

We emphasize the “inclusiveness” of the production
processes. For example, for an exclusive final state of 77
production, one needs to sum over all the observationally
indistinguishable partonic contributions in the initial state
wru vy yZ, ZZ,WW~ — ti. Contributions from the
quark and gluon initial states are sub-leading as seen in
the parton luminosities in Fig. 2(b), and we do not include
them in the cross section calculations throughout this paper.
Since the collinear remnants are not observationally
resolved, one cannot separate the upu~/ v, v, annihilations
from the VBF. For this reason, we call such processes, i.e.,
utu~ — tf “semi-inclusive.” This is analogous to the 77
production at hadron colliders from the partonic sub-
processes ¢q, gg — 1.

In Fig. 3(a), we show the semi-inclusive production cross
sections at a u*u~ collider versus the collider c.m. energy
/s from 1 TeV to 30 TeV. We choose the factorization
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FIG. 3. Production cross section for semi-inclusive processes at
a uu~ collider versus the c.m. energy. The solid curves are for
(a) the total cross sections and the dashed (dotted) curves
from VBF (u"u~ annihilation) with EW PDF, and (b) for 7
production decomposed to the underlying contributions from
W v/ Z)yZ, WeW,, W W, and W Wry.

scale Q = \/§/ 2 in calculating the EW PDFs.! The solid
curves are the total cross sections for the semi-inclusive
processes for

pty~ > WHW- H,ZH, i, HH and @H, (7)

combining the contributions from both fermionic initial
states and the VBF. We indicate the VBF contributions by
the dashed curves,2 and the fermionic contributions by the
dotted curves, respectively, below the solid curves. It is
important to note that, although there is no logarithmic
evolution for the W; PDF, the partonic subprocess cross
sections are much enhanced for W, W;,Z,Z, — tt, {tH
and H,ZH, HH, due to the Goldstone-boson interactions.

'To validate the EW PDF approximation, we have imposed an
angular cutoff for the W/Z initiated processes in the c.m. frame
cos@ < 1 —m?/3, where m is the relevant particle mass involved
in the process. We have included a tighter cut cos # < 0.99 and
V3 > 500 GeV for the WrW~, ZH final states.

Many of the VBF processes have been calculated recently in
Ref. [27] at the tree-level. We have good agreements with theirs
where ever they overlap.
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FIG. 4. Normalized differential distributions for the final state ¢7
system (a) the invariant mass m;; and (b) the rapidity y;.

The VBF processes take over the annihilation channels at
higher energies /s =~ 2.3, 3.5, 6.5 TeV for WHW~, 7 and
1tH, respectively. To appreciate the individual contributions
from the underlying partonic subprocesses, we decompose
them for the process p*u~ — t7 versus the c.m. energy, as
shown in Fig. 3(b) for u =, yy/yZ/ZZ, W W, W, W, as
well as W, Wr. As expected, the QED contribution remains
to be the leading channel. Not well appreciated, the
W,W, /W, W, contributions become as significant.

We now examine the kinematic distributions for the
final state 77 system, for the individual contributions
wtum, v/ Z,WiW,, W, W, and W;Wy. Shown in Fig. 4(a)
are the normalized invariant mass distributions m ;. We see
that, for the y*u~ annihilation, the distribution is sharply
peaked at the collider c.m. energy, with a tail due to the
radiative return. For the VBF, they are peaked after
the 2m, threshold. We show in Fig. 4(b) the normalized
rapidity distributions of the system y;;. Again, events from
the ™ u~ annihilation are sharply central, while those from
VBF are spread out, reflecting the boost due to the
momentum imbalance between the two incoming
partons.

We summarize our results utilizing the EW PDFs in
Table II for a few characteristic processes for a muon
collider with a few representative energies 3, 6, 10, 14 and
30 TeV. For the sake of illustration, we once again separate
the partonic sub-processes by the fermionic annihilation
and by VBF.
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TABLE II. Production cross sections at a muon collider in units of fb by VBF utilizing the EW PDF and by direct
utp~ annihilation with ISR effects.

Vs (TeV) 3 6 10 14 30

o (fb) VBF uu VBF uy VBF Hu VBF uy VBF up
WHtw- 1300 540 2500 170 3800 73 4900 41 7800 11
tt 13 23 25 6.2 36 24 43 1.3 61 0.30
ZH 12 1.8 26 0.48 41 0.18 51 0.097 75 0.023
HH 1.2 2.5 3.8 4.8 7.6
ttH 0.036 0.45 0.12 0.15 0.22 0.065 0.32 0.037 0.64 0.010

IV. DISCUSSIONS AND CONCLUSION

(a) The naive EPA is inadequate at high scales. The QED
evolution of In(Q?/m2) in the y-PDF should capture
the dominant effect at an appropriate physical scale
Q2. Although the Z contribution is typically small
until reaching a very high scale, the mixed state
yZ(BW?) needs to be taken into account that often
interferes destructively.
The EW PDF approach allows for calculating indi-
vidual contributions from the polarized initial state
partons, with correlations to the corresponding sub-
process matrix elements. This is an important feature
when polarization is needed for exploring a certain
type of underlying dynamics. This option would
be unavailable with the fixed order (FO) diagrammatic
calculations [27-29]. In addition, the FO calcu-
lations may face a tremendous challenge for nume-
rical stability dealing with the large collinear logs
In(Q?/m?).
Although no logarithmic growth for the longitudinally
polarized gauge boson PDFs, the large Yukawa
coupling to the top quark and the scalar self-inter-
action of the Goldstone bosons make the subprocesses
substantially enhanced, as seen for the VBF produc-
tion of ¢7, tH,ZH and HH.
For the PDFs of fermions with a bare SU(2) charge,
due to the incomplete cancellation of the infrared
divergence, they are not exactly factorizable. This is
known as the violation of the Bloch-Nordsieck theo-
rem [15,20]. This does not pose a problem to the beam
(valence) lepton because it is a numerically small
higher-order correction. This could lead to an un-
physical solution to the dynamically generated neu-
trinos. We impose an infrared cutoff as a regulator
% =1 — M,/Q, which assures the resummation to
a double-log accuracy [16].
(e) We have not taken into account the effects of the final-
state radiations (FSR). This could become one of the
dominant features at very high energies, properly

(b)

(©)

(d)

described by the “fragmentation functions” [15,30].
We leave this topic for future explorations.
We did not quantify the potentially large corrections
near the threshold Q2 > 4m?. On the one hand, our
formalism aims to address the physics far above the
threshold Q% > M2. On the other hand, the infrared
behavior of the gauge boson radiation tends to
populate the events in the low-Q? region. We leave
this topic for future investigations.
Although we focused on a u*u~ collider in our
presentation, the EW PDF formalism is equally
applicable for eTe™ colliders. The only difference is
the QED radiation effects, further enhanced by a factor
In(m?%/m?). It is also straightforward to apply our
formalism to the high energy hadron colliders,
although the photon PDF of the proton at a low scale
is more subtle [31,32].

In summary, we advocated that all particles accessible
under the SM interactions should be viewed as EW partons
in high energy leptonic collisions well above the EW scale.

We presented a systematic approach to define the EW PDFs

®

(2

for leptons and gauge bosons accurate to the order of LL
under the unbroken gauge symmetry. We calculated the
production cross sections for some characteristic SM
processes at a high-energy muon collider in the EW
PDF formalism. Polarized partonic cross sections can be
evaluated individually that are desirable for exploring new
physics beyond the Standard Model at future high energy
colliders.
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