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A B S T R A C T

A good electrode design not only produces the goal electric fields, but also eliminates harmful high-field

spots that can cause electrical breakdown. In this paper, we present the equipotential method to generate

electrode profiles. It is a physical method. The desired field is constructed first by a set of virtual electrodes,

and then the equipotential contours naturally become the electrode profiles. We will demonstrate the simple

procedures to design uniform field electrodes and recessed electrodes to accommodate dielectric structures.

It shows versatility and flexibility in designing electrodes of low symmetry or irregular shapes as well as in

complex boundary conditions.
1. Introduction

Uniform field electrodes (UFE) are employed to produce electric

fields with uniform strength distribution over a large surface area

in many applications, such as in the high-energy electrical discharge

chamber of CO2 lasers or Excimer lasers, in the measurement of break-

down electric fields of various gases, etc. Several analytic or empirical

electrode profiles have been reported as designs approximating a true

UFE [1–6]. The most commonly used are Rogowski profiles [1,2].

Another well-known set of UFE profiles is generated by analytic for-

mulas that were first derived by Chang [7] and later improved by

Ernst [8,9]. These profiles are found to be superior to the Rogowski

profiles and others regarding smoothness, compactness and field uni-

formity. A numerical approach to generate electrode profiles has been

pursued by Harrison and Pearson [4–6]. In 1985, Girdinio and his

colleagues published a new class of UFE profiles originating from the

equipotential contours of parallel plates, and compared them with the

then-existing UFE profiles [10]. We call it the equipotential method.

But this approach did not become popular perhaps due to lack of

generality and computing power at the time. The mainstream method-

ology is to join curves or shapes into an electrode profile, and then

perform a series of subtle adjustments to curvatures either manually

or via sophisticated algorithms [11,12] to remove high field spots.

Now it might be worthwhile to revisit the equipotential method for

UFE profile generation and explore its flexibility in solving complex

problems, since (i) computing power has advanced dramatically in the

last few decades, (ii) physical modeling software with finite element

method (FEM), e.g. COMSOL Multiphysics, has been well-developed

∗ Correspondence to: Kellogg Radiation Laboratory, California Institute of Technology, Pasadena, CA 91125, USA.

E-mail address: wanchun.wei@caltech.edu.

and become commercially available, and (iii) computer numerical con-

trol (CNC) technology has enabled modern machining equipment to

precisely manufacture objects of almost arbitrary shape.

In recent years, UFEs also play important roles in particle physics

research [13]. Electrodes of Rogowski profiles have been employed

to study the breakdown behavior of noble liquid, such as liquid he-

lium [14], argon and xenon [15], which can be used as target and

detection medium in dark matter searches [16,17]. In experiments

searching for a non-zero but extremely weak neutron electric dipole

moment (nEDM) with ultracold neutrons (UCNs), strong and stable

electric fields on the order of tens to a hundred kilovolts per centime-

ter are required to achieve the goal sensitivity. Dielectric structures

in the form of either an annular cylinder or a closed cell have to

be sandwiched in between the electrodes so as to confine the space

distribution of UCNs in the high field region [18–20]. Distortions of

electric fields due to the existence of dielectric structures are inevitable,

but a near uniform field in the test region is still highly desired to

minimize systematic errors. Since bulk dielectric fully extending against

the electrodes induces extremely high fields in any small spacing be-

tween the dielectric and metal surfaces, edges of the dielectric are

especially vulnerable to breakdown damage. It has been demonstrated

that placing the edge of the dielectric structure in a corner formed by

the equipotential surface of the electrode is an effective way to reduce

the local stress and suppress possibility of electrical breakdown [21–

23]. Efforts have been spent on designing electrode profiles with a

recess to hold and protect the corners of the dielectric structures.

This practice evolved into a new approach of designing electrodes of
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Fig. 1. (a) Equipotential lines and field distribution are plotted in red solid lines and color gradient map, respectively for the parallel plates at 𝑉 ± = ±100 kV with a separation

𝑑 = 2 cm. Only the upper half plane is shown because of symmetry. Various Rogowski profiles are also plotted in green dotted lines as a comparison. (b) Field uniformity of the
arallel plates is presented as contours of discrepancies from the uniform field 𝐸0. In general, the discrepancies are positive above the 𝑉0∕2 equipotential line (in red solid line),
nd negative below. The field uniformity contours of the 𝜋∕2 Rogowski profile are plotted in dashed green line for a comparison. The 0.56𝑉0 equipotential line is also plotted in

orange dotted line. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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complex shape in the presence of dielectric structures and boundary

conditions. Below we will present the methodology.

In this paper, we first show how to generate UFE profiles with the

quipotential method in Section 2. Section 2.1 reveals that nature of

he methodology to obtain Rogowski profiles is the 2D equipotential

ethod; Section 2.2 analyzes the performance of UFE profiles gen-

rated by the 3D equipotential method; and Section 2.3 extends the

method to create closed UFE profiles by manipulating the equipoten-

tial contour. In Section 3, we demonstrate how to generate recessed

lectrode profiles to accommodate different geometries of dielectric

tructures with a new technique, named the molding technique. Finally

n Section 4, the advantages of the method and implications of its

pplications will be summarized. All of the electrostatic modeling is

one with FEM in COMSOL Multiphysics. This paper only focuses on

emonstrating the equipotential method but not optimization of the

lectrode performance.

. Equipotential method to generate UFE profiles

Ideally, a perfectly uniform electric field is created by a pair of

nfinite parallel plates. In reality, finite width of the plates results in

eviation of the field strength near the edge. In order to achieve a

niform field in the central region, a large ratio of the plate width 𝑤

o the separation 𝑑 is required. Yet, sharp curvatures at the edges of

he plates result in fringe fields much stronger than the central region

nd cause discharge or breakdown in experiments. Therefore, smoothly

ounding the edges of the parallel plates became an intuitive option

n the UFE design. This is usually done by joining curves and tuning

heir curvature heuristically or via sophisticated algorithms. We call

t the curve-joining method. Alternatively, the equipotential method

ffers a different approach. In electrostatics, field lines are always

rthogonal to equipotential contours, as well as to the surface profile

f a conductor. Therefore, converting any equipotential contour into a

onductor boundary and setting it to the potential value thereof will not

hange the field distribution in the open region given by the original
charge source. It means using equipotential contours between the finite

parallel plates as UFE profiles results in the same field distribution.

Since the original parallel plates will be replaced by the generated

electrode profiles in the final setup, they should be regarded as a source

of virtual charge in the design process. We call them the virtual plates

or virtual electrodes. For the sake of a good performance, the selected

UFE profile must be an equipotential contour that well-contains the

region of large fringe fields at the edges of the virtual plates, or even

better cuts through a region with a monotonically decreasing field away

from the central region. In contrast to the mathematical smoothness at

the jointing points in the curve-joining method, the selection rule of

the equipotential method is directly based on the physical distribution

of the goal fields established by the virtual electrodes.

2.1. Rogowski profiles — the 2D equipotential profiles

In 1923, Rogowski first proposed to use the equipotential lines be-

tween a pair of 2D semi-infinite parallel plates as electrode profiles [1].

The 2D Laplace’s equation for a pair of parallel semi-infinite plates at

potentials ±𝑉0 with a separation 𝑑 is analytically solvable via conformal

apping. The coordinates of equipotential lines are expressed as

= 𝑑

𝜋
(𝜙 + 𝑒𝜙 cos𝜓)

𝑦 = 𝑑

𝜋
(𝜓 + 𝑒𝜙 sin𝜓), (1)

where 𝜙 and 𝜓 represent different field and equipotential lines, re-

spectively. Each equipotential line at any given value, 𝜓 ∈ (0, 𝜋),
composes a UFE profile. The class of profiles was later well known

as Rogowski profiles. A 3D electrode shape has to be constructed by

revolving a 2D Rogowski profile around an axis in the 𝑦-direction as

the best approximation. It was experimentally found that 𝜓 = 𝜋∕2
performs the best and has the simplest expression, 𝜓 = 2𝜋∕3 might
be acceptable, but 𝜓 = 5𝜋∕6 always sparks at the edges ahead of that
in the central region [2]. These results indeed reflect the selection rule
of the equipotential method.
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Fig. 2. The shapes of 0.4𝑉0 equipotential profile are affected by different boundary conditions as shown in (a) and an additional molding electrode in the back as shown in (b).
The equipotential profile with an infinite boundary approximated by a large spherical surface (𝑅 ≫ 𝑤) with zero charges is plotted in blue dotted line; that with a finite boundary
of zero charges on surfaces of a cylindrical volume, 𝑟 = 8 cm and 𝑧 = 5 cm are plotted in red dashed line; and that with a finite boundary of a grounded cylindrical wall at 𝑟 = 8
cm is plotted in green solid line. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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The Rogowski profiles are apparently an expediency to use a 2D
solution of Laplace’s equation on a 3D problem. Harrison analyzed the
performance of Rogowski profiles by simulations with finite difference
method, and obtained a numerical profile by solving the 3D Laplace’s
equation in cylindrical coordinates. He essentially adopted the equipo-
tential method, except enforcing the central region with a flat surface,
which is a blend with curve-joining [4].

2.2. Analysis of the 3D equipotential profiles

We continue to study the 3D equipotential profiles. Shape and
dimension of the virtual plates are chosen according to the goal field
distribution, electrode dimensions and actual boundary conditions. For
the sake of simplicity, we will generate a cylindrically symmetric UFE
profile and discuss its performance. The 3D Laplace’s equation reduces
to quasi-2D in the coordinates of 𝑟 and 𝑧.

Suppose the goal uniform field 𝐸0 is 100 kV/cm in a cylindrical
central volume of 5 cm diameter and 0.8 cm high. We may choose
a pair of ultra-thin parallel virtual disk plates of 10 cm diameter at
a separation of 2 cm. To fulfill the requirement of the fields, they
are charged on potentials of 𝑉 (±) = ±𝑉0 = ±100 kV, respectively.
Once the virtual plates are set up, the field distribution in the open
region is readily established. Arbitrary pair of equipotential lines may
be chosen as electrode profiles, but the spatial distribution of fields
has been fixed relative to the virtual plates. Since the equipotential
lines are evenly spaced in the central region of uniform fields, the z-
coordinate of the 𝛼𝑉0 equipotential line can be expressed as 𝑧 = 𝛼𝑑∕2,
where 𝛼 is the fraction of the set potential on the virtual plate. As
the desired separation between the generated electrodes is 0.8 cm,
the equipotential lines of ±0.4𝑉0 immediately become the choice for
the symmetric electrode profiles. Besides, the electrode pair may also
be asymmetric, e.g. equipotential lines of +0.5𝑉 and −0.3𝑉 can give
3

0 0 t
the same uniform field of 100 kV/cm at a separation of 0.8 cm.
This asymmetric pair may become appealing when the power cable in
the negative polarity is vulnerable against partial discharges at high
voltages.

We may further look into the properties of different equipotential
lines given in the example above. As shown in Fig. 1a, equipotential
lines of 𝑉 = 𝑉0∕6, 𝑉0∕3, 𝑉0∕2, 2𝑉0∕3, 5𝑉0∕6 are plotted in red solid
lines on top of the field distribution established by the virtual plates
at ±𝑉0. Apparently, the 5𝑉0∕6 profile is inappropriate and the 2𝑉0∕3
profile is marginal, because the high fringe fields will remain outside of
the generated electrodes. Fig. 1b shows the field discrepancy defined by
|𝛥𝐸|∕𝐸0 in solid contours of 0.1%, 0.2%, 0.5%, 1%, 2% and 5%. Along
the middle plane, the field discrepancy exceeds 0.1% and 1% at radii of
about 3.0 cm and 3.8 cm, respectively. There are two groups of discrep-
ancy contours: the upper group of positive discrepancies represents the
fields larger than 𝐸0, whereas the lower group of negative discrepancies
represents the fields smaller than 𝐸0. If a positive discrepancy of 5% is
allowed on the generated electrode surface, the equipotential profile
of 0.56𝑉0 that crosses the upper group could become an option. See
the orange dotted line in Fig. 1b. For most UFE profiles, however, it
is preferred that the fields on the surface monotonically decrease away
from the region of uniform fields. Therefore, the chosen equipotential
profile should cut across the lower group of the negative discrepancies.
The separation line that begins to meet this criterion is the 𝑉0∕2
quipotential profile as plotted in Fig. 1b in red solid line. The surface
ields decrease rapidly from 𝐸0 in a small radial distance on the edge
f the 𝑉0∕2 equipotential profile. In addition, for a given goal electrode
eparation 𝑑1, 𝑉0∕2 equipotential profile originates from virtual plates
ith a separation 𝑑 = 2𝑑1. Being the smallest separation among profiles
f 𝛼 ⩽ 1∕2, it results in the largest width-to-separation ratio (𝑤∕𝑑) of
he virtual plates, and hence the best field distribution. This is why
he 𝑉 ∕2 equipotential profile is the most popular option in practice.
0
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Fig. 3. Discrepancy contours of the 0.4𝑉0 closed profiles are plotted for different boundary conditions. The equipotential profile and its corresponding discrepancy contour with

n infinite boundary approximated by a large spherical surface (𝑅 ≫ 𝑤) with zero charges are plotted in black and blue dotted lines, respectively; those with a finite boundary of

ero charges on surfaces of a cylindrical volume, 𝑟 = 8 cm and 𝑧 = ±5 cm are plotted in black and red dashed lines, respectively; and those with a finite boundary of a grounded

cylindrical wall at 𝑟 = 8 cm are plotted in black and green solid lines, respectively. As a comparison, the discrepancy contours for open profiles, equivalent to that of the virtual

parallel plates, are plotted in gray dotted line. The differences in field uniformity among the closed profiles of different boundary conditions are negligible, but it is obvious

between the open and closed profiles. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
Fig. 4. (a) Generation of the closed and recessed profile for an annular dielectric cylinder with equipotential method. (b) A highlight in the region where the end surface of the

ielectric is set as a virtual molding electrode at 0.395𝑉0 to form the recess, but the equipotential lines bend into the dielectric. (c) Short vertical molding electrodes are added to

ully repel the equipotential line out of the given dielectric. The virtual molding electrodes in (b) and (c) are marked in red solid lines. (For interpretation of the references to

olor in this figure legend, the reader is referred to the web version of this article.)
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Nevertheless, the 0.4𝑉0 equipotential line as taken in the example

satisfies all the criteria, though it is not the best.

As a comparison, the Rogowski profiles of 𝜓 = 𝜋∕6, 𝜋∕3, 𝜋∕2, 2𝜋∕3,
𝜋∕6 are also plotted in Fig. 1a in green dotted lines. The differences
etween the Rogowski and 3D equipotential profiles are dramatic
utside the region of uniform fields. The field discrepancies |𝛥𝐸|∕𝐸0
f 0.1%, 0.2%, 0.5%, 1%, 2% and 5% for the 𝜋∕2 Rogowski profile are
lso plotted in Fig. 1b in green dashed lines. We find that the uniform

ield region of the 3D equipotential profiles is smaller than that of the

∕2 Rogowski profile, but it does not mean our method is in general
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Fig. 5. Results of the test simulation with ±40 kV applied on the generated recessed profiles for the annular dielectric cylinder. The field distribution and contours of −0.1%,
0.2%, −0.5%, −1%, −2% and −5% field discrepancies are plotted in (a), and the highlight in the electrode recess is shown in (b). (For interpretation of the references to color in

this figure legend, the reader is referred to the web version of this article.)
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inferior to the Rogowski profile. In fact, it is due to the small width-to-

separation ratio (𝑤∕𝑑 = 5) of the virtual plates used in this example.
urther study shows 𝑤∕𝑑 ratios of the virtual plates needs to exceed 40
or the 3D equipotential profiles to perform better. More interestingly,

he virtual electrodes for generation of UFE do not necessarily have to

e parallel plates, but could also be the Rogowski profile. For instance,

he 𝜓 = 5𝜋∕6 Rogowski profile with its edge properly truncated can be
ositioned at 𝑧 = ±5𝑑∕12 and set on potential of ±5𝑉0∕6 to replace the
parallel virtual plates.

Moreover, boundary conditions also impact the shape of the equipo-

tential profiles. As shown in Fig. 2a, we look into three different

oundary conditions and compare the resultant 0.4𝑉0 equipotential pro-
iles. (i). With an infinite boundary, which is approximated by a large

pherical surface (𝑅 ≫ 𝑤) with zero charges, the 0.4𝑉0 equipotential
ine tends to close the loop behind the virtual plate. (ii). With a finite

oundary of zero charges on surfaces of a cylindrical volume, at 𝑟 = 8
m and 𝑧 = ±5 cm, the 0.4𝑉0 equipotential line is attracted towards
the boundary cylindrical surface of 𝑟 = 8 cm, as the equipotential

lines always end up perpendicular to the boundaries of zero charges.

(iii). With a finite boundary of a grounded cylindrical wall at 𝑟 = 8
equipotential line is squeezed by the grounded wall and
cm, the 0.4𝑉0
erminates at the upper and lower boundaries of zero charges at 𝑧 = ±5
m.

.3. Generation of closed 3D UFE profiles

As we may see in Fig. 2a, many equipotential contours are open

urfaces due to the boundary conditions. However, it must be a closed

urface to become a compact electrode, and often, its back is required

o be of some special shape to accommodate structural support and

lectrical connection. In 1985, Girdinio et al. used the equipotential

ethod and created a complete electrode profile with a straight cylin-

rical back [10]. By the guidance of a thin virtual metal stem behind

he virtual plate electrode, the equipotential profile was gradually bent

nto a straight cylindrical surface in the back. Recently, Davidson took

dvantage of the grounded walls of the test chamber and produced

droplet-shaped electrode with the equipotential method, though it

as named differently as the Rogowski method [24]. In the following,

e will introduce a new approach to generate a concave electrode

ack with a flat central region for structural mounting. By analogy

ith the shaping technique in fabrication of ceramic or metal objects,

e call it the molding technique on shaping equipotential profiles.
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Fig. 6. (a) Generation of the closed and recessed profile for a closed cylindrical dielectric cell with equipotential method. The region within the lines 𝑧 = 0.24 cm and 𝑟 = 3.05 cm
s the inner volume of the cell. (b) A highlight in the region where the end surface and a short section of the side surface on the dielectric are set as virtual molding electrodes

t 0.395𝑉0 to form the recess. The virtual molding electrodes in (b) are marked in red solid lines. (For interpretation of the references to color in this figure legend, the reader is

referred to the web version of this article.)
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An additional set of molding electrodes is employed to deform the

equipotential profile into a desired shape. They are defined as conduc-

tors on a potential slightly less than that of the target equipotential

contour, so that they will always stay outside of the closed contour.

Nevertheless, such a molding technique is semi-physical, as the inserted

molding electrodes intercept the back of the generated profile from

the actual boundary conditions. Therefore, it cannot guarantee the

performance of the resultant electrode profile. Once a design finishes,

all the molding electrodes will be removed. A stand-alone test on the

generated electrode profile must be passed in the actual environment.

Some trial-and-errors are needed to achieve a satisfactory result. Since

none of the molding electrodes will remain in the final setup, they are

henceforth called virtual molding electrode or virtual mold, and all the

fields terminating on them are called the virtual fields.

As an example, we continue to work on the 0.4𝑉0 electrode profile
btained in Section 2.2, and modify its back into a concave shape. The

irtual mold is set up as shown in Fig. 2b. Its cross section looks like a

ird with a wide body but short spreading wings. Its potential is set

t 0.395𝑉0, or any other value slightly less than 0.4𝑉0 of the target
quipotential line, so that the mold will always stay outside of the

losed electrode profile. A region of low virtual field is formed under-

eath the wings of the mold, and boldly bends the equipotential profile

utside the parallel virtual plates to form a closed loop. Meanwhile,

region of high virtual field resides along the protruding bottom of

he mold, and pull the equipotential profile tightly against the shape of

he bottom. Unfortunately, the shape of the virtual mold, particularly

ts spreading wings, is constructed heuristically. It benefits from a

ood understanding on distributions of field lines and equipotential

ontours in a wedge corner of arbitrary angle formed by two conductive
lanes. A 2D analytical solution to this problem is presented in detail
n Jackson [25]. Intuitively, obtuse angles plus a proper length of

he wings define a low local virtual field and assist the equipotential

rofile to bend in large curvature; whereas, shapes protruding towards

he main virtual plate carry high surface virtual field, and hold the

quipotential profile tightly against itself. After the design finishes, a

tand-alone test without the virtual mold has verified that the profile

f electrode back produces no high local field as shown in Fig. 5 or

Fig. 7.

In addition, Fig. 2b also shows how different boundary conditions

impact the side and back of the electrode shape. The profile generated

with a grounded cylindrical wall appears to be the most compact.

Fig. 3 shows the differences in field uniformity are negligible among

the three closed profiles in different boundary conditions, yet their

region of uniform field slightly enlarges compared to the open profiles,

especially at the discrepancy levels of −0.1% and −0.2%. Therefore, both
the virtual molds and boundary conditions have some mild impact on

the shape of the electrode profile and the field distribution in the target

region.

3. Generate electrode profiles with a recess to accommodate di-

electric objects

Placing a dielectric object in high electric fields is always challeng-

ing in electrode design. It is known that a dielectric surface flashover

usually initiates in the triple junction region of cathode, dielectric

and vacuum/ambient medium. A review by Miller summarized how

to improve the maximum holding voltages by variation of dielectric

parameters, such as material, geometry, surface finish and condition-

ing, etc [26]. Pallai and Hackam analyzed and compared three different

types of electrode profiles that sandwich a dielectric bulk: (i) planar
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Fig. 7. Results of the test simulation with ±40 kV applied on the generated recessed profiles for the closed cylindrical dielectric cell. The field distribution and contours of −0.1%,
−0.2%, −0.5%, −1%, −2% and −5% field discrepancies are plotted in (a), (b) highlights the corner of electrode recess, (c) shows a singularity point formed by square dielectric

corner in simulation, but it can be removed by rounding the corner as in (d). (For interpretation of the references to color in this figure legend, the reader is referred to the web

version of this article.)
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electrodes attached to the dielectric, (ii) electrodes with an extrusion

inserted in the dielectric, and (iii) electrodes with a recess to seat the

dielectric [21,27]. In types (i) and (ii), a void-free contact between

he surfaces of electrode and dielectric is crucial to avoid breakdown.

imilarly, the dielectric bulk must be void-free to avoid partial dis-

harge [28]. Besides, surface charging on dielectrics also plays an

mportant role in the performance of maximum holding voltages. For

xample, chamfers at the dielectric corner of the triple junction in type

i) in general induce a high local field and lower the maximum holding

oltage. However, Jaitly and Sudarshan showed that electrons can

ccumulate on the surface of the chamfer on the cathode side, relieve

he local stress, and improve the maximum holding voltage. [29] Nev-

rtheless, in this paper, we will not consider the variation of dielectric

roperties, but focus on the design method of a recessed electrode

s of type (iii) without surface charges. We may see the merit of

ecessed electrodes is to allow a small spacing between the surfaces

f electrode and dielectric, i.e. the dielectric structures are not bonded

o the electrodes and are replaceable with the electrodes intact. The

oundary conditions at the interface of different dielectric materials are

𝐸 = 𝜖 𝐸 for no surface charges in the normal direction, and 𝐸 =
1 𝑛1 2 𝑛2 𝑡1 c
𝑡2 in the tangential direction. Hence, a dielectric interface refracts

lectric fields. The higher the ratio of dielectric constants 𝜖𝑟 = 𝜖1∕𝜖2 > 1,
the larger a refraction of fields. This complicates the manipulation of

the equipotential lines. In the following examples, we take the relative

permittivity of the dielectric as 𝜖𝑟 = 3, a median value in common

lastics, and that of the free space as unity.

In this section we will employ the equipotential method to generate

ecessed electrode profiles for three dielectric geometries, (a) an an-

ular cylinder, (b) a cylindrical closed cell, and (c) a cuboidal closed

ell in Sections 3.1, 3.2 and 3.3, respectively. Each of the dielectric

eometries is for a specific and independent application in different

ircumstances. Since we are pursuing a near-UFE profile despite the

xistence of dielectric structures, parallel virtual plates are still the

est option to provide the basis of a uniform field. A variation of the

olding technique will be used to create a recess on the electrode front.

n Sections 3.1 and 3.2 we may directly work out the corresponding

ecessed profiles for dielectric geometries (a) and (b) on top of the

losed electrode profile generated in Section 2.3. The goal uniform

ield is still 𝐸0 = 100 kV/cm with a boundary condition of a grounded
ylindrical wall at 𝑟 = 8 cm. In Section 3.3 we present a 3D case of
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Fig. 8. (a) Schematics on the configuration of the virtual plates to generate a recessed profile that can accommodate a pair of closed cuboidal dielectric cells with equipotential

method. (b) The +𝑉 ′
1 equipotential contour highlighted in light green is the generated recessed profile for the HV electrode. The relationship between the set potentials are

′
1 = 0.332𝑉 ′

0 , and 𝑉 ′′
1 = 𝑉 ′

1 − 𝛿𝑉 , where 𝛿𝑉 ≪ 𝑉 ′
1 . (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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lower symmetry with a cuboidal closed cell to further demonstrate the

merit of the equipotential method.

3.1. A recessed profile for an annular dielectric cylinder

Suppose an annular dielectric cylinder is about 4 cm in outer radius,

0.2 cm thick and 1.4 cm high. We want a profile with a groove-

like recess to protect the annular cylinder. In order to push the 0.4𝑉0
equipotential line out of the dielectric bulk, the end surface of the

annular cylinder is set as a virtual molding electrode at 0.395𝑉0, which
is slightly less than that of the equipotential profile. The front profile

deforms into a groove with smooth transitions as shown in Fig. 4a. But

if zooming into the recess region as shown in Fig. 4b, it is found that the

0.4𝑉0 equipotential profile bends into the dielectric due to the refraction
of fields. Such an electrode profile is the most natural given by the

equipotential method. However, it asks for complicated machining and

the seamless bonding — impractical to fabricate. In order to push the

equipotential line fully out of the given dielectric, short vertical virtual

molding electrodes at 0.395𝑉0, as shown in red solid lines in Fig. 4c,
are added on both the inner and outer walls. The height is chosen as
approximately up to the previous intersection point of the equipotential
line on the dielectric surfaces. The resultant 0.4𝑉0 equipotential profile
then bends away from the dielectric and forms a clean groove.

The field distribution with ±40 kV applied on the generated elec-

trode profiles is shown in Fig. 5a, with contours of −0.1%, −0.2%,
0.5%, −1%, −2% and −5% field discrepancies. The dielectric object

n the test simulation is shrunk slightly for clearance to allow easy

ssembling in practice, and all of the virtual electrodes are removed. As

hown in Fig. 5b, the field is in good uniformity in the central region;

et in the vicinity of the annular dielectric cylinder, the discrepancy

s as high as 30% on the middle plane, and up to 37% close to the

ecess, due to existence of the dielectric object. Along the recess profile,

he field variation is smooth, and most importantly, free of local hot

pots. In the context of equipotential method, it may be physically

nterpreted as no stray virtual charges inside the electrode profile other

han those unevenly distributed on the parallel virtual plates. In the

ecess, dielectric stays in low fields as expected. The depth of the recess

s about 1.6 times the wall thickness in this example. A deeper recess is

eeded to accommodate a thicker annular cylinder in satisfactorily low

ields. This inevitably induces larger non-uniformity near the dielectric.

herefore, the thickness of the annular cylinder should be minimized

o the limit of the mechanical requirement in engineering.
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Fig. 9. Results of the test simulation — the field distribution on the surfaces of the recessed electrode profile for a pair of closed cuboidal dielectric cells. The central HV electrode

s set at 635 kV, and two side electrodes are grounded. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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3.2. A recessed profile for a closed cylindrical dielectric cell

Suppose a closed cylindrical dielectric cell is about 3.24 cm in outer

radius and 1.44 cm high. Compared with the annular cylinder, the

closed cell has two large end disks. We will again modify the front of

the 0.4𝑉0 equipotential UFE profile obtained in Section 2.3 into a wide
ecess to hold the closed cell. In order to get the goal uniform field

0 = 100 kV/cm, the thickness of the end disks 𝑑1 and the inner height
f cell 𝑑2 can be easily calculated via 0.8𝑉0 = 𝐸0(2𝑑1∕𝜖𝑟 + 𝑑2). As a
result, both 𝑑1 and 𝑑2 are 0.48 cm, given the dielectric constant 𝜖𝑟 = 3.
Similar to what has been done in Section 3.1, the end surfaces of the

ell and additional short vertical sections on the outer wall are set as

irtual molding electrodes on a potential of 0.395𝑉0, slightly lower than
.4𝑉0 of the equipotential profile. Fig. 6a shows a recess is generated
n the front of the equipotential profile. Fig. 6b shows the local profile

n the vicinity of the recess smoothly bends away from the dielectric

all, owing to the short vertical virtual molding electrodes.

Apparently, the thickness of the cell side wall has little impact on

he shape of the recessed electrode profile in the molding process, but

ts effect on the final field distribution along the recessed electrode

urface can be significant. In a test simulation, a closed cell slightly

hrunken in size is placed together with the generated profile, and all

f the virtual molding electrodes are removed. Fig. 7a shows the field

istribution with ±40 kV applied voltages, and contours of the −0.1%,
0.2%, −0.5%, −1%, −2% and −5% field discrepancies. Fig. 7b shows the

ield is in good uniformity in the central region, yet the discrepancy

s as high as 23% in the middle plane close to the wall of the cell.

here is a spot of high fields at the inner corner of the dielectric cell

s highlighted in Fig. 7c. It is due to the singularity of electric fields

t the concave corner of an dielectric object [30], but can be removed

y a rounding as shown in Fig. 7d. The same phenomenon has been

bserved by Chiou et al. in dielectric wave guide simulations [31]. As

hown in Fig. 7b, the edge of the cell stays in low fields of the recess.

ith the cylindrical cell wall of about 0.2 cm thick, the field in the

mall spacing between the cell and electrode monotonically increases to

uniform high field in the central region. However, studies have shown

local region of high fields might appear in the small spacing for a thick

ell side wall. It can be problematic and initiate local breakdown. In this

ase, the depth of the recess has to be increased for an improvement.

In fact, the field distribution inside the closed cell is no longer set

y the parallel virtual plates as in the case of the annular cylinder. The
 t
ole is taken over by the virtual molding electrodes on the cell end

urfaces. The original parallel virtual plates turn to control the depth

f the wide recess, and determine the field strength on the fringe lobe

f the generated profile. The recess can be deepened by increasing the

otential difference between the original parallel plates while holding

he value of the equipotential line fixed, which is equivalent to lowering

he 𝛼 value of the chosen equipotential profile. The downside of this

peration is that the maximum field on the lobe will be increased. It

ould be much higher than the fields in the cell, but not exceed the

ean value of fields given solely by the virtual plates. This could be

sed as a quick estimate of the upper limit of field strength on the fringe

obe in complex problems before spending a long computing time. It

eflects a merit of the equipotential method. We will see more in the

ollowing subsection.

.3. A recessed profile for a closed cuboidal dielectric cell

In the last example, the equipotential method will be applied to a

ecessed profile to accommodate a dielectric object of lower symmetry

a cuboidal closed cell. Here, we work on a special configuration of

wo identical cuboidal cells clamped onto a high voltage electrode by

wo ground electrodes from opposite sides, as shown in Fig. 8. Outer

imensions of the cells are 𝐿 × 𝐻 × 𝑊 (𝐿 ≫ 𝐻 , 𝑊 ), and the thickness

f the cell wall is 𝑑1 for all the six sides. The closest surfaces between

he two cells are 𝑤1 apart. The goal electric fields in the two cells are

0 in opposite directions, i.e. the HV electrode will be charged to a

otential of 𝑉1 = 𝐸0 × [𝑊 − 2𝑑1(1 − 1∕𝜖𝑟)], where dielectric constant is
et as 𝜖𝑟 = 3. The boundary condition is a grounded cylindrical wall of
in diameter, which is slightly larger than 2𝐿.
As a demonstration of the equipotential method, we will only

enerate a profile for the HV electrode, and use it as the ground

lectrodes in the test simulation. This approximation will lead to small

eviations because of the lower symmetry in the overall geometry. As

hown in Fig. 8a, the virtual electrodes are set up similar to what is

one in Section 3.2, but including (i) 3 rectangular virtual parallel

lates, one for the central HV electrode highlighted in blue, and two

or the side ground electrodes in magenta, (ii) a total of 4 cell outer

urfaces that will be in contact with the generated electrode profiles,

nd (iii) a total of 16 short up-standing sides in junction with each of
he former cell outer surfaces to expel equipotential lines out of the
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cell wall, where items (ii) and (iii) are the virtual molding electrodes
illustrated in dark green and red, respectively. There are two different
ways of assigning preset potentials on the virtual electrodes. If directly
working on the 𝑉1 equipotential profile, the virtual molding electrodes
n the cell outer surfaces should be set at 𝑉1−𝛿𝑉 and 𝛿𝑉 , respectively,

where 𝛿𝑉 ≪ 𝑉1. Some simple calculations will give the preset values
of the three rectangular virtual plates. However, in this case study,
we take an alternative way to set the potentials on the virtual HV
and ground electrodes symmetric in positive and negative polarities.
This will result in some minor distortions in the final field distribution,
because the grounded volume wall, 𝛷|𝑟𝑤𝑎𝑙𝑙 = 0, is a first-type boundary
ondition that is not compatible with shifting of potential values in
aplace’s equation. Studies suggest the distortions mostly occur in the
dge region and become insignificant in the central region. In such a
cenario, we will work on the equipotential profiles of 𝑉 ′(±)

1 = ±𝑉 ′
1 =

±𝑉1∕2; the virtual molding electrodes on the cell outer surfaces are set
as 𝑉 ′′(±)

1 = ±𝑉 ′′
1 = ±(𝑉 ′

1 −𝛿𝑉 ); and the three rectangular virtual parallel
plates are set as ±𝑉 ′

0 , where 𝑉 ′
1 = 0.332𝑉 ′

0 , to deform the equipotential
profiles into a recess and accommodate the cuboidal cell. Because the
ratio 𝛼 = 𝑉 ′

1 ∕𝑉
′
0 is equal to 0.332, much smaller than 0.5, the generated

quipotential contour should be able to well contain the high fringe
ields of the virtual parallel plates, and the maximum field on the lobes
hould be less than the mean field 𝐸′

0 solely given by the pair of virtual
parallel plates at ±𝑉 ′

0 ,

(𝑚𝑎𝑥)
𝑙𝑜𝑏𝑒 ⩽ 𝐸′

0 =
2𝑉 ′

0
𝑊 +𝑤1

=
𝐸0

0.332
𝑊 − 2𝑑1(1 − 1∕𝜖𝑟)

𝑊 +𝑤1
. (2)

The configuration of virtual electrodes, as well as the generated 3D
HV electrode profile, are shown in Fig. 8a and b, respectively. The
profile looks like a pillow with a recess surrounded by smooth lobes. A
test simulation is performed with the central HV electrode at 𝑉1 = +635
kV and two side electrodes grounded. The surface field distribution is
plotted in Fig. 9. The edges of the dielectric cell sit in low fields formed
by the L-shaped sides of the recess. But a rectangular band of high
fields at a maximum of about 110 kV/cm appear on the recessed surface
aligning with the cell side walls because of the large wall thickness 𝑑1.

ost of the recessed surface carries a field close to 𝐸0 = 75 kV/cm,
hich is the design goal of the field strength in the cell inner volume.
he maximum field on the lobes is about 100 kV/cm, which agrees with
he estimation given by Eq. (2). The highest fields of more than 130
V/cm appear on the four corners on the generated HV electrode, even
hough the rectangular virtual plates have been rounded. This is due
o stacking of curvatures in two orthogonal directions. Some scattered
pots of local high fields seem to reach up to about 140 kV/cm, but it
ould come from the coarse mesh used in this simulation. There is still
oom to improve, but further optimization will not be presented, as this
aper only focuses on demonstration of the equipotential method.

. Conclusion

In this paper, we have presented the equipotential method, ex-
anded it into a new approach of generating smooth and closed elec-
rode profiles by manipulation of the equipotential contours, and fur-
her demonstrated designs of recessed electrodes to accommodate di-
lectric structures of various geometries with the molding technique.
s a summary of the equipotential method, the goal field in the region
f interest is first constructed by a set of virtual electrodes according
o the physics of electrostatics, and then the associated equipotential
ontours immediately become options of an electrode profile with the
ield distribution along the electrode surface known a priori. Many
arameters are available for fine-tuning the shape of the generated elec-
rode profile, such as the preset dimensions and potentials of the virtual
lectrodes, boundary conditions, etc. As introduced in Section 2.3 and
sed in the three examples of Section 3, the molding technique is a
emi-physical approach to modify the shapes of equipotential profiles.
he greatest advantage of the equipotential method is in generating
10
D electrode profiles of low symmetry or irregular shapes. It has the
otential to offer satisfactory solutions to complex 3D problems. Since
he nature of virtual electrodes is to deploy a distribution of virtual
harges so as to establish the goal fields in the region of interest, future
tudies may also investigate how to improve the field distribution and
ssociated equipotential electrode profile by redistributing the charges
n the virtual electrodes. Nevertheless, we have to acknowledge the
xistence of many technical issues, such as file format compatibility,
esh refining, etc., in transition from the 3D modeling programs to

he manufacturing control software. But as new technologies in 3D
nimation and 3D printing develop and prevail, more industrial tools
re emerging in the market. Hopefully, its versatility and flexibility will
ake the equipotential method more and more popular in the electrode
esigns for complex problems in various applications.
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