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Abstract. Let A € R"*"™ be a symmetric random matrix with independent and identically dis-
tributed (i.i.d.) Gaussian entries above the diagonal. We consider the problem of maximizing (o, Ao)
over binary vectors o € {41, —1}". In the language of statistical physics, this amounts to finding
the ground state of the Sherrington—Kirkpatrick model of spin glasses. The asymptotic value of this
optimization problem was characterized by Parisi via a celebrated variational principle, subsequently
proved by Talagrand. We give an algorithm that, for any £ > 0, outputs o« € {—1,+1}" such that
(ox, Ao4) is at least (1—¢) of the optimum value, with probability converging to one as n — co. The
algorithm’s time complexity is C(e) n?. We generalize it to matrices with i.i.d., but not necessarily
Gaussian, entries, and obtain an algorithm that computes the MAXCUT of a dense Erdés—Renyi
random graph to within a factor (1 — e -n~1/2). As a side result, we prove that, at (low) non-
zero temperature, the algorithm constructs approximate solutions of the Thouless—Anderson—Palmer
equations.
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1. Introduction and main result. Let A € R"*" be a random matrix from
the GOE(n) ensemble. Namely, A = AT and (A;;)i<;<n is a collection of independent
random variables with A;; ~ N(0,2/n) and A;; = N(0,1/n) for i < j. We are
concerned with the following optimization problem (here (u,v) = >, wu;v; is the
standard scalar product): a

maximize (o, Ao)

1.1
(1.1) subject to o € {+1,-1}".

From a worst-case perspective, this problem is NP-hard and indeed hard to approxi-
mate within a sublogarithmic factor [ABE+05]. For random data A, the energy func-
tion H, (o) = (o, Ao)/2 is also known as the Sherrington—Kirkpatrick model [SK75].
Its properties have been intensely studied in statistical physics and probability theory
for over 40 years as a prototypical example of complex energy landscape and a mean
field model for spin glasses [MPV87, Tall0, Pan13b|. Generalizations of this model
have been used to understand structural glasses, random combinatorial problems, neu-
ral networks, and a number of other systems [EVdB01, MPZ02, WL12, Nis01, MMO09].

In this paper we consider the computational problem of finding a vector o, €
{+1, —1}" that is a near optimum, namely such that H,,(o«) > (1—¢) maxsecqi1,—13n
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H, (o). Under a widely believed assumption about the structure of the associated
Gibbs measure (more precisely, on the support of the asymptotic overlap distribution)
we prove that, for any ¢ > 0 there exists an algorithm with complexity O(n?) that—
with high probability—outputs such a vector.

In order to state our assumption, we need to take a detour and introduce Parisi’s
variational formula for the value of the optimization problem (1.1). Let Z2([0,1]) be
the space of probability measures on the interval [0, 1] endowed with the topology of
weak convergence. For u € £([0,1]), we will write (with a slight abuse of notation)
w(t) = p([0,¢)]) for its distribution function. For § € Rsq, consider the following
parabolic partial differential equation (PDE) on (¢,z) € [0,1] x R:

DL8(1, ) + S 0201, 2) + 5 57u(1) (2:0(1,2))” =0,
®(1,2) =log2coshz.

(1.2)

It is understood that this is to be solved backward in time with the given final condi-
tion at t = 1. Existence and uniqueness were proved in [JT16]. We will also write ®,,
to emphasize the dependence of the solution on the measure p. The Parisi functional
is then defined as

(13) Po() = 2,(0,0) — 35 / p(t) dt

The relation between this functional and the original optimization problem is given
by a remarkable variational principle, first proposed by Parisi [Par79] and established
rigorously more than twenty-five years later by Talagrand [Tal06b] and Panchenko
[Pan13a].

THEOREM 1 (Talagrand [TalO6b]).  Consider the partition function Z,(8) =
Yoeit+1,—13n exp{BHn(o)}. Then we have, almost surely (and in L),

1 :
(1.4) A log Zn(B) = min | Pa(y).

The following consequence for the optimization problem (1.1) is elementary; see,
e.g., [DMS17].

COROLLARY 1.1. We have, almost surely,

. 1 o1 .

(19 B 2 e (B0 (7 AT = L B P

Remark 1.1. The limit 8 — oo on the right-hand side of (1.5) can be removed
by defining a new variational principle directly “at 8 = 00.” Namely, the right-hand
side of (1.5) can be replaced by min, P(y) where P is a modification of P and the
minimum is taken over a suitable functional space [AC17]. In this paper we use the
B < oo formulation. Follow up work [AMS20] showed that it is also possible to work
directly at 8 = oo, at the expense of some additional technical work.

We also note that while we stated Theorem 1 and Corollary 1.1 for simplicity in
the case of A ~ GOE(n), these results holds more generally for symmetric matrices A
with independent entries above the diagonal, provided E{A;;} = 0, E{A?;} = 1/n, and
E{|A;;|>} < C/n®/? [CHO6]. (Indeed, even weaker conditions are sufficient [DMS17].)
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Existence and uniqueness of the minimizer of Pg(-) were proved in [AC15] and
[JT16], which also proved that pu — Pg(p) is strongly convex. We will denote by g
the unique minimizer, and refer to it as the “Parisi measure” or “overlap distribution”
at inverse temperature . Our key assumption will be that—at large enough S—the
support of pg is an interval [0, ¢.(3)].

ASSUMPTION 1 (no overlap gap). There exist By < oo such that, for any 5 > By,
the function t — pg([0,t]) is strictly increasing on [0,q.], where ¢. = ¢.(B) and

1s([0,¢.]) = 1.

This assumption is sometimes referred to as “continuous replica symmetry break-
ing” or “full replica symmetry breaking” and is widely believed to be true (with 8y = 1)
within statistical physics [MPV87|. In particular, this conjecture is supported by high
precision numerical solutions of the variational problem for Pg [CR02, OSS07, SO08].
Rigorous evidence was recently obtained in [ACZ17]. Addressing this conjecture goes
beyond the scope of the present paper.

Let us emphasize that the expression “no overlap gap” captures the content of this
assumption better than “continuous” or “full replica symmetry breaking.” Indeed,
the latter are generally used whenever the support of the probability measure pug,
supp(pg), has infinite cardinality. In contrast, here we are requiring the stronger
condition supp(ug) = [0, ¢+] (which implies ¢, > 0 for all § > 1 [Ton02]).

We are now in position to state our main result. The reader interested in a
compact description of the algorithm used in this proof may consult Appendix B.

THEOREM 2. Under Assumption 1, for any € > 0 there exists an algorithm that
takes as input the matriz A € R"*™, and outputs o = o.(A) € {+1,—-1}", such
that the following hold:

(i) The complexity (floating point operations) of the algorithm is at most C(e)n?.
(ii) We have (o4, Ao.) > (1 — &) maxgeii1,—13n(0, Aa), with high probability
(with respect to A ~ GOE(n)).

The same result holds when A = A(n) is symmetric with A; = 0 and (Aij)i1<i<j<n,
a collection of independent random variables satisfying E{A;;} = 0, E{Afj} = 1/n,
and E{exp(AA;;)} < exp(CuA?/2n) for some constant C, and all i < j < n (in other
words, entries are subgaussian with common subgaussian parameter Cy/n ).

In other words, on average, the optimization problem (1.1) is much easier than in
the worst case. Of course, this is far from being the only example of this phenomenon
(a gap between worst case and average case complexity). However, it is a rather
surprising example given the complexity of the energy landscape H, (o). Its proof
uses in a crucial way a fine property of the associated Gibbs measure, namely the
support overlap distribution, which is encoded in Assumption 1.

Remark 1.2 (role of the no-overlap-gap assumption). The proof of Theorem 2
proceeds in two steps. We first develop a characterization of the value achieved by a
general class of algorithms, which are parametrized by two functions g,v : R x R>g —
R. This analysis does not really depend on the specific structure of problem (1.1),
apart from making use of the data matrix A ~ GOE(n). In particular, it does not
use the structure of the constraint o € {+1,—1}". The results of this analysis are
summarized in Theorem 4.

We then specialize this analysis to problem (1.1), by choosing functions g, v as
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to match the prediction of the Parisi formula. This step is, of course, dependent on
the structure of the constraint set, and makes use of Assumption 1 in a very specific
passage. Namely, we use the assumption in checking that our proposal for g, v satisfies
condition (a) of Lemma 2.8. This is done at the beginning of the proof of Theorem 4.

Remark 1.3 (computation model). For the sake of simplicity, we measure com-
plexity in floating point operations. However, all operations in our algorithm appear
to be stable, and it should be possible to translate this result to weaker computation
models.

We also assume that we can choose one value of the inverse temperature 3, and
query the distribution ug(¢) and the PDE solution ®(¢,z) as well as its derivatives
0, ®(t, ), O2®(t, ) at specified points (¢, x), with each query costing O(1) operations.

This is a reasonable model for two reasons: (i) The PDE (1.2) is independent of the
instance, and can be solved to a desired degree of accuracy only once. This solution can
be used every time a new instance of the problem is presented. (ii) The function p —
Ps(p) is uniformly continuous [Gue03] and strongly convex [AC15, JT16]. Further,
the PDE solution ® is continuous in p and can be characterized as a fixed point of
a certain contraction [JT16]. Because of these reasons we expect that an oracle to
compute ®(t,x), 0,P(t,z), O2®(t,x) to accuracy 1 can be implemented efficiently.
We defer to future work a more detailed study of the complexity of this oracle.

Beyond Theorem 2, our general analysis allows us to prove an additional fact that
is of independent interest. Namely, for any 8 > (p, our message passing iteration
constructs an approximate solution of the celebrated Thouless, Anderson, Palmer
(TAP) equations [MPV87, Tall0].

In order to avoid inessential technical complications, the bulk of this paper is
devoted to proving Theorem 2 for the case of Gaussian matrices A. However, the
class of algorithms we use enjoys certain universality properties, first established in
[BLM15]. These properties can be used to establish the last part of Theorem 2
which addresses the case of symmetric matrices with independent subgaussian entries.
Section 5 contains such a generalization.

As a special case of random matrices A with independent subgaussian entries, we
can consider (centered) adjacency matrices of dense Erd6s—Renyi random graphs. As
a consequence of Theorem 2 we obtain an algorithm to approximate the MAXCUT
of such a graph.

Let G,, = ([n], Ey) ~ G(n,p) be an Erdés—Renyi random graph with edge proba-
bility P{(i, j) € E,} = p = Q(1). A random balanced partition of the vertices (which
we encode as a vector o € {+1,—1}") achieves a cut CUT¢g(o) = |E,|/2 + O(n) =
n%p/4 + O(n), and a simple concentration argument implies that the MAXCUT has
size inaxae{ﬂ,_l} CUTg(o) = |E,|/2+0((n3?p'/?). In fact, it follows from [DMS17]
that

max  CUTg(o) = |En|/2 + (n®p(1 — p)/2)Y?P, + o(n®/?),
oc{+1,—-1}n

.1 .
P,:= lim — min
B—o0 3 pe2([0,1])

Pa(u) -

'In [DMS17], the same result is shown to hold for sparser graphs, as long as the average degree
diverges: np, — oo.
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In other words, MAXCUT on dense Erdés—Renyi random graphs is nontrivial only
once we subtract the baseline value |E,|/2. Once this baseline is subtracted, the
problem lies in the universality class of the Sherrington—Kirkpatrick model. As a
corollary of Theorem 2 we can approximate this subtracted value arbitrarily well.

COROLLARY 1.2. Under Assumption 1, for any € > 0 there exists an algorithm
(with complexity at most C(e)n?), that takes as input an Erdds—Renyi random graph
Gn = ([n], En) ~ G(n,p) (with p bounded away from 0 and 1 as n — o0), and outputs
a balanced cut o, = 0.(G) € {+1,—1}" (with (o.,1)| < 1), such that

(1.6) (CUTG(U*) - Z"') >(1—¢) max (CUTG(U*)— |E2|> .

oce{+1,—1}»

The rest of this section provides further background. In section 2 we describe and
analyze a general message passing algorithm, which we call incremental approximate
message passing (IAMP). We believe this algorithm is of independent interest and
can be applied beyond the Sherrington—Kirkpatrick model. In section 3 we use this
approach to prove Theorem 2. In section 4 we show that the same message passing
algorithm of section 2 produces approximate solutions of the TAP equations. Finally,
section 5 discusses a generalization of Theorem 2 using universality. The reader
interested in a succinct description of the algorithm (with some technical bells and
whistles removed), is urged to read Appendix B.

1.1. Further background. As mentioned above—under suitable complexity
theory assumptions—there is no polynomial-time algorithm that approximates the
quadratic program (1.1) better than within a factor O((logn)¢), for some ¢ > 0
[ABE+05]. Little is known on average-case hardness, when A is drawn from one of
the random matrix distributions considered here. As an exception, Gamarnik [Gam18|
proved that exact computation of the partition function Z,(8) is hard on average.

A natural approach to the quadratic program (1.1) would be to use a convex
relaxation. A spectral relaxation yields maxseqy1,—1) Hn(o)/n < A(A)/2 = 1+
on(1), and hence is not tight for large n. This can be compared to a numerical
evaluation of Parisi’s formula which yields P, ~ 0.763166 [CR02, Sch08]. Rounding
the spectral solution yields Hy,(o.,) = 2/7+0,(1) ~ 0.636619. Somewhat surprisingly,
the simplest semidefinite programming relaxation (degree 2 of the sum-of-squares
hierarchy), does not yield any improvement (for large n) over the spectral one [MS16].
After a preprint of this paper was posted, two groups [KB19, MRX19] proved that
the degree 4 sum-of-squares relaxation has asymptotically the same value as well.
Theorem 2 was conjectured by the author in 2016 [Monl16], based on insights from
statistical physics [CK94, BCKM98|. The same presentation also outlined the basic
strategy followed in the present paper, which uses an iterative approximate message
passing (AMP) algorithm. These types of algorithms were first proposed in the context
of signal processing and compressed sensing [Kab03, DMMO09]. Their rigorous analysis
was developed by Bolthausen [Boll4] and subsequently generalized in several papers
[BM11, JM13, BLM15, BMN19]. In this paper we introduce a specific class of AMP
algorithms (incremental AMP) whose specific properties allow us to match the result
predicted by Parisi’s formula.

The fundamental phenomenon studied here is expected to be quite general. Namely,
objective functions with overlap distribution having support of the form [0, g.| are ex-
pected to be easy to optimize. In contrast, if the support has a gap (for instance,
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has the form [0, ¢1] U [¢2, g«] for some ¢; < ¢2), this is considered as an indication of
average case hardness. This intuition originates within spin glass theory [MPV87].
Roughly speaking, the structure of the overlap distribution should reflect the con-
nectivity properties of the level sets £, () = {6 : Hp(o) > (1 — &) max, Hy(o')}.
This intuition was exploited in some cases to prove the failure of certain classes of
algorithms in problems with a gap in the overlap distribution; see, e.g., [GS14].

Important progress towards clarifying this connection was achieved recently in
two remarkable papers [ABM18, Sub18|.

Addario-Berry and Maillard [ABM18] study an abstract optimization problem
that is thought to capture some key features of the energy landscape of the Sherrington—
Kirkpatrick model, the so-called “continuous random energy model.” They prove that
an approximate optimum can be found in polynomial time in the problem dimensions.
From an optimization perspective, the random energy model is somewhat unnatural,
in that specifying an instance requires memory that is exponential in the problem
dimensions.

Subag [Sub18] considers the p-spin spherical spin glass. Roughly speaking, this
can be described as the problem of optimizing a random smooth function (which
can be taken to be a low-degree polynomial) over the unit sphere. Subag relaxes
this problem by extending the optimization over the unit ball, and proves that this
objective function can be optimized efficiently by following the positive directions of
the Hessian. The solution thus constructed lies on the unit sphere and thus solves the
unrelaxed problem. The mathematical insight of [Sub18] is beautifully simple, but
uses in a crucial way the spherical geometry. While it might be possible to generalize
the same argument to the hypercube case (e.g., using the generalized TAP free energy
of [MV85, CPS18]) this extension is far from obvious. In particular, uniform control
of the Hessian is not as straightforward as in [Sub18].

The algorithm presented here is partially inspired by [Sub18| (in particular, a key
role is played by approximate orthogonality of the updates), but its specific structure
is dictated by the message passing viewpoint. Thanks to the technique of [Boll4,
BM11, JM13, BMN19], its analysis does not require uniform control and is relatively
simple.

Finally, a conference version of this work was presented at FOCS 2019. The
present version of the manuscript analyzes a simpler version of the algorithm, at the
cost of some additional technical work in the proofs. The previous version introduced
some truncation steps in the algorithm, which were unnecessary but simplified the
proofs.

1.2. Notations. Given vectors x,y € R", we denote by (x,y) their scalar

product and by |lz|| = (zx,)'/? the associated ¢, norm. Further, we denote by
x ®y € R" their entrywise product. Given a function f : R¥ — R, and k vec-
tors x1,...,x; € R™, we write f(x1,...,x)) for the vector in R™ with components
f(®1,...,2k)i = f(®14,...,2ks). The empirical distribution of the coordinates of a
vector of vectors (x1,...,xx) € (R™)* is the probability measure on R* defined by

1 n
(1'7) ﬁmlv---7mk = E Z&%,m---ﬂfkg) .

i=1

In other words, if we arrange the vectors @1, ..., T in a matrix in X = [@1,..., @] €

R™>k D ...z, denotes the probability distribution of a uniformly random row of X.
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In the case of a single vector € R™ (i.e., for k = 1), this reduces to the standard
empirical distribution of the entries of . We say that a function f : R — R is
pseudo-Lipschitz of order ¢ (and we write f € PL(Y)) if |f(z) — f(y)| < C(1 +
ll||“~t + |ly||*~1) ||z — y||. Notice that PL(1) is the class of Lipschitz functions, and
f €PL(¥), g € PL({) implies fg € PL({ + ¢').

Given two probability measures u, v on R%, we recall that their Wasserstein W,
distance is defined as

(18) witu) = { e | ||w—y|év<dw,dy>}l/f,

’yEC(,u,l/)

where the infimum is taken over all the couplings of  and v (i.e., joint distributions on
R? x RY whose first marginal coincides with p, and second with v). For a sequence of
probability measures (i )n>1, and g on R?, we say that p, converges in Wasserstein
distance to u (and write g, W, ) if iy, - 00 We(pin, ) = 0. It is well known that
Lin e, w if and only if lim, oo [ (@) pn(de) = [¢(x)p(dx) for all ¢ € PL(Y). In
turn, this happens if the convergence holds for all bounded Llpschltz functions ¢, and
for ¥(x) = ||=||§ [Vil08, Theorem 6.9]. Given a sequence of random variables X,,, we
write X, AN X0 or p-lim
Xoo-

X,, = X to state that X,, converge in probability to

n—r oo

2. A general message passing algorithm.

2.1. Approximate message passing (AMP) iteration. Our algorithm is
based on the general approximate message passing (AMP) iteration. Consider a
sequence of (weakly differentiable) functions fi : R¥*2 — R, and an initialization
u® € R™ and additional vector y € R" independent of A. The AMP iteration is
defined by letting, for & > 0,

k
= Afk(zov' .. 7zk;y) - Zbk,jfjfl(zoa .. 'azj_l;y)7
(2.1) =t

0
by = Z@ﬁk( O 2Ry,

It will be understood throughout that f; = 0 for j < 0.

PROPOSITION 2.1. Consider the AMP iteration (2.1), and assume fr : R¥2 — R

to be pseudo-Lipschitz functions of order m. Further assume that for each £, p o 4 W,
Dz,,y Where pz, y s a probability distribution on R? with finite moments of all orders

(J (|20l + [])*Pz,.v (d20,dy) < o0), and pz,y = pz, © py, where each of pz,, py is
either deterministic or has a Lebesgue density.

Let (Z;);>1 be a centered Gaussian process independent of (Zy,Y) with covariance
Q = (Qkj)k,j>1 determined recursively via

(22) Qk-‘rl,j-{-l :E{fk(Z077Zk1Y)f](Z07aZ37Y)}7 km]ZO

Assume that Q<. := (Qij)1<i j<k 18 strictly positive definite for each k < T
Then for any k. € N, k < T, and any function ¢ : R¥*2 — R pseudo-Lipschitz
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of order £, we have

1
(2.3) p-lim — E V(0. 2Ry = B(Zo, ..., 213 Y).
i=1

n—oo N “

This proposition follows immediately from the general analysis of AMP algorithms
developed in [JM13, BMN19]. The only difference with respect to earlier results is in
the fact that we assume fi to be pseudo-Lipschitz rather than Lipschitz continuous.
This generalization is established in Appendix A.

2.2. Incremental approximate message passing (IAMP). We next con-
sider a special case of the general AMP setting. Fix two parameters § > 0, s > 0, and
functions g, : R = R, k € N, for k € Z, v : R x R>o — R. We consider the general
iteration (2.1), with the following choice of functions f:

k
(24)  ful(20,- s 2k59) == Y Ge(wee1) - (20— 201) + 9,
=1

(2.5) Tk = Tp—1 + v(Tk-1,k0) 0+ s(2x — 2k—1), xo=0.

Recall our convention f; = 0 for j < 0. We further set g; = 0 for j < 1. We
further set pz,y = do ® N(0,6). In other words, we set the initialization 2° = 0,
and the additional randomness y with independent and identically distributed (i.i.d.)
Gaussian coordinate with variance §. We note that, by (2.5), zj, is indeed a function
of zg,..., 2k, and therefore, fi is a function of zy, ..., zx as stated.

LEMMA 2.2 (state evolution for IAMP). Consider the incremental AMP itera-
tion, and assume v : R x R>g — R and g : R — R to be such that, for each k,
v(+,kd), gk : R = R are Lipschitz continuous.

Let (Z}s)jzo be a Gaussian martingale with Z§ = 0, and variance Var(Z2) =
E{(Z2)%} = qx defined recursively by setting X§ =0, g0 =0, ¢1 = 8, and for k > 1,

Q1 = qx FE{GL (X212 - (ak — qra),

2.6
(2:6) X,‘z:X,‘g_l—kv(Xg_l;k(S)(S—l—s(Zg—Z,‘z_l).

Assume that, for any k < T, B{gr(X}?_,)?} > 0 strictly.

Then for any k € N, k < T, and any pseudo-Lipschitz function 1 : RF*2 — R,
we have

1
(2.7) plim = (2, 2F ) =Bu(Z),..., Z,Y).

Before passing to the proof of this lemma, we notice that (2.6) provides a recur-
sive definition of the joint distribution of (Xg,Z?)gZ(). Namely, assume the joint
distribution of (X2, Z0)o<e<k—1 is given, with (Z9)o<s<k—1 a (centered) Gaussian
martingale with E{(Z¢)?} = ¢;. In order to extend this distribution, we set g5 =
Q-1 +B{Gr-1(X?_5)*}-(qh—1—qr—2), define Z¢ by letting Z2 —Z9 | ~ N(0, qx —qx_1)
independent of (X¢, Z)o<s<k—1, and then define X2 using (2.6).

Proof of Lemma 2.2. Consider (2.4), (2.5), and note that, for any k, xj is a Lip-
schitz function of zg, ..., zx. Hence fi defined in (2.4) is pseudo-Lipschitz continuous,
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and we can therefore apply Proposition 2.1. Note that (Z]‘-s )j>1 is a Gaussian process
with covariance (Q;x);x>1 determined by (2.2). Setting Z° = Zy = 0 with proba-
bility one, (Z?)jzo is also a Gaussian process with covariance Q = (Qjx); k>0 which
extends the previous one with Q¢ = Qo = 0 for all £ > 0. For any k € N such that
Q<. = (Qji)1<j.i<k is strictly positive definite (see Proposition 2.1),

n
S w2 B2, ZY).

i=1

(2.8) %

We next set qr = Qrr. We will prove that for all £ > 0, the following claim,
denoted by C(k), holds: for all 0 < j < k we have Q1 ; = Q;r = Q, ;. We prove this
claim by induction over k. As a preliminary remark notice that C(k) is equivalent to

the claim that, defining U? = Z9 — Z? |, the (UJ)1<;j<k are independent Gaussian

random variables. This can be easily checked by computing the correlation coefficient
(for j <1< k)

(2.9) E{UfUzé} =Qj — Q11— Q-1 +Qj—1,1-1-

This vanishes for all 1 < j <1 < k if and only if C(k) holds. Note that C(k) is also
equivalent to the claim that (Zj‘-s)ogjgk is a Gaussian martingale.

We next proceed to prove the claim by induction. For k& = 0 there is nothing to
prove. We assume next that C(k) holds, and prove C(k + 1). We need to prove that
Qir+1 = Qu for all 0 < I < k. For [ = 0 this is immediate since Qx+1,0 = 0 by
Proposition 2.1.

Next consider I = j+1, 0 < j < k. By (2.2) we have (recalling that Uf =
770

J k
Qj+1p+1 =E { <Y + Zﬁi(X?—l)wS) (Y +> ﬁm(an—ﬂng) }
i=1

m=1
Jjk
=5+ 3 > B{G(XT U G (X5, )R}
i=1 m=1

Recall that by the induction hypothesis U?, ..., U ;j are independent, and further that
X 3 is a function of U?, ..., U(f. It follows that the last expectation is nonvanishing
only if ¢ = m, and therefore, we get

J
Qjt1,k+1 =0+ ZE{ﬁl(stq)Q(Ulé)Q}
=1

j
=0+ ZE{@(X[&A)Q} E{(U))*} = Qjs1.5+41-
=1
This concludes the proof of claim C(k + 1), and therefore the induction.
Also note that the last equation, applied to j = k, yields, for £ > 1

k

a1 =0+ E{@(X7 )" Ha — ai-1)
=1

=gk + E{ﬁk(Xg—1)2}(Qk —qr-1) -
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Further, the first equality here holds for k£ = 0 as well, implying ¢; = §.
Finally notice that, under the assumption E{gx(X?_,)%} > 0, (gx)>0 is a strictly

increasing sequence, and therefore, Q) = (Qj1)1<j1<k is strictly positive definite
for all £ < T, thus checking the assumptions of Proposition 2.1. This concludes the
proof. 0

We are now in position to define the output of the message passing algorithm (this
will be our candidate for a near optimum of problem (1.1), after suitable rounding).
We fix ¢ > 0 and define (recalling the definition of fj in (2.4), (2.5))

k
(2.10) mb = f.(2°, .. Z§ (@'!) @ (27 — 2771,
(2.11) m = mli/%]

Note that the vector m € R™ depends on parameters 6, ¢, s, and on the functions
Gk, v, for k > 0. Parameter § will be taken small enough but independent of n. The
next section will be devoted to choosing ¢ and the functions g, v. In this section we
will establish some general properties of m.

LEMMA 2.3. Consider the IAMP iteration, and assume v : R x R>o — R and
1 R — R to satisfy the assumptions of Lemma 2.2. Further, assume O, gx(x) to
exist and be Lipschitz continuous.

Define the random variables
k
(2.12) M =S G (X)) (20— Z8), MO = M
j=1

Then we have, for any £, and any pseudo-Lipschitz function of order £, ¥ : R — R,
and any k < |q/3)],

(2.13) p-lim — Zw =E{y(M)},

n—oo 1
1 lg/6]-1
(2.14) p-lim 2, (M, Am) = > B{(Z) - Z)_1)* Y B{Gka (X0) } E{Gk (X2 1)}
n— 00 1

Proof. Equation (2.13) follows 1mmed1ately from Lemma 2. 2 upon notlcmg that

is a pseudo-Lipschitz function of 20, ..., 2¥ (because §;(z] ") and 2/ — 27" are

k
m;

both Lipschitz). Hence ¢(m;) is a pseudo—LipschitZ function of 20,0 -y Phi-
In order to prove (2.14), we will write g¥ = gj, (z*7!) © (2¥ — 2"7!) and K =
lg/d]|. With these notations, we have

(2.15) m=Y g, m=)» g,
Jj=1 j=1
(2.16) 2F = A(m" +y) Z by;m? L.
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We further notice that, for j < k

g, N _
ZZ{ T2 (2 = 27 + Gl 1><1e_j—1e_j+1>}.
82']

i=1 ¢=1

In what follows we will define by, ; = 0 for j > k, and recall that the random variables
X2, US are defined via (2.6) and U} := Z9 — ZJ_,. We thus have

p—lim(bk,j - bk_17j)

n—,oo
:p—limli a—g\k(;zc’-“*l)(zk — 2N F Ge(aF Y A=y — i)
oo T 4 82’]‘ 7 7 =J =J
P(a) 89k .
i { ()2 ZE0) + X)L~ Tamyi) |
Zj
®) — K
(2.17) E{G1(X7_1)} (Trzj = Limjr) == be(Laej — Lizjir)
where in (a) we used the fact that both 9,gr and gx are Lipschitz, and ;v “lis a
Lipschitz function of 2?2,..., 2! In (b) we used the martingale property of (Z ( ) §>0-

Further, the random variables U,f D¢l . are defined as in the proof of Lemma 2. 2

Next, notice that, for j < k, since (U?);>o are martingale differences, and XJ |,

1
X5 , are functions of (U?)o<i<k—_1,

1 .
-lim — '7’ =K U X U
(2.18) pifiren n<g g") {9:(X5 ) U7 (X20) UR }
- E{gJ )U(Sgk Xk 1 }]E{Uk} =0.
By a similar argument, for j < k,
1, .
(2.19) prlim (g7, (471 — 24)) = 0.
n—oo 1

On the other hand,
o1 ~
p-lim —||g"||? = lE{gk(X;f-_l)Q (Ulf)Q}
n— o0 n
= E{gr(Xp_1)*}E{(U)*}.

By taking the difference of the AMP iterations (2.16) at two subsequent times,
we get

(2.20)

k
(2.21) Agh = 2P 2k Z(b;w — b1 j)mi!
j=1
(2.22) = 2" — 2F 4 bg" ! + err®.

Using (2.17) and (2.20), we get |err®||2/n - 0, and therefore, (g7, err*)/n 5 0.
Hence, for j <k,

p-lim — (g AgF) = p-lim = (g7, 2! — 2%) 4+ by, p-lim — (g7, g* 1) + p-lim — (g7, err”)
n—oo n—oo T n—oo N n—oo N

a 1
@ g by, p-lim — (g7, g

n—roo

k71>

O g iy B (XO)E{G; (X0 )2} E{(U)2} |
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where (a) follows from (2.19) and (b) from (2.18) and (2.20). We finally can compute
(using the fact that A is symmetric)

M=

1 1, . ; 1. .
p-lim —(m, Am) = ) p-lim —(g’, Ag’) + E p-lim — (g7, Ag")
n—oo 2N - n—oo 2N . n—oo N

1 1<j<k<K

-1

Al

1 . .
p-lim —(g’, Ag]+1>

n—oo T

xS
LL

E{g;+1 (X)) YE{G; (X 1)’} E{(U})*}. 0
1

<.
I

2.3. Small step size limit. In the case of models with no overlap gap, it is
natural to consider the limit of small step size § — 0. In order to identify this limit,
it is useful to summarize the equations that characterize the state evolution process
at 0 > 0 fixed:

e (Z))k>0 is a centered Gaussian martingale, with variance E{(Z?)?} = g
determined by letting go = 0, ¢1 = ¢ and, for k > 1 (cf. (2.6)),

(2.23) Grt1 = qx +E{G(X_1)%} - (g6 — qr—1) -

e The process {(X?, M) }k>o is defined by X§ = 0 and (cf. (2.6) and (2.12))

(2.24) X=X  +u(X] k&) o+s(Z0—Z) ),
k
(2.25) Mp = Z@(Xf_l) (20 -70_4).
j=1

We will choose functions gj so that E{gr(X?_,)?} = 1. It is therefore natural to
imagine that (Zg)kzo converges to Brownian motion. Motivated by this heuristics,
we will introduce a stochastic differential equation (SDE) description.

DEFINITION 2.4. We say that the functions g,v : R x R>o —+ R are acceptable if
the following conditions hold, for some constant Cy, Cy:

(2.26) (@, )] V gz, 8)] < Co(L + ),
(2.27) |v(x1,t) — v(22,t)| V |g(x1,t) — g(22,1)| < Ci|T1 — 22|

Given acceptable functions g, v : RxR>¢ — R, let (B;);>0 be a standard Brownian
motion. We define the process (X¢, M;)i>0 via

(228) dXt = ’U(Xt,t) dt+SdBt, th = g(Xt,t) dBt y
with initial condition Xy = My = 0. Equivalently,

t t
(2.29) X = / (X, r)dr+sBy, M;= / 9(X,,r)dB,,
0 0

where the last integral is understood in Ito’s sense. Existence and uniqueness of strong
solutions of this SDE are proven—for instance—in [(Jks03, Theorem 5.2.1].

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/03/21 to 171.66.160.111. Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

OPTIMIZATION OF THE SK HAMILTONIAN FOCS19-13

We will prove that indeed this SDE provides a good approximation on the state
evolution process at § > 0. We begin by stating a few properties of the continuous
time process (X, M;). While these properties are standard, we provide proofs for the
reader’s convenience.

LEMMA 2.5. Let s € R, and g,v : R x R>g — R be acceptable functions. Then
there exists a constant C' depending only on constants Cy C1 of Definition 2.4, such
that the following hold for all t,r > 0:

(2.30) E(X?) <eft -1,
(2.31) E(|X; — X,|?) < eS|t —r|.

Proof. Throughout the proof, C' will denote a constant that depends on the
bounds on g¢,v, and on s but can change from line to line. Consider (2.30). By
Ito’s formula

(2.32) d(X?) = 2X0( Xy, t)dt 4+ 25X d By + s*dt,
whence, using |zv(z,t)| < C(1 + 2?), we get

d
(2.33) aIE(X;") = 2E{Xv(X;,t)} + 5> < C{1+E(X7)}.
Equation (2.30) follows by Gronwall’s lemma. Equation (2.31) follows by essentially
the same argument (fixing r and differentiating with respect to t > r). O

Before stating our approximation result, we recall the definition of functions of
bounded total variation.

DEFINITION 2.6. A function f : [a,b] — R has total variation bounded by B if,
for any m € N and any a = sg < s1 < --- < 8, = b, we have

(2.34) i |f(se) = f(se-1)| < B.
=1

The total variation of f (denoted by ||f||vv) is the least constant B such that this
bound holds for all m and all partitions (s;)j<m.-

LEMMA 2.7. Given s > 0 and acceptable functions g,v : R x R>g — R, let
(X, M) be the process defined by (2.28), (2.29). Let f : R x R>g — R be acceptable
and further assume that f(z,t) = fo(t) fi(x,t) where fo is bounded and has bounded
total variation on [0,T], and fi1 : R x [0,T] — R is Lipschitz continuous. Define
t; =jo for j € N.

Then there exists a constant C' (depending on the constants Cy, C1 of Definition
24 on T, on ||follrv, ||l follss, and on the Lipschitz constant of f1) such that

[T/8]-1 446 ,
(235) >[I0 - (X ty)] e < 0.
=0t

Proof. Note that, for t € [0,T], |f(w1,t)— f(w2,t)] < || follool f1(z1,t) — fi(m2, )| <
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Clz1 — x2|. We have

E{[£(Xe 1) = F(Xe,t70)] )

< 2B{[f (X0, 1) = F(Xe,, )]} + 2B{ [£ (X, 1) — F(Xe, 540)] )

< CE{(X: - th)Q} + 4]E{ [f()(t)fl(th,t) - f()(t)fl(th,tj+1)]2}
+AE{[fo(t) f1( Xy, i) — fo(tj+1)f1(th7tj+1)}2} .

By Lemma 2.5, we have E{|X; — X|?} < C|t — s| for all t,s < T, whence, for
te [ty tjnl,

E{[f(Xe,t) = f(Xe;, 1)) "} < CO+ Cho(t)282 + Clfo(t) — folt;+1)PE{1 + X7 }
< C5+C| follsolfo(t) — foltj+1))

< Co5+Clfo(t) = foltj1)l -

We thus have, letting K := |T/4],

K-1 ;46 9
(2.36) S [ B = At
-
’ K-1 .46
(2.37) <y [T 1A - Al
—0 t;
’ K—-1
(2.38) <O0+C8 sup > 1folth) = foltia)l,
t'j <K j=0

where in the last expression, the supremum is over sequences of points ¢} € [t;,t;11].

It is immediate to see that Z]I.:JI |fo(t}) = fo(tj+1)| < [lfollxv, whence the claim
follows. d

LEMMA 2.8. Given s > 0 and acceptable functions g,v : R x R>g — R, let
(X¢, My) be the process defined by (2.28), (2.29). Further, assume the following:
(a) E{g(X;, )%} =1 for all t > 0.
(b) For each of f € {g,v}, we have f(x,t) = fo(t) fi(t,x), where fy is bounded
and has bounded total variation on [0,q|, and f1 : R x [0,q] — R 4s Lipschitz
continuous.

Consider the state evolution iteration of (2.6), whereby qo = 0, ¢1 = 0, and gy is
defined recursively via

g(x, ko)
E{g(X}_,, k6)2}1/2"

(2.39) () =
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Then, there exists a coupling of (X,‘z)kzo and (X;)i>o0 such that

2.40 ax E(|X? — Xus]?) < €9,
( ) kénLq;(sz (| k k6| ) =
(2.41) max E(|M — Mys?) <C V3,
k<lq/d]
(2.43)
LQ/‘SJ_l q
Z E{(UR)?} E{Gr+1(X2)} E{gr(X2_1)?} =/0 E{g(X¢, )} dt + O(5"/*).
k=1

(Here C' is a constant depending only on the constant appearing in the assumptions
on g,v and on q, s. Further, the O(5'/*) error is bounded as |O(5'/*)| < C6Y* for
the same constant.)

Proof. Throughout this proof, we will write ¢, = ké and denote by C a generic
constant that depends on g and on the constants appearing in the assumptions on
g,v, and can change from line to line. Note that, by construction, g; = jé for all j.
Hence we can construct the discrete and continuous processes on the same probability
space by letting Z;-S = By, for all j > 0. Recalling that U]‘»; = Z;-S — Z?_17 we also have
(UD)jz1 ~iia N(0, ).

We then state the difference between the two processes as
k—1 tj+d
X - X =Y / [0(X0, ) — v(X0 ;1)) dt.
j=0 "t
By taking the second moment, and using the Cauchy—Schwarz inequality, we get
2 = ti+o 2
(2.44) E{[Xrs — X3]"} ngé/ E{ [0(X4,t) — v(XJ, tj41)] }dt.
j=0 "t

By Lemma 2.7, and using kd < ¢ < C,

k=1 o496
(2.45) E{[Xps — X}]°} g?kéZ/ E{[0(Xs,,tj41) — o(X2,t541)] "} dt + C6
=071

k=1 at;+6 9
(246) <cy [7 B{(x, - X)) }ar+os.

=01t

Letting Ay, = E{[X,, — X?]?}, we get

k—1
(2.47) AR <C8Y Aj+ C3.

=0

By Gronwall’s inequality, this implies the bound E(|X;, — X?|?) < C§ as stated in
(2.40).
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In order to prove (2.41), note that
E{g(X{_1,t)%} — E{g(Xy,. )%}

CEB{lg(XT 1 t) — (Ko, )P PE(9(XE 1) + 9(Xep )P}

(b)
< CR{IX]_, — Xy, 2}V?

(c)
< Vs,

where (a) is Cauchy—Schwarz, (b) follows since |g(z1,t) — g(z2,t)| < ||golloolg1(21,t) —
g(x2,t)| < Clry — x2|, and therefore, |g(x,t)| < |g(0,t)| + C|z| < C(1 + |z]), and (c)
follows by Lemma 2.5 and (2.40). On the other hand,

]E{‘Xlgfl - th|2} < 2]E{‘X;271 - th—1|2} + 2]E{‘th—1 - th|2} < 067

E{1+ (X)_1)* + X2 }'/?

where we bounded the first term by (2.40), and the second by Lemma 2.5.

Since by assumption E{g(X;,,tx)?} = 1, the last two displays imply 1 — Cv/3 <
E{g(XJ ,,tr)?} <1+ CV3. We thus obtain

(2.48) E{[gx(X7_1) — g(X)_1,tk)]*} < CVG.

We decompose the difference of M; and M ,‘g as
Mys — M} —Z/ 9(X4,t) = Gj1(X])] dB; .

Using the fact that X, is measurable on (B;)s<; and XJ‘-S is measurable on (B;)s<¢;,
we get, by Ito’s isometry,

B [Mis — M) }—Z / 9(X0t) = Gy (X .

Therefore,

k=1 .t;+6
E(|Mys — Mp|?) 322/ E{[9(X1,t) — g(X],t;11)]° } dt
§=0""

k=1 ;46
v2Y [ B{an ) - gty e
j=0 "t
(@) 4 ptatd
§4Z/ E{[9(Xy,,tj41) — 9(X7,t541)]° } dt
j=0 "t
k=1 o456
+4Z/ E{[g(Xs,t) — g(Xe,, tj41)]2} dt + COV6
j=0"t
(b -
< O8> E{(Xy, - X9} dt + CVE + O
§=0

(c)
<V,
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where (a) follows from (2.48), (b) from Lemma 2.7 and the Lipschitz assumption on
g, and (c) from (2.40). This proves (2.41). The bound of (2.42) follows since, setting
K :=|q/d], we have

q q
(249)  E(|M, — Mgs*) = / E{g(X:,t)*}dt < c/ E{1+X7}dt <C9.
K¢ Ké

Finally, (2.43) follows by the same estimates. d

We now collect the main findings of this section in a theorem. This characterizes
the values of the objective function achievable by the above algorithm.

THEOREM 3. Let s,q > 0 and g,v: Rx[0,q] — R be acceptable functions. Define
the process (X, My) using the SDE (2.28) with initial condition Xo = Zy = 0. Assume
the following:

(a) E{g(X;,t)%} =1 for all t > 0.

(b) For each of f € {g,v}, we have f(x,t) = fo(t) f1(t,x), where fo is bounded
and has bounded total variation on [0,q], and f1 : R x [0,q] — R is Lipschitz
continuous.

(¢) Ozg(z,t) exists and is Lipschitz continuous.

Define the incremental AMP iteration (z¥)i>0, and let m be given by (2.10).
Finally, let ¢ : R — R be a pseudo-Lipschitz function of order £. Then, for any e > 0
there exist 6.(g) > 0 such that if 6 < 6.(e), we have

1 q
(2.50) p-lim —(m, Am) — / E{g(Xt,t)}dt’ <e,
n—oo 4l 0
1 n
(251 plim > v(m) ~ B} <<

(Further, the above limits in probability are nonrandom quantities.)

Proof. Notice that the condition E{g(X?_,)?} > 0 of Lemmas 2.2 and 2.3 holds
by construction (indeed, E{gx(X?_,)?} = 1 by (2.39)). The conclusion follows imme-
diately from Lemmas 2.3 and 2.8. ]

Remark 2.1. Let us emphasize that this theorem does not use in any way As-
sumption 1. Indeed, it does not even refer to the original optimization problem (1.1);
in particular, the constraint o € {41, —1}" does not play any role here. The theorem
simply describes the behavior of a certain class of algorithms parametrized by func-
tions v, g, and by the coefficient s. Depending on the choices of these functions, the
algorithm will produce a good approximate solution of the original problem, or not.

3. Proof of the main theorem.

3.1. Choosing the nonlinearities. In view of Theorem 3, we need to choose
the coefficients g, s,v in the SDE (2.28) to solve the following stochastic optimal
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control problem:

q
maximize / E{g(X¢,t)}dt
0

(3.1) subject to P(M, € [-1,1]) =1,
t
(32) dXt = ’U(Xt,t) dt + SdBt 5 Mt = / g(XT,T) dBT,
0
g,v € A, 5 €Rx>g,

where o7 is the class of functions that satisfies the assumptions of Theorem 3. By
that theorem, the value of this problem is the asymptotic optimal value achieved by
the TAMP algoritm for problem (1.1).

For additional context, recall that Parisi formula (1.3) admits a dual formulation
in terms of an optimal control problem. This problem was studied, among others,
in [AC15, JT16], to establish uniqueness of the minimizer pg. The problem (3.1)
is related but not equivalent to the one studied in [AC15, JT16]. Follow-up work
[AMS20] studied solutions of the problem (3.1) in a broader context, and its relation
with the Parisi formula.

Here we will not attempt to solve directly the problem (3.1), and instead we will
compare it with the structure of the Parisi formula. This will motivate a guess for
the two functions g, v and the constant s, which enables us to prove Theorem 2 (after
taking 8 — 00). Note that it follows a posteriori that this guess is an optimizer of
the above stochastic optimal control problem (again, for large 3).

Unless stated otherwise, in this section we set 8 > [y as per Assumption 1, and
set ¢ = ¢« = ¢.(B) and p = pg the unique minimizer of the Parisi functional. We also
fix ® to be the solution of the PDE (1.2) with p = pug.

There is a natural SDE associated with the Parisi variational principle that was
first introduced in physics [Par80, SD84, MPV87|, and recently studied in the proba-
bility theory literature [AC15, JT16]:

(3.3) dX; = 2u(t)0,®(t, X;)dt + BdB;, Xo=0.

Motivated by the comparison of this equation with (2.28), we set the coeflicients g, s, v
as follows:

(3.4) v(x,t) = BPu(t)0,®(t,z), s=p, g(x,t)=p0d(t ).

3.2. Analytical properties of the function ®. In this section we collect
a few useful properties of the function ® that solves the Parisi PDE (1.2). Most of
these properties are reproduced from earlier papers, and we only provide bibliographic
references. For some of the identities, we explain the basic argument, for the reader’s
convenience.

We collect below a few useful regularity properties of ®, which have been proved
in the literature.

LEMMA 3.1. For any probability distribution pn € 2([0,1]), let ® = @, be the
corresponding solution of the Parisi PDE (1.2). Then the following hold:

(i) 0I®(t,z) exists and is continuous for all j > 1.
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(ii) For all (t,z) € [0,1] X R,
(3.5) 0,0t 2)| <1, 0<0;®(t,x) <1, |920(t,x)<4.

(iii) 0;02®(t,x) € L*([0,1] x R) for all j < 0.

(iv) 9L®(t,x) is Lipschitz continuous on [0,1] x R for all j > 0.

Proof. Points (i) and (iii) are Theorem 4 in [JT16]. Point (ii) is Proposition 2(ii)
in [AC15]. Finally, point (iv) follows immediately from points (i), (ii), and (iii). 0O

Lemma 3.1 will be used to prove that the choice (3.4) satisfies the regularity
assumptions in Theorem 3. We next have to check the normalization condition and
compute the value achieved by the algorithm.

LEMMA 3.2. For p € 2([0,1]), let & = @, be the corresponding solution of the
Parisi PDE (1.2). Then we have

t
(3.6) M,; = / BO2D(t, X,)dBs = 0,P(t, Xy) .
0

In particular, P(M; € [-1,1]) = 1 for all t.

Proof. This identity follows, e.g., from Lemma 2 in [AC15]. The basic argument is
as follows: by differentiating the PDE (1.2) with respect to x, we obtain the following
equation for ®, = 9,:

(3.7) 0P, (t,z) + %b’?iﬁ@z(t,x) + B2u(t) @, (t, )0, P, (t,z) = 0.

Define M; = 9,®(t, X;): our objective is to prove thaiﬁt = M;. Notice that
x +— ®(t,x) is an even function for all ¢, and therefore, My = 9,P(0,0) = 0 = M.
Further, by Ito’s formula

- 1
dM; = 0, @, (t, X3) dt + 0, P, (¢, X;) dX; + 55285%(75, X;)dt

= {atcpgﬂ(t,xt) + B2u(t) @, (t, )0, Py (t, ) + %BQagéw(t,x)} + 30, P, (t, X;) dB;

Therefore, we have dM; = dM;, which proves our claim. Lemma 3.1(ii) implies
|M;| <1 almost surely. 0

LEMMA 3.3. Let p = pg and & = @, be the solution of the Parisi PDE (1.2).
Then, for all t € supp(ug), we have

(3.8) E{(0,9(t, X,))*} =1,
(3.9) E{ (802d(t, X))} < 1.
Further, under Assumption 1, for all 0 <t < q., we have
(3.10) E{ (8020(t, X))} = 1.

Proof. Equations (3.8) and (3.9) are Proposition 1 in [Chel7]. For (3.10) note
that by (39) in the same paper, we have, for any t; < to < g,

(3.11) n«:{(aw@(tg,xtz))?}—E{(awcb(thth))Q}=/2E{(ﬂé’i®(t,xt))2}dtv

ty

and therefore, the claim follows from (3.8). d
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LEMMA 3.4. Under Assumption 1, let p = pg and let & = @, be the solution of
the Parisi PDE (1.2). Then, for all 0 <t < q., we have

1
(3.12) E{0?®(t, X;)} = / w(s)ds.

Proof. Consider t € [0, g,] a continuity point of u. Then the proof of Lemma 16
in [JT16] yields

(3.13) O20(t, X;) = 1 — pu(t) (0,9(t, X,))* — E {/t (amd)(s,Xs))Qu(ds)} .

Taking expectation and using Fubini’s theorem alongside (3.8), we get

(3.14) E{0?®(t, X;)} = 1 — p(t)t —/t su(ds) = /f w(s)ds.

The claim follows also for ¢ not a continuity point because the right-hand side is
obviously continuous in ¢. The left-hand side is continuous because 92® is Lipschitz
(cf. Lemma 3.1) and E{|X; — X,|?} < C|t — s| because the coefficients of the SDE
are bounded Lipschitz. 0

We summarize the results of this section in the following theorem. Here and
below, for £ € R™, S C R”, we let d(zx, S) = inf{||jz —y|| : y € S}.

THEOREM 4. Under Assumption 1 let s > 0, and g,v : R x R>o = R be defined
as per (3.4), and set q = q.(B) for 8 > Bo. Further, let
B
2

(3.15) £(B) =

[1—(1- Q*(ﬂ))Q] - g/o s pa(ds).

Define the IAMP iteration (z%),>0 via (2.1), (2.4), (2.5), with gy given by (2.39),
and let m be given by (2.10). Then, for any € > 0 there exist d.(¢) > 0, such that for
any § < d.(g) we have

(3.16) plim — (m, Am) — £(8)| < e,
n—oo 41
(3.17) p-lim ld(m, [~1,1]")? <e.
n—oo M

(Further the above limits in probability are nonrandom quantities.)

Proof. We claim that the choice (3.4) satisfies the regularity assumptions in The-
orem 3. In particular, we have the following;:

e v,9: R x[0,1] — R are Lipschitz continuous in z, uniformly in ¢, because
0;®,02® : [0,1] x R — R are Lipschitz continuous (see Lemma 3.1), and
0 < u(t) <1forallte[0,1]. Further, 9,®,0%® : [0,1] x R — R are bounded.
Together, these facts imply that g, v are acceptable.

e Condition (a) holds for ¢t € [0,¢.«(8)] by (3.10) in Lemma 3.3. Here, we
crucially use the no-overlap gap assumption.

e Condition (b) holds because g is itself Lipschitz continuous, and v(x,t) =
vo(t)v1 (z,t), where vo(t) = w(t) has total variation bounded by one, and
v1(z,t) = B20,®(t,z) is Lipschitz, again by Lemma 3.1.
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e Condition (c) is satisfied because 92® is Lipschitz by Lemma 3.1.

First, notice that d(z,[—1,1]")? = >0 (z;) with ¥(z;) = d(z;,[-1,1])? a
pseudo-Lipschitz function. Further, integration by parts yields

(3.18) £(8) =4 /0 " /t (s dsdt.

Hence the claims of this theorem follow immediately from Theorem 3 upon checking
those assumptions using the lemmas given in this section. O

3.3. Sequential rounding and putting everything together. Theorem 4
constructs a vector m € R™. It is not difficult to round this to a vector with entries
in {+1, —1}, as detailed in the next lemma.

LEMMA 3.5. There exist an algorithm with complexity O(n?) and an absolute con-
stant C' > 0 such that the following happens with probability at least 1 —e™". Given
A ~ GOE(n) and a vector z € R™ such that d(z,[—1,1]")? < neg, the algorithm
returns a vector o, € {+1,—1}" such that

1

(3.19) 50 o) > L. Az) 720(\/5+

1

o )

Proof. Recall the definition of Hamiltonian H, (x) = (x, Az)/2 (which we view as
a function on R™). We also define H,(z) = H,,(z)—> ;| Ayz?/2 =3 Aijix;.

We construct o, in two steps. First, we let Z be the projection of z onto the
hypercube [—1,+1]" (i.e., 2 € [-1,+1]" is such that |2 — z||? = d(z,[-1,+1]")? <
neg). Note that this can be constructed in O(n) time (simply by projecting each
coordinate Z; onto [—1,+1]).

1<j<n

Second, note that the function H, () is linear in each coordinate of 2. Namely,

for each ¢, Hy(x) = xihye(Te; A) + hoe(Tr; A), where oy = (i)ig[n)\¢ and

hie(@me; A) = 3254, Agjzj. We then construct a sequence 2(0),..., z(n) as follows.
Set z2(0) = z and, for each 1 < ¢ < n,

z(6—1); if i £ ¢,
(3.20) 2= {200 e

sign(hy¢(2( — 1)up; A)) i i =0

Finally, we set o, = 2(n). This procedure takes O(n?) operations.
The lemma then follows straightforwardly from the following three claims:

() Ho(on) > ().
(ii) |H,(0.) — Hu(ow)| < 10v/n, |Hy(2) — H,(2)| < 104/n with probability at
least 1 — e~2".
(iii) |Hy,(2z) — Hn(2)| < 20n,/2¢ with probability at least 1 —e™2".

Claim (i) is immediate since H,, (2(¢ + 1)) > H,(2(¢)) for each £.
Claim (ii) holds since, for any x € [—1,+1]",

(3.21) (@) — Ho(2)] < % > Al =(4).

Now we have ET(A) = y/2n/w, and 7 is a Lipschitz function of the Gaussian vector
(Aii)i<n. Hence the desired bounds follow by Gaussian concentration.
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For claim (iii), let v = z — 2z, and note that (denoting by Apax(A) the maximum
eigenvalue of A)

(322)  |Ha(2) — Ha(3)| < 5l(0, Av)| + [{v, 43)|
(3.23) < S Amax( Al + Amax(A) o] 3]
(3.24) < A (A) [%go +VE] < 20A e A) VR

The desired probability bound follows by concentration of the largest eigenvalue of
GOE matrices [AGZ09]. O

We finally need to show that the quantity £(5) of Theorem 4 converges to the
asymptotic optimum value, for large 8. This is achieved in the two lemmas below.

LEMMA 3.6. Let &(8) = (8/2)(1 — [, 2 ug(dt)). Then,

1 log 2
2 < plim — Ac) < :
(3.25) Lo(f) <plimo-  max | (0, A0) < &(f)+—

Proof. First, consider the expectation

1
E,:=—E max H,(o)
n  oc{+l,—1}»

(recall that H, (o) = (o, Ao)/2). Recall the definitions of partition function Z, (),
Gibbs measure vg, and free energy density F,(3):

(320)  Zu(B)= Y ew(BHu0)),  ws(0) = o exp(BHa(0),

o Zn(P)
(3:21)  Fu(8) = 15Elog Z(5).

A standard thermodynamic identity [MMO09, Chapter 2| yields F},(3) = Evg(H,(o))+
B71S(vg), where vg(H, (o)) denotes the average of the Hamiltonian H,, (o) with re-
spect to the measure v, and S(g) is the Shannon entropy of the probability distribu-
tion q. Further, F/(8) = —3725(vg) <0 and F,(8) — E, as 8 — oo. Hence

(3.28) Evs(Ho(0)) © By © Fo(8) © Bvg(H(o)) + 1(’;2 .

(Here (a) follows since vg(Hp(0)) < maxge(41,—13» Hn(a), (b) since § +— F,(B) is
nonincreasing as shown above, and (c) since S(q) < S(qunr) = log2, with ¢, the
uniform measure over the hypercube.)

On the other hand, 93(6F,(8)) = Evg(H,(o)). Since SF,(8) — Pg(ug), by

Theorem 1, F,(5),Pg(up) are convex with Pg(ug) differentiable [Tal06a, Theorem
1.2]; it follows that

Jim B (H,(0)) = §Pa(us) = Ea(9).

(The last equality is proved in [Tal06a], with a difference in normalization of f3.)
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This proves

&o(B) <liminf F,, <limsup E,, < &(B) + log 2

n—oo N—00 I3

By Gaussian concentration P(|H,(a)/n — E,| > ¢) < 2exp(—ne?/C) for some con-
stant C', and hence the claim follows. 0

LEMMA 3.7. Let q.(8) = sup{q € [0,1] : ¢q € supp(pg)}. Then, for any 5 >0,

(3.29) B2(1—q.(B)* < 1.

Proof. The PDE (1.2) can be solved for ¢ € (g., 1] using the Cole-Hopf trans-
formation ® = logu. This yields ®(q.,z) = (8%(1 — ¢.)/2) + log2coshx, whence
0:®(qs, z) = tanh(x) and 92®(q.,z) = 1 — tanh(x)?. Substituting in (3.8), (3.9), we
get

(3.30) E{ tanh(X,,)*} = q.
(3.31) BZE{ (1 — tanh(X,,)?)*} < 1
Hence

(332)  B°(1—q.)? = BPE{1 — tanh(X,.)*}" < B®E{(1 — tanh(X,,)?)’} <1. O

The proof of our main result, Theorem 2, follows quite easily from the findings of
this section.

Proof of Theorem 2. Let E. = lim, ,oc MaXgefy1,—1}» Hp(o)/n. This limit ex-
ists by Corollary 1.1, and we further have E, > 1/2 (this can be proved by the same
thermodynamic argument as in the proof of Lemma 3.6, noting that (1/n)log,, Z,(8) —
log2 + (82/4) for § < 1 [Panl3b]). It is, therefore, sufficient to output o, such that,
with high probability, H,,(o.)/n > E. — (¢/3).

Let 8 = 10/e. By Lemmas 3.6 and 3.7, we have £(8) > E, — (¢/5). Applying
the algorithm of Theorem 4 for ¢ small enough, we obtain, with high probability, a
vector m € R™ such that H,(m)/n > E, —e/4 and d(m, [—1,1]")? < ne?/10°. The
proof is completed by using the rounding procedure of Lemma 3.5. O

4. Relation with the TAP equations. The TAP equations were introduced
by Thouless, Anderson, and Palmer [TAP77] as a tool to study the Gibbs measure:

1
4.1 v n(o) i= =——exp{B8H,(o)+h(l,0)} .
(4.1) ﬁ()Zn(ﬂ) {BH, (o) +h(1,0)}
(This generalizes (3.26) by the introduction of the linear term h(1, o), with 1 the all-
ones vector.) The TAP equations are a set of n nonlinear equations in the n unknowns
m=(my,...,my):

(4.2) hl + BAm — atanh(m) — £%(1 — gm)m = err(n), ¢m = —||m|3,

S

—~

where err is a small error term. Exact solutions correspond to err(n) = 0 while
for approximate solutions err(n) is small in a suitable sense. In their seminal work,
Thouless, Anderson, and Palmer [TAP77] argued heuristically that the mean of the
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Gibbs measure mg, = ), ¢ (11 _1} Va.n(0)0 approximately solves (4.2). Subsequent
physics research clarified that this claim only holds at high temperature, namely if
B < Bar(h), where the critical value Sar(h) is known as the Almeida—Thouless line
[MPV87]. However, the TAP equations are believed to hold for 8 > B,r(h) as well if
the mean myg j, is replaced by the mean over a “pure state” m§ , =>_ s vgn(o)o
We refer to [CPS18, CPS19] for recent mathematical progress on this topic.

Here we will not be concerned with the physical interpretation of TAP equations,
but with the computational problem of finding approximate solutions. Bolthausen
[Bol14] gave an iterative algorithm that converges to approximate solutions for 8 <
Bar(h). This is an algorithm of AMP type, and essentially amounts to iterating the
TAP equations themselves. The algorithm does not converge for 5 > Sar(h).

In this section we prove that the algorithm described in section 2, when used
in conjunction with the specific choice of functions g, s, v in section 3, actually
constructs an approximate solution of the TAP equations for for 8 > fy, under
Assumption 1. For coherence with the rest of the paper, we focus on the case h = 0:
the case h # 0 can be treated by a generalization of the present approach that
is deferred to future work. Notice that Assumption 1 is believed to hold for all
B > Bar(0) = 1, hence covering the full range of parameters for which the approach
of [Boll4] fails.

As in the previous section, we set ¢ = q., v(z,t) = B2u(t)0,®(t,z), s(x,t) = f3,
g(z,t) = BO2®(t,x), and

(4.3) Gin(x) = (x k‘s)

E{g(XQ_y, ko)?}1/2 7

Throughout, we set K. = |q./d] and recall that z*, ¥, and m are given by

(4.4) 2= A(m* +y) — Zbk m?

(4.5) ) =2l fu(xd 1,35)5+6(z — 27,
k

(4.6) m —Zgj A FON C A ::Zgj7
j=1

with m = m®~. Finally, we will repeatedly use the fact that the PDE (1.2) can
be solved on (g, 1] using the Cole-Hopf transformation, which yields ®(g.,z) =
log 2 cosh(z) + B%(1 — q.)/2.

LEMMA 4.1. Setting K. = |q./d], we have

(4.7 ;Lr%g;horgﬁ Hm—tanh( =) |2 =0.
Proof. By Lemma 2.2, we have
(4.8) pilmf |m — tanh(z"~) |2 :E{[Mé—ax@(q*,X}S(*)]z} :
On the other hand, using Lemma 2.8, we obtain
(4.9) lim E { (M — 0,8(q., X3 )]2} —E { [M,, - agc@(q*,xq*)]z’} ~0,
where the last identity follows from Lemma 3.2. O
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LEMMA 4.2. Setting K. = |q./d], we have

(4.10) lim p-lim — HﬂAm ™ — B%(1 — ¢,) tanh(x®~) |2 =

=0 n—oo

Proof. By (4.4), we have

K
Am = 251 21 4 Z b, jm’ ™!
j=1
K.
2ty Z br, ;jg' " +err,
j=1
where, by (2.17), and using the fact that |[m7||?/n is bounded by (2.13), we have

lerr||2/n 25 0. Using (2.17), together with the fact that | f.|?/n, ||u*|?/n are
bounded by Lemma 2.2, we get

‘ 2

p- hmf HBAm—:B — 6%(1 — ¢.) tanh(x~)

TL—)OO
(4.11)
2
1 Sl
= prlim || Bz" 1 — 521+ 53 b, ;g7 — 2™ — 32(1 - g) tanh(2)
(4.12)
K
o [32h - 2t 53BN L0
j=1
2
— X}S@ - B*(1 - q.) tanh(X?(*)] } .
Next, using again Lemma 2.8, we have Zsz*l U,fH % By, X9 ' Lz, X4, 280 =0,
and

K, qx
\/EZ ]E{gk(Xlgfl)}./g\kfl (Xli—z)Ulgfl -2 / E{g(Xt,t)} 9(X¢, t)dB:
k=1 0

_ g /q* E{02D(t, X;)} 92D (t, X:)dB;

qx
—62/ / dSa (bt Xt)dBt7

where in the last step we used Lemma 3.4. By Fubini’s theorem

52/ / s)ds 02®(t, X;)dB;

1 *
:/82/0 M(s)/0 0;®(t, X;)dB; ds+/32/ u(s) [ 62(t X,)dB, ds

0 0

qx
8 /O 1(5) 0.B(Xs, 8)ds + B — 4.)0.B(X,. . )
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where in the last step we used (3.6). Substituting these limits in (17), we get
1
irr(l)p—lim — HﬁAz — - — 52(1 — ¢,) tanh(z®~) |2
n

1
§—0 n—soco

_E{

- Xq. — »32(1 — Q) tanh(Xq*)] }

qsx
8B, + B /0 1(5) 0, B (X, 5)ds + (1 — 0.)0:8(X,., 0.)

=E { [ﬁz(l - Q*)amq)(quq»ﬂ) - 52(1 — q*)tanh(Xq*)]2} = 07

where we used the fact that X; solves the SDE (3.3), and ®(q.,z) = log2cosh(z) +
ﬁz(l —qx)/2. o

We can therefore state our result about constructing solutions to the TAP equa-
tions.

THEOREM 5 (constructing solutions to the TAP equations). Under Assumption
1let s >0 and g,v : R x Rsg — R be defined as per (3.4), and set ¢ = q.(B) for
B > Bo. Define the incremental AMP iteration (2*)i>o via (2.1), (2.4), (2.5), with g
given by (2.39), and let m be given by (2.10). (The same iteration is given explicitly
in (4.5), (4.6).)

Set K. = |q+/d]. Then, for any e > 0 there exist 6.(c) > 0 such that if § < d.(e),
we have, with high probability,

(4.13) % |3BA tanh(x"*) — 2™ — B*(1 — ¢.) tanh(z"*~)

|§5.

Proof. The theorem follows immediately from Lemmas 4.1 and 4.2, using the fact
that, with high probability, A has an operator norm bounded by 2 + ¢ [AGZ09]. O

5. Universality. In this section we use the universality results of [BLM15] to
generalize Theorem 2 to other random matrix distributions. Namely, we will work
under the following assumption.

ASSUMPTION 2. The matriz A = A(n) is symmetric with A;; = 0 and (A;j)1<i<j<n
a collection of independent random variables, satisfying BE{A;;} = 0, E{A};} =
1/n. Further, the entries are subgaussian, with common subgaussian parameter Cy /n.
(Namely, E{exp(AA;;)} < exp(CiA?/2n) for alli < j <n.)

Using [BLM15, Theorem 4|, and applying the same reduction as in the first part
of the proof of Proposition 2.1, we obtain the following.

PROPOSITION 5.1. Consider the AMP iteration (2.1), with A = A(n) satisfying
Assumption 2. Further, assume fr : R¥*2 = R to be a fived polynomial (independent
of n). Then for any k,¢ € N, and any pseudo-Lipschitz function of order £, 1 :
RF2 5 R, we have

1 n
(5.1) = W m ) B (Zo, - 2.
i=1
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Here (Z;)j>1 is a centered Gaussian process independent of (Zy,Y') with covariance
Q = (Qrj)k,j>1 determined recursively via

(52) Qk-‘rl,j—‘rl :]E{fk(ZOaaZkvy)f](ZOavzjvy)}a ka]ZO

Notice an important difference with respect to Proposition 2.1: instead of Lip-
schitz functions, we require the functions fj to be polynomials. However, this result
is strong enough to allow us to prove the following generalization of Theorem 2.

THEOREM 6. Let A = A(n), n > 1 be random matrices satisfying Assumption 2.
Under Assumption 1, for any e > 0 there exists an algorithm that takes as input the
matrix A € R™*" and outputs o, = o.(A) € {+1,—1}", such that the following hold:
(i) The complexity (floating point operations) of the algorithm is at most C(e)n?. (ii)
We have (6, Ao ) > (1 — ) maxse(11,-1}n (0, AT).

Proof. Let gi(z), v(z,t), s be defined as in the proof of Theorem 2 for k < 1/4.
For each M € Z and each k < 1/§, we construct a polynomial py as : R1 5 R

which approximates the dynamics defined by gi (), v(-,kd), s(-,kd), in a sense that
we will make precise below.

We define the IAMP iteration, analogously to (2.4), (2.5),

Kk
(5.3) Fe(zo, sz y) =Y e (21, 20m1) - (20— 20-1) + 4,
=1

and set pz, vy = dp @ N(0, ). We then claim that we can construct these polynomial
approximations py s so that, for any k& < 1/0 and any pseudo-Lipschitz function
P : RFT2 5 R, we have

(5.4) lim p-hmlzzz;(z?,...,zf) =E(Z,...,20),

where the Gaussian martingale (Z2)s> is defined as in Lemma 2.2. Given this claim,
the rest of the proof of Theorem 2 can be applied verbatim to this—slightly different—
algorithm.

In order to prove the claim (5.4), we proceed as in the proof of Lemma 2.2.
Namely, by applying Proposition 5.1, we get

R 5 M
(5.5) plim = > (2, .., 2f) =E¢(Zo, ..., Z0™M),
n—oo T o1
where (Zg’M)IgZO is a centered Gaussian process. Using the same argument as in
Lemma 2.2, we obtain that (ZJ")> is a martingale. Further, letting ¢} = E{(Z0"")2},
Proposition 5.1 yields the following recursion for k¥ > 1 (with initial condition ¢! = 0,
M
g =9):

N 9, )
(5.6) ity = at + B (20N, 20N (@ - aty).

The claim (5.4) follows by showing that we can choose polynomials (py ar)k>0 so that
limps 00 ¢ = gy for each k < 1/6. This can be done by induction over k. As a
preliminary remark, notice that the sequence of constants ¢ defined recursively via

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/03/21 to 171.66.160.111. Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

FOCS19-28 ANDREA MONTANARI

(2.6) are all finite. Indeed if gz < oo, then E{gr(X; ,)?} < oo (because X{ , is a
Lipschitz function of (Zg)ggk,l) and, therefore, qx11 < oo as well. We denote by
Co = q1/5] = max(qx : k <1/6) an upper bound on these variances.

The basis of the induction is trivial since ¢}f = 0 = gy for all M. We assume,
therefore, limy; o0 qé” = qp for all £ < k. Without loss of generality we can consider
that for any M > 1 we have ¢}7,...,¢M < 2Cy. Indeed, by the induction hypoth-
esis this holds for all M large enough, and we can always redefine the polynomials
Pear(-++) so that it holds for all M > 1. Then notice that the random variable X2
of (2.6) can be written as X} = h(Z¢,...,Z)_,) for a certain function hj, that is
bounded by a polynomial (of degree depending on k). We then choose the polynomial
ﬁka]( . ) so that

~ 5. M S.M . S M 5, M~ |2 1
(57) E{|gk(hk(Z1’ 7"'7Zk7—1))_pk,]\/[(21 7"'7Zk_]_)| } S H

Such a polynomial can be constructed, for instance, by considering the expansion of Ay
in the basis of multivariate Hermite polynomials (suitably rescaled as to form an or-
thonormal basis in L2(R¥~1, ;) where 14, is the joint distribution of Zf’M, R ZZ;A{).
The variance bound ¢/, .. ., q,iw < 2C) is used in controlling the error term.

The induction claim then follows by
. A s 5 . . s s
(5:8)  Jlim E{peau (20", 2007 = T E{gi(he (20", 2000)%)
=E{gr(he(Z7,- .., Z3_1))%}
where the last equality holds by dominated convergence. ]

Corollary 1.2 follows by applying Theorem 6 with A, a suitably centered and
normalized adjacency matrix.

Proof of Corollary 1.2. Given a graph G ~ G(n,p), construct the matrix A =
AT € R™ " by setting A;; = 0 and, for i # j,

—\ /2 if (,L?j) S Ea
(5.9) Aij = > .
n(l—p) 1 Zv]) ¢ )

It is easy to verify that this matrix satisfies Assumption 2. Further, we have

1 1
(5.10) CUTG(0) = 5| En| - §<a, 1)° + 1 V/np(1—p) (0, Ao).
Recall that we know from [DMS17] maxeeqi1,—13» CUTq(o) = |E,|/2 + (n®p(1 —
p)/2)Y?P, + 0(n3/?). Let o denote the output of the algorithm of Theorem 6, on
input A. Applying this theorem and Proposition 5.1, we get

L 1
(5.11) p—hmnlggo %<0'17 Aoi) > (1 —¢)P,,
1
(5.12) p-lim —(o1,1) = 0.
n— oo

We construct o, by balancing o1. Namely, if |(o1,1)| = ¢, we obtain o, by flipping
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|¢/2] entries of o1 so that |[{(o.,1)] < 1. We then have, with high probability,
CUTg<0'*)

1 1 1
> Bl =2 V(=) (0., Ad.) = ip(1 =) [0, Ads) — (01, Ady)|
1 1
> = “(1- — — —o.
> SIE 4 0 - Vap(—p) | _max | (0. Ad) — VAl o~ ol

(Here ||Al|,, denotes the operator norm of matrix A.) Therefore, since |(o1,1)|/n =
¢/n 50, and || A]|,, < 2.01 with high probability [AGZ09], we get

| En| | En|
_ > (1 — _ _
CUTo(o) ~ 5" > (1—¢) _max {CUTG(U) . } AL,
|En| 3/2
> (1- CuT - — = /
= (1-¢) ae{Tla,)—(l}n { a(@) 2 } o(n),
which completes the proof. 0

Appendix A. Proof of Proposition 2.1. As mentioned in the main text,
Proposition 2.1 is a consequence of the general analysis of AMP algorithms available
in the literature. In particular, it can be obtained from a reduction to the setting of
[JM13, Theorem 1]. Let us briefly recall the class of algorithms considered in [JM13],
adapting the notations to the present ones. (We limit ourselves to considering the
“one-block” case in the language of [JM13]).

Fixing T' > 1, consider a sequence of Lipschitz functions
F, :RT xR? 5 RT,
(x1,...,zp, w1, ws) — Fi(x1,..., 20, w1, we).
Given two matrices £ € R™*T, w € R"*2 we let Fy(z;w) € R™*T be the matrix

whose ith row is given by Fi(x;, w;) (where @; is the ith row of & and w; is the ith
row of w).

Then [JM13] analyzes the following AMP iteration, which produces a sequence of
iterates ' € R™*7T for ¢t > 0 (whereby F_;(---) = 0 by definition):

(A1) 't = AF, (' w) — F,_ (21 w)B] .

Here B, € R”*T is a matrix with entries defined by

L (@b wy) .
j

1 < . 1 <~ OF;,
(A.2) (Be)ij = - > (DaFy(ah;we))ij = - > o

=1 =1
Under the assumption that 2°, w are independent of A, and JIR— n-t Z;":l 5m,?,w7¢
which converges in Wy, [JM13, Theorem 1| determines the W, asymptotics of the
empirical distribution of =?, w.

First, consider the case in which the functions f; : R¥*! — R are Lipschitz
continuous. Proposition 2.1 can be recast as a special case of [JM13, Theorem 1].
First, notice that we can always choose an n-independent 7" such that the time horizon
k in (2.3) satisfies £ < T. We then consider the iteration (A.1l) with initialization
x® = 0, data vectors w = (2°,y), and update functions given by

(A.3) Fi(z1,z2,..., 27, w1, w2)y = fi(wi,z1,..., 2 w2).
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With this setting, the vector (2} ;)i<n € R™ coincides with z* as given in (2.1) for
all j <t <T. The recursion of (2.2) follows from the analogous recursion in [JM13,
Theorem 1].

Next, we have to consider the case of functions f; : RIT! — R that are not
necessarily Lipschitz, but pseudo-Lipschitz of order m > 1. For a large constant
M > 1, and for each j € N, we let f : RI*! — R be a Lipschitz function such
that f(s) = f;(s) for ||s| < M. Such a function exists by Kirszbraun’s extension
theorem and has the same Lipschitz constant as f; on {s € RIT! : |s|| < M},
Lip(fJM) = Ly < CM™. Notice further that

(Ad)  [5i(e) — P < OO+ sl ™ apans < e+ )7

Denote by (z™+7),50 the AMP iterates obtained replacing f; by ij for each j:

k
M.k M M M,k M M (M M,j—
2MAEHL = A fM(AMO 2 ’;y)—Zbk’jfj_l(z O 2Ty
=1
(A.5) n
b _ LN~ 0fi a0 Mk,
k,j_iz J(Zz IREREE2) ayl)
n <= 0z

We denote by @ = (Q;;)i j>1 the state evolution covariance associated to functions
(f)j>0 and by QM = ( M)ij>1 the covariance associated to functions (f);>0.
Using (A.4) in the state evolution recursion, we get, by an induction argument,
. M .o

(A.6) A/}gnoo Qi = Qi Vi,j > 1.
In what follows, given a sequence of random variables X,, and a constant C, we write
p-limsup,,_, , X, < C'if

lim P(X,, >C)=0.

n—oo
If X, ar also depends on the parameter M, we write limas_, o p-limsup,, o X, mr < C
if there exists a sequence of nonrandom constants C'ys such that p-limsup,,_, . X, <
Cy and limpy oo Cpy = C. Finally, we write X,, = O(1) if p-limsup,, ,.o X,, < C
p-limsup,, , .. (—X,,) < C for some constant C: let us emphasize that this is different
from “big Oh in probability.” Namely, if X,, = O(1), then there exists a finite constant
C such that P(|X,,| > C) — 0.

We will prove by induction that the following claims—denoted by A(k) = (A1 (k),
As(k), A3(k))—hold for all k:

A1 (k). The empirical distributions of z™* 2% have bounded moments of all orders,
uniformly in M,n, in probability. Namely, for each k,¢ € Z, there exist
constants C ¢ < oo such that

‘g < ij .

1 1
(A.7) p-limsup —||2*[|Y < Cr,  p-limsup —[z"*
n—oo N ' n—osoo N

As (k). The iterates 2% approximate well z* in £5. Namely, for each k > 0, we have

1
(A.8) lim p-limsup —||z" — 2™*||2 = 0.
M—00 pasco N
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As(k). For any ¢ and any function v : R¥*2 = R, o € PL(/),
(A.9)

n

. . 1 RS M0 M.k
im p-limsup Ezw(zg,...,zf;yi)—ggdj(zi Yooz )| =0.

Ml
—0  n—oo i—1
Together with (A.6), and with the results above (i.e., the claim (2.3) for the
Lipschitz functions fJM ), this implies the desired claim

n

1 )
(A.10) p-lim — Zw(z?, 2By =B(Zo, ..., ZisY).

Recall that, by assumption, Q- = (Qij)1<i,j<k is strictly positive definite for
each k. Equivalently, there is no k, and there exist nonvanishing coefficients (¢;);<

such that E?:o exfi(Zo, ..., Z;;Y) =0 almost surely.

The base case k = 0 trivially holds. We next assume that A(k) holds and prove
Ak +1).

Proof of Ay(k +1). The claim for z"* holds because the functions f are
Lipschitz, and hence we can use the result above (namely, (2.3) for Lipschitz functions)
to get

1
(A.11) (M B{(Z05)

where Z}M | ~ N(0, Q,ﬁl’kﬂ). Using (A.6), the claim follows.

In order to prove the claim for z¥, we will use the shorthand f7 = f;(2°, ..., 27;y),
and can therefore rewrite (2.1) as

k
(A.12) R Y e N e D DL T F A
j=1

Let F; € R™*U+1) be the matrix with columns f°, ..., f, P; the projector onto the
column space of F';, and Pj = I,, — P;. By the induction hypothesis A3(k), we have

o1
(A.13) p-lim EF',LlF,g,l =Q =l
n— o0

where the last inequality follows from the assumption about the functions f; not being
linearly degenerate (we write A > B if the matrix A — B is positive semidefinite).
This, in particular, implies that we can write Py_1 = Fy_1(F}_Fr_1)"'F}_,.

Following earlier work [BM11, JM13, BMN19|, we then rewrite (A.12) as
2= Pt AP fF+ PE AP+ Py A —F

P AP ff+ PE AP fF P AfF —F

= AP, \f" — P, AP ff —r" + Py AP, fF + Py ASP

= V1] — V2 — V3 + Vg + U5,

Ile

where A is distributed as A but independent of the g-algebra F = o ({7, 27},<p).
We next bound the ¢th norm of each of the terms in the last expression:
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1. Consider v;. Since A is independent of u := Pklflfk, we have v 4
(llell2/v/7)g + go(u/+/n), where (go,g) ~ N(0, I,11). Also, notice that

1 1
—ulls < — =0(1),
\/ﬁ” ll2 < \/ﬁHf l2 =0(1)
where in the last step we used the induction hypothesis A3 (k). Further, notice
that
k—1

k-1
Poaf*=> anf’,  ay=> (Fi_ Fr1); (£ F).
=0

=0

Using (A.13) and the induction hypothesis As(k), we obtain that |ax;| =
O(1). Therefore, since u := f* — P,_, f*, and using again the induction
hypothesis As(k),

1 1 1
Lalbulle < Lo+ 1 1P s
k—1 1 )
< 0)+ 3 ptimsup (Jagl 71211 ) = 0.
— 00

=0 "

We conclude that

. 1 . 1 1
plimsup —7z orle < plimsup —= ull2 -~z gl

\90\

+ p—liInsup W . WHUH[

n—oo

. 1 . g0l
< - - - — <
C’p}jmsup n1/£||g||z+Cp}:msup —T/a-1/8 C,

where the last inequality follows from the law of large numbers.
2. Term w5 is bounded by a similar argument by noting that (for gg, g as above)

PL gt
d _ 2
vy = Pj_ {” k\/% ” g+ 7\9/%1:’1?71.#C

Pl7 fk
P,

As shown above, ||Pi_, f¥|l2/v/n = O(1). Further,

k—1
1 ,
P og=_—N 5.
k-19 NG j;)ggf )
(f]o» e ’§k71)|F1€,1 ~ N(Oa (F-lle-lekfl/n)_l) .
By the induction hypothesis Az (k), we have || f7]|,/n'/¢ = O(1), and there-
fore,
1 1 -
p-limsup 777 || Piagll, < Cp-limsup — ]Z:O 1951

1
< Cp-limsup = |§, = 0,
n—oo n

7
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where the last identity follows by applying the Markov inequality condition-
ally on Fy_y, since B{||g|3|Fr-1} = Tr((Fj_Fr_1/n)"") - Tr(QZ}),
which is bounded by (A.13).

. Next, consider vz = r* = Zle br.; f7. Notice that

1 n
bk, = ﬁz¢k,j(zgv~~wzf§yi)a wk,j('z?wuv%k;yi) = (')z
i=

Since fi € PL(m), we have |1y ;(s)| < C(1+|s])™ L. Let s; = (29,..., 25 4),
and fix R > 1 a large constant. Then

1 & C <
br.j — EZ%,j(si)lnsiHSR < gZ (L [ls:lD)™ Lysy2r
=1 i=1
C < el
<= -
<Rl < G
Therefore,
limby ; = lim p-li
pimbes = fin piin S (s

—

D tim E{vn;(Zo, - 23 V)L 20, 2l <R}

b
O B{g;(Zo,. .., Zis Y}

Here (a) follows since the induction hypothesis A3(k) implies weak conver-
gence of the empirical distribution of (29, ..., 2*; y) to the law of (Zy, ..., Zx;
Y), and this implies convergence of expectations of bounded functions via
Portmanteau’s theorem. (Recall indeed that (71, ..., Zx) is a nondegenerate
Gaussian vector, and the stated assumption about the joint law of (Zy,Y).)
Further, (b) follows by dominated convergence since v ; is bounded by a
polynomial. This implies
k
plimsup —llogle < €Y plimsup | £ < €.
j=1

. Consider term vy4. Define Z := [2!]--- |2/ ¢ R®*UHD R, .= [0|r!|-- - [r]]

€ R0+ and Y, := Z; + R;. With these notations we have AF;_; =
Y ._1, and therefore,

Vg = PéflAkal(F-llc—qufl)_lF-llc—qfk
=Y 1 (w) = Py Yy (wh)T = vy + sy,

where we defined the vector w* := (F|_Fj_1)"'F]_,f* € R*. Using
again—as done above—(A.13), and the induction hypothesis A(k), we obtain
|w*||.o = O(1). Further, again by the induction hypothesis, |z7(|,/n'/* =
O(1) and (as proved in the analysis of term w3) ||r7]|o/n'/* = O(1) for all
j < k. Therefore,

k+1

1
p- hmsup ¥l — i (271l + 77~ Hle) <

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/03/21 to 171.66.160.111. Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

FOCS19-34 ANDREA MONTANARI

For v, we notice that
k .
vap =Y it (s he) = (B Froa) 7 (L Y ) (wh)T

Using again the induction hypothesis, we get ||k s = O(1) and || f||,/n'/* =
O(1), and the claim follows.

5. Finally, term v5 is treated almost exactly as term v4: we do not repeat the
same argument.

This concludes the proof of A; (k + 1).

Mé:’mof of Ag(k +1). Fix any j < k, and let s; = (z?,...,zf7yi), sM .=
(2

; ,...,zz 7. y;). We then have
1 .
[ AEMN, M) = ()
2 n 9 2 n 9
< 2 UM = ]+ 2 2 [t - o)
=1 =1
<€ = 1 M ml 9 & 1 M . m—1 . M
< nZ( + [Is5 12) " Lyjgrry > ar + nZ( +1Isi"llz + [Isill2)™ [si — 55" l2
=1 =1
£M 1+||SMH m+1

<.

S|
HM: L

1/2 n 1/2
1
(Ll + sz-nz)?(m‘”) (n D llsi— s II%>
i=1

1 71 o
<0 37 +0M) Y =l = 2,
=1

where in the last step we used the induction hypotheses A1 (j), j < k. Further, using
the induction hypothesis Az (i), i < k, implies that

. . 1 ; ;
(A.14) h}linoo p-limsup gﬂfJM(zM’O, s 2MIiy) — £i(20, . 2 y)H2 =

n— oo

By a similar argument we conclude that, for all j < k,

(A.15) hm p-limsup |bkj bi;| = 0.

n—oo

Recall that ||A|,, < 3 with probability 1 — exp(—n/C), and therefore, with high
probability,

||z1\/[,k+1 - zk+1||2 SOHf]iw(zM,O; R ZJ\/[’k;y) - fk(z(); R Zk;y)HQ

k
+ ) by — b [ £ (M0, 2 My

k
3 bl A M0 2 y) = g0 2y,
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Using (A.14), (A.15), together with the fact that || fM(2™0,..., 27 y)|l,/v/n =
O(1) and |bg;| = O(1) which follows by the induction hypothesis A;(k), we get the
desired claim Az (k + 1); cf. (A.8).

Proof of As(k +1). As above we let s; := (22,.. .,zf“,yi), sM = (ziM’O,...,
LML yi). We then have, with high probability,

L3l - iZw(#)‘
=1 =1

C -
<= sz + llsill2)™ s — 52

i=1

@ (1 V2o 1/2
= <n S+ lsM s + ||si||2>2<m—”> (n > llsi— s |§>
=1

i=1

1 .
<Oy =M =2,
= Ve

where (a) is Cauchy—Schwarz and (b) follows from A;(k + 1). Using As(k+ 1) (ie.,
(A.8) with k replaced by k + 1), we obtain the desired claim.

Appendix B. A summary of the algorithm. In this appendix we provide a
pseudo-code description of the algorithm of Theorem 2, for the reader’s convenience.
As usual, ® denotes entrywise multiplication between vectors. Further, when a scalar
function is applied to a vector, it is understood to be applied componentwise. In
particular, note that ||92®(kd, z*)|| is the ¢2 norm of the vector whose ith component
is 2@ (kd, xF).

Algorithm 1 TAMP algorithm to optimize SK Hamiltonian.

Data: Matrix A ~ GOE(n), parameters 6, 3 > 0

Result: Near optimum o, € {+1 — 1}" of the SK Hamiltonian

Compute minimizer pg of the Parisi functional Pg(u) (cf. (1.3)). Compute solution
® to PDE (1.2), with p = pg. Compute ¢.(8) = sup{q: ¢ € supp(ug)} (Edwards—
Anderson parameter). Initialize u=! = 0, u® ~ N(0,6I,), g7 =1, g72 = 0,
by =0. for k < 0 to |¢./d]| do

uktl = A(gk71®uk)7bkgk72®ukfl xk = .’kalJrﬂZ/J,(k(S) azq)(ké" mkfl) 5+6uk
g = RO2D (5, 2) /| 2D (5,2 | bsy = I, g/
end
Compute m = Z,qu*l/(” g" ' ®u*. Round m to o, € {-1,+1}". return o,

Notice that this pseudo-code does not describe how to minimize the Parisi func-
tional and how to solve the PDE (1.2). As discussed in the introduction, we believe this
can be done efficiently because of the strong convexity and continuity of 1 — Pg(u).
Indeed, highly accurate numerical solutions (albeit with no rigorous analysis) were
developed already in [CR02, OSS07, SO08].

Further, the pseudo-code does not specify the rounding procedure, which is given
below.
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Algorithm 2 Round.

Data: Matrix A € R™"*", vector z € R"”
Result: Integer solution o, € {+1 — 1}"
for i < 1 ton do

| Set Z; + min(max(z;, —1),+1)

end

for i < 1 ton do
‘ Compute h; = Z#i A;jZ; Set zZ; + sign(h;);

end

return o, = 2.
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