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Finite dimensional boundary uniform stabilization of the Boussinesq
system in Besov spaces by critical use of Carleman estimate-based
inverse theory
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HInstitute for Mathematics and Scientific Computing, University of Graz, A-8010 Graz, Austria.

Abstract

We consider the d-dimensional Boussinesq system defined on a sufficiently smooth bounded domain,
and subject to a pair {v,u} of controls localized on {T",w}. Here, v is a scalar Dirichlet boundary
control for the thermal equation, acting on an arbitrary small connected portion T of the boundary
[' = 09Q. Instead, u is a d-dimensional internal control for the fluid equation acting on an arbitrary
small collar w supported by " (Fig 1). The initial conditions for both fluid and heat equations are
taken of low regularity. We then seek to uniformly stabilize such Boussinesq system in the vicinity
of an unstable equilibrium pair, in the critical setting of correspondingly low regularity spaces,
by means of an explicitly constructed, finite dimensional feedback control pair {v,u} localized on
{ﬁw}. In addition, they will be minimal in number, and of reduced dimension: more precisely, u
will be of dimension (d — 1), to include necessarily its d*" component, and v will be of dimension 1.
The resulting space of well-posedness and stabilization is a suitable, tight Besov space for the fluid
velocity component (close to L*(Q) for d = 3) and a corresponding Besov space for the thermal
component, ¢ > d. Unique continuation inverse theorems for suitably over determined adjoint
static problems play a critical role in the constructive solution. Their proof rests on Carleman-type
estimates, a topic pioneered by M. V. Klibanov since the early 80’s, after the 1939- breakthrough
publication [17].

1 Introduction.

1.1 Controlled dynamic Boussinesq equations.

In this paper, we consider the following Boussinesq approximation equations in a bounded connected
region © in R? with sufficiently smooth boundary T' = 9. More specific requirements will be given
below. Let Q = (0,7) x Q and X = (0,T) x 9Q where T' > 0. Further, let w be an arbitrary small open
smooth subdomain of the region €2, w C €2, thus of positive measure which is a local collar supported
by a corresponding connected arbitrary small portion T of the boundary I' = 992, Fig 1.



Fig 1

Let m denote the characteristic function of w: m(w) =1, m(Q/w) = 0.

Notation: Vector-valued functions and corresponding function spaces will be boldfaced. Thus, for in-
stance, for the vector valued (d-valued) velocity field or external force, we shall write say y, f € LI(Q)
rather than y, f € (L9(Q)).

We consider the Boussinesq system under the action of a control pair {v, u} localized on {f, w}. Here v

is a scalar Dirichlet boundary control for the thermal equation acting on I', while u is a d-dimensional
vector interior control acting as m(z)u(t,z) on w:

y, —vAy+ (y-V)y —v(0 — 0)eq + Vr = m(z)u(t,z) + f(z) in Q

(1.1a)

0y — kAO +y-VO =g(z) in Q (1.1b)

divy=0in Q (1.1c)

y=0,0=vonXx (1.1d)

y(0,z) =yq, 0(0,2) =6y on Q. (1.1e)

In the Boussinesq approximation system, y = {y1,...,yq} represents the fluid velocity, 6 the scalar
temperature of the fluid, v the kinematic viscosity coefficient, x the thermal conductivity. The scalar
function 7 is the unknown pressure. The term e, denotes the vector (0,...,0,1). Moreover v = 9/;

where g is the acceleration due to gravity and @ is the reference temperature. The d-vector valued
function f(x) and scalar function g(x) correspond to an external force acting on the Navier-Stokes
equations and a heat source density acting on the heat equation, respectively. They are given along
with the I.C.s y, and 6y, which are assumed of low regularity. Note that y - V& = div(0y).

The Boussinesq system models heat transfer in a viscous incompressible heat conducting fluid. It
consists of the Navier-Stokes equations (in the vector velocity y) [83] coupled with the convection-
diffusion equation (for the scalar temperature 6). The external body force f(x) and the heat source
density g(z) may render the overall system unstable in the technical sense described below by (1.38).
The goal of the paper is to exploit the localized controls w on w and v on f, sought to be finite
dimensional and in feedback form, in order to stabilize the overall system. Their minimal number will
be equal to the maximal geometric multiplicity of the unstable eigenvalues in (1.38). As an additional



benefit of our investigation, the feedback fluid component of w will be of reduced dimension (d — 1)
rather than d, to include necessarily the d*® component of w, while the feedback heat component
of v will be 1-dimensional. This is a consequence of the Unique Continuation Inverse Theory type
of property expressed by Theorem B.1, Appendix B for the adjoint static problem. Its proof [89]
after [86] rests on Carleman-type estimates, a topic consistently pursued by M. V. Klibanov since
his pioneering work in the early 80’s, after the breakthrough publication [17]. This theme will be
further explored in Section 2.5. For now, we note that a Unique Continuation Property is not only a
critical theoretical tool. It is also fundamental in computations, where it is realized numerically, as in
recent work of M. V. Klibanov and his team (See papers [42] and [43] and references cited therein) on
coefficient inverse problems. Here use is made of a globally convergent numerical method, referred as
convexification principle, to solve numerically boundary value problems with Cauchy boundary data
for coupled systems of quasilinear elliptic equations. To this end, the convexification constructs a
weighted globally strict convex Tikhonov-like functional, which involves a Carleman-type weight. As
far as practical applications of the Boussinesq model are concerned, one may consider the situation of
controlling the temperature and humidity in a bounded restricted environment - see [15], [16] for an
eloquent description of the physical phenomenon. Due to the physical significance of the Boussinesq
system, the problem of its stabilization has been considered in the literature - with both localized and
boundary controls - following of course prior developments concerning the Navier-Stokes model alone.
See subsection 2.5 for a review of the literature.

Motivation: why studying uniform stabilization of the Boussinesq problem (1.1) in the
Besov functional setting of the present paper?

In short: Stimulated by recent research achievements [60], [62] on the uniform stabilization of the
Navier-Stokes equations - to be elaborated below in Section 2.5 - the present paper sets the stage as a
preliminary, needed step toward the authors’ final goal of solving the Boussinesq uniform stabilization
problem with a set of three localized controls {vs, v, u} all finite dimensional, in feedback form and
of minimal number: a scalar control v, acting on heat #-component as in interior control localized
on the small set w, and a pair {vs,u} of controls acting on the Navier-Stokes fluid y-component, as

in [62]: that is, v; as a boundary tangential control acting on [ and w as an interior tangential-like
control acting on w. See Fig 1. To obtain finite dimensionality of vy for d = 3, it is critical to seek
uniform stabilization on the tight Besov setting of the present paper, which for d = 3 is “close” to the
space L3, well-known [24], [39], [72] to be a critical space for the well-posedness of the uncontrolled
3-d Navier-Stokes equation in R3. Thus, the present paper serves also as a testing ground toward such
final goal.

1.2 Stationary Boussinesq equations.

Our starting point is the following result.

Theorem 1.1. Consider the following steady-state Boussinesq system in 2

—vAY, + (Y. - V)Y — 70 — )eq + Ve = f(x) in Q (1.2a)
—kAO. + 1y, - VO, = g(x) in Q (1.2b)

divy, =0 in Q (1.2c)

Y. =0, 0.=0 on 0§ (1.2d)



Let 1 < g < oo. For any f,g € Li(Q),LYQ), there exists a solution (generally not unique)
(Yo, Oc, ) € (WHI(Q) N W(l]’q(Q)) x (W24(Q) N Wol’q(Q)) x (WH4(Q)/R).

See [3], [4], [5] for g # 2. In the Hilbert space setting, see [19], [27], [74], [90], [44].

Remark 1.1. (i) Let the given external force f be conservative, f = V¢ and the heat source
density g = 0. Then, y, =0, 0. =0, Vi, = Vf — gey is a solution of problem (1.2a-d).

(ii) In the case of equilibrium solution y, for just the Navier-Stokes equation, it is well-known [55],
[65], [83] that the stationary solution is unique when “the data is small enough, or the viscosity
is large enough” [83, p 157; Chapt 2| that is, if the ratio 171 v2 is smaller than some constant that
depends only on € [27, p 121]. When non-uniqueness occurs, the stationary solutions depend on
a finite number of parameters [27, Theorem 2.1, p 121] asymptotically, in the time dependent
case.

(iii) In this paper, we take one equilibrium solution {y., 6.}, when non-unique and make the subse-
quent analysis related to such choice.

1.3 A first quantitative description of the main goal of the present paper.

The starting point of the present paper is the following: that under a given external force f(z) for
the fluid equations, a given heat source g(x) for the thermal equation, and given viscosity coefficient
v and thermal conductivity &, the equilibrium solution {y,, 0.} is unstable, in a quantitative sense to
be made more precise in sub-section 1.7, specifically in (1.38). This will mean that the free dynamics
linear operator A, defined in (1.34) - which has compact resolvent, and is the generator of a s.c. ana-
lytic semigroup in the appropriate functional setting (Theorem 1.2) - has N unstable eigenvalues.

The main goal of the present paper is then - at first qualitatively - to feedback stabilize the non-linear
Boussinesq model (1.1) subject to rough (non-smooth) initial conditions {yg, 6o}, in the vicinity of an
(unstable) equilibrium solution {y., 8.} in (1.2), by means of a finite dimensional localized feedback

control pair {v,mu} as acting on {I',w}, see Fig 1. Thus this paper pertains to the general issue
of “turbulence suppression or attenuation” in fluids. The general topic of turbulence suppression (or
attenuation) in fluids has been the object of many studies over the years, mostly in the engineering
literature — through experimental studies and via numerical simulation - and under different geomet-
rical and dynamical settings. The references cited in the present paper by necessity pertain mostly to
the mathematical literature. A more precise description of our paper is as follows: establish localized
exponential stabilization of problem (1.1) near an unstable equilibrium solution {y,, 0.} by means of
a finite dimensional localized, spectral-based feedback control pair {v, mu}, in the important case of
initial condition y, of low regularity, as technically expressed by y, being in a suitable Besov space
with tight indices, and 8y being in a corresponding L9%-space g > d, or even in a corresponding Besov
space, see Remark 1.3. More precisely, the resulting state space for the pair {y, 6}, where uniform
stabilization will be achieved is the space

2 2
var@Q) = B Q) x L9(Q), 1 <p < zq%l; ¢>d, d=2,3, (1.3a)

or even ~2_2/ ) 9
VIPQ) =B, "(Q) x Bep "(Q), 1<p< T 1 Sg>d d=23, (1.3b)



~2_2p

where B, ,""(€2) is a suitable subspace, see below in (1.11), of the Besov space

(L1(Q), W>1(Q)) cq>d, d=2,3, (1.4)

B
29 —1
as a real interpolation space between L9(Q2) and W29(Q). Similarly for ng/ P(§2). This setting

will be further elaborated after introducing the Helmholtz decomposition below. In particular, local
exponential stability for the velocity field y near an equilibrium solution y, will be achieved in the

~92_2
topology of the Besov subspace B, , /p(Q) in (1.11). Note the tight index: 1 < p < %5 for ¢ > d = 3,
and 1 < p < ¥/3 for d = 2. For d = 3, such space is “close” to L3(Q). It will be documented below in

Remark 1.2 that in such a setting, the compatibility conditions on the boundary of the initial conditions
are not recognized. This feature is precisely our key objective within the stabilization problem of the

3-dimensional Navier-Stokes equations per se [62], or for the Boussinesq system with controls {vy, u}
on the N-S component, as described in the “motivation” paragraph at the end of Section 1.1.

1.4 Helmholtz decomposition.

A first difficulty one faces in extending the local exponential stabilization results for fluids such as the
Navier-Stokes equations or Boussinesq systems from the Hilbert-space setting as in [64], [92] to the
L9 based setting is the question of the existence of a Helmholtz (Leray) projection for the domain
in R%. More precisely: Given an open set  C R?, the Helmholtz decomposition answers the question
as to whether L7(€2) can be decomposed into a direct sum of the solenoidal vector space LZ(€2) and
the space G4(f2) of gradient fields. Here,

LiQ) =Ty cCX(Q) divy=0m )l
={ge LiI(Q):divg=0; g-v=0on N},
for any locally Lipschitz domain ¢ R, d > 2
GI(Q) ={y € LYQ) : y = Vp, p € W29 ()} where 1 < ¢ < oo.

Both of these are closed subspaces of LY.

Definition 1.1. Let 1 < g < co and €2 C R" be an open set. We say that the Helmholtz decomposition
for L1(Q) exists whenever L9(£2) can be decomposed into the direct sum (non-orthogonal for ¢ # 2,

orthogonal for ¢ = 2)
Li(Q) = LL(Q) & GI(). (1.6)

The unique linear, bounded and idempotent (i.e. Pq2 = P,) projection operator P, : LY(2) — L%()
having L1(Q) as its range and G?((2) as its null space is called the Helmholtz projection. For additional
information we refer to [30], [61, Appendix B| and references therein. In particular, throughout the
paper we shall use freely that (Lg(Q))/ =LY, Y, + Yy =1

While for ¢ = 2 a Helmholtz decomposition (in fact orthogonal decomposition) exists for any open
set Q C RY, this is not the case for ¢ # 2 [67]. However, for a bounded convex domain 2 C R?, d >
2, 1 < g < oo [25] or for a bounded C!'-domain in R? [25], the Helmholtz decomposition is known to
be true. This is the case in the present paper. We can now provide further critical information on

~9_2
the Besov space B, /p(Q) which is the fluid component of the state space (1.3) where well-posedness



and uniform stabilization take place for the resulting closed-loop feedback problem.

Definition of Besov spaces By ,({2) on domains of class C! as real interpolation of Sobolev
spaces: Let m be a positive integer, m € N;0 < s <m,1 < g < 00,1 < p < 00, then we define the
Besov space [1]

B;,(0) = (L9(), W™I(Q)) - , (17)

as a real interpolation space between L?(€2) and W™4(Q2).This definition does not depend on m € N
[91, p xx]. This clearly gives

W(Q) € By, (@) CLUQ)  and  yllgaa) < Clylls: o) - (18)

We shall be particularly interested in the following special real interpolation space of the LY and W24
spaces (m =2,s=2— %):

9_2

By," () = (LU(Q), W1(Q)) (1.9)

1-1p

p
Our interest in (1.9) is due to the following characterization [2, Thm 3.4]: if A; denotes the Stokes
operator to be introduced in (1.14) below, then

(Ls@.D(4y), , ={g€ Bl (@): divg=0. glr=0}

1—%,
1 2
if-<2—--<2 (1.10)
q p
_2 i
(L8(@.D(4y) , ={geBy"(@): divg=0, g -vir =0}
p7
TR 2 1 2
=B,, (Q)1f0<2—§<§;0r1<p<2q_1. (1.11)

Remark 1.2. Notice that, in (1.11), the condition g - v|r = 0 is an intrinsic condition of the space
L1(€) in (1.3), not an extra boundary condition as g|r = 0 in (1.10). O

Orientation: As already noted,ultimately, we shall seek to obtain uniform feedback stabilization of

~9_2
the fluid component y in the Besov subspace Bip /v (Q),dmQ=d<g<oo,1<p< 2q/2q71, defined
by real interpolation in (1.4), (1.11); The reason being that such a space does not recognize boundary
conditions, as noted above in Remark 1.2. Analyticity and maximal regularity of the Stokes problem
will require ¢ > 1, Appendix A.

By way of orientation, we state at the outset two main points. For the linearized w-problem (1.31) or
(1.32) below in the feedback form (2.4) or (5.3), the corresponding well-posedness and global feedback
uniform stabilization result, Theorem 2.1 or Theorems 6.1 and 6.2, hold in general for 1 < ¢ < oo.
Instead, the final, main well-posedness and feedback uniform, local stabilization results, Theorems 2.2
and 2.3, the latter for the nonlinear feedback problem (2.11) or (8.3) corresponding to the original
problem (1.1) via its translation (1.13), will require ¢ > 3 to obtain the embedding W14(Q) < L>(Q)
in our case of interest d = 3, see (8.24), hence 1 < p < 6/5; and ¢ > 2, hence 1 < p < 4/3 in the
d = 2-case. The ultimate main result for the original problem (1.1) is Theorem 2.4.



1.5 Translated nonlinear Boussinesq problem and its abstract model.

PDE Model: We return to Theorem 1.1 which provides an equilibrium triplet {y., 0., 7c}. Then, we
translate by {y,, 0., 7.} the original Boussinesq problem (1.1). Thus we introduce new variables

z=y—vy, (ad-vector), h=86-—0. (ascalar), x =m—m (ascalar) (1.12)
and obtain the translated problem
zi —|vAz+ (y.-V)z+ (2-V)y,+ (z- V)z —yheg+ Vx = mu in Q (1.13a)
hi —kAh+y,-Vh+2z-Vh+2z-V0.=0in Q (1.13b)
divz=0in Q (1.13¢)
z=0, h=vonX (1.13d)
z(0,2) =20=Yy— Y., h(0,z)=ho=6—6.0onQ (1.13e)
Le(2) =(y.-V)z+ (2-V)y, (Oseen perturbation). (1.13f)

Abstract Nonlinear Translated Model. First, for 1 < ¢ < oo fixed, the Stokes operator A, in
L%(Q) with Dirichlet boundary conditions is defined by

Agz=—P,Az, D(A,) = W>(Q) N Wy9(Q) N LL(Y). (1.14)

The operator A, has a compact inverse A, on LI (), hence A, has a compact resolvent on L2 ().
Its properties are collected in Appendix A. Next, we introduce the first order operator A, g,

1
Aogz = Pil(ye-V)z + (- V)y), D(Asg) = D(AS?) C LLQ), (1.15)
where the D(A;/ 2) is defined explicitly by complex interpolation

[D(A,), LL(Q)]1 = D(A)?) = Wy (Q) N LL(9). (1.16)

1
2
Thus, f1(77qfl;1/2 is a bounded operator on LZ(2), and thus A, 4 is bounded on D(A;/Q)

| Ao o fIl = HAo’qul/zAgl/qufH <, HA‘11/2f . fe D(A;h)-

This leads to the definition of the Oseen operator for the fluid
Ay =—WA;+ Avyg), D(Ag) =D(A4,) C LL(Q). (1.17)
We next define the differential operator of the heat component in (1.13b)
B,f = —kAf +y.-Vf, DB, =W(Q)nW,(Q). (1.18)
Then, we define the projection of the nonlinear portion of the fluid operator in (1.13a)

Ny(z) = P,[(z-V)z], DWN,) =W(Q)n L>®(Q) N LL(Q). (1.19)



(Recall that W14(Q) < L>°(Q) for ¢ > d = dim Q [41, p. 74]). Next, we define the nonlinear coupled
term of the heat equation as

My[2](h) = z-Vh, D(M,[z]) = WH(Q) N L=(Q). (1.20)
Finally, we define the coupling linear terms as bounded operators on L%(2), LL(2) respectively, ¢ > d:

[from the NS equation] C,h = —vP;(hey), Cy € L(LY (), LL(Q)), (1.21)
[from the heat equation] Cyp .z =z V., Cy, € LILL(Q), LI(2)). (1.22)

Next, in preparation to the abstract version of the non-linear z-system (1.13), we introduce the
Dirichlet map D [58] with reference to the Dirichlet boundary controlled thermal equation (1.13b) in
h:
p=Dv <= {kAY -y, -Vy=0in Q, ¢Y|r =vonT} (1.23a)
D LA(T) — W) ¢ W) =D (B )
continuously. (1.23b)
[91, Theorem II1.2.3, p91] where By is the Dirichlet Laplacian on L9(f2)

B,f = —Af, D(B,) =D(B,) = W9(Q2) n W, (). (1.23¢)
Accordingly, we rewrite Eq (1.13b) via (1.18), (1.23)
hi — (kA —y,-V)(h—Dv)+2z-Vh+2z-Vf,=0in Q (1.24)

where [h — Dv]r = 0 by (1.13d) and (1.23a). Accordingly, invoking the operators B, from (1.18) as
well as M, [z], Cp, from (1.20), (1.22) respectively, we can rewrite Eq (1.24) abstractly as

he + By(h — Dv) + My[z]h + Cg,z = 0. (1.25)

Extending as usual [58], the original operator B, : Li(Q) > D(B,) — L%(Q) into (LI(Q))" =
LY(Q) — [’D(BZ)]/ (duality w.r.t. L?) and retaining the same symbol B, for the extension, we
see that we can rewrite Eq (1.25) as

he + Byh + Mg[z]h + Co,z = B,Dv € [D(B])]’. (1.26)

Next we apply the Helmholtz projector P, on the coupled N-S equation (1.13a), invoke the operators
introduced above - specifically, A, from (1.17), N, from (1.19), and C, from (1.21)- and obtain the
following abstract version of the controlled fluid equation

zt — Agz + Nyz + C,h = Py(mu) in LL(Q) (1.27)

In conclusion, combining Eq (1.27) with Eq (1.26) we obtain the abstract version of the original
boundary controlled Boussinesq system (1.13a-¢)

zi — Agz + Nyz + C,h = Py(mu) in LL(0) (1.28a)

hi + Byh + M[z]h + Cg, z = B,Dv in [D(B;)] ¢ L7 (Q) (1.28D)
z(z,0) = zo(z) in LL($2) (1.28¢)

h(z,0) = ho(x) in L4(Q); (1.28d)



or in matrix form

-1 SR B Ll B L] s
[z(O)] _ [ZO} e W1(Q), (1.29a)
or alternatively

-1 SE-T anulBl P

in L1(Q) x [D(B;)]" (1.29b)

W(Q) = LL(Q) x LI(Q). (1.30)

1.6 The linearized w-problem of the translated z-model.

Next, still for 1 < g < oo, we introduce the linearized controlled system of the translated PDE-model
(1.13), in the variable w = {wy,wy} € LL(Q) x LI(Q) = WZL(Q):

% —vAwys + Le(wyf) — ywpeq + Vx = mu in @ (1.31a)
dwy, .
W—ﬁAwh—l-ye-th—i-wf-VGe:O in Q (1.31b)

divw; =0 in Q (1.31c)
wr =0, w, =v on X (1.31d)
\ 'wf(O, ) = Wy, wh(07 ) = Wh,0 on 2. (1.316)

with I.C. {w¢(0),w,(0)} € W(Q) = LL(Q2) x LI(Q). Its corresponding abstract version is, referring
also to (1.20), (1.29a-b) rewritten, for w = {wy, wy} as

dw
“dt Aws — Cywp + Py(mu
dﬂ _ dt _ qWf yWh q( ) in W(Q) (1.32a)
dt  |dwy | | =By(w, — Dv) = Cpwy
dt
dw d |wy A, —C| [wy P,(mu) ‘ .
7T = 0 1.32
i dt [wh] [—Cee 0| Lwn] T |-Bylun — Duy| ™ WD (1.32b)
We may also write
dw;y
dw | dt | _ | Ay =Cy| jwy| | [Py(mu)] g 1/
dt | duwy, _[ Co. Bq] [wh + B,Dv in L3(Q) x [D(B])] (1.32¢)
dt



The corresponding linearized uncontrolled problem {v = 0,u = 0} is

dw _d fwy| _ (wr| | Ay —Cy| |wy
a - dt [wh] = A Luh] = [—cg By |wn (1.33)

e

A, ¢,

Aq = [_09 _ Bq] : WE(Q) = LE(Q) x L1(Q) D D(Ay) = D(Ag) x D(By)

e

= (W4(Q) n Wy?(Q) N LE(Q)) x (W>(Q) N W (Q) — WEQ). (1.34)
Properties of the operator A, in (1.34)-critical for the proper setting of the present stabilization analysis
will be given in the next Section 1.7.

1.7 Properties of the operator A, in (1.34).
We shall use throughout the following notation (recall (1.3), (1.5), (1.32) and (1.11))

Wg(Q) = Lg(Q) X Lq(Q)’ quP(Q) — EQ_Q/p

- q,p

(Q) x LUQ). (1.35)

Remark 1.3. By using the maximal regularity of the heat equation, instead of the state space V4P (Q)
in (1.3), (1.35) we could take the state space V{?(Q) to be the product of two Besov spaces, i.e.

~2-2 _
ViP(Q) = B,, /p(Q) X B(ipwp(Q) as in (1.3b). Here, the second Besov component is the real inter-

polation between L?(£2) and D(By), see [70]. This remark applies to all results involving V4P(Q), but
it will not necessarily be noted explicitly case by case, in order not to overload the notation. [

Accordingly, we shall look at the operator A, in (1.34) as defined on either space
Ay WL(Q) DD(A)) = WL(Q) or A, : VIP(Q) D D(Ay) = VIP(Q). (1.36)

The following result collects basic properties of the operator A,. It is essentially a corollary of Theorems
A.3 and A.4 in Appendix A for the Oseen operator Ay, as similar results hold for the operator By,
while the operator C, and Cy, in the definition (1.32) of A, are bounded operators, see (1.21), (1.22).

Theorem 1.2. With reference to the Operator A, in (1.34), (1.36), the following properties hold true:

(i) Aq is the generator of strongly continuous analytic semigroup on either W(2) or VIP(Q) or
VEP(Q) fort > 0;

(i) Aq possesses the LP-mazimal regularity property on either W(Q) or VEP(Q) or VPP (Q) over a
finite interval:

A, € MReg(LP(0,T;%)), 0<T < o0, (x)=WIi(Q) or VIP(Q). (1.37)

(iii) Ay has compact resolvent on either W(Q2) or VIP(Q).
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Analyticity of e’ (resp. €Bat) in LI(Q) (resp. L4(Q)) implies analyticity of ea® (resp. eB!) on

(
D(A,) = D(A,) (resp. D(B,) = D(B,)), hence analyticity of es® (resp. €Pa') on the interpolation
~9_2
space Bip /p(Q) in (1.11). (or in Bg;%’(Q)) in (1.9) (resp. (1.4) in the scalar case).

For the notation of, and the results on, maximal regularity, see [1], [23], [32], [37], [53], [54], [69], [93],
[91], etc. In particular, we recall that on a Banach space, maximal regularity implies analyticity of
the semigroup, [22] but not conversely [23], [54]. We refer to Appendix A.

Basic assumption: By Theorem 1.2, the operator A, in (1.34) has the eigenvalues (spectrum)
located in a triangular sector of well-known type. Then our basic assumption - which justifies the
present paper - is that such operator A, is unstable: that is, A, has a finite number, say N, of
eigenvalues Ai, A2, Az,..., Ay on the complex half plane {\ € C : Re A > 0} which we then order
according to their real parts, so that

...<ReAys1 <0< ReAy<...<Re, (1.38)

each \;, ©=1,..., N, being an unstable eigenvalue repeated according to its geometric multiplicity £;.

Let M denote the number of distinct unstable eigenvalues \; of A, so that ¢; is equal to the dimension
M

of the eigenspace corresponding to A;. Instead, N = Z N; is the sum of the corresponding algebraic
=1
multiplicity N; of \;, where N; is the dimension of the corresponding generalized eigenspace.

Remark 1.4. Condition (1.38) is intrinsic to the notion of ‘stabilization’, whereby then one seeks to
construct a feedback control that transforms an original unstable problem (with no control) into a
stable one. However, as is well-known [60], the same entire procedure can be employed to enhance at
will the stability of an originally stable system (Re A; < 0) by feedback control. This is the case of

Remark 1.1(3i).

2 Main results.

As in our past work [9], [10], [11], [12], [57], [58], [60], [61], we shall henceforth let LZ(Q2) denote the
complexified space LL(2) +iLZ(Q2), and similarly for L9(§2), whereby then we consider the extension
of the linearized problem (1.32) to such complexified space LZ(€2) x L9(€2). Thus, henceforth, w will
mean w + iw, v will mean u + ‘u, wy will mean wg + iwg. Our results would be given in this
complexified setting. How to return to the real-valued formulation of the results was done in these
past reference (see e.g. [9], [10], [57], [60, Section 2.7]). Because of space constraints, such real-valued
statements will not be explicitly listed on the present paper. We refer to the above references.

2.1 Orientation.

A main additional feature of the results below is that the feedback control u; corresponding to the
fluid equation is of reduced dimension: that is, of dimension (d — 1) rather than of dimension d. More
precisely, setting u = {u(l),u@), .. .,u(d)} to express the vector control w acting on w in terms of
its d coordinates, the only constraint is that the last component u(? is always needed, along with
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additional (d — 2) components with no preference. Thus, for d = 2, a feedback control 4 may be used
invoking only the component u(?), with no need of component u). For d = 3, a feedback control u
may be used involving either the components {u"),u®} or else components {u(?,u(®}. This is due
to the UCP of Theorem B.1 reported in Appendix B. To express above facts, we introduce appropriate
notation. Recall that the vector {p,1} = {1, 0@ ... o@ ¥} in WI(Q) = LI(Q) x LI(Q) has
(d + 1) coordinates, the first d coordinates corresponds to the fluid space, while the last coordinate
corresponds to heat space. Motivated by the above considerations, ultimately by the UCP of Theorem
B.1 of Appendix B, we shall introduce the notation LZ(Q) to denote

EZ(Q) = any (d — 1)-dimensional sub-space obtained from LZ(£2)

after omitting one specific coordinate, except the dt coordinate,
from the vectors of LL(Q2). (2.1)

2.2 Global well-posedness and uniform exponential stabilization of the linearized
w-problem (1.32) on either the space WI(Q) = L1(Q) x L)) or the space

Ver@Q) =B, () x LI(Q), 1 < q < 00,1 < p < o,

- q,p

Theorem 2.1. Let the operator Ay in (1.34) have N possibly repeated unstable eigenvalues {/\j};\le
as in (1.38), of which M are distinct. Let {; denote the geometric multiplicity of \;. Set K =
sup{¢;; i =1,...,M}. Let (W), be the N-dimensional subspace of W(Q) defined in (3.2) below,
which is the generalized eigenspace of A, corresponding to the unstable eigenvalues {)\j}j-vzl. Recall
the space ig(Q) from (2.1) and let likewise (ﬁ\/g)}(] be any space obtained from (W)Y by omitting
one specific coordinate from the vectors of (W%)% except the d coordinate. Then, one may construct
finite dimensional feedback operators F' and J, as desired

K
v=Fw= Z (Pyw,py) fi frx € F C W2 7a9(Q),
k=1
pp € (W) € LL(Q) x LI(Q), ¢ > 2, fi supported on T (2.2a)
Dv=DFw € W>1(Q) (2.2b)
K
=~q
Jw = Pym(u) = Pym (Z (Pyw, qp,) uk> , uy, € L,(Q),
k=1

q, € (W) C LL(Q) x LYQ), uy, supported on w. (2.3)

such that, with w = {wy,wy}, wy = Pyw, Py the projector in (3.1a), once inserted in the w-problem
(1.32), yield a resulting closed-loop linearized w-problem in feedback form

K
P, (mz (Pyw, q},) uk)
dw = [ Ay _CW] w + k=1 (2.4a)

dt ~ |~Cp O K
—By [ wy — DY (Pyw,py) fi

k=1
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or by (2.2), (2.3)

dw [Aq -6 Jw = A, w. (2.4b)

a —Co, O :| wt [—Bq(wh — DFw)

This way, the feedback operator A, = is defined for the linearized w-problem in feedback form, as

Ay, =A, +1I (2.4c)
s0 that (2.4b) is rewritten as
%’ =A, w=A, w+Iw (2.5)
Apgw = [—Bq (Zufq—wzlvo)] , The = {fg}i _gv] wt [JSU } (2.6a)
D () =D (h,,) = {w — [Z’;] € Wi(Q) = LL(Q) x LI(Q) :
wy € D(4Ay), (we — DFw) € D(B,) = D(Bq)} (2.6b)
D(A,) C D(4,) x W29(Q), D(IT) = D(A,4) x LI() (2.6¢)

recalling (1.15), (1.17), (1.18), (1.23¢), (2.2b). Moreover;

(i) The operator A, in (2.4), (2.6) generates a s.c. analytic semigroup etrat on W1(Q) = LI(Q) x
L9(Q) as well as in the space VIP(Q) = E;;Q/p x L1(Q), or VIP(Q) see also Remark 1.3.

AF’qt

(ii) Such semigroup e is uniformly (exponentially) stable in either of these spaces

HGAF,thOH() < C’yoe_%t ”’lUOH(.) ,t>0 (2.7)
~*/p

where (-) denotes either LL(Q) x LY(Q) = WIL(Q) or else Ez,p (Q) x LY(Q) = VIP(Q), or
VEP(Q). In (2.7), yo is any positive number such that Re Any1 < —vo < 0.

(111) Finally, Ap g4 has mazimal LP-regularity up to T = oo on either of these spaces:

Ap, € MReg(LP(0,00; - )), where (-) denotes
either LL(Q2) x LI1(2) = WL(Q)
~2,2/
or else B, ,,'"(Q) x LY(Q) = VIP(Q), or VIF(Q). (2.8)

The proof of Theorem 2.1 begins in Section 3 and proceeds through Section 7. Such proof gives the
feedback vectors uy in (2.3) as being in LZ(€2). The refinement of asserting that such vectors uj can
be taken in LZ(Q) defined in (2.1) is given in Appendix C. More precisely, analyticity in (i) is proved
in Theorem 6.1; uniform decay in (ii) is proved in Theorem 6.2, while maximal LP-regularity in (iii) is
established in Theorem 7.1.
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2.3 Local well-posedness and uniform (exponential) null stabilization of the trans-
lated nonlinear {z, h}-problem (1.29) or (1.13) by means of a finite dimensional

explicit, spectral based feedback control pair {v,u} localized on {f,w}.

Starting with the present subsection, the nonlinearity of problem (1.1) will impose for d = 3 the
requirement g > 3, see (8.24) below. As our deliberate goal is to obtain the stabilization result for the

~9_2
fluid component y in the space B, & (©2) which does not recognize boundary conditions, Remark 1.2,

then the limitation p < 2%/ 2g—1 of this space applies, see (1.11). In conclusion, our well-posedness and
stabilization results will hold under the restriction ¢ > 3, 1 < p < 6/ sford=3,andg>2,1<p< 4/ 3
for d = 2.

Theorem 2.2. Letd=2,3, ¢>d, 1<p< 5 E T Consider the nonlinear open-loop {z, h}-problem
(1.29a)

dlz| | A —C| |z N, 0 =z Py (mu . ,

z(0)] _ [=0 q

[hm)] - M ) (2.9b)

which, upon application of feedback control pair {v, Ppm(u)} =

(2.2a), (2.3) as for the linearized feedback system (1.32b)

[

(re[i] )

{F [}j s ['}j } of the same structure

[quv(u) } =| .l = K (2.10)
F [h} Z <PN [ﬂ ,Pk>fk
k=1
Py defined in (3.1a) is rewritten in a closed loop feedback form as
dz K z
Cﬁ_qu+Cyh+NqZ:Pq<m<;<PN |:h:| ,qk>uk>> (211&)
h z
% + CQEZ + Mq[z]h == _Bq (h - D ; <PN |:h:| 7pk> fk;) . (211b)
\ -
or in matriz form, recalling (2.4b), (2.6b)
d [z] z N 0 z| z| | Ay —C,| |z
AR e e o R el
z
i
(2.12)

14



P
Letd=23 g>d 1<p<—2L_
2g—1

below in (8.31) such that if

There exists a positive constant r1 > 0 (identified in the proof

<71, (2.13)

hotl| <o
H{z07 O}HBz,pQ/p (Q)Xngf/p Q)

then Eq (2.11), or (2.12) has a unique fixved point non-linear semigroup solution,

t
o — Aqut 20 — AF,q(t_T) qu(T) . [e's) 00
[h} (t)=¢e [ho} /0 e [/\/lq[z]h(T) dr, in the space X5, » X X% (2.14)
{z,h} € X33, , x X% = LP(0,00; D(Ap,q)) N WHP(0, 00; WL(K)), (2.15)
Moreover, (referred to as trace theorem,)
00 2-2
X .o = C([0,00); Byp I (€2)) (2.16)
oo 2—2/p
X = C([0,00]; Bgp " (1)) (2.17)
so that
X o X Xpg = C([0,00; VEP(Q)), (2.18)
The space X7, , x X5, defined above is the space of LP-mazximal regularity for the generator Ap,g.
2
Theorem 2.3. Assume the setting of Theorem 2.2, in particular d = 2,3, ¢ >d, 1 <p < 5 q 1 and
q [—

the smallness condition (2.13) for the I.C. Then, the solution guaranteed by Theorem 2.2 is uniformly

Lo 2 -

stable in the space V1P (Q) = B;p /p(Q) X B;;/Z’(Q), see also Remark 1.3: there exists ¥ > 0, Mz >0
20
ho

such that said solution satisfies
< Mgeiit
See Remark 9.1 for the relationship between 7 in (2.7) and 7 in (2.19).

VIP(Q)

, t>0. (2.19)

i

‘vgip(ﬂ)

2.4 Local well-posedness and uniform (exponential) stabilization near an unstable
equilibrium solution {y,, 0.} of the original Boussinesq system (1.1) by means
of a finite dimensional, explicit, spectral based feedback control pair {v,u}
localized on {I',w}.

The results of this subsection - the main ones of the present paper - are an immediate corollary of
Theorem 2.2 and 2.3 of Section 2.3 via the change of variable (1.12).

2
Theorem 2.4. Letd=2,3, ¢g>d, 1 <p< 5 q T Consider the original Boussinesq problem (1.1).

Let {y,,0.} be a given unstable equilibrium solution as guaranteed by Theorem 1.1 for a steady state
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problem (1.2): i.e. assume (1.38). For a constant p > 0, let the initial condition {yq, 0o} in (1.1e) be
~9_2
in Bz’p /s (Q) x Bg};Z/’”(Q) and satisfy

~2_2/ 2
y, = {{yo,eo} e B ") x B ()

190,00} — {50: 0} | s, < p}, p>0. (2.20)
Bq’p (£2

2,2
)xBjp P (Q)

If p > 0 is sufficiently small, then: for each {ygy,00} € V,, let

K
v=F [Zé:gj :Z<PN [g:gj ,Pk> I (2.21)
k=1
_ K
u=.J ["Z : ge] = Z <PN ['z : ge] ,qk> uy, (2.22a)
e k=1 e

Y—Y.| _ 7Y Y.
S5 (o (51 2) oo
that is, the finite dimensional operators F € LW (), LY(T)) and J € LIWL(Q), LL(Q)) be the same

as in (2.2a), (2.3) for the linearized w-problem (2.4); or as in (2.10) for the translated {z, h}-problem
(2.11), having the same boundary vectors f, and interior vectors py,q; € (W2)y)* and uy, € ig(Q))
as in Theorem 2.1. Substitute v in (2.21) and w in (2.22a) in (1.1d) and (1.1a) respectively, to obtain
the original problem (1.11) in feedback form:

Y, —vAy+ (y-V)y — (0 — 0)eq+ Vr =

m (f (]2t o) uk> @) inQ (2:230)

k=1
0 — kAO+y - VO =g(x) in Q (2.23Db)
divy =0 in Q (2.23¢)
X Y-y
y=0, 9—;<PN[9_ej,pk>fk on % (2.23d)
y(0,2) =yy, 6(0,z) =0y on Q. (2.23e)

re-written abstractly after application of the Helmholtz projection P, on the y-equation, as

K
d N
ditl — Ay +C0+ Ny =P, (m(Z <PN {Zé _ gj ,qk> uk>> (2.24a)
k=1
do K Yy—y
W - Coy+ Mfy)0 =~ B, (9 0y <PN [ v 95] ,pk> fk). (2.24D)
\ -
P
Letd =23, ¢>d, 1<p< 5 o - If p > 0 s sufficiently small, then
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(i) the feedback problem (2.24) admits a unique (fixed point nonlinear semigroup) solution

{y.0} € X2, . x X290 = LP(0,00; D(Apg)) N WP (0,00, WE()) (2.25)
X o X Xpg = C([0,00]; V3P(Q)), (2.26)

as in (2.18);

(ii) there exists ¥ > 0, M5 > 0 such that said solution {y,6} satisfies
y(t) — e Yo~ Ye
Q(t) — 9@ 90 - 96

2.5 Comparison with the literature.

< Mgef%
VIr(Q)

. t>0.0 (2.27)

‘Vgip(n)

1. The critical feature - the ignition key - to get the analysis of the present paper succeed: an inverse
theory problem of the Unique Continuation Property type, which is established via Carleman-type
estimates [89]. These tools are used in the preliminary Section 4, dealing with the finite dimensional
unstable projected problem (3.6a) at the level of establishing the essential Kalman controllability
condition (4.31). This ultimately rests on the UCP reported in Appendix B, one of the several UCPs
proved in [89], by means of Carleman-type inequalities. The original Carleman estimates (charac-
terized by a suitable exponential weight) were introduced in [17] in 1939 to establish uniqueness
of a PDE on two variables. A historical account is given in [50, Section 1.1, pp2-3] from which we
quote: “In 1979, the growing interest to global uniqueness results for multidimensional CIPs with
the lateral data stimulated Klibanov to apply the Carleman estimates for establishing such results.
At the same time, a similar global uniqueness theorem was independently formulated and proven
by Bukhgeim. As a result, the method of Carleman estimates was presented to the inverse problem
community in the joint paper [14]. The detailed proofs were published in [13] and [}5]”. See also
[46], [47] for early literature and [49] for a hyperbolic paper. The authors of the present paper
are most pleased to offer a contribution to the special volume of JIIP to recognize the pioneering
work- and subsequent intensive production-of M. V. Klibanov on Carleman estimates and inverse
theory. For a discussion on Carleman-type inequalities in integral form with lower-order terms and
pointwise Carleman estimates with no lower order terms, we refer to [63] and to [59, Section 1.5].
A recent book on these topics is [38].

2. The Besov space setting. With reference to both the “Motivation” of Subsection 1.1 as well as
Subsection 1.3, it was already emphasized that all prior literature on the problem of feedback
stabilization of either the Navier-Stokes equations or, subsequently, the Boussinesq system is car-
ried out in a Hilbert-Sobolev setting. As already noted, this treatment is inadequate to obtain
finite dimensionality in full generality of the localized tangential boundary feedback control for the
3d-Navier-Stokes equations. This obstacle then motivated the introduction of the L?-Sobolev/Besov
setting in [60], [62] with tight indices, see (1.4), (1.11), that does not recognize boundary condi-
tions, see Remark 1.2 and subsequent orientation, in order to solve affirmatively such open problem
on the finite dimensionality in 3d-Navier-Stokes tangential boundary feedback stabilization. Refer-
ence [60] on localized interior controls sets the preparatory stage for the more demanding boundary
control case in [62].

17



3. The Boussinesq system. As already noted in the “Motivation” of Subsection 1.1, the present paper
is the first contribution in the Besov setting toward the uniform stabilization of the Boussinesq
system with a localized boundary stabilizing feedback control (finite dimensional): namely, the
Dirichlet boundary control for the heat component acting on I'. It follows the preliminary test case
with two stabilizing feedback controls - one for the fluid component and one for the heat component
- localized on an arbitrary small set w C . In turn, the present paper sets the stage for attacking
our final goal: uniform stabilization of the Boussinesq system by means of a localized boundary,
finite dimensional feedback stabilizing control acting this time on the Navier-Stokes component, of
the same type as in the case of the N-S alone [62]. The topic of stabilization (by open loop controls)
of Navier-Stokes equations originated in the pioneering work of [28].

4. Review of the literature on the feedback stabilization of the Boussinesq system. The first contribution
is due to [92] via internal feedback controls in the Hilbert setting H x L?(Q2), where H is the usual
Hilbert L2(Q)-specialization of (1.5) [19]. The feedback controllers are both infinite-dimensional
of the type: uw = —k(y — y,.) and v = —k(f — 0.), for large k, under technical assumptions on
the localization of the controls. Paper [64] also studies the feedback stabilization problem with,
eventually, localized controls, which again are infinite dimensional; eg defined in terms of a sub-
differential. These results are in stark contrast with the present work. Here - first, we establish
that the stabilizing control is finite dimensional; and, second, we show that its fluid component
is of reduced dimension, as expressed only by means of (d — 1)-components to include necessarily
the d' component. Finally paper [71] studies the feedback stabilization problem with, this time,
mixed boundary and claims to provide a rigorous treatment of problems studied in [15], [16].

5. It is as a by-product of the described UCP, as applied to the adjoint static problem rather than
the original static problem, that we can extract the further benefit of obtaining the closed-loop
feedback control acting on the fluid component of reduced dimension: (d — 1) rather than d. There
is however a key difference with respect to a similar property in [61] with two localized internal
controls. Namely, in [61] the d*™™ component of the fluid control is not needed; in the present case, it
is essential. This dimension reduction in the closed-loop feedback stabilizing fluid control is in line
with the open-loop controllability results in [20], [21]. No such reduction of components is present
in the case of uniform stabilization of the Navier-Stokes equations per-se.

6. Geometric Multiplicity. We also point out that, as in [56], [57] and [60], [62] for the Navier-Stokes
equations, in the case of the Boussinesq system, the number of needed controls will be related to the
more desirable geometric multiplicity, not the larger algebraic multiplicity as in prior treatments,
[9], [7, p 276] of the unstable eigenvalues, by using the classical test for controllability of a system
in Jordan form [18], [8, p 464]. This allows one also to obtain constructively an explicit form of
the finite dimensional feedback control; and, moreover, to show that the feedback control acting on
the fluid may be taken of reduced dimension: one unit less, i.e. d — 1, than the fluid component of
dimension d. As noted in point 5. above, this is due to the Unique Continuation Property of the
adjoint problem, reported in Appendix B. It represents an additional contribution of the present

paper.

7. Mazximal regularity of the linearized feedback problem. In the present contribution, following [60],
[61], [62], the analysis of the original non-linear problem is carried out in the context of the property
of maximal regularity of the linearized feedback w-problem (5.3a); that is, of the operator Ap, in
(5.3a)-(5.5b). This applies to both well-posedness (in Section 8) as well as stabilization (in Section
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9) of the nonlinear feedback problem. This is in contrast with prior treatments, such as [9], [7],
which often rely on chopping the nonlinearity and carrying out a limit process. The maximal
regularity approach introduced for stabilization problems in [60] is cleaner and more desirable both
technically and conceptually. On the other hand, applicability of Maximal Regularity requires well
balanced spaces. Recent developments in this particular area [93], [75], [69], [53], [54], [23] etc. were
critical for carrying out our analysis.

3 Beginning with the proof of Theorem 2.1, Spectral decomposition
of the linearized w-problem (1.31) or (1.32).

We return to the assumed starting point of the present paper, which is that the free (uncontrolled)
dynamics operator A, in (1.34) is unstable, see (1.38). Its properties are collected in Theorem 1.2.
Accordingly, its eigenvalues satisfy the statement which includes their location in (1.38). Denote by
Py and P} (which actually depend on ¢) the projections given explicitly by [40, p 178], [9], [10]

1

Py=—o— | (M- Ay HdA : W2 onto (W9)% c LI(Q) x LU(Q) (3.1a)
r
]. f— / /
Py=—5 (M =A%) "Hdx: (WD)* onto [(WE)%]* € LL(Q) x LY (). (3.1b)
™ Jp

Here T (respectively, its conjugate counterpart T') is a smooth closed curve that separates the unstable
spectrum from the stable spectrum of A, (respectively, Aj). As in [10, Sect 3.4, p 37|, following [84],
[85], we decompose the space Wi = WI(Q) = L1(Q2) x L1(Q) into the sum of two complementary
subspaces (not necessarily orthogonal):

Wi =WHk ® (Wix; WEHx =PvWi Wiy = — Pn)WE;
dim (W9)% =N (3.2)

where each of the spaces (W2)% and (W2)%, (which depend on ¢, but we suppress such dependence)
is invariant under A, and let

AZ,N = PyAg = Aqr|(Wg)7;\,§ AZ,N = —Pn)Aq = ACI|(W3)§V (3.3)

be the restrictions of A, to (W) and (W)} respectively. The original point spectrum (eigenvalues)
{Aj}521 of Ay is then split into two sets, recall (1.38)

U(AZ,N) = {Aj}évzﬁ U(AZ,N) = {)\j}ﬁN+1> (3.4)

and (W)} is the generalized eigenspace of Ay - in (3.3). The system (1.32) on W = LZ(2) x L(f)
can accordingly be decomposed as

w=wy+Cy, wy=Pyw, (y=({-Py)w. (3.5)
After applying Py and (I — Py) (which commute with A,;) on (1.32), we obtain via (3.3)

P,(mu)

on (W) : wy — Aj ywy = Py [ B,Dv

} . wy(0) = Py [’“’f(o))] (3.6a)
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P,(mu) wy(0)
q\s . A S — _ q . — _ f
on (W) ¢he — At = (1= ) | TR0 cu0) = 1=y [ 2210 (3.60)
respectively, where wy = {wy n, wn N}, Cn = {Csn,Ch N} See [10, Appendix A] for the extension
of Py outside W.

4 Proof of Theorem 2.1. Global well-posedness and uniform expo-
nential stabilization of the linearized w-problem (1.32) on the space

W(Q) = L1(Q) x LI(Q) or the space VI(Q) = B, "(Q) x B2, ().

a,p

4.1 Orientation.

We shall appeal to several technical developments in [60], where the case of the N-S equations has
been studied. We will have to adopt and transfer some of its procedures to the case of the Boussinesq
system. Thus, properties such as maximal regularity and the entire development for uniform stabi-
lization of the linearized Boussinesq dynamics need to be established. We have already noted that
while analyticity and maximal regularity are equivalent properties in the Hilbert setting [22] this is
not so in the Banach setting where maximal regularity is a more general and more delicate property.
Moreover, it is only after we establish uniform stabilization that we can claim maximal regularity
up to infinity. This needs to be asserted by direct analysis. To proceed, we recall the state space
Wi(Q)=LL(Q) x LI(Q) = (WH{ & (WI)y in (1.34), (3.2). The unstable uncontrolled operator is
Ag in (1.34).

The same strategy employed in [60] seeks to show that the linearized w-dynamics (2.4) in feedback form
- that is, the operator A, in (2.5), (2.6b) - of the translated non-linear {z,h}-problem is uniformly
stable in the desired setting in terms of finite dimensional feedback controls. Here w = {wy,wy}
comprises the d-dimensional fluid component w and scalar heat component wy,. To this end, we first
seek to establish that the finite dimensional projection - the wy-equation in (3.6a) is controllable on
(W1)%, hence exponentially stabilizable with an arbitrarily large decay rate [94, p. 44]. This is done
in Theorem 4.1 (controllability) and Theorem 4.2 (stabilization). Once it is established (Theorem 6.1)
that the operator A, generates a s.c. analytic semigroup, the next step is to examine the correspond-
ing ¢ y-equation, (3.6b), where the arbitrarily large decay rate of the feedback wy-equation combined
with the exponential stability on (W)%; of the s.c. analytic semigroup etant (whose spectrum is on
the left of Re Ay41 < 0), yields the desired result. This is Theorem 6.2. One needs to emphasize
that all this works thanks to the present corresponding Unique Continuation Property, this time of
the Boussinesq system, that is Theorem B.1 in Appendix B. It is this UCP that permits one to verify
the Kalman algebraic condition (4.31) of Theorem 4.1. This is established asserting the Claim in the
proof of Theorem 4.1. Such condition is equivalent to linear independence of certain vectors occur-
ring in (4.31) below, so that the finite dimensional projected wy-dynamics satisfies the controllability
condition of Kalman or Hautus. See corresponding cases in [86], [87]. The proof of Theorem 4.1
invokes all d-components of the fluid vectors u;. However, one can do better. The UCP of Theorem
B.1, Appendix B does not include boundary conditions. On the other hand, in our present case, the
UCP is applied to the adjoint eigenproblem (4.3) below, which of course includes also homogeneous
B. C. such as (4.10d). It then turns out that by taking advantage also of these homogeneous B. C.
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(4.10d), it is possible through a proof of a UCP given in [89, Theorem 6, Theorem 7] to obtain an
improvement whereby the new version of Theorem 4.1 (verification of the Kalman algebraic condition
(4.31)) involves only (d — 1)-components of the d-vector uy, to include necessarily the d'" component.
Such improvement is given in Appendix C. The proof uses a variation of the proof of the UCP [89,
Theorem 6 or 7]. This result is in contrast with two other cases. First, the uniform stabilization study
of the Boussinesq system by localized interior feedback controls for both fluid and heat components
(acting on an arbitrarily small internal set w C Q) [61], again (d — 1)-components of the fluid vector wuy
are involved, but this time, it is the d®® component that may be omitted, in contrast with the case of
the present paper. Second, in the cases of uniform stabilization of the Navier-Stokes equations, either
by internal localized [60] or boundary localized controls [62], all d-components of the fluid vector uy
are needed. The explanation is in the nature of the Boussinesq adjoint eigenproblem. Henceforth the
conceptual advantage of having our results invoking only (d — 1)-components of the fluid vectors uy,
including the d*® component will be responsible for heavier notation as described below.

For each i = 1,..., M, we denote by {®;; }?:1, {<I>;-kj ?;1 the normalized, linearly independent eigen-
functions of A, respectively Ag, say, on

W1(Q) = LI(Q) x LI(Q) and

(W1(Q))* = (LL(Q)) x (LUQ)) = L () x L7 (Q), j] + ql —1, (1)

(where in the last equality we have invoked the identity below (1.6)) corresponding to the M distinct
unstable eigenvalues Ar,..., Ay of Ay and Ay,..., Ay of Ay respectively, either on WZ(Q) or on
VEr(Q):

Ag®ij = \®ij € D(A,) = [W9(Q) N W (Q) N LL(Q)] x [W>(Q) N W, ()] (4.2)
AL®Y = M@} € D(A) = W27 (Q) n W (Q) N LL(Q)] x W (Q) N Wy (Q)]. (4.3)
It is the adjoint problem (4.3) which is of our interest:

4.2 The adjoint operator A} of A, in (1.34).
It is computed in [61] that the adjoint A} of A, is given by

L [A =G , , . . .
Ay = [_qu B;?E] : WZ(Q) = LI (Q) x L) D D(A]) = D(A}) x D(B})

= (W27(Q) n Wy (2) N LY (Q)) x (W (2) N W7 () — WI(Q). (4.4)
where the adjoints Cj and CJ of the operators Cy, and C, in (1.21), (1.22) are
Co 0" = Py(¥*V0.) € LL(Q), Cip" = —y(Pye”) - eq,

C: e L(LL(Q), L7 (Q)). (4.5)

Ar = — (VAL + AL,), ALf = —PyAf,
D(AL) = W27 (Q) n Wy (Q) N LL () (4.6)
(Aog)* = A5y = Py(Le)" : WH(Q) — LE(Q) (4.7)
Bitp = kA —y, - Vb, D(BL) = W27 () n Wy (). (4.8)
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The expression in (4.8) is obtained from (1.18) integration by parts using y.|r = 0 and div y, = 0 from
(1.2¢c-d). See Appendix B. Notice that in passing from A, to A} the operators C, and Cy, switch places
with their adjoints. This fact has a key implication on the needed Unique Continuation Property.
With ®* = [p*,1"], the explicit version of Aj® = A®* is by (4.4)

{ Al = Cp " = Ap* (4.9a)
—Bip* — Clp* = \* (4.9b)

while its PDE-version is, by virtue of (4.4)-(4.8)

—vAQ* + L (¢*) + "Vl + Vi = Ap™ in Q (4.10a)
—kAY* —y, - V* —yp* - eq = \* in Q (4.10b)
div p* =0 in (4.10c)

p*=0,9v"=0 on I (4.10d)

4.3 Critical step: uniform stabilization of the unstable finite dimensional wy-
projection (3.6a) by feedback controls {v,u}.

For simplicity and space constraints, we provide here explicitly only the conceptually and computa-

tionally more amenable case, where the operator Ay v in(3.3) is semisimple [40] on the space (W)

of dimension N = ¢1 +---+/{;. How to treat the general case is known [56], [57], [60], [62]. It is much
more computationally intensive.

Assumption: Thus assume henceforth that
Ay v is semisimple on (W)} (4.11)

that is, for the unstable eigenvalues A1,..., Aps geometric and algebraic multiplicity coincide.[]

Accordingly, let w € (W)Y, then [40, p51]

M,¢;
Wiy 2wy = Z <'wN7q’fj>Wg7(Wg)* P, P = {i;]] . (4.12)
ij=1

Define B; and § the following ordered bases of length ¢; and N, respectively, corresponding to the
unstable eigenvalues

51' = [‘1’@1,...,‘1)%1.}, = 1,...,M (4‘133)
B=pB1UpPaU---UPBy = [P11,...,Prey, Por,. .., Poryy oo Pasr, o, Pogey, ] (4.13Db)

Thus the matrix representation of the operator Ay y in (3.6a) on (W)} with respect to the basis 3

1S
s 0

u Ao Ly
[Agn]y=A= . L Nx N, I+ 6; x £;. (4.14)

O Amdnr
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Next, with reference to (3.6a) with mu € LY(w), Py(mu) € Li(w) and v € LI(I"), we shall show that:

Mt

P, (mu) B Py(mu) . -
M 4;
= oYy
= mu, on ! — <U, — > q)z (416)
”Z:I < J>L3(w)7L3 (w) o |p La(r).Le' () g

In fact, since Py®;; = ®;; and Pyp;; = ¢;;, we obtain from (4.15), recalling W from (1.34),

M,¢;

P,(mu) . X
b { B,D } N .Zl [(Palm). 055) 0 ) 1) 0 DB iy o)) (4.17)
i,j=
MJt;
s aw;k
= mu,cpf~> o T <v, - > P, (4.18)
i’jZZI [< J/ LE(w),LE (w) v r Lq(I‘),Lq'(F) J

3}
and (4.16) is verified. In going from (4.17) to (4.18) we have recalled D*B f = —a—f, [ €D(B,), see
v

(B.11) of Appendix B for k = 1. Next, we seek an interior control u acting on w and a boundary
control v acting on I at first of the form

K
w=>Y mp(t)ug, up € (W) C LL(Q) (4.19)
k=1
K o
v=>Y w(t)fr € FCW?/o9(I) (4.20)
k=1
where
9 ;'kj . . 21 =
F = span 3 ,i=1,....M; j=1,....4; s CW /q’q(F). (4.21)
VT

Thus substituting (4.19), (4.20), in (4.16) we obtain

P [ B,Dv ] Z Z [ mug, i) L8 () L () HE ()

i,j=1 k=1
5¢
S vi(t) | ®ij. (4.22)
I/ La(r),Le (T)
Accordingly, in view of (4.22), we can rewrite the wy-problem (3.6a) as
MJt; K
n (Wi : why = Agywn + Z Z [<muk’ Lp’?j>Lg(w),Lg/(w) ()
ij=1k=1
31#
fk, Vk(t) <I)Z] (423)
r/ LaI),Ld (')
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Eq (4.23) is the perfect counterpart of [62, Eq (6.24)].

On the basis of expansion (4.23), we introduce the ¢; x K matrix W; and the ¢; x K matrix U;,
i=1,....M

<f1,3;ﬂ/)§:1|r>f (fKﬁWZHF)f
- <f1,3yfbi2|r>f <fK78u:w1'2|F>f O ()= D (4.24)
<flaau¢;<fi‘f‘>’f <fK78V‘w;<£i‘F>f
(ui,¢71), - (uk,9h),
U, — <u1’ipj2>w <uK’fp?2>“’ XK ()= Ve (4.25)
(i), o (w0,
Wi Ur
W= |(f in)z]| = V:VQ XK, U= |(ue) || = U:Q . N x K. (4.26)
Wr Unm

Next, we represent the N-dimensional vector wy € (W)} given by (4.12) as column vector W =
[wn]g, with respect to the basis 3 in (4.13b). Rewrite (4.12) as

Mt
wy = Z w®;;; set w = col [w}\},...,w%l,...,w%,...,w%",...,
ij=1
wiit, 'wANMM (4.27)
N =101 +---+ £y Thus, by (4.22)-(4.27) we can write
o -
v 7
Wi U . .
p u W2 A U2 A A . A :
Py a(mu) =| T \ox+| | Nx1, o= |vh|, ix=|pk|. (4.28)
BqDU 8 : : . .
W Unm :
Vi 1|

Then, in CV, with respect to the basis 8 of normalized eigenvectors of Ay y, we may rewrite system
(4.23) via (4.14) and (4.28) as

Wy = Moy + Wi + Ufix = Aoy + B L’ﬂ , B=[W,U]:N x2K. (4.29)

K
Then, the operator system (4.23) on (WZ2)% has in (4.29) its representation in CV, characterized by
the pair {A, B}, with A the free dynamics matrix and B the control matrix. Our next goal is to

guarantee that the pair {A, B} is controllable.

We then obtain the following counterpart of [62, Theorem 6.1].
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Theorem 4.1. Assume (4.11); that is, that Ay y is semisimple on (W)y. System (4.29) i.e. the
pair {A, B} is controllable in case

rank [Wz, Uz] = Zi, 1= 1, .. .,M. (430)

In fact with reference to (4.19) and (4.20), it is possible to select boundary vectors fi,..., fx € F C
W2 /q,q( ) with support on ', and interior vectors uy,...,ux € Li(w) with support on w such that
(4.30) holds true, specifically

rank [W;,U;| =
<f178u7/1;‘k1’1“>f fK7 l/’l/}zlh_‘)‘[‘ <u17‘Pf1>w e <uK74P2<1>w
(f.0blr)s - (K, 0dialrle (w1, 95), -+ (UK, i)y,
rank . \ . .
: : | . :
<f1781/'¢;‘k£ilr>f <fK’ V¢z€ ’F>F <u’1’¢;k€i>w T <uK’¢:€i>w

=0, i=1,...,M. (4.31)

Proof. This is the counterpart of the proof [61, Theorem 6.1]. As in that paper, the present proof
rests on a suitable Unique Continuation Property, Theorem B.1 of Appendix B as documented below.

In general. in seeking that the ¢; rows (of length 2K) in matrix (4.31) be linearly independent, we see
that the full rank statement (4.31) will hold true if and only if we can exclude that each of the two
sets of vectors N

{0071, 0ubyy, } in LYT) and  {pj),.... @5, } in Li(w) (4.32)

are linearly independent with the same linear independence relation in the two cases; that is, if and
only if we can establish that we cannot have simultaneously

6i—1 ti—1
Oy, = Y ;0 in LUT)  and @}, = Y ajpf; in L (w) (4.33)
=1 =1
with the same constants «q, ..., ay,_1 in both expansions [61].

Claim: Statement (4.33) is false. By contradiction, suppose that both linear combinations in (4.33)
hold true. Define the (d + 1)-vector ®* = {¢*,*} (depending on i) on LL(Q) x L4(2) by setting

I ; 4-1
— LYV it; —
J J
Thus, in view of (4.33), we obtain
p'=0inw, ' =0. (4.35)

Moreover, since ®;; = {cpl], 1¥;;} is an eigenvector of the operator A y corresponding to the (unstable)
eigenvalue )\;, then so is ®* : Ay NPT = \;®*. Then ®* = {* ¢* } satisfies the corresponding PDE
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version of the eigenvector identity as given by (4.10), see (B.4) in Appendix B

—vAQ* + Ly (") + "Vl + VI = \j* in (4.36a)
—KAY* — gy, - V* — yp* - eg = \y* in Q (4.36Db)
div p* =0 in Q (4.36¢)

@*r =0, ¥*|r =0 onT. (4.36d)

and in addition, the over-determined conditions in (4.35):
p*=0inw, J*z=0. (4.36€)

Write ™ = {go*(l),ga*@), . .,go*(d)} for the d-components of the vector ¢*. Since eq = {0,...,0,1},
the property ¢*? = 0 in w, contained in (4.36¢), used in (4.36b) implies:

KAY* +y, - ViP* = —\ap* inw (4.37a)
Vlp =0, 9" |5 = onT. (4.37b)

recalling the boundary conditions for ¢/* in (4.36d) and (4.36e) for the ¢*-problem defined on w, with
I' C dw, as in Fig 1. It is then a standard result [17], [?, Sect 19, pp 59-61], [36, p 3], [51] that the
over-determined problem (4.37) implies

Y* =0 in w. (4.38)
Then (4.38) and the full strength of (4.36d) give the over-determination
P'=0inw, Y =0inw (4.39)

for problem (4.36). By means of such over-determination, we can apply the Unique Continuation
Property [89, Theorem 5] recalled as Theorem B.1 in Appendix B and conclude that

®* = {p", "} =0in Q, 7 = const. in (2, (4.40)
or recalling (4.34)
01
o= a;®5 in WL(Q) = LI(Q) x LI(Q); (4.41)
j=1

i.e. the set {®,..., P, } is linearly dependent on WZ(Q2). But this is false by the very selection
of such eigenvectors, see above (4.1). Thus the two conditions in (4.33) cannot hold simultaneously.
The claim is proved. Hence it is possible to select, in infinitely many ways, boundary functions
fi,ooo, fk € FC LYT) for ¢ > 2 and interior d-vectors uy,...,ux in LI(Q), such that the Kalman
algebraic full rank conditions (4.31) hold true. Indeed they may be chosen independent of i. Start
with (4.31) for 7 such that ¢ = K = max{/;, i =1,..., M} yielding fi,..., fx which are linearly
independent. They also work in other 7’s. O

Remark 4.1. The UCP in [89, Theorem 5] reported as Theorem B.1 in Appendix B, refers to prob-
lem (4.36a-c), without the B.C. (4.36d), with the a-priori over-determination #* = 0 in w, and
{go*(l),...,go*(dfl)} = 0 in w, thus not involving the last d-component ¢*(¥ = 0. In contrast, in
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the setting of proving the above Claim, we need ¢*(@ = 0 in w in order to deduce ¢* = 0 in w. The

present proof on the validity of the rank conditions (4.31), ultimately relying on the UCP of [89, The-
orem 5| in the Appendix B requires the full strength of the fluid vectors uq, ..., uy,, each possessing
d-components. No geometrical assumptions are involved for the pair {w, f}, except for w being an
interior subdomain touching the boundary [ as in Fig 1. In Appendix C, we report an improvement
requiring only (d — 1) components from the fluid vectors wy,...,u,, to include necessarily the d'®
components. []

Remark 4.2. We have established Theorem 4.1 under the simplifying semisimple assumption (4.11).
However, Theorem 4.1 holds true in full generality. The corresponding proof is lengthy and technical.
It may be given by following the scheme given in [56], [57], [62] for the Navier-Stokes equations.
It requires use of the controllability criterion for a finite dimensional pair {A, B} with A in Jordan
canonical form [18], [8]. Henceforth, we proceed by taking that Theorem 4.1 is true in full generality.
O

As a consequence Theorem 4.1, we obtain the following fundamental result on the uniform stabilization
with arbitrarily preassigned decay rate, of the original unstable, finite dimensional w y-problem (3.6a),
the counterpart of [61, Theorem 5.1].

Theorem 4.2. Let A1,...,Am be the unstable distinct eigenvalues of the operator A, (= Ay ) as
in (1.34) with geometric multiplicity ¢;, i = 1,...,M, and set K = sup{¢;;i = 1,...,M}. Let r
be an open connected subset of the boundary I' of positive surface measure and w be a localized collar

supported by ' (Fig. 1). Let ¢ > 2. Given~y1 > 0 arbitrarily large, we can construct two K -dimensional
controllers: a boundary control v = vy acting with support on I, of the form given by

K
v=uy =Y w()fe, fu € FCW>/2UD), g >2, (4.42)
k=1

F defined in (4.21), g > 2, fr supported on f, and an interior control u = uy acting on w, of the
form given by

K

w=uy =Y u(Our, wp€ (WL CLLUQ), u(t) = scalar, (4.43)
P

thus with interior vectors [uy, ..., uk] in the smooth subspace (W 1)y of LL(Q), 2 < g < oo, supported
on w, such that, once inserted in the finite dimensional projected wy-system in (3.6a), yields the system

K
£ o (S )
Rt : (4.44)
BqD (Z Vi (t)fk:)
k=1

whose solution then satisfies the estimate

lwn ()l g ) + lon Ol Lo + o8 O] Lo +
len (Ol g ) + lun Ol g1y < Cre ™ IPvwollwe gy, =0 (4.45)
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Moreover, such controllers v = vy and u = uy may be chosen in feedback form: that is, with reference
to the explicit expressions (4.42) for v and (4.43) for w, of the form vi(t) = (wn(t), py) and

(Wa)N

pelt) = (wx (0,05 ., Jor suitable vectors py € (W) € L{(@) x I (@), a5 € (Wh)k)" ©
s)N
LZ(Q) x LY (Q) depending on 1, where { , ) denotes the duality pairing (W2)% x (W2)%)*.

In conclusion, wy in (4.45) is the solution of the equation (4.44) on (W)Y, rewritten explicitly as

K
By <m <Z <wN(t)7Qk>(Wg); Uk))

wiy = Ay ywy + Py el : (4.46)
B,D (Z <wN(t)apk>(Wg)uN fk:)
k=1
fr supported on f, uy supported on w, rewritten in turn as
wly = Awy, wy(t) = ezutPNwo, wn(0) = Pywo  on (WI)y . (4.47)

Proof. The technical proof is similar circumstances was given in [56], [57], [62]. Thus, we give here
only some insight. The key new fact is the controllability test of Theorem 4.1. Having established
the controllability condition for the pair {A, B}, then by the well-known Popov’s criterion on finite
dimensional theory (see e.g. [94, Theorem 2.9 p 44]), there exists a feedback matrix @ : 2K x N,
such that the spectrum of the matrix [A + BQ] may be arbitrarily preassigned, in particular, to lie
arbitrarily on the left half-plane {\: Re A < —y; < —Re An41}, with 71 > 0 preassigned, as desired.
The resulting closed-loop system is

(wy)' = Ay + BQuy, [;K] = Qwy = feedback control (4.48)
K
[ row p1 | _ o ) o
: v = (D1, WN) fge = (@1, W)
TOW P R o R A )
Q = row (;1{ 2K X N; v = l/f( = <pk’wN> , g = Nk[;( — <qk’wN> (449)
Trow QK _U;g = <ﬁK?ﬁJN>_ _,Ug = <QK7ﬁ)N>_

in the CN-inner product. Thus, returning from CV x CV back to (W) x [(W2)}]", there exist
vectors py,...,pg and qq,...,qg in [(W2)}]" such that

V§(Z<wN7pk>7,uI;(:<wN7qk>v k:177K (450)

where ( , ) denotes the duality paring (W2)% x [(W2)y]". This way, the closed loop system (4.46)
corresponds to the CN-system (4.48). (4.49). O
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5 The linearized w-system (1.32) in feedback form.

We return to the open-loop linearized w-problem (1.31), (1.32b), and use the same corresponding
feedback operators

K
v=Fw= Z (Pyw,py) fr, fr € F C W2 /o0(T),
k=1
pp € (W) C LI(Q) x LI(Q), ¢ > 2, f, supported on I'. (5.1)

K
Jw = Pym(u) = Pym (Z (PNnw, q) Uk) )

k=1
a, € (W) c LL(Q) x LI(Q), wuy, supported on w, (5.2)

that were employed in (4.46) to uniformly stabilizing the finite dimensional w y-problem (3.6a) with
arbitrarily preassigned decay i in (4.45). See also (2.2b), (2.3). We thus obtain from (1.32b) the
resulting closed-loop linearized w-problem in feedback form

K
P, (mz (Pyw, q;,) uk>
_|_

dw _ 1A G w k=1 (5.3a)
dt —Co. O K
—By [ wa = D> (Pyw,py) fi
k=1
(compare with (4.46)) or by (5.1), (5.2)
dw | A, -C, Jw B
ﬁ = |:—Cee 0 :| w + |:—Bq('(,U2 . DF’LU):| = AFﬂqw (53b)

as in (2.4b). Thus A, defines the linearized w-problem in feedback form, while A, in (1.34) is the
free dynamics operator. We rewrite (5.3) as

dw:A w= A

E F.q qw + H’LU (54)

F,

where A r., 18 the streamlined operator that removes benign terms from A, and moves them into the
perturbation operator II

~ . _Aqwl o A07q —C'\/ Jw
Ay w= [Bq (w3 DF'w)} , Hw = [Cee o ¥t (5.5a)

D (k) =D (hy,) = fw= 1] € W) = £4(0) x 79 s w1 € DL,

(ws — DFw) € D(Bq)} C W29(Q) N WLIQ) N LLQ) x W(Q) (5.5b)

D(B,) = D(B,) = W*I(Q) N Wy (Q); D(II) = D(A,,q) x LI(Q);
Dv = DFw € W(Q) (5.5¢)

recalling (1.14), (1.15), (1.18), (1.23¢), (2.2b).
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6 The linearized feedback operator A, is the generator of a s.c.
analytic, uniformly stable semigroup e*rs' on W%(Q) and VI?(1Q).

Theorem 6.1. The operator A, in (5.3b) generates a s.c., analytic semigroup etrat on wiQ) =
~2-2 _

L(Q) x LUQ) as well as in VIP(Q) = B "(Q) x B, (9.

Proof. First on W1(Q): As the perturbation operator Il in (5.5a) involves bounded operators C., Cq,, J

(see (1.21), (1.22), (5.1)), as well as the benign operator A,,, in (1.15) with Ao’qu_l/2 bounded on

L1(Q), it suffices to show that the streamlined operator AF’Q in (5.5a) generates a s.c. analytic semi-

group e*rat on W1(€Q). To this end, it will be more convenient to show equivalently that the adjoint
A;q is the generator of a s.c. analytic semigroup ¢“Fa’ on [(WLQ)] = W (Q) = LY (Q) x L7 (Q),
since WE(§2), 1 < ¢ < oo, is a reflexive space. The adjoint A, of A, in (5.5a) is given by

A % vi| _A; 0 V1 % Tk %
AF,Q |:rv2:| - |: 0 _B;;:l I:,U2:| + F D qu2 (61&)
D (A1) =D(4;) x D(B;), D(B;) = D(B) (6.1b)
by (1.23c). Since the operator
z A7 0 / . ,
* q q *\ _ * * q
Aq - |: 0 _B;Ik:| ) WO' (Q) oD (Aq> = D(Aq) X D(Bq) — Wa' (Q) (62)

is plainly the generator of a s.c. analytic semigroup ¢*Fa’ on Wg/(Q) (Appendix A), it will suffice to
show that the perturbation operator
—AZGO 0
*0
0 —B;"
[68]. In our case, it will be 6 = 1 — Y9, + & < 1. In fact, recall via (1.23b) that D*B;" €
L(LT(Q), LY (T), v = Y2g — €. (In (6.3) and below we are taking that the fractional powers of B;
are well-defined, for otherwise a translation will do it. Alternatively, in (6.1a), write B, = By + B ,
from (1.18) as in (B.10) for x = 1 where D (B} ) = D (B;%). Do the argument with B whose

fractional powers are well-defined. This introduces an additional perturbation which is benign, as it
can be handled by using

| Bigoall = || (BigBy72) (By 2By ) v

~\0
F*D*B; is (AZ) = [ ] — bounded, for some constant 0 < fp < 1 (6.3)

< C||Bjee|

as desired.) Next, for vy € D(B;lfﬂ and v; € D(Azlf"y), we estimate since F* € L <Lq/ IT), w? (Q))
in the norm of W (Q):

| F*D*Bivs|| = H (F*D*B) B "w| < C HB;;I‘”UQ (6.4)
< sl i o] 03

* 1— ]
<c|[5 8] H (6.5)
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and (6.6) proves (6.3). In conclusion: the operator A} —generates a s.c. analytic semigroup on

(W2(Q)*) = LL(Q) x LT (); and hence as this space is reflexive, the operator A, . generates a s.c.
analytic semigroup on WZ(Q) = LL(Q2) x LI(Q).

wn (£2) X B272/” (€2): (See Remark 1.3) From the above conclusion on A} ~on
(W(Q)), it then follows that A%, , generates a s.c. analytic semigroup on D(A}, ) = D(47) x D(B*)
see (6.1b). Then A* , generates a s.c. analytic semigroup on the real mterpolatlon spaces between

D(AZ) x D(B) and Lg (9) x L7 (9), thus on the space Biy,”(2) x BX/"(9), 1 < p < ¥ /oy 1.
Recall the version of (1.11) for adjoints and get

=2-%/p
Next on VFP(Q) =B

/

q' * _ ~2— /P 2q
(L5@. D)), =Bey @, 1<p< 570,

, 1 1
1<q<2,q>2,7+j=
qa q

For the second component recall Remark 1.3. It then finally follows, again by reflexivity of the space,

~9_2 2
that A, generates a s.c. analytic semigroup on the space Vi{*(Q) = B, /s (Q) x Bg,p /"(Q). O

The next result proves the sought-after uniform stabilization of the localized feedback w-system (5.3)
or (5.4); that is, that the s.c. analytic semigroup e“Fa’ on W2(Q), ¢ > 0 or on VIP(Q), as guaranteed
by Theorem 6.1, is uniformly stable.

Theorem 6.2. Under the same setting of Theorem 4.2 concerning in particular the choice of the
vectors q, P, Uk, i, the w-problem (5.3), (5.4) in feedback from is uniformly stable, with a decay rate

¥ >0, Re Anp1 < —y < 0 either in Wi(Q) = LL(Q) x LY(Q) or else in VIP(Q) = Ez;%(ﬁ) X
Bap ().
221, =zl oo
wnllle,) wn ()]
In short, recalling the operator A, —in (5.3b)
‘eAF,qt poy < Gt —wt 4> 0. (6.7b)

Here, (-) denotes either the space W(QQ) or the space VP (), see Remark 1.5.

Proof. The proof is similar to that of [62], making critical use of Theorem 4.2 on the uniform stabiliza-
tion (4.45) of the wy-system (4.38) in feedback form with arbitrary decay rate 71 > 0, in particular
—v1 < Re An41 < 0. Next, one examines the impact of the constructive feedback controls in (4.42),
(4.43) and (4.46) on the (ny-dynamics (3.6b), whose explicit solution is given by the variation of
parameter formula

. : P
v (t) = v en (0) + / ehant=0) (1 pyy [T (6.8)
0 ByDun (T)
where
HeAq,NHa) < e 0>t 0 <0 < |Re Ayal; (6.9)
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while un (t), vy(t) decay with an arbitrary large exponential rate 3 > 0 as in (4.45). The validity of

(6.9) on WE(€) follows by (3.3) and (3.4), Aj y being the generator of a s.c. analytic semigroup ehat

(Theorem 1.2), restricted to the stable subspace (WZ)% in (3.2). The validity of (6.9) on VP(Q)
follows by interpolation as D(A,) = D(Aq) x D(By) = D(A,) x D(By), see (1.34). O

Details are in [62, Section 10].

7 Maximal LP-regularity on WZ(Q)) of the linearized feedback oper-
ator A, in (5.3b) up to T" = oo.

Consider the following abstract dynamics

G=hnCtx. C0)=G in WLQ) (7.1)
t

(1) = bragy+ [ ebrax(apds (7.2)
0

The main result of the present section is

Theorem 7.1. With reference to the w-problem (5.3) in feedback form defining the feedback operator
Ay, assume the setting of Theorem 4.2 regarding the choice of the vectors qy, py,uk, [k, in (5.1),
(5.2), so that Theorem 6.2 holds true. Then the operator A, —has mazimal LP-regularity on W(2)
up toT' = oo;

A, € MReg (LP (0, 00; W1(Q))). (7.3)
That is,
t
R O (7.4)
0
continuous:
LP(0,00; WZ(Q)) — L* (07 oco; D (AFyq)) (7.5)

so that continuously from (7.1) with {p = 0:
X € LP (0,00, WL(Q)) — (€ X3, , X X%

p,q,0
€ L (0,00;D (A,,)) N W'P(0, 00; WE(R)) (7.6a)
— X2 x X% = LP (0,00, W?9(Q)) x LP (0, 00; W>9(1)) (7.6b)

Proof. Again, as in the proof of Theorem 6.1 about analyticity of eAqut, it suffices to show that
the streamlined operator A, in (5.4), (5.5) has maximal LP-regularity on WZ(Q2) up to T' < oo.

Equivalently, since WZ(Q) is reflexive, that the adjoint operator A*Fq has maximal LP-regularity on
(W2(Q)* = W (Q) up to T < co. To establish this, we return to estimate (6.6) showing statement
(6.3), with g = 1 —y =1 — /5, + ¢ < 1. Now we invoke that Ay, hence Ay in (6.2) has maximal LP-

regularity on W9 (Q), (by duality on Theorem 1.2(ii), since W%(£) is a reflexive space.) We then apply
known perturbation theory [23, Theorem 6.2, p311], or [53, Remark 1i, p 426 for 8 = 1] to conclude
that A7 € MReg(LP(0,T; W (S2))), T < oo, and hence A, € MReg(LP(0,T; Wi(R))), T < oo.

Then we obtain A, € MReg(LP(0,T;WZ(Q2))), T < oc. But ¢"ra’ is uniformly stable on wWi(Q)
by Theorem 6.2. Hence we obtain A, € M Reg(L"(0,00; W{(€))), and Theorem 7.1 is proved. [
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We next examine the regularity of the term eAqutCo due to the initial condition (y as in (7.2).

2¢’ ) 11 , .
2% — 1 1<q <2 2<gq, —+ = =1. Consider the adjoint

Theorem 7.2. (i) Let 1 < p <
q
operator A}, == A;q + 1% of A, in (5.4), where D (A* ) D (A* ) =D (A7) x D (B;) by

Q

(6.1b). The adjoint s.c. analytic semigroup *ra’ on Wq (Q) is uniformly stable, by duality on
(6.7b). Then

. , 9 2 _
e*ra . continuous = VIiP(Q) = le’p/p(Q) X Bj,};/p(Q)

= (LZ'(Q),D(AZ)M_; X (Lq/(ﬂ)yD(BZ))l_%,p

— X2 5 X Xpo, = LP(0,00; D(AL, ) N WHP(0,00, WY (Q)) (7.7)
11) Consider the original s.c. analytic feedback semigroup e 4" on , which is uniformly
Consider th ! lytic feedback Arat on WI(), which forml

2
stable here by (6.7b). Let 1 < p < 50— 1’

2<q.

~9_2
etral ;. continuous = VIrQ) = B;p /p(Q) X ng/p(Q)

= (L5(52), D(Ag));_1 , < (L1(Q), D(Bq)), 1
— X0 X X2 =17 (0,00;D (A,,)) N WP (0,00, WL(Q)) (7.8)

p,q,0 P.q —

P

Proof. The proof is similar to that in [62, Section 11]. O

8 Proof of Theorem 2.2. Well-posedness on X , x X of the non-

linear [ ]-dynamics in feedback form.

h

z] -dynamics (1.28) or (1.29) and apply to it

In this section we return to the translated non-linear [h

the feedback control pair {u,v}

o [PEECE) Pl
! Zl<pN HEDL an

as in (2.10) that is, of the same structure as the feedback operators J and F' in (5.1), (5.2) identified

on the RHS of the linearized w = [:Zf } -dynamics (5.3). These are the feedback operators which
h

produced the s.c. analytic, uniformly stable semigroup e*fa! on W2(Q) = L(Q) x L(Q) or on

~9_2
VIP(Q) = B(21,p & (Q) x 337;2/”(9), (Theorem 6.1 and Theorem 6.2) possessing LP-maximal regularity
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on WZ(Q) up to T = oo; (Theorem 7.1). Thus, returning to (1.28) or (1.29), in this section we
consider the following feedback nonlinear problem, see (2.12)

<ol B w15 0

specifically as in (2.11)

f % — Az +Ch+Nyz =P, (m (i <PN [Z] ,qk> w)) (8.3a)

k=1

ﬁ#%@z+kﬂ4h:—&<h—D<§:<ﬂ{ﬁ7m>ﬁ)>- (8.3b)

k=1

\

The variation of parameter formula for Eq (8.2) is

HERG N [ [M/Zq[:](&)ﬂ

~9_2
We already know from (2.7) or (6.7b) that for {zg,ho} € Bz,p /p(Q) X ng/p(Q) =VP(Q), 1<p<
we have: there is M., such that

2q
2 —1’
cAFqt Z0 20
ho ho
with M., possibly depending on p,q. Maximal LP-regularity properties corresponding to the solution
operator formula (8.4) were established in Theorem 7.1, Theorem 7.2. Accordingly, for

dr. (8.4)

< My et ,t>0 (8.5)

‘VZ"’(Q) ‘vgyp(m

bo = {z0.ho} € B., "(Q) x B2, 17(©) = VI¥(Q) (8.6)
F=Af1 o} e X5 x X7,
= I7(0,00, D(Afp4)) NWHP(0, 00; WI(Q)) (see (2.15)) (8.7)
D(Ar,) C D(A,) x W>1(Q)
= [W29(Q) N WyY(Q) N LL(Q)] x W2(Q) (see (5.5b)) (8.8)

W (Q) = LL(Q) x LI(Q) (see (1.30))

X® =[P (o, 0 <W2"1(Q) AWEIQ) N Lg(Q)) X WM(Q))

p.qa —
NWP(0, 00; WE(Q)); (8.92)
X522 = LP(0, 00; W29(Q) N Wy ?(Q)) N WH4(0, 00; LI(Q)), (8.9D)
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as in (8.4), we define the operator

t
Flbo. £) = ehratty — [ chratt=n
0

[ Nt () ] dr (8.10)

My[f1lfa(7)

The main result of this section is Theorem 2.2 restated as

2q
q_

Theorem 8.1. Letd=2,3, ¢ >d, 1 <p< 5
in the proof below in (8.31) such that if

T There exists a positive constant 1 > 0 (identified

Ioollyanay = 1620, B0l gty o ooy o) <71 (s.11)

then the operator F in (8.10) has a unique fized point non-linear semigroup solution in Xogo X X
see (2.15)-(2.18), or (8.7)

PGB o Blo=o - [ [ o

which therefore is the unique solution of problem (8.2) = (8.3) in X5, , x X7%.

The proof of Theorem 2.2 = Theorem 8.1 is accomplished in two steps.

Step 1:

2
Theorem 8.2. Letd = 2,3, g >dand 1 < p < 5 There exists a positive constant r1 > 0

(identified in the proof below in (8.31)) and a subsequent constant r > 0 (identified in the proof below
in (8.29)) depending on r1 > 0 and a constant C' in (8.28), such that with ||bo|lyary < r1 as in
(8.11), the operator F(bo, f) in (8.10) maps a ball B(0,7) in X5, , X X0 into itself. [

Theorem 8.1 will follow then from Theorem 8.2 after establishing that

Step 2:

2
Theorem 8.3. Letd=2,3, g>dand1 <p< 5 ql
q—

that if ||bollyraniqy < 1 as in (8.11), there exists a constant 0 < pg < 1 (identified in (8.56)), such
that the operator F(bo, f) in (8.10) defines a contraction in the ball B(0, po) of X5, , x X%, U

. There exists a positive constant r1 > 0 such

The Banach contraction principle then establishes Theorem 8.1, once we prove Theorems 8.2 and 8.3.
These are proved below.

Proof of Theorem 8.2

Step 1: We start from the definition (8.10) of F(bg, f) and invoke the maximal regularity properties
(7.8) of Theorem 7.2 for e*Fa’ and (7.6) = (2.15) of Theorem 7.1 for the integral term in (8.10). We
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then obtain from (8.10)

A
17 G0, Dl s, < [

fe>]
P q, O'XXP#Z

. / Arglt=) [ Nofr(r) ] N (5.13)
: RATAC) R .
< 0| ool gy + Nl ) + IMalF L2l o ar) | (5.14)
Step 2: Regarding the term N, f; we can invoke [60, Eq (8.19)] to obtain
||qu1HLp(O’OO;Lg(Q)) <C ||f1H‘2X;f’qyg » f1e X5 o (8.15)

Regarding the term M,[f;]f2, we can trace the proof in [60, from (8.10) — (8.18)] (which yielded
estimate (8.14)). For the sake of clarity, we shall reproduce the computations in the present case with
M(filfa = f1- V2, see (1.20), mutatis mutandis. We shall obtain

IMlFA Ll (g aey) < €Ml Wfellxgs, + F1 € X € X35, (8.16)

In fact, let us compute from (1.20)

IMGIFURIE, () iy < |11 TRl (817
oo P/q
< [T [ineorvacaraol (5.15)
0 Q
e e} 1/(1 1/q p
< [H{[swiwncar| | [1nearao] (5.19)
< [ IV ey Dy (8.20)
< s IR gy [ IV ey (8.21)
||f1||poooooLq(Q) ||vf2||Lp (0,00;L>®(2)) (8'22)

See also [60, Eq (8.14)]. The following embeddings hold true (see the stronger Eq (2.16)):

(i) [32, Proposition 4.3, p 1406 with u = 0,s = oo, = ¢| so that the required formula reduces to
1 >1/,, as desired

fi€ X;Oq o f1 € L>(0,00; LL(Y)) (8.23a)
so that, || 1]l 1o (000,08 (0)) < C HleX;f’q’g ; (8.23b)

(ii) [41, Theorem 2.4.4, p 74 requiring C'-boundary]

Wha(Q) c L®(Q) for ¢ > dim Q = d, d = 2,3, (8.24)

36



so that, with p > 1,¢ > d:

HVfQHLp (0,00; L (1) < Cva2HLp 0,00;W14(Q)) < CHfQHZ[),p(()yOO;WZ,q(Q)) (8'25)
< Cllhilfes (3.26)
In going from (8.25) to (8.26) we have recalled the definition of fo € X7 in (8.9b) or (2.15), as fo was

taken at the outset in D(B;) C L7(f2). Then the sought-after final estimate (8.16) of the nonlinear
term Mg [f]f2 is obtained from substituting (8.23b) and (8.26) into the RHS of (8.22).

Step 3: Substituting estimates (8.15) and (8.16) on the RHS of (8.14), we finally obtain

1o, Fllxz, xxas, < CLIBollvary + 1Fillxs,  (Ifillxes, + 1ol )} (827)
See [60, Eqt (8.20)].

Step 4: We now impose restrictions on the data on the RHS of (8.27): by is in a ball of radius 7 > 0
~9_2
in VP (Q) = B /p(Q) X Bgfp%( Q) and f = {fy, f2} lies in a ball of radius » > 0 in X7, , x X%

a.p p,q,0
We further demand that the final result F(bo, f) shall lie in a ball of radius 7 > 0 in X7 , x X7.

P.a,0
Thus, we obtain from (8.27)

1 @0, Dllxzs, xss, < CL Mbollyany + 11 lxs,  (1F1lxa,  + 12l xss, )}

p,q

<C(ri+r-r)<r. (8.28)
This implies
1—+1-4C? 14++/1—4C?
Cr’—r+Cr; <0 or CHSTS + ¢ (8.29)
2C 2C
whereby
1
{ range of values of r } — interval [0, 6]’ as r1 \( 0, (8.30)
a constraint which is guaranteed by taking
1 . . 1
ry < etk C being the constant in (8.28) <w.1.o.g. C> 4) . (8.31)

We have thus established that by taking r; as in (8.31) and subsequently r as in (8.29), then the map

~ f ballin VP(Q) ball in X , < X720\ .
F(bg, f) takes: { of raditt, . % " Xygo > o
ball in X>° x X 2
p,q,0 p,q
{ of radius r }’d<Q71<p<2q_1. (8.32)

This establishes Theorem 8.2. [

Proof of Theorem 8.3
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Step 1: For f = {f1, f2},9 = {g1,92} both in the ball of X°°

pa.o X Xpg of radius r obtained in the
proof of Theorem 8.2, we estimate from (8.10):

|F (B0, )~ Fb0.9)xe x =

e}
p,q

/t oAFq(t=T) Nof1(1) — Nogy (1) dr
0 M,
< ﬁ”‘MN‘qfl _ngl”Lp(Opo;Lg(Q)) + [IMg[f1lf2 = Mq[gl]92||Lp(0’oo;Lq(Q)):| (8.33)

) = Milgilear)] T

after invoking the maximal regularity property (7.6) of Theorem 7.1, as in (8.14).

Step 2: As to the first term of the RHS of (8.33), we can invoke [60, Eq (8.41)] and obtain

1 1
”qul _nglHLp(opo;Lg(Q)) <2 /rC/r If1— gl”x;ﬁqp (Hfl”x;fqﬂ
+llglxs, ) (834

Regarding the second term on the RHS of (8.33) involving M,, we can track the proof of [60,
from (8.28) to (8.41)] (which yielded estimate (8.34)) mutatis mutandis. For the sake of clarity,
we shall reproduce the computations in the present case, recalling from (1.22) that My[f]f2 =
f1- Vi, Mylgilg2 = g1 - Vg2. We shall obtain

IMalf1112 = Malgi el = - gl 1205,

0,00;L9(2)

ol 12— ool } (8:35)
p,q,0 p,q
In fact, adding and subtracting

Mq[.fl]fQ - Mq[91]92 =f1-Vfa—g1 Vg
=f1-Vfo—g9,-Vfo+g,-Vfa—g, Vg
=(f1-91) - Vfa+tg1-V(fa—92)=A+B. (8.36)
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Thus, using () : |A+ B|P <2P[|AP + |BJP] [82, p. 12], we estimate

o] 1/q p
IMifle = Mialonl?, o= [ [0 vR -V e an

(by (8.36)) :/OOO[ Q\A+Bqdﬁ]p/th (8.38)

<o [“{ [ 11+ 180)a }%dt (8.39)

/ { /|A|qu+/B|qu } (8.40)

=2 [ (Ml + 1By} (5.41)

(b rwithp 1) <22 [T (Al + 1Bl Vi (5.42)
Oy (9) <2 [T (1Al + 1Bl (8.4

- 2P+P+”/Q/O [H(fl —91) - Vol

+ gy - T (f2 = 92) (e | dt (8.44)
<2l [ = gl IV 2l
gl ) V(2 = 92) 4 bt (8.45)

recalling the definitions of A and B in (8.36) in passing from (8.43) to (8.44). [60, This is the
counterpart Eq (8.36)]. Next we proceed by majorizing the LI(€2)-norm for V fo and V(fy — g2) by
the L>°(Q)-norm. We obtain

Mg f1]fo = Mq[gl]QQH};p( < RHS of (8.45)

0,00;L9(Q))
D+p+P/ _ P OO P
< d s 1= gl [ IV

+ 5 91l 0 / IV = g dt} (8.46)
< 2L F) = 911 o ey 1V 2 B0 e )
1901 w0 ert o 1V (2 = 92010 e § (8.47)
by (8.23b) and (8.26)
c{if1 - aillys, 1ol + g1l 12— 023 b (848)

counterpart of [60, Eq (8.39)].
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Step 3: We substitute estimate (8.34) and estimate (8.48) on the RHS of (8.33) and obtain via ()

B P DD — P
15 (bo, ) = F(bo,9)l[xze sxse < 2°m {Hqul ngl”LP(O,oo;Lq(Q))

+ IM[F11f2 = Malg1]02ll3 0 sorzoqen) | (8.49)
~ p
<pr{Ifi - ol (Ifillxz,, + loillxs, . )
F1F = o, 1ol + gl o= ool } (8:50)

This is the counterpart of [60, Eq (8.42)].

Step 4: Next pick the points f = {f;, fa} and g = {g;, g2} in a ball of X, , x X% of radius R:

p7q7o-
IFllxze,  xxze = Ifillxze |+ 1 f2llxe <R (8.51)
19l xze,  xxse = l191llxe, |+ 920l x5 < B (8.52)

Then (8.51), (8.52) used (8.50) implies
10, £) = Fo, s e < Cof 11— 9l [2R) + RY]
+ 12— ool BV (8.53)
<G {If1 - gl (2 + )R]
112~ ool 7
(K= o2+ 1) < KR {If1 - aillis, , + 12— oellks, |
@>0,6>0, @+ < (a+ b)) <KR{If1—gillxs,, + - 0lxs b (859)

using K, = C,(2P + 1) and a? + b < (a + b)P for a > 0,0 > 0. Finally,

1
1F (b0, £) = Fo, 9lxz e < K" B{1f1 = gillxz + 12— 92l xzx, b

= p0llF ~gllxs xz (8.55)
and F (b, f) is a contraction on the space X7 , X X7¢ as soon as
Vs 1
PO = Kp R<1 or R< -1 - (856)
K,
P

In this case, the map F(bg, f) defined in (8.10) has a fixed point [Z

)R R O i e P
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z
h

dimensional control

] is the unique solution of the translated non-linear system (8.2), or (8.3), with finite

[ ()
> (7 [7] #:)s

k=1

and such point [

P,m(u)

v

in feedback form, as described by Eq (8.1). Theorem 8.3 and hence Theorem 8.1 are proved. [

Remark 8.1. Recall from (2.1) and the statement of Theorem 2.1, that uy € (ﬁ\/Z)qu c LL(Q) as
established in Appendix C. This means that the feedback control acting on the fluid variable u is of
reduced dimension (d — 1) to include the d*" component. O

9 Proof of Theorem 2.3: local exponential decay of the non-linear
[z, h] translated dynamics (2.11) = (2.12) with finite dimensional
localized feedback controls and (d — 1) dimensional uy.

In this section we return to the feedback problem (2.12), rewritten equivalently as in (2.14)

t
z _ _Apgt |R0| _ Ap g, (t—T)
t) = Fiq F.q
[h] 1=c LLO] /0 ‘

~9_2
For by = [20, ho] in a small ball of VI?(Q) = B> /"

Nyz(7)

M [2]h(r) dr, (9.1)

=B,, (Q)x ng/p(ﬂ), Theorem 8.1(= Theorem 2.2)
provides a unique solution {2, h} in a small ball of X%, , x X 7. We recall from (6.7) of Theorem 6.2

p7q70
o 3
h() hO
e 2—2/p

VIP(Q) = B,," " () x Bgfpz/”(Q). Our goal is to show that for [zg,ho] in a small ball of V" (),
problem (9.1) satisfies the exponential decay

Il o

< My e 0 >0 (9.2)

Vir(Q)

’Vﬁ’p(Q)

< Cae—at

VIP(Q)

7t207

‘VZ”’(Q)
for some constants a >0, C =C, > 1. (9.3)
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Step 1: Starting from (9.1) and using the decay (9.2), we estimate

ol |1
< M, e +
I:h(t) ngP(Q) o hO V%P(Q)
t Nyz(T
sup / ehralt=") [ o#(7) (9.4)
0<t<oo ||J0 Mg[z]h(T) vir(Q)
t Nyz(T
< M e 0! {ZOH +Cy / eAm(tT)[ o#(7) ]dT (9.5)
0 VZ’p(Q) 0 Mq [Z]h(T) X;?q - XXz?oq
—yot || |#0
< Mhoe [ho] ’vgvp(m i 02[||quHL”(07°°;L3(Q)) *
Mol ) | (9.0
—~ot 20 2
< Mo LJ]%Hm+fahﬂuﬁm+nﬁxmpww@ﬂ} (0.7

In going from (9.4) to (9.5) we have recalled the embedding X5, , x X2 < L (0,00; V{*(Q)) from
(2.16)-(2.18). Next, in going from (9.5) to (9.6) we have used the maximal regularity property (7.6) of
Theorem 7.1. Finally, to go from (9.6) to (9.7), we have invoked (8.15) for M,z and (8.16) for M,[z]h.

Thus, the conclusion of Step 1 is

e ) | |
< Mye + Cs ||z]| x oo Z||xoo A+ ] yoo 9.8
MJ“MW_WO ol Gl [l + 1l | 0
= M 6_70t |:z0:| + C z o Z, h oo 0o . 99
18| P TP S TR 99
Step 2: We now return to (9.1) and take the X7 , x X norm across:
s =l Bl
XZ?‘LO'XXIC;?‘Z 0 Xz?‘lvo'XXgaoq
t
/ 6AF,q(t—T) MN(Ez](;—() )] dT (910)
z]h(r
0 ! X;?‘LGXXI?’O‘]
20
(by (7.8) <M, [ho] ‘V‘“’(Q) + Cj HzHXg?w [, h]HX;?q’UXngq (9.11)
b

by invoking (7.8) of Theorem 7.2 on the first semigroup term in (9.10) and the estimate from (9.5) to
(9.9) on the second integral term in (9.10). Thus (9.11) is established and implies

I o

[This is the counterpart of [60, Eq (9.7)]].

1= Csllzlixs, | <M

(9.12)

X a0 X X35 ‘Vg’p(ﬂ)
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The solution [z, h] satisfies

z
h
where the constant r satisfies the constraint (8.29) in terms of the constant r and some constant C
in (8.27) or (8.28) or (8.15) or (8.16). We seek to guarantee that we have

1 1 1
I#lxs,, < 57 < 5@ hence 5 < [1 — s qung,q,a], (9.14)

Step 3: The well-posedness Theorem 8.1 says that

il =7
ho VP (Q) — ‘

for r; sufficiently small

(9.13)

oo [e'e)
XpaQaUXXP#I

where we can always take the constant Cj in (9.14) greater than the constant C' in (8.29), (8.30),
(8.31).Then (9.14) can be achieved by choosing r; > 0 sufficiently small. In fact, as r; ~\, 0. Eq.
(8.30) shows that the interval ryin < 7 < rpax of corresponding values of r tends to the interval [0, %]
Thus, (9.14) can be achieved as rpin \, 0: 0 < rpin < r < % Next (9.14) implies that (9.12) becomes

al il
Ml oz, holllver o)
by (9.13). Substituting (9.15) in estimate (9.9) then yields

gy = 3
M. e 70
‘ |:h(t) ngp(ﬂ) - hO

< 2M;

S 2M17’1. (915)

)

+ 2M103 HZHXZ?q,U ‘

’VZ”’(Q)

VIP(Q)
<M [e—w + 41\703“} EO] ‘ (9.16)
0 ngp(Q)
again by (9.15) with M= max{M,,, My}. This is the counterpart of [60, Eq (9.16)].
Step 4: We now take T sufficiently large and r; > 0 sufficiently small so that
8= ]/\4\ [6_70T + 4]/\4\037‘1] < 1. (917)
Then (9.16) implies
8l
( ) ngp(Q) 0 VZ,P(Q)
q,p ~2-2/p 272/17
VP (Q) =B,, () x By, '"(Q), and hence
200 | =260~ 00 g = 2]
< < . 9.19
‘ |:h(’l?,T) ngP(Q) o B h’((n - 1)T) VZvP(Q) o B hO Vg,p(ﬂ) ( )

Since # < 1, the semigroup property of the evolution implies [6] that there are constants Mz > 1,5 > 0

such that o
z(t = z
< Mze™ 0]
|:h(t):| HVZJ’(Q) B ,Ye |:h0

with ||[zo, hg]va,p(Q) < r; = small. This proves (2.18), i.e Theorem 2.3. [J

(9.20)

‘vg#’(g)
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Remark 9.1. The above computations - (9.17) through (9.19) - can be used to support qualitatively
the intuitive expectation that “the larger the decay rate o in (6.7) = (9.2) of the linearized feedback
w-dynamics (5.4), the larger the decay rate 7 in (9.20) of the nonlinear feedback {z, h}-dynamics (9.1)
or (2.13); hence the larger the rate 7 in (9.20) of the original {y, #}-dynamics in (1.1)”.

The following considerations are somewhat qualitative. Let S(t) denote the non-linear semigroup in

~ 72
the space V{"*(Q) = B ap /p(Q) X Bg » Ir (€2), with infinitesimal generator [A, — N| describing the
feedback {z, h} dynamics, (9.1) or (2.13) as guaranteed by the well posedness Theorem 2.2 = Theorem

8.1. Thus, [hgﬂ — 5(t) [ho] on VEP(Q). By (9.17), we can rewrite (9.18) as

1S(T <B<l (9.21)

)H (Vq P Q))
It follows from [6, p 178] via the semigroup property that

1
~5 s just below HTB <. (9.22)

Pick r; > 0 in (9.17) so small that 4]\/4\2037*1 is negligible, so that g is just above M\G_WT, so In 3 is
just above [lnM — *yoT], hence

1 In M
%ﬁ is just above |(—v0) + nT . (9.23)
Hence, by (9.22), (9.23),
~ In M
T T T (9.24)

and the larger =g, the larger is 7, as desired.

A Some auxiliary results for the Stokes and Oseen operators: ana-
lytic semigroup generation, maximal regularity, domains of frac-
tional powers.

In this section we collect some known results used in the paper. As a prerequisite of the present
Appendix A, we make reference to the paragraph Definition of Besov spaces By, on domains
of class C! as real interpolation of Sobolev spaces, Eqts (1.7)-(1.11) and Remark 1.2.

(a) The Stokes and Oseen operators generate a strongly continuous analytic semigroup
on L1(Q), 1 < g < 0.

Theorem A.l. Let d > 2,1 < g < 0o and let Q be a bounded domain in R? of class C3. Then
(i) the Stokes operator —A, = P;A in (1.14), repeated here as

—Ag = PAY, ¢ € D(Ag) = WI(Q) N W(Q) N LL(Q) (A1)

generates a s.c. analytic semigroup e~* on L4(Q). See [33] and the review paper [37,
Theorem 2.8.5 p 17].
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(it) The Oseen operator Aq in (1.17)
Ag = —(Ag+ Aog), D(Ag) = D(Ay) C L(Q) (A.2)

generates a s.c. analytic semigroup e”at on L1(QY). This follows as A, 4 is relatively bounded
1
with respect to Aq/ ?, see (1.15): thus a standard theorem on perturbation of an analytic

semigroup generator applies [68, Corollary 2.4, p 81].
(iii)
0 € p(Aq) = the resolvent set of the Stokes operator A (A.3a)
Aq_1 : LL(Q2) — LL(R2) is compact. (A.3Db)
(iv) The s.c. analytic Stokes semigroup e~44t is uniformly stable on LL(Q): there exist constants
M > 1,6 > 0 (possibly depending on q) such that
™| pgacen < Me, ¢ >0, (A4)
(b) Domains of fractional powers, D(A),0 < a < 1 of the Stokes operator A, on L%({2),1 <
q < 0o. We elaborate on (1.16)

Theorem A.2. For the domains of fractional powers D(Ag),0 < a < 1, of the Stokes operator A,
in (A.1) = (1.14), the following complex interpolation relation holds true [34] and [37, Theorem
2.8.5, p 18]

[D(Ag), LL(Q)]1-a =D(A]), 0 << 1, 1 <q < oo; (A.5)
in particular
’ [D(4,). L), = D(AY?) = WH(©) N LL(Q). (A6)

Thus, on the space D(A;/Q), the norms

IV - ||Lq(Q) and || HLq(Q) (A.7)

are related via Poincaré inequality.

(c) The Stokes operator —A, and the Oseen operator A;, 1 < ¢ < co generate s.c. analytic
semigroups on the Besov space, from (1.11)

_2 )
(Ls@.p4y), , ={ge By "(@): divg=0, glr =0}
p7
if1<2—g<2; (A.8a)
q p
_2 i
<L3(Q),’D(Aq)>1_lp - {g e BL7(Q): divg=0, g-v|r = o}
p’
52 2 1
=B "), f0<2- " <. (A.8D)

Theorem A.1 states that the Stokes operator —A, generates a s.c. analytic semigroup on the
space LZ(€2), 1 < ¢ < oo, hence on the space D(4q) in (1.14) = (A.1), with norm || - [lp(4,) =
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|Aq - HLg_(Q) as 0 € p(Aq). Then, one obtains that the Stokes operator —A, generates a s.c.
analytic semigroup on the real interpolation spaces in (A.8). Next, the Oseen operator A, =
—(vAg+ Any) in (A.2) = (1.17) likewise generates a s.c. analytic semigroup es® on LZ(Q) since
1 1
Ao q 1s relatively bounded w.r.t. Aq/ ? as Ay qAq /2 is hounded on LZ(). Moreover A, generates a
s.c. analytic semigroup on D(Ay) = D(A,) (equivalent norms). Hence A, generates a s.c. analytic
semigroup on the real interpolation space of (A.8). Here below, however, we shall formally state
~9_2

the result only in the case 2 — 2/p < 1/q. ie. 1<p< Qq/Qq_l, in the space B, /p(Q), as this
does not contain B.C., Remark 1.2. The objective of the present paper is precisely to obtain
stabilization results on spaces that do not recognize B.C.

Theorem A.3. Let 1 < g <o00,1<p <29, 4

Agt

i) The Stokes operator —A, in (A.1) = (1.14) generates a s.c. analytic semigroup e~ 1" on the
q

space E;;Q/p(ﬁ) defined in (1.11) = (A.8b) which moreover is uniformly stable, as in (A.4),

Y < Me™ % t>o0. A9
(B;p%(ﬂ)) = (A.9)
(ii) The Oseen operator A, in (A.2) = (1.17) generates a s.c. analytic semigroup e“s
~9_2
space Bip /p(Q) in (1.11) = (A.8).

—Agt
=

t on the

Space of maximal L? regularity on LZ(2) of the Stokes operator —A4,, 1 <p < oo, 1<
g < oo up to T = co. We return to the dynamic Stokes problem in {¢(t,z), 7(t,x)}

o —Ap+Vr=F in (0, 7] xQ=Q (A.10a)
div o =0 in Q (A.10b)

ply =0 in (0,7]xI'=% (A.10c)
A—— in 0, (A.10d)

rewritten in abstract form, after applying the Helmholtz projection P, to (A.10a) and recalling
Agin (A1) = (1.14) as

¢+ Agp = F, = PyF, @ € (L4(Q),D(A,)) (A.11)

17%7p.
Next, we introduce the space of maximal regularity for {¢, ¢’} as [37, p 2; Theorem 2.8.5.iii, p
17], [32, p 1404-5], with T" up to oc:

X, =LP(0,T; D(A,)) N WhP(0,T; LI(Q)) (A.12)

p,q?o-

(recall (A.1) = (1.14) for D(A,)) and the corresponding space for the pressure as

T _ T, 71, _ il

Y, = LP0,T;WH1()), W(Q) =W>1(Q)/R. (A.13)
The following embedding, also called trace theorem, holds true [2, Theorem 4.10.2, p 180, BUC
for T = oo, [69].

X, CXoo = IP(0,T; W(Q)) 0 WhP(0,T; LI(Q))

p,q,0 p.q

<—>C([0,T];B§;,2/”(Q)). (A.14)
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=T

~T
For a function g such that div g =0, g|r = 0 we have g € Xpg = 9€X,,

The solution of Eq (A.11) is

q

t
Q(t) = e Aty + / e A= F (1)dr. (A.15)
0

The following is the celebrated result on maximal regularity on LZ(€) of the Stokes problem
due originally to Solonnikov [81] reported in [37, Theorem 2.8.5.(iii) and Theorem 2.10.1 p24 for
@y = 0], [73], [32, Proposition 4.1 , p 1405].

Theorem A.4. Let 1 < p,q < 00, T < oo. With reference to problem (A.10) = (A.11), assume

Fy € P(0,T: LY (Q), o € (L4(Q),D(A), , . (A.16)

qor T E 175(1 to the dynamic Stokes problem (A.10) or
(A.11), continuously on the data: there exist constants Co,Cy independent of T, F,, @, such that
via (A.17)

~T
Then there exists a unique solution ¢ € X,

< s ~
<llpllgr +lnllgs

Co H(’o”c([o,T};Bﬁ;Q/p(Q)) T

= H‘PIHLP(O,T;LZ(Q)) + |’AQ¢HLP(07T;L3(Q)) T Hﬂ”?ﬂfq (A.17)

< Cl{ 16| 2o 0,703 () + ||‘PoH(Lg(Q) D(4) . }
b 175’17
In particular,

(i) With reference to the variation of parameters formula (A.15) of problem (A.11) arising from
the Stokes problem (A.10), we have recalling (A.12): the map

t
F, — / e~ AN (7)dr : continuous (A.18)

0
LP(0,T5 LL(R)) — Xy o = L(0, T3 D(A,)) N W9(0,T; LL(9). (A.19)

(ii) The s.c. analytic semigroup e~“4t generated by the Stokes operator —A, (see (A.1)= (1.14))
on the space (Lg(Q),D(Aq))l_l : (see statement below (A.8)) satisfies
p7

e~ Adt . continuous (Lg(Q)7D(Aq)> L prqaz
I_E’p 9 b

LP(0, T: D(Ag)) N WHP(0, T; LL(R)). (A.20a)

In particular via (A.8b), for future use, for 1 < ¢ < 00,1 < p < %, the s.c. analytic

~9_2
semigroup e 4t on the space B,, /p(Q), satisfies

2
—Agt . ~ B> X
: continuous B, " () X p g0

e (A.20b)
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(i1i) Moreover, for future use, for 1 < g < 00,1 < p < %, then (A.17) specializes to

el +Ielsg, < O{ IFliomusan +leollgomng b (a2

p,q,0
(e) Maximal L regularity on LZ(2) of the Oseen operator A4,;, 1 <p < oo, 1 < g < oo, up to

T < co. We next transfer the maximal regularity of the Stokes operator (—A,) on LZ(Q2)-asserted

in Theorem A.4 into the maximal regularity of the Oseen operator A, = —vA; — A, in (A.2)
=T

exactly on the same space X defined in (A.12), however only up to 7' < oo.

P40

Thus, consider the dynamic Oseen problem in {¢(t,z), 7(t,2)} with equilibrium solution y,, see
(1.2):

p,—Ap+ Le(p)+ V= F in (0, 7] xQ=Q (A.22a)

div p =0 in Q (A.22D)

ply =0 in (0, 7] xI'=% (A.22¢)

P — o, (A2

Le(p) = (e V) + (- V)ye (A.23)

rewritten in abstract form, after applying the Helmholtz projector P, to (A.22a) and recalling A,
in (A.2), as

¢ = Agp+ PyF = —vAgp — Aoqp + Foy  pg € (LL(Q), D(Aq))l_ip (A.24)
whose solution is via (1.18) = (A.2)
o(t) = etitpy + /0 t AT o (7)dr, (A.25)
@(t) = e VAl 4 /0 t e VAT R (1) dT — /0 t e A=) A o(T)dr. (A.26)
Theorem A.5. Let 1 <p,q< oo, 0 <T < oo. Assume (as in (A.16))
Fo, € LP(0,T;LL(Y)), «q € (L‘{,(Q),D(Aq))l_%’p (A.27)

=T
where D(A,) = D(Ay), see (A.2) = (1.18). Then there exists a unique solution p € X, ,, T €

%Tq of the dynamic Oseen problem (A.22), continuously on the data: that is, there exist constants
Co, C1 independent of F,p such that

< _ ~

Collelo o520 ay) < Wlr, Il
= H“OIHLP(O,T;L‘?(Q)) + ||chp||LP(07T;L¢Z(Q)) + HWHf/qu (A'28)
<Cr {”FUHLP(O,T;L?,(Q)) + H‘Po”(Lg(Q)ﬁp(Aq))l_é’p} (A.29)

where T' < co. Equivalently, for 1 < p,q < oo
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i. The map

¢
F, —>/ AT F (7)dr : continuous
0

(A.30)
LP(0,T; LL(Q)) — LP(0,T;D(Ay) = D(4y))
where then automatically, see (A.2/)
LP(0,T; LL(Q)) — WIP(0,T; LL(Q)) (A.31)
and ultimately via (A.12)
LP(0,T; LL(Q)) — f;w = LP(0,T;D(Ag)) N WHP(0,T; LL()). (A.32)

ii. The s.c. analytic semigroup es* generated by the Oseen operator A, (see (A.2) = (1.18)) on
the space (LL(2),D(4,)) satisfies for 1 < p,q < 0o

k%,p
e’dt ;. continuous (Lg(Q)aD(Aq)h_%m — LP(0,T;D(Ay) = D(4y)) (A.33)
and hence automatically by (A.12)
At continuous  (LY(Q).D(Ag)), 1, — Xpgo (A.34)

P

In particular, for future use, for 1 < q < 00,1 < p < %, we have that the s.c. analytic

~92_2
semigroup €1 on the space B,, /p(Q), satisfies

=2-%/p

Ad . continuous qu
9.

(&

(Q) — LP(0,T;D(Aq) = D(4,)), T < oo. (A.35)
and hence automatically

~2-2/, =T

Agt . ; —
@1 continuous B, (Q) X g0

(&

T < 0. (A.36)
A proof is given in [60, Appendix B|.
B Material in support of the proof of Theorem 4.1: the required
UCP and D*Bf in (4.18).

B.1 The required UCP.
We return to the operator A, in (1.34):

A, —C,

%_{4%-ﬁj’W“W‘LﬂmeWHDDwa—DMaxw@>

= (W29(Q) N W5(Q) N LL(Q)) x (W1(Q) N W, 9(Q) — WE(Q). (B.1)
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With @ = [p, 1], the PDE-version of A;® = A® is

—vA@ + Lo(p) + VT — yipeq = Ap in Q (B.2a)
—kAY —y, -V 4+ -Vl =\ in Q (B.2Db)
div e =0 in (B.2¢)

p=0,1v=0 on I'. (B.2d)

Several UCP for over-determined versions of the eigenproblem (B.2) are given in [89]. However,
establishing in Theorem 4.1 controllability of the finite dimensional projected problem (4.23) or (4.29)
via verification of the Kalman rank condition (4.31) involves the following UCP for the adjoint problem.
First, recall from (4.4) that the adjoint Aj or A, in (B.1) is

Al = [““Cq ‘(g}] W2 (Q) = LI (Q) x L7(Q) D D(A}) = D(A%) x D(B])
vy T Mg
= (W27(Q) n W (Q) N LL(Q)) x (W27 () n W7 (2)) — WZ(Q). (B.3)

With ®* = [¢*, 1], the PDE-version of A} ®* = \®" is

—vAQ* + L (") + "Vl + Vi = Ap* in Q (B.4a)
—kAY* —y, - V* —vyp* - eq = \* in Q (B.4b)
div p* =0 in (B.4c)

p* =0, 9" =0 onT. (B.4d)

The UCP invoked in the proof of Theorem 4.1 is

Theorem B.1. [89, Theorem 5] Let {¢,, 7} € [W2’q(Q) NLL(Q)] x W24(Q), = € Wh(Q), be a
solution of the following dual problem

—vAQ* + L (") + "Vl + Vi = Ap* in Q (B.5a)
—kAY* —y, - V" —vp* - eq = M* in (B.5Db)
div ¢* =0 in (B.5¢)
{(p*(l), . ,go*(d_l)} =0, ¢v"=0 on w (B.5d)
with over-determination in (B.5d) Then
p* =0, v*" =0, m=const in Q. [ (B.6)
Proof of D*B* f = —Karl [ €D(By), in (4.18) essentially by Green’s formula.
r
1. Let 1 < ¢ < oo and define
Bogh =1y, -h, LUQ) D D(B,,) = Wy () — LI(Q) (B.7)
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Then
By h=—y, - f, LV(Q) 5 D(BL,) = Wi (2) — L7 (@) (B.3)

In fact recalling y,.|r = 0 and div y, = 0 in Q from (1.2¢c-d), we compute in the duality pairing
L(Q), LY (Q), with h € D(B,,), f € D(B;,) by (B.7):

Boah.£) = [ fue- a0 = [ bty ~ [ haivisy i
_/the-VfdQ:<h,B;qf>Q (B.9)

2. We return to the operator B, in (1.18), with h € D(B,)
Byh = —kAh + Bygh, so that Bih = —kAf + BL,f, f € D(B) (B.10)
We shall show that

D*B*f = —K% E feD(BY) =W7(Q)n Wy (Q) (B.11)
In fact, by (B.8) and (B.10) we compute with v € L?(I") recalling the definition of D in (1.23a)
(D*Byf,v) = (Byf, Dv),, = (Af, —kDv)g + (f, B; ,Dv),, (B.12)
= (f,(=sA—y~V)Dv), + /F Z“I}j(—RDv)dI‘ + /1“ f aay dr (B.13)
< Ko v> , forall v e LYT). (B.14)
r
and (B.11) is established. O

C Validation of the Kalman controllability conditions (4.31) with
fluid vectors {ui,...,u,}, ¢; < K, i=1,..., M having only (d — 1)
components.

For the sake of the clarity, we shall consider separately the cases d = 2 and d = 3.

Case d = 2. Express the 2-dimensional vectors u; and ¢j; of Section 4 in terms of their two components.

(2 n x@2] . ‘
u7,:|:u§ )7 ()] ‘Pz] |:QOU( )7901‘]‘( ):|7Z:17"'7Mvj:17"'7£i (Cl)
Here we shall recall the matrix W in (4.24) but we shall replace the matrix U; in (4.25) with the
following matrix Ui(Q):
B 2 *(2 2 *(2 T
(™), (o),
2 *2) (2)  *(2)
Uz(Z) — <’LL2 ’SDZQ >w e <u€i ’SOZQ >w : El X K (C2)
) =@ () _+)
<U1 1 Pie; >w <“z ' Pie; >w_
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where now the duality pairing ( , ), involves two scalar functions. Next, for d = 2, we shall establish
the Kalman algebraic rank condition for the finite dimensional, unstable, feedback problem (4.23),
by employing not the full strength of the 2-dimensional vectors u; and j; as in (4.31) involving the
matrix U; in (4.25), but instead replacing U; with Ui(Q)
( ) *(2)

. This way, only the second (scalar) components

and ¢,;;~" of the 2-dimensional vectors u; and ¢;; in (C.1) are needed. Recall that we are dealing

Wlth a pair {w, f} as in Fig 1. The counterpart of Theorem 4.1 is now

Theorem C.1. Let d = 2. It is possible to select boundary vectors f1,...,fx in F C szl/q’q(f)

with support on T', and scalar second components {u?), . ,ug)} as in (C.1), such that

rank [W U@)] — 0, Q... M. (C.3)

7

Proof. We shall appropriately modify the proof of Theorem 4.1. As in this proof, the crux is to
establish that we cannot have simultaneously

£;i—1 l;—1
Otbyy, = Z a;0y;; in LA(T ) and <p*(2) Z a]cpw in L (w) (C.4)

with the same constant a1,..., a1 in both expression.

Claim: Statement (C.4) is false. By contradiction, suppose that both linear combinations in (C.4)
hold true. Next, as in (4.34) define the (d + 1)-vector ®* = {¢*, 9"} by

* 4;—1 % ;-1
* — |P QP P, x
P = |7 | = E Ul — Tt E ;P —®, i=1,...,M; q¢>2, C.5
[d’} [O‘j%j] [ ] i® i 9 (C.5)

j=1

in Wi(Q) = LL(Q) x LY(Q), with ®7; = {¢;;,1;;} eigenvector of A; y or Ay, as in (4.3). Then, in
view of (C.4), we now obtain
©*? =0in w, oYz = 0. (C.6)

(in place of (4.35)). As in the proof of Theorem 4.1, since the ®;; are eigenvectors of A} y, or Ay, so
is the vector ®* = {p*, 9"} defined in (C.5). Thus ®* = {¢", )"} satisfies the PDE version (4.36a-d)
of the eigenproblem for the dual AZ, which is now augmented with the over-determined conditions
n (C.6). The fact that now ¢*|r = 0 by (4.36d) on the entire boundary I', permits a-fortiori the
argument of [89, Theorems 6, 7] to hold true. Namely, invoke ¢*?) = 0 in w in (C.6) to obtain, as in
the proof of Theorem 4.1, the over-determined problem (4.37) for ¢)* on w, with the conclusion that
Y* =0in w, asin (4.38) (C.7)
Next, the divergence condition (4.36¢) yields in view of (C.6): div ¢* = @, (11) —|—g0w( ) = goz(ll) =0in w.
Hence ¢*(V(z1,z9) = ¢(z2) in w, where ¢(z3) is a function constant w.r.t. z; and depending only on
x2 in w. Next, let P = {z1(P),z2(P)} be an arbitrary point of w. Consider the line ¢ passing through
the point P and parallel to the zj-axis. On such a line £, the value ¢*()(z1,29(P)) = co(z2(P)) is
constant w.r.t. x1, as long as £ intersect w. By definition of the small set w supported by f, there is
a non-empty open subset w C w, where this happens: for all points P in w, the line £ remains in w
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and hits the boundary I', where condition (4.36d) applies for o*M|p = 0. Thus ¢*M) =0in & C w.

Recalling (C.6), we finally have

0" ={o*M, ©* @)1 =0in & C w, along with »* =0 in & by (C.7). (C.8)

We can then apply [89, Theorem 5 for w] and conclude that
o ={oW, P =0inQ, v*=0inQ, p= const in Q. (C.9)
The rest of the proof proceeds as in Theorem 4.1 following (4.40). Theorem C.1 is established. O

Case d =3. Now we express the 3-dimensional vectors u; and i of Section 4 in terms of their
components as

@], o = [,

We now distinguish two sub-cases.

TSl B I

g g

(C.10)

Sub-case {1,3}. Here, we extract only the first and third components, while we omit the second

component. Accordingly, we introduce the following 2-dimension vectors u( ) and ©*(13) and the

corresponding matrix U, (13)
ugl’g):[u() (3)} cp;(w) [Sozfj(l) :](3)}
(P e (] )
i et/ ] L)/,
) = .. .. (C.11)
<’u§”' 'so;“é”'> <'u2)' 'so;*éf">
N\ L™ L]/, )] L1/,

Sub-case {2,3}. Here, we extract only the second and third components, while we omit the first

component. Accordingly, we introduce the following 2-dimension vectors u

(2.3)

and ¢*®3) and the

corresponding matrix U; (23)
u§273>:[u§> (3)} P10 = [80;(2)7 ;@}
(/T 27 T *2)] T @7 [ *@7\ ]
L fn - (] Fe)
3) | *(3 3) | *(3
A IR B N P i
U = (C.12)

< ] Jew > < u] [e >
N\ e Lo/, ] L]

Next, for d = 3, we shall establish the Kalman algebraic rank condition for the finite dimensional,
unstable, feedback problem (4.23), by replacing the matrix U; in (4.25), with either the matrix Ui(1’3)
n (C.11) (Sub-case {1,3}); or else with the matrix UE’?’ n (C.12) (Sub-case {2,3}). This way, the

third (scalar) components u( ) and 90*( ) of the 3-dimensional vectors w; and ¢;; in (C.10) are needed
in both sub-cases. The counterpart of Theorem 4.1 (or Theorem C.1) is now
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Theorem C.2. Let d = 3. It is possible to select boundary vectors fi,..., fx in F C szl/q’q(f)
with support on I', and

(i) either 2-dimensional vectors ul® = {ugl),u(g)} as in (C.11)

i 7 i

)

(ii) or else 2-dimensional vectors u§2’3) = {u?),u(g)} as in (C.12),

such that

rank [I/VZ Ui(l’g)} =4, i,...,M, in case (i) (C.13)
or

rank {Wl UZ»(Q’B)] =4, i,...,M, in case (ii) (C.14)
respectively.

Proof. We shall only give a proof in the sub-case {1, 3}, as the proof of the sub-case {2, 3} is the same
mutatis mutandis. As in the proof of Theorem 4.1 (or Theorem C.1), the crux is to establish that we
cannot have simultaneously

fifl eifl
* . s = 1,3 1,3) .
Oy, = Y ol in LIT) and @i" = 3" ajer™ in L1 (w) (C.15)
j=1 j=1
with the same constants a, ..., a1 in both expressions. O

Claim: Statement (C.15) is false. By contradiction, suppose that both linear combinations in (C.15)
hold true. Next, define the (d + 1)-vector ®* = {¢*,¢*} as in (4.34) (or (C.5)). Then, in view of
(C.15), we now obtain

o (13) = {sp*(l),@*(?»)} =0inw, Os=0. (C.16)

(in place of (4.35) or (C.6)). As in Theorem 4.1 (or Theorem C.1) the ®* = {¢*, 1"} is an eigenvector
of A7 and thus satisfies the corresponding PDE-version - that is problem (4.36a-d), augmented this
time with the over-determined conditions in (C.16). Next, invoke ¢*(®) = 0 in w from (C.16) to obtain,
as this the proof of Theorem 4.1, the over-determined problem (4.37) for ¢* in w, with the conclusion
that

Y* =0in w, (C.17)
as in (4.36) (or (C.7)). Next, the divergence condition (4.36¢) yields in the view of (C.16): div ¢* =
90;(11) + 90;(22) + QO;(SB) = 90:322) = 0 in w. Hence p*® (1,9, 23) = ¢(x1,23) in w, where c(x1,23) is a
function constant w.r.t. zs and depending only on z1 and x3 in w. Next, let P = {x1(P), z2(P), z3(P)}
be an arbitrary point of w. Consider the plane mp passing through the point P and parallel to
the {x1,x3}-coordinate plane. As the point {z1,z2(P),z3} of w runs over the plane mp, the value
©* @ (x1,29(P), x3) = c(x1,x3) is independent of x5(P), as long as such plane 7p intersects w. By
definition of the small w supported by f, there is a non-empty open subset w C w, where this happens:
for all points P in w, the plane wp remains in w and hits the boundary f, where condition (4.36d)
applies for ¢*@|r = 0. Thus ¢*® =0 in @ C w. Recalling (C.16) we conclude that

"= {cp*(l), ©*@), ¢*(3)} =0in w C w, along with ¢* =0 in w by (C.17). (C.18)
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We can then apply [89, Theorem 5 for w] and conclude that

o = {¢*(1>,¢*(2), gp*(?’)} =0inQ, »*=0inQ, p= const in Q. (C.19)

The rest of the proof proceeds as in Theorem 4.1 following (4.40). Theorem C.2 is established.
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