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1 Introduction

The discovery of charm CP violation [1] in singly-Cabibbo suppressed (SCS) two-body
D → PP decays, where P is a pseudoscalar meson, was the result of a multi-year effort [2–
13] and triggered immediate theoretical interpretations [14–17]. Works before the discovery
can be found in refs. [18–43]. In the language of the approximate SU(3)F symmetry of QCD
and its SU(2)-subgroup of unitary rotations of the s and d quarks, called U -spin, the new
measurement enables the extraction of the ratio of ∆U = 0 over ∆U = 1 hadronic matrix
elements. Parametrizing this ratio as

r̃0 = 1 + Ceiδ, (1.1)

with C a real number and δ a strong phase, we can differentiate between three scenarios [14]:

1) C = O(αs/π) , 2) C = O(1) , 3) C � O(1) . (1.2)

For a generic phase of magnitude δ ∼ O(1), the observed result for CP violation in two-
body decays [1] is consistent with option (2), i.e. C ∼ 1. Note that options (2) and (3)
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are not different on a principle basis, as both describe non-perturbative physics. Note
further, that a C-value of category (1) would correspond to ∆adir

CP ∼ 1 · 10−4, in contrast
to the measurement of ∆adir

CP = −0.00164 ± 0.00028 [1, 44]. This means that if we have
a strong argument for C being of category (1) the current measurement would imply new
physics [14].

Option (2) can be interpreted as KK ↔ ππ rescattering, with potential contributions
from all on-shell multi-body light hadronic states that can rescatter into KK and ππ.
This large rescattering was named “the ∆U = 0 rule” in refs. [14, 21, 39], in analogy
to the well-known ∆I = 1/2 rule in kaon decays. The latter corresponds to large non-
trivial rescattering effects and belongs to category (3) above [45–56]. Note that while the
underlying dynamical mechanisms of the ∆U = 0 and ∆I = 1/2 rule are not identical,
because of the different scales entering the processes, the main conclusion is the same:
rescattering is important, and naive quark level calculations are not adequate in such cases.

The interpretation of the data as being of category (2) relies on the assumption of
a generic O(1) strong phase between the ∆U = 0 and ∆U = 1 matrix elements. Yet,
as of now we do not have any information about that strong phase, which can only be
determined in future time-dependent measurements or in correlated D0–D0 decays, see
ref. [14] for a detailed discussion.

Given that the charm quark is not very heavy relative to the scale of QCD, one expects
rescattering in nonleptonic charm decays to be indeed of O(1). However, there is no hard
argument from first principles that this is necessarily the case. For now, it is an open
question whether the observed effect is a sign of new physics or not [14, 15, 33]. It is hence
very important to extract the analogous ratios of ∆U = 0 over ∆U = 1 hadronic matrix
elements in additional sets of decays, such as D0 → V ±P∓, where V is a vector meson.
In fact, D0 → V ±P∓ decays have an important advantage over D0 → P±P∓: as pointed
out long ago in ref. [57] and discussed also in refs. [38, 58–63], the interference of two-body
decays leading to a common three-body final state can be used to extract strong phases and
penguin amplitudes. Throughout, we refer to D0 → P±P∓ decays as “two-body” decays,
and to D0 → V ±P∓ decays as “pseudo two-body” decays.

In this article we present a method for measuring the effects of rescattering in the
charm-decay Dalitz plot and investigating the ∆U = 0 rule in D0 → V ±P∓ decays.
Most importantly, the interference effects enable the determination of the relative phase
between the ∆U = 0 and ∆U = 1 matrix elements even with time-integrated CP violation
measurements. Therefore, contrary to the case of D0 → P+P− decays, no time-dependent
measurements are required for this purpose. As examples, we focus here on the decays
D0 → π+π−π0 [64–72] and D0 → K+K−π0 [65, 68–75]. We employ a toy model using only
two overlapping resonances and treatD0 → V ±P∓ as pseudo two-body decays, highlighting
the insights that can be gained from the interference effects. Future work may treat the
Dalitz plot in a more complete way, especially including also neutral resonances.

Note that our approach treats the pseudo two-body decays in a model-independent way,
and our theory assumptions concern mainly how to model the three-body decays in terms of
the pseudo two-body decays. For example, because of that, we do not include rescattering
data of KK ↔ ππ, which is available, e.g. in ref. [76]. Using this data for charm decays is
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only possible with further theory assumptions on the factorization of charm decays, which
is challenging due to the intermediate mass scale of the charm quark. Note further, that
for such an analysis, rescattering data close to mD0 = 1.86483±0.00005GeV [77] is needed.

Previous isospin and SU(3)F analyses of D → PPP and D → PV decays are given
in refs. [39, 78–85]. In ref. [86] the measurement of the relative strong phase between
D0 → K∗+K− and D0 → K∗−K+ decays is discussed. CP violation in D0 → K+K−π0

decays has been discussed in ref. [87] within the factorization-assisted topological approach.
Three-body B decays have been treated in refs. [88–106]. Recent LHCb results on CP
violation in B+ → π+π−π+ can be found in refs. [107, 108]. Rescattering in three-body
decays is discussed in refs. [109, 110].

The question we wish to ask is as follows: can we determine that the ratio of ∆U = 0
over ∆U = 1 matrix elements in D → PV decays is O(1), as was found for D → PP decays
in ref. [14]? The answer to this question does not require a precision measurement of the
respective matrix elements. Consequently, our methodology applies to the first round of
data analyses, with experimental errors in the range of 20%–30%. For this purpose, we
employ a model-dependent parametrization of three-body decays, which will have to be
revised when experiments collect sufficient data for precision measurements.

For concreteness, we use the Breit-Wigner parametrization to describe the V resonance.
Furthermore, we neglect subdominant contributions in the region of interest of the Dalitz
plot. Our main results are independent of the choice of the resonance parametrization, and
should be applied within a more complete Dalitz analysis to future data. Note that using
multiple Breit-Wigner distributions can lead to the violation of unitarity [45, 111–117].
However, in practice, there are many cases in which this is not a problem [66, 73]. In any
case, the parametrization that we employ for the underlying pseudo two-body decays is
completely general and is therefore valid also for future precision studies.

After introducing our notation in section 2, we discuss in section 3 the complete set
of observables for D0 → ρ±π∓ and the extraction of the ∆U = 0 over ∆U = 1 ratio of
matrix elements, including their relative phase, from D0 → π+π−π0 decays. In section 4
we turn to the combined Dalitz-plot analysis of D0 → π+π−π0 and D0 → K+K−π0

and the corresponding implications of U -spin conservation. We conclude in section 5.
In the appendix, we list the complete set of observables as well as parametrizations for
D0 → P+P− and D0 → P±V ∓ decays.

2 Notation

For the purpose of naming the hadronic parameters, as well as their interpretation in terms
of U -spin parameters, we use the following conventions for the U-spin doublets [118–120]

|d〉 =
∣∣∣∣12 , 1

2

〉
, |s〉 =

∣∣∣∣12 ,−1
2

〉
, (2.1)

|s〉 =
∣∣∣∣12 , 1

2

〉
, −

∣∣∣d〉 =
∣∣∣∣12 ,−1

2

〉
, (2.2)
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and following thereof ,∣∣∣K+
〉

= |us〉P1 =
∣∣∣∣12 , 1

2

〉P1
,

∣∣∣π+
〉

=
∣∣∣ud〉P1

= −
∣∣∣∣12 ,−1

2

〉P1
, (2.3)

∣∣π−〉 = − |du〉P2 = −
∣∣∣∣12 , 1

2

〉P2
,

∣∣K−〉 = − |su〉P2 =
∣∣∣∣12 ,−1

2

〉P2
, (2.4)∣∣∣K∗+〉 = |us〉V 1 =

∣∣∣∣12 , 1
2

〉V 1
,

∣∣∣ρ+
〉

=
∣∣∣ud〉V 1

= −
∣∣∣∣12 ,−1

2

〉V 1
, (2.5)

∣∣ρ−〉 = − |du〉V 2 = −
∣∣∣∣12 , 1

2

〉V 2
,

∣∣K∗−〉 = − |su〉V 2 =
∣∣∣∣12 ,−1

2

〉V 2
. (2.6)

Note that matrix elements involving different doublets have to be distinguished and in
general are not related. For example, the charge of different doublets is different. That is
why we denote states of different doublets with extra superscripts. The same superscripts
are used in the corresponding matrix elements below. Note further that the states and
matrix elements of vector mesons are not related to the ones of the pseudoscalars. For
clarity, we therefore use “V ” and “P” in the superscript notation, respectively.

The Hamiltonian for singly-Cabibbo suppressed (SCS) decays is

Heff ∼ λsdH(1,0) −
λb
2 H(0,0) , (2.7)

where we use the standard notation in which H(1,0) (H(0,0)) is the triplet (singlet) Hamil-
tonian with ∆U = 1 (∆U = 0) and zero third component of U -spin, and we have defined
the CKM matrix-element combinations

λsd ≡
V ∗csVus − V ∗cdVud

2 , −λb2 ≡ −
V ∗cbVub

2 = V ∗csVus + V ∗cdVud
2 . (2.8)

Note that λsd ≈ λ∗sd ≈ λ, with the Wolfenstein parameter λ. In the following we also use
the ratio

λ̃b ≡
λb
λsd
≈ 0.001− i 0.003 . (2.9)

3 Probing the ∆U = 0 rule

3.1 Overview

Before we discuss the investigation of the ∆U = 0 rule in D0 → π+π−π0, we first list the
independent parameters and observables of the SCS decays D0 → π+π− and D0 → ρ±π∓.
In order to do so, we adapt the notation used in refs. [14, 21]. This list is extended
in appendix A to include Cabibbo-favored (CF) and doubly-Cabibbo suppressed (DCS)
decays. The identified observables correspond to a complete set of real parameters that
can be extracted from the data. We take the SM CKM matrix elements to be known from
previous measurements, i.e. the parameters of interest are pure QCD parameters that carry
a strong phase only.

We present the independent observables in the general case and in the CP limit. We
note that our results do not depend on the CP limit. However, we use it as a useful and
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excellent approximation to demonstrate the simple relation between experimental observ-
ables and the parameters of interest. Specifically, extraction of tree amplitudes depends
mostly on charm-flavor-averaged branching ratios, where rescattering contributions are
suppressed by the ratio of CKM elements |Vub/Vcb|2 and can be safely neglected. Using the
extracted tree diagrams as input, the rescattering contributions can then be obtained from
the CP asymmetries. Finally, the strong-phase difference between the rescattering and tree
amplitudes can be determined from coherent D0–D0 decays [14, 121], time-dependent CP
violation measurements [14], or, as we show in the following, Dalitz plot analyses. The
strong phase between the tree amplitudes of different SCS decay channels can be extracted
only from a Dalitz plot analysis. See appendix A for more details.

3.2 Case I: D0 → π+π−

Following the notation of refs. [14, 21], we parametrize the amplitude for D0 → π+π− in
full generality as

A(D0 → π+π−) = −λsd T − λbR , (3.1)

where

T =
〈
π+π−

∣∣∣H(1,0)

∣∣∣D0
〉
,

R =
〈
π+π−

∣∣∣H(0,0)

∣∣∣D0
〉

(3.2)

are the tree and rescattering amplitudes, respectively, and H(1,0) (H(0,0)) is the triplet
(singlet) Hamiltonian with ∆U = 1 (∆U = 0) and zero third component of U -spin, see
eq. (2.7). The minus sign in front of λsd in eq. (3.1) appears because V ∗cdVud is the relevant
CKM matrix combination for the tree amplitude of D0 → π+π−.

As pointed out on general grounds in ref. [122], the “two-term weak amplitude” that
we provide in eq. (3.1), is completely general, in the sense that adding a third term with
an additional relative weak and strong phase can be absorbed by redefinitions into the
existing terms.

In general, for D0 → π+π− we have three independent observables that correspond to
three real parameters:

• We define the CP-averaged branching ratio as

B(D → π+π−) ≡ B(D0 → π+π−) + B(D0 → π+π−)
2 , (3.3)

where the notation on the l.h.s. is such that we write “D” without bars. On the
r.h.s., “D0” and “D0” indicate that the flavor is tagged, usually via production in
the decay D∗+ → D0π+ or its CP-conjugate. The branching fraction B(D → π+π−)
yields |T |2 in the CP-limit.

• The direct CP asymmetry

adir
CP ≡

|A(D0 → π+π−)|2 − |A(D0 → π+π−)|2

|A(D0 → π+π−)|2 + |A(D0 → π+π−)|2
, (3.4)

which yields |R/T | × arg(R/T ), where arg(R/T ) is the relative strong phase.
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• The phase arg
(
A(D0→π+π−)
A(D0→π+π−)

)
. Determination of this quantity requires use of time-

dependent measurements or a coherent ( )
D initial state [14, 121], allowing for CP

violation. This observable can be used to extract the parameter arg (R/T ).

Either T or R can be chosen real, because the overall phase of the amplitude A(D0 →
π+π−) is not physical. The relative phase between T and R, on the other hand, is physical
and can be extracted from arg

(
A(D0→π+π−)
A(D0→π+π−)

)
. In the CP limit, arg(λb) = 0, and we have

Γ(D0 → π+π−) = Γ(D0 → π+π−) , (3.5)

arg
(
A(D0 → π+π−)
A(D0 → π+π−)

)
= 0 , (3.6)

and thus only one independent observable, namely, the CP-averaged rate Γ(D → π+π−).
In that case, R can be absorbed into T by a redefinition. The above presentation of the
independent observables is also included in table 2 in appendix A.1.

3.3 Case II: D0 → ρ±π∓ and D0 → π+π−π0

Turning to the system of D0 → ρ±π∓ decays, we define the corresponding CP-averaged
branching ratios as

B(D → π+ρ−) ≡ B(D0 → π+ρ−) + B(D0 → π−ρ+)
2 , (3.7)

B(D → π−ρ+) ≡ B(D0 → π−ρ+) + B(D0 → π+ρ−)
2 . (3.8)

We write the corresponding amplitudes in full generality as

A(D0 → π+ρ−) = −λsd TP1V2 − λbRP1V2 , (3.9)
A(D0 → π−ρ+) = −λsd TP2V1 − λbRP2V1 , (3.10)

and denote the ratio of ∆U = 0 to ∆U = 1 matrix elements as

R̃PiVj ≡ RPiVj

TPiVj
. (3.11)

This parameterization involves seven real parameters, which can be obtained from experi-
mental measurements as follows:

• The two CP-averaged decay rates B(D → π+ρ−) and B(D → π−ρ+), taken in the
CP limit, yield |TP1V2 | , and |TP2V1 |, respectively. We discuss in section 3.3.1 how
to extract the branching fractions of pseudo two-body decays from the three-body
Dalitz plot.

• The observable arg
(
A(D0→π+ρ−)
A(D0→π−ρ+)

)
, and the corresponding parameter arg

(
TP2V1
TP1V2

)
, can

be obtained from the Dalitz plot analysis in the CP-limit.
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Observables Relations in the CP limit arg(λb) = 0
CP-averaged
branching ratios

B(D → π+ρ−)
B(D → π−ρ+)

Direct CP
asymmetries

adir
CP(D → π+ρ−) = 0
adir

CP(D → π−ρ+) = 0

Phases

arg
(
A(D0→π+ρ−)
A(D0→π+ρ−)

)
= − arg

(
A(D0→π+ρ−)
A(D0→π−ρ+)

)
arg

(
A(D0→π−ρ+)
A(D0→π−ρ+)

)
= arg

(
A(D0→π+ρ−)
A(D0→π−ρ+)

)
arg

(
A(D0→π+ρ−)
A(D0→π−ρ+)

)
# of independent observables 7 3

Table 1. Available observables for D → π±ρ∓ and relations between them in the CP limit. The
CP-averaged branching ratios are defined in eqs. (3.7) and (3.8).

• The direct CP asymmetries adir
CP(D0 → π+ρ−) and adir

CP(D0 → π−ρ+), allowing for
CP violation, yield |RP1V2 | , |RP2V1 | times respective strong phase factors.

• The phases arg
(
A(D0→π+ρ−)
A(D0→π+ρ−)

)
and arg

(
A(D0→π−ρ+)
A(D0→π−ρ+ )

)
, as well as the corresponding

phases arg
(
RP1V2
TP1V2

)
and arg

(
RP2V1
TP2V1

)
, can be extracted from a Dalitz-plot analysis,

allowing for CP violation. They can also be obtained from coherent initial-state
production, time-dependent measurements, as in the case of D0 → π+π−.

These seven observables are also listed in table 1. They include two CP-averaged decay
rates, two direct CP asymmetries and three phases. Contrary to the D → PP case, the
interference needed in order to measure the phases is available not only through D0–D0

mixing in the initial state and in the time evolution, but also from the Dalitz-plot of the
three-body final state π+π−π0. Furthermore, D → πρ has not just a factor of two more
observables and parameters than D → ππ, but also the relative phase between TP1V2 and
TP2V1 . Note further that apriori the parameters of D → πρ and D → ππ are not related
numerically. In the CP limit, relations between the observables (see table 1) imply that
the direct CP asymmetries vanish, and there are only three independent observables and
real parameters, namely

|TP1V2 | , |TP2V1 | , arg
(
TP2V1

TP1V2

)
. (3.12)

3.3.1 General method

Using the parametrization of the pseudo two-body weak decays D0 → ρ∓π± as given in
eqs. (3.9), (3.10), we show below how to use the D → π+π−π0 Dalitz plot to extract the
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relevant parameters,

|TP1V2 | ,
∣∣∣R̃P1V2

∣∣∣ , |TP2V1 | ,
∣∣∣R̃P2V1

∣∣∣ ,
arg

(
R̃P1V2

)
, arg

(
R̃P2V1

)
, arg

(
TP2V1

TP1V2

)
, (3.13)

which do not depend on kinematic variables.
As an example, we demonstrate the extraction of the above theory parameters in a

minimal simplified scenario that consists of three approximations:

1. The three body decay factorizes into two pseudo two-body decays (in the narrow
width approximation),

D0 → (V ± → P±P 0)P∓ , D
0 → (V ± → P±P 0)P∓ , (3.14)

where the decays D0 → V ±P∓ and D0 → V ±P∓ are weak decays, and the decays
V ± → P±P 0 are purely strong decays.

2. In principle, there is no need at this point to specify the amplitude for the propagator
between the two decays. However, for illustration, we employ here a Breit-Wigner
distribution, and do not take into account Blatt-Weisskopf factors that would account
for the finite size of the D0 and ρ. Our results are independent of this choice, and
whenever a Breit-Wigner distribution is used, it can also be replaced by a more
sophisticated distribution.

3. For simplicity, we consider the interference of only two resonances, namely, D0 →
π+(ρ− → π−π0) and D0 → π−(ρ+ → π+π0). In the Dalitz plot region in which these
two amplitudes interfere most strongly, the contributions from other resonances are
small [68, 71]. A more general treatment may include additional amplitudes and still
allows extraction of all the physical parameters.

The above assumptions are useful approximations for the first round of measurements of
the ∆U = 0 over ∆U = 1 matrix elements. They apply to measurements with large experi-
mental relative uncertainties, in the range of 20%–30%. For future precision measurements,
a more sophisticated and more complete Dalitz plot study is needed.

These simplifications lead to the following contributions to the decay at a point

(s, t) ≡ (m2
π−π0 , m2

π+π0) (3.15)

in the Dalitz plot (where mX indicates the invariant mass of system X) [66, 123]:

A
(
D0 → π−(ρ+ → π0π+)

)
= A(D0 → π−ρ+)BWρ(s, t)A(ρ+ → π+π0) , (3.16)

A
(
D0 → (ρ− → π−π0)π+

)
= A(D0 → ρ−π+)BWρ(t, s)A(ρ− → π−π0) , (3.17)

where the propagator

BWρ(s, t) ≡

(
m2
π−π+ − s+ (m2

D0−m
2
π−

)(m2
π0−m

2
π+ )

m2
ρ+

)
m2
ρ+ − t− iΓρ+mρ+

, (3.18)
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includes a Breit-Wigner factor, and makes use of [123]

m2
π−π+ = m2

D0 +m2
π− +m2

π+ +m2
π0 − s− t . (3.19)

We emphasize that the amplitudes in eqs. (3.16) and (3.17) are complex numbers, and
all dependences on the kinematical variables of the Dalitz plot are captured by the Breit-
Wigner functions because of the model assumptions that we made. CP invariance of QCD
implies for the strong decays (in the phase convention we choose)

A(ρ+ → π+π0) = A(ρ− → π−π0) . (3.20)

The complete Dalitz-plot amplitude reads then:

A(D0 → π+π−π0)
λsd

= 1
λsd

(
A
(
D0 → π−(ρ+ → π0π+)

)
+A

(
D0 → (ρ− → π−π0)π+

))
= A1(s, t)

(
−1− λ̃b R̃P2V1

)
+A2(s, t)

(
−1− λ̃b R̃P1V2

)
, (3.21)

where the hadronic functions

A1(s, t) ≡ BW(s, t)A(ρ+ → π+π0)TP2V1 , (3.22)
A2(s, t) ≡ BW(t, s)A(ρ− → π−π0)TP1V2 (3.23)

carry strong phases only.
The parameters TPiVj and their relative phase can be extracted from the Γ(D →

π+π−π0) Dalitz plot, in which the contribution of λ̃b-terms is negligible:

|A(D0 → π+π−π0)|2
|λsd|2

= |A1(s, t)|2 + |A2(s, t)|2

+ 2|A1(s, t)||A2(s, t)| cos(δA1(s, t)− δA2(s, t)) +O
(
λ̃b
)
, (3.24)

where we use the shorthand notation for phases,

δX ≡ arg(X) . (3.25)

Writing the CP-conjugate amplitude

A(D0 → π+π−π0)/λ∗sd = A1(s, t)
(
−1− λ̃∗b R̃P2V1

)
+A2(s, t)

(
−1− λ̃∗b R̃P1V2

)
, (3.26)

we can use the CP difference

|A|2 − |A|2

−4|λsd|2Im(λ̃b)
= |A2(s, t)|2|R̃P1V2 | sin(δ

R̃P1V2 )

− |A1(s, t)||A2(s, t)||R̃P1V2 | sin
(
δA1(s, t)− δA2(s, t)− δ

R̃P1V2

)
+ |A1(s, t)||A2(s, t)||R̃P2V1 | sin

(
δA1(s, t)− δA2(s, t) + δ

R̃P2V1

)
+ |A1(s, t)|2|R̃P2V1 | sin(δ

R̃P2V1 ) (3.27)
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to extract RPiVj and their relative phase. Eq. (3.20) implies that the phase of the strong
decays ρ → ππ cancels in the difference δA1 − δA2 . We also define the local direct CP
asymmetry as

adir
CP(s, t) ≡ |A|

2 − |A|2

|A|2 + |A|2
, (3.28)

where we make the dependence on the Dalitz plot variables explicit on the l.h.s. Fitting
eqs. (3.24), (3.27) to the Dalitz-plot data enables the determination of all the parameters
in eq. (3.13). Consequently, we can determine the ratios R̃PiVj , i.e., investigate the ∆U = 0
rule for D → ρπ.

We emphasize the importance of the conceptual difference between two-body decays,
such as D → π+π−, and three-body decays such as D → π+π−π0, to which the pseudo
two-body decays D → ρπ contribute. The three-body decays provide two advantages:
first, interference between D0 → π+(ρ− → π−π0) and D0 → π−(ρ+ → π+π0). Second,
kinematic dependence that enables studying the interference to obtain the magnitudes and
phases of R̃P1V2 and R̃P2V1 from a time-integrated CP-asymmetry measurement. This is
not possible for the corresponding parameters of D → π+π− and D → K+K−, where
time-dependent or quantum-correlated-production measurements are needed in order to
completely solve the system.

3.3.2 Cancellation of production and detection asymmetry

Measurement of a decay-rate asymmetry in 2-body D decays is hampered by an experi-
mental asymmetry, which arises from two main sources [1]. The first is due to a difference
in the production rates for D0 and D0 are different in pp collisions. The second is that at
LHCb, the detection efficiency of the soft pion from the D∗ decay used to tag the flavor of
the D0 and D0 is charge dependent. In order to study the effect of these production and
detection asymmetries, we combine them in a parameter δ and write the observed local
CP asymmetry as

adir,δ
CP ≡

|A|2 − (1− δ)|A|2

|A|2 + (1− δ)|A|2
. (3.29)

Expanding in δ and λ̃b, one obtains, for two-body decays,

adir,δ
CP (D0 → P+P−) = adir

CP(D0 → P+P−) + δ

2
(
1 +O

(
λ̃2
b

))
, (3.30)

i.e. the production and detection asymmetry give a constant contribution to the observed
asymmetry. Since δ is independent of the decay mode of the D meson, LHCb take the
difference between adir,δ

CP (D0 → π+π−) and adir,δ
CP (D0 → K+K−) to extract a physical

asymmetry.
This reasoning is valid also for the observed asymmetry in pseudo two-body decays

within the Dalitz plot:

adir,δ
CP (D0 → P±V ∓)(s, t) = adir

CP(D0 → P±V ∓)(s, t) + δ

2
(
1 +O

(
λ̃2
b

)
(s, t)

)
. (3.31)
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However, in this case the physical parameters are obtained from a fit of the distribution of
events in the Dalitz plot. Since the leading δ contribution is (s, t)-independent, it can be
obtained from the integrated asymmetry,∫

adir,δ
CP (D0 → P±V ∓)(s, t)ds dt , (3.32)

independently of the Dalitz-plot analysis. Therefore, δ does not directly impact the de-
termination of the physical parameters, eq. (3.13), and there is no need to subtract the
asymmetries of different decay modes.

We have argued that, as in the case of two-body decays, the production and detection
asymmetries cancel, basically since they are independent of the D decay mode. There is,
however, the possibility of an (s, t)-dependent detection asymmetry that is not present in
the two-body decay. This asymmetry arises from the fact that in decays such as D0 →
(K∗+ → K+π0)K− and D0 → (K∗− → K−π0)K+, the momenta of the K+ and K−

are not the same. We expect this detection asymmetry dependence on (s, t) to be small,
since the detection efficiency depends primarily on the momentum in the laboratory frame.
Clearly, this systematic effect deserves further experimental study. Yet, this is beyond the
scope of this paper, where we focus on the theoretical foundations of this measurement.

3.3.3 Numerical example

For illustration, in figure 1 we show the local CP asymmetry of D0 → π+π−π0 for example
values of R̃PiVj , using the numerical input from ref. [77]. Averaging results from hadron
production and from τ decays/e+e− production given therein, we take

mρ± = (774.36± 0.32) MeV , (3.33)
Γρ± = (149.21± 0.76) MeV . (3.34)

We neglect O(λ̃b) in the estimation of |TPiVj |, using

|TP1V2 | =
√

1
λ2
sd

B(D0 → ρ−π+)
P(D0, ρ−, π+) , (3.35)

|TP2V1 | =
√

1
λ2
sd

B(D0 → ρ+π−)
P(D0, ρ+, π−) , (3.36)

with the phase space factor

P(D, ρ, π) = τD ×
1

16πm3
D

√(
m2
D − (mρ −mπ)2) (m2

D − (mρ +mπ)2) . (3.37)

Furthermore, for our numerical example we choose TP1V2 and TP2V1 to be real. This is
somewhat motivated from the leading contribution of a 1/Nc-expansion of the tree dia-
gram [124, 125]. However, additional diagrams may be sizable, invalidating this assump-
tion.
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Figure 1. Local CP asymmetry of D → π+π−π0 in the region of the overlap of the ρ± resonances,
for different values of R̃P1V2 and R̃P2V1 .

The results in figure 1 illustrate how the Dalitz plot CP asymmetry depends on the
rescattering amplitudes. Locally, effects at the per mill level are to be expected for order-
one rescattering, in agreement with what is seen in D → PP decays.

The four examples of numerical values of R̃P1V2 and R̃P2V1 correspond to different
scenarios of O(1) rescattering. This value is motivated by the measurement of ∆adir

CP in two-
body decays [14]. The figures illustrate that the shape of the Dalitz plot is indeed sensitive
to the specific ratio of rescattering amplitudes compared to tree amplitudes, enabling a
future extraction of these ratios by experiment.
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4 Relation to D0 → K+K−π0

4.1 Amplitude parametrization

The decays

D0 → π±ρ∓ → π+π−π0 , (4.1)

are related by U -spin to

D0 → K±K∗∓ → K+K−π0. (4.2)

The LHCb discovery of CP violation in two-body decays [1] employed an analogous U -spin
relation, between D0 → π+π− and D0 → K+K−. The motivation to consider CP violation
in both modes together, and specifically their difference, is twofold. First, experimentally,
this leads to cancellation of the production and detection asymmetry and of systematic
uncertainties in the two-body modes. For the case of three-body decays, as we discuss in
section 3.3.2, the production and detection asymmetry is (s, t)-independent and hence does
not impact the extraction of the physical parameters. The question of whether additional
experimental systematic uncertainties cancel in the Dalitz-plot asymmetry is beyond the
scope of this paper and we do not discuss it further. A second advantage in the case of
two-body decays is that the two modes are related by a complete interchange of all d and
s quarks, resulting in [126]

adir
CP(D0 → π+π−) = −adir

CP(D0 → K+K−). (4.3)

Therefore, the difference of these asymmetries is twice as large as each one separately, and
is thus measured with a higher statistical significance.

All this motivates considering analogous differences in three-body decays as well. In
order to explore the relation between the modes of eqs. (4.1) and (4.2), we would like
to consider the full set of D0 → V ±P∓ amplitudes within a U -spin expansion in full
generality, i.e. incorporating also possible New Physics (NP) amplitudes. In doing so, we
note that full U -spin multiplets include also Cabibbo-favored (CF) and doubly Cabibbo-
suppressed (DCS) amplitudes. Within the SM, these have different structures from that
of the singly Cabibbo-suppressed (SCS) amplitudes. It is therefore important to consider
carefully how to generalize the corresponding SM parametrizations to include NP effects.

The decay amplitudes for SCS decays have a structure of two terms with a non-zero
relative weak phase. As mentioned above, any third term with an additional relative
weak and strong phase can be absorbed by redefinition into the other parameters [122].
Therefore, the parametrizations employed above are sufficient also when considering any
NP amplitudes. However, for CF and DCS decays, a second term with a relative weak
phase arises in the SM only at the second order in the weak interaction, i.e. with two
W -boson exchanges, which we neglect. Consequently, in order to incorporate potential NP
amplitudes in CF and DCS decays, we need to introduce additional terms with a relative
weak phase. Note, however, that the U -spin transformation behavior of such an additional
term is the same as that of the leading (SM) term.
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The full set of D0 → V ±P∓ amplitudes is then altogether given by

A(D0 → π+K∗−) = V ∗csVud

(
tP1V2
0 − 1

2 t
P1V2
1

)
+ λCF

NPr
P1V2
NP,CF , (4.4)

A(D0 → π+ρ−) = −λsd
(
tP1V2
0 + sP1V2

1 + 1
2 t
P1V2
2

)
− λb

(
rP1V2

0 − 1
2r

P1V2
1

)
, (4.5)

A(D0 → K+K∗−) = λsd

(
tP1V2
0 − sP1V2

1 + 1
2 t
P1V2
2

)
− λb

(
rP1V2

0 + 1
2r

P1V2
1

)
, (4.6)

A(D0 → K+ρ−) = V ∗cdVus

(
tP1V2
0 + 1

2 t
P1V2
1

)
+ λDCS

NP rP1V2
NP,CF , (4.7)

and

A(D0 → K−ρ+) = V ∗csVud

(
tP2V1
0 − 1

2 t
P2V1
1

)
+ λCF

NPr
P2V1
NP,CF , (4.8)

A(D0 → π−ρ+) = −λsd
(
tP2V1
0 + sP2V1

1 + 1
2 t
P2V1
2

)
− λb

(
rP2V1

0 − 1
2r

P2V1
1

)
, (4.9)

A(D0 → K−K∗+) = λsd

(
tP2V1
0 − sP2V1

1 + 1
2 t
P2V1
2

)
− λb

(
rP2V1

0 + 1
2r

P2V1
1

)
, (4.10)

A(D0 → π−K∗+) = V ∗cdVus

(
tP2V1
0 + 1

2 t
P2V1
1

)
+ λDCS

NP rP2V1
NP,CF . (4.11)

Note that the above parametrization serves two purposes. First, it can be used as a
completely model-independent parametrization. Second, the parameters can be interpreted
as part of a U -spin expansion with a power counting, such that the subscripts “0”, “1”
and “2” indicate the U -spin limit, first-order U -spin breaking, and second-order U -spin
breaking, respectively. In this section we use this U -spin power-counting interpretation.

Note further that this parametrization is in complete analogy to the following gener-
alization of the notation of refs. [14, 21] for the two-body decays D0 → P+P−:

A(D0 → K−π+) = V ∗csVud

(
t0 −

1
2 t1
)

+ λCF
NP r

CF
NP , (4.12)

A(D0 → π+π−) = −λsd
(
t0 + s1 + 1

2 t2
)
− λb

(
r0 −

1
2r1

)
, (4.13)

A(D0 → K+K−) = λsd

(
t0 − s1 + 1

2 t2
)
− λb

(
r0 + 1

2r1

)
, (4.14)

A(D0 → K+π−) = V ∗cdVus

(
t0 + 1

2 t1
)

+ λDCS
NP rDCS

NP . (4.15)

In appendix A we list the complete set of observables that correspond to the amplitudes
of eqs. (4.4)–(4.15).

We use the following notation for the ratio of matrix elements, similarly to eq. (3.11),

r̃0
PiVj ≡ r

PiVj
0

t
PiVj
0

, r̃1
PiVj ≡ r

PiVj
1

t
PiVj
0

, s̃1
PiVj ≡ s

PiVj
1

t
PiVj
0

. (4.16)
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To first order in U -spin breaking, the amplitudes of the three-body decays are then given by

A
(
D0→ π+π−π0)

λsd
≡ Aπππ

λsd

= 1
λsd

(
A
(
D0→ π−

(
ρ+→ π0π+

))
+A

(
D0→

(
ρ−→ π−π0

)
π+
))

(4.17)

=BWρ

(
m2
π−π0 ,m2

π+π0

)
A
(
ρ+→ π+π0

)
tP2V1
0

(
−1− s̃P2V1

1 − λ̃b
(
r̃P2V1

0 − 1
2 r̃

P2V1
1

))
+BWρ

(
m2
π+π0 ,m2

π−π0

)
A
(
ρ−→ π−π0

)
tP2V1
0

(
−1− s̃P1V2

1 − λ̃b
(
r̃P1V2

0 − 1
2 r̃

P1V2
1

))
,

(4.18)
A
(
D0→K+K−π0)

λsd
≡ AKKπ

λsd

= 1
λsd

(
A
(
D0→K−

(
K∗+→ π0K+

))
+A

(
D0→

(
K∗−→K−π0

)
K+

))
(4.19)

=BWK∗

(
m2
K−π0 ,m2

K+π0

)
A
(
K∗+→K+π0

)
tP2V1
0

(
1− s̃P2V1

1 − λ̃b
(
r̃P2V1

0 + 1
2 r̃

P2V1
1

))
+BWK∗

(
m2
K+π0 ,m2

K−π0

)
A
(
K∗−→K−π0

)
tP1V2
0

(
1− s̃P1V2

1 − λ̃b
(
r̃P1V2

0 + 1
2 r̃

P1V2
1

))
,

(4.20)

with BWK∗(m2
K−π0 ,m2

K+π0) defined analogously to eq. (3.18). As in the case of the ρ±
strong decays, CP invariance of QCD implies

A(K∗+ → K+π0) = A(K∗− → K−π0) (4.21)

(up to an arbitrary choice of phase).
In order to discuss the kinematic U -spin breaking between A(D0 → K+K−π0) and

A(D0 → π+π−π0) related to the Breit-Wigner functions, we define

MV ≡
mρ± +mK∗±

2 , ∆MV
≡
mK∗± −mρ±

2MV
, (4.22)

MP ≡
mπ± +mK±

2 , ∆MP
≡ mK± −mπ±

2MP
, (4.23)

Γ ≡
Γρ± + ΓK∗±

2 , ∆Γ ≡
ΓK∗± − Γρ±

2Γ , (4.24)

so that

mρ± = MV (1−∆MV
) , mK∗± = MV (1 + ∆MV

) , (4.25)
mπ± = MP (1−∆MP

) , mK± = MP (1 + ∆MP
) , (4.26)

Γρ± = Γ(1−∆Γ) , ΓK∗± = Γ(1 + ∆Γ) . (4.27)

Numerically, we have

∆MV
≈ 0.07 , ∆MP

≈ 0.56 , ∆Γ ≈ −0.50 , (4.28)
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i.e. the kinematic U -spin breaking is large. The Breit-Wigner functions then have the
following form,

BWρ(s, t) = BW(s, t) + ∆ρ
BW(s, t) , (4.29)

BWK∗(s, t) = BW(s, t) + ∆K∗
BW(s, t) ,

where ∆ρ,K∗

BW are the leading order corrections to the U-spin limit, and where we use s and
t to denote the U -spin limit variables

s ≡ m2
12, t ≡ m2

23 , (4.30)

and the subscript indices 1, 2, and 3 correspond to the positively charged, negatively
charged, and neutral final state pseudoscalars, respectively.

The U -spin limit propagator is given by

BW(s, t) =
−3M2

P −m2
D0 + 2s+ t

−M2
V + t+ iΓMV

≡ |BW(s, t)|eiδBW (s,t) . (4.31)

We do not take into account here the U -spin breaking that comes from the fact that these
phase space variables themselves are different, i.e.

m2
K−π0 6= m2

π−π0 , m2
K+π0 6= m2

π+π0 , (4.32)

nor from the fact that the kinematic boundaries of the Dalitz plots are different.
A fundamental problem is that there is no obvious way to meaningfully associate two

points of different Dalitz plots of U -spin-related decays. Therefore, we do not know how
large the corresponding U -spin breaking effects are. Neglecting these effects is clearly a
rough estimate. Still, we expect that there exist regions of the Dalitz plot that are large
enough that integrating over each such region has a U -spin-breaking effect similar to that
of the total rate, namely at the nominal size of ms/ΛQCD ∼ 30% that is also found in
D → PP decays [14, 25, 125]. The sizes and placements of such regions are unknown at
this time, and we proceed with the discussion without addressing this problem in detail.

In analogy to

∆aP, dir
CP ≡ adir

CP(D0 → K+K−)− adir
CP(D0 → π+π−) , (4.33)

ΣaP, dir
CP ≡ adir

CP(D0 → K+K−) + adir
CP(D0 → π+π−) , (4.34)

we consider the corresponding difference and sum for three-body decays,

∆aV, dir
CP (s, t) ≡

(
|AKKπ (s, t) |2 − |ĀKKπ (s, t) |2

|AK∗→Kπ|2
− |Aπππ (s, t) |2 − |Āπππ (s, t) |2

|Aρ→ππ|2

)
,

(4.35)

ΣaV, dir
CP (s, t) ≡

(
|AKKπ (s, t) |2 − |ĀKKπ (s, t) |2

|AK∗→Kπ|2
+ |Aπππ (s, t) |2 − |Āπππ (s, t) |2

|Aρ→ππ|2

)
,

(4.36)

which are normalized to the strong decay amplitude squared.
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4.2 Approximate CP asymmetry sum rule

The CP asymmetries of the three-body decay modes differ from the analogous two-body
modes in several ways. Naively, one would think that the addition of a π0 to the final
states of D0 → π+π− and D0 → K+K− is not important. Yet, the key difference is
that the three-body decays D0 → π+π−π0 and D0 → K+K−π0 are not connected by a
complete interchange of d and s quarks. Consequently, the theorem of ref. [126], which
connects CP asymmetries of decays with a complete interchange of d and s quarks, does
not apply [29]. In particular, there is no exact U -spin relation between the CP asymmetries
in D0 → π+π−π0 and in D0 → K+K−π0.

The three-body analogy to the two-body system is also not perfect when considering
deviations from the U -spin limit. While the U -spin breaking in the two-body case manifests
entirely in the U -spin breaking parameters of the amplitude, the three-body decays have
an additional source of breaking, which arises from the propagators of the intermediate
resonances, i.e., the different masses and widths of the K∗ and ρ.

While, as we mention above, there is no U -spin relation between the CP asymmetries
in the D0 → π+π−π0 and D0 → K+K−π0 three-body modes, there is a relation between
the underlying pseudo two-body decays

D0 → π+ρ−, D0 → K+K∗− , (4.37)
and D0 → π−ρ+, D0 → K−K∗+ , (4.38)

which are connected by a complete interchange of all d and s quarks, so that the theorem
of ref. [126] applies.

We now make the approximations that the only relevant contributions to the three-
body decays are from the ρ+(K∗+) and ρ−(K∗−) resonances, that the narrow-width ap-
proximation holds for these resonances, and that we work to leading order in the U -spin
expansion. Under these assumptions we have the approximate sum rule

ΣaV, dir
CP (s, t) = 0 , (4.39)

corresponding to the analogous sum rule ΣaP, dir
CP = 0 in the two-body case. The validity of

eq. (4.39) can be used as a test of the validity of our simplifying assumptions and the size
of U -spin breaking.

Considering ∆aV, dir
CP , we find the U -spin limit,

∆aV, dir
CP (s, t)

8|λsd|2Im
(
λ̃b
) = |BW(t, s)|2(tP1V2

0 )2|r̃P1V2
0 | sin(δ

r̃
P1V2
0

)

− |BW(s, t)BW(t, s)|tP2V1
0 tP1V2

0 |r̃P1V2
0 | sin[δBW(s,t) − δBW(t,s) + δ

t
P2V1
0
− δ

t
P1V2
0
− δ

r̃
P1V2
0

]

+ |BW(s, t)BW(t, s)|tP2V1
0 tP1V2

0 |r̃P2V1
0 | sin(δBW(s,t) − δBW(t,s) + δ

t
P2V1
0
− δ

t
P1V2
0

+ δ
r̃
P2V1
0

)

+ |BW(s, t)|2(tP2V1
0 )2|r̃P2V1

0 | sin(δ
r̃
P2V1
0

) . (4.40)

We see that this equals twice the CP asymmetry in eq. (3.27). This is a manifestation of
the same feature that the two-body ∆APCP measurements profit from, namely, that in the
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U -spin limit the asymmetries for the two modes have equal magnitudes and opposite signs,
eq. (4.3).

5 Conclusions

We show how future Dalitz-plot analyses of three-body charm decays can be used in order
to extract the ratio of ∆U = 0 over ∆U = 1 matrix elements from the interference region
of resonances. In particular, the Dalitz plot analyses allow for the extraction of the relative
strong phase with time-integrated CP violation measurements, without the need for time-
dependent analysis or quantum correlations in D-pair production. We present numerical
examples of the local CP asymmetry for D0 → π+π−π0. For future reference, we also
present the complete set of observables of D0 → V ±P∓ decays. We discuss the possibility
of a combined Dalitz-plot analysis of D0 → π+π−π0 and D0 → K+K−π0 in the region of
charged resonances and the differences between U -spin related three-body modes relative
to the case of pseudo two-body modes.

To simplify the study of interference effects, we work in an approximate setup, in
which the Dalitz-plot region of interest is dominated by the contributions of two narrow
resonances. In the context of probing the existence of O(1) rescattering effects, such a rough
framework suffices. Hopefully, with improved experimental precision in the future, our
method will break down, and a more realistic approach will be needed. Such an approach
will include a larger number of resonances and more precise descriptions of the resonant
and non-resonant amplitudes. Such descriptions have already been used to describe the
Dalitz-plot distributions for a number of D-meson decays.
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A Parametrization of two-body charm decays

In this appendix, we present the independent observables of the complete D0 → P+P−

and D0 → P±V ∓ systems, including CF, SCS and DCS decays.

A.1 Observables for D0 → P±P∓ decays, P = K,π

The D0 → P+P− system, described with the general parametrization in eqs. (4.12)–(4.15),
has 12 independent observables, which we show in table 2. In addition to the CP limit, we
consider also the SM limit

λCF
NP = λDCS

NP = 0 . (A.1)
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Observables Relations in the SM
limit, rNP = 0

Relations in the CP
limit, arg(λb) = 0

CP-averaged
branching ratios

B(D → K−π+)
B(D → π+π−)
B(D → K+K−)
B(D → K+π−)

Direct CP
asymmetries

adir
CP(D → K−π+) = 0 = 0
adir

CP(D → π+π−) = 0
adir

CP(D → K+K−) = 0
adir

CP(D → K+π−) = 0 = 0

Phases from
interference effects

arg
(
A(D0→K−π+)
A(D0→K−π+)

)
= arg

(
A(D0→K+π−)
A(D0→K−π+)

)
= arg

(
A(D0→K+π−)
A(D0→K−π+)

)
arg

(
A(D0→π+π−)
A(D0→π+π−)

)
= 0

arg
(
A(D0→K+K−)
A(D0→K+K−)

)
= 0

# of independent observables 11 9 5

Table 2. Available observables in the D0 → P+P− system, and relations between them in the SM
limit and in the CP limit.

As discussed in section 4, eq. (A.1) implies vanishing CP violation in the decays D0 →
K∓π± because in the SM, contributions to a relative weak phase in these decays come
only at the second order in the weak interaction. Another consequence of eq. (A.1) is the
experimental sensitivity to the relative strong phase between the amplitudes of the decays
D0 → K∓π± [127]. Consequently, altogether there are four strong phases, which in the
SM are reduced to three, and in the CP limit to one.

Note that the phases

arg
(
D0 → K+K−

D0 → π+π−

)
, arg

(
D0 → K−π+

D0 → π+π−

)
, (A.2)

are inaccessible. Note further that the phase

arg
(
A(D0 → K+π−)
A(D0 → K−π+)

)
(A.3)

only becomes accessible when we assume that the CF and DCS decays do not violate CP,
i.e. in the SM or CP limit. In that case we have

arg
(
A(D0 → K−π+)
A(D0 → K−π+)

)
= arg

(
A(D0 → K+π−)
A(D0 → K−π+)

)
. (A.4)

A.2 Observables for D0 → P±V ∓ decays, P = K,π, V = ρ,K∗

We give the general parametrization of the system of pseudo two-body decays D0 →
P±V ∓ in eqs. (4.4)–(4.11) above. We focus here on the lowest-lying V and P states, but
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analogous expressions hold for (higher) excited states. The corresponding full three-body
decay chains are

A(D0 → π+K∗− or K−ρ+ → K−π+π0) , (A.5)
A(D0 → π±ρ∓ → π+π−π0) , (A.6)
A(D0 → K±K∗∓ → K+K−π0) , (A.7)
A(D0 → K+ρ− or π−K∗+ → K+π−π0) , (A.8)
A(D0 → π+K∗− or π−K∗+ → KSπ

+π−) . (A.9)

Each pair of pseudo two-body amplitudes in eqs. (A.5)–(A.8) corresponds to seven ob-
servables, as in the D0 → π±ρ∓ example (subsection 3.3). Four such pairs brings us to
28 observables. Eq. (A.9) provides one additional relative phase, making up a total of 29
observables in the general case, which we show in table 3.

Note that the decays

A(D0 → K+K∗− → K+KSπ
−) , (A.10)

A(D0 → K−K∗+ → K−KSπ
+) , (A.11)

do not generate interference effects with the other D0 → P±V ∓ modes.
The relations between the phases in table 3 in the CP limit can be understood as

follows. In the CP limit we have, for example

arg
(
D

0 → K+ρ−

D0 → K+ρ−

)
= arg

(
D0 → K−ρ+

D0 → K+ρ−

)
(A.12)

and

arg
(
D

0 → K−ρ+

D0 → K−ρ+

)
= arg

(
D0 → K+ρ−

D0 → K−ρ+

)
(A.13)

= −arg
(
D0 → K−ρ+

D0 → K+ρ−

)
(A.14)

= −arg
(
D

0 → K+ρ−

D0 → K+ρ−

)
. (A.15)

In eqs. (A.12) and (A.13) we CP-conjugate initial and final state in the numerator. In
eq. (A.14) numerator and denominator are interchanged, giving a minus sign. Finally,
in eq. (A.15) we again CP-conjugate initial and final state in the numerator, implying
altogether that the l.h.s. of eqs. (A.12) and (A.13) are the same up to a minus sign.

Note that the phase

arg
(
D0 → K−ρ+

D0 → K+ρ−

)
(A.16)

only becomes accessible in the SM and CP limit, analogous to the D → PP case.
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Observables Relations in the SM
limit, rNP = 0

Relations in the CP
limit, arg(λb) = 0

CP-averaged
branching ratios

B(D → π+K∗−)
B(D → π+ρ−)
B(D → K+K∗−)
B(D → K+ρ−)
B(D → K−ρ+)
B(D → π−ρ+)
B(D → K−K∗+)
B(D → π−K∗+)

Direct CP
asymmetries

adir
CP(D → π+K∗−) = 0 = 0
adir

CP(D → π+ρ−) = 0
adir

CP(D → K+K∗−) = 0
adir

CP(D → K+ρ−) = 0 = 0
adir

CP(D → K−ρ+) = 0 = 0
adir

CP(D → π−ρ+) = 0
adir

CP(D → K−K∗+) = 0
adir

CP(D → π−K∗+) = 0 = 0

Phases from
interference effects

arg
(
A(D0→π+K∗−)
A(D0→π+K∗−)

)
arg

(
A(D0→π+ρ−)
A(D0→π+ρ−)

)
arg

(
A(D0→K+K∗−)
A(D0→K+K∗−)

)
arg

(
D

0→K+ρ−

D0→K+ρ−

)
arg

(
A(D0→K−ρ+)
A(D0→K−ρ+)

)
= − arg

(
A(D0→K+ρ−)
A(D0→K+ρ−)

)
= − arg

(
A(D0→K+ρ−)
A(D0→K+ρ−)

)
arg

(
A(D0→π−ρ+)
A(D0→π−ρ+)

)
= − arg

(
A(D0→π+ρ−)
A(D0→π+ρ−)

)
arg

(
A(D0→K−K∗+)
A(D0→K−K∗+)

)
= − arg

(
A(D0→K+K∗−)
A(D0→K+K∗−)

)
arg

(
A(D0→π−K∗+)
A(D0→π−K∗+)

)
= − arg

(
A(D0→π+K∗−)
A(D0→π+K∗−)

)
= − arg

(
A(D0→π+K∗−)
A(D0→π+K∗−)

)
arg

(
A(D0→π+K∗−)
A(D0→K−ρ+)

)
arg

(
A(D0→π+ρ−)
A(D0→π−ρ+)

)
arg

(
A(D0→K+K∗−)
A(D0→K−K∗+)

)
arg

(
A(D0→K+ρ−)
A(D0→π−K∗+)

)
arg

(
A(D0→π+K∗−)
A(D0→π−K∗+)

)
= − arg

(
A(D0→π+K∗−)
A(D0→π+K∗−)

)
= − arg

(
A(D0→π+K∗−)
A(D0→π+K∗−)

)
# of independent observables 29 22 16

Table 3. Available observables in the D → V P system, and relations between them in the SM
limit and in the CP limit.
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