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Abstract: We study M-theory compactified on twisted 7-tori with G2-holonomy. The

effective 4d supergravity has 7 chiral multiplets, each with a unit logarithmic Kähler

potential. We propose octonion, Fano plane based superpotentials, codifying the error

correcting Hamming (7,4) code. The corresponding 7-moduli models have Minkowski vacua

with one flat direction. We also propose superpotentials based on octonions/error correcting

codes for Minkowski vacua models with two flat directions. We update phenomenological

α-attractor models of inflation with 3α = 7, 6, 5, 4, 3, 1, based on inflation along these

flat directions. These inflationary models reproduce the benchmark targets for detecting

B-modes, predicting 7 different values of r = 12α/N2
e in the range 10−2 & r & 10−3, to be

explored by future cosmological observations.
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1 Introduction

It was observed in studies of supersymmetric black holes in maximal 4d supergravity

that in the context of E7(7) symmetry and tripartite entanglement of 7 qubits, there is a

relation between black holes, octonions, and Fano plane [1–4]. The entangled 7-qubit system

corresponds to 7 parties: Alice, Bob, Charlie, Daisy, Emma, Fred and George. It has 7

3-qubit states and 7 complimentary 4-qubit states. One can see the 7-qubit entanglement in

a heptagon with 7 vertices A,B,C,D,E,F,G and 7 triangles and 7 complimentary quadrangles

in Fig. 1. The seven triangles in the heptagon correspond to a multiplication table of the

octonions.

It was also observed in [2–4] that these black hole structures are related to a (7,4) error

correcting Hamming code [5] which is capable of correcting up to 1 and detecting up to 3

errors.

A

B

C

DE

F

G

Figure 1: The E7 entanglement diagram. Each of the seven vertices A,B,C,D,E,F,G rep-
resents a qubit and each of the seven triangles ABD, BCE, CDF, DEG, EFA, FGB, GAC
describes a tripartite entanglement.

4 Cartan’s E7(7) invariant

The Cremmer-Julia [12] form of the Cartan E7(7) invariant may be written as

I4 = Tr(ZZ̄)2 − 1
4
(Tr ZZ̄)2 + 4(Pf Z + Pf Z̄ ) , (4.1)

and the Cartan form [11] may be written as

I4 = −Tr( x y)2 + 1
4
(Tr x y)2 − 4(Pf x+ Pf y ) . (4.2)

Here

ZAB = − 1

4
√
2
(xab + iyab)(Γ

ab)AB (4.3)

and

xab + iyab = −
√
2

4
ZAB(Γ

AB)ab (4.4)

The matrices of the SO(8) algebra are (Γab)AB where (a b) are the 8 vector indices and (A,B)
are the 8 spinor indices. The (Γab)AB matrices can be considered also as (ΓAB)ab matrices due
to equivalence of the vector and spinor representations of the SO(8) Lie algebra. The exact
relation between the Cartan invariant in (4.2) and Cremmer-Julia invariant [12] in (4.1) was
established in [15, 16]. The quartic invariant I4 of E7(7) is also related to the octonionic
Jordan algebra JO

3 [14].
In the stringy black hole context, ZAB is the central charge matrix and (x, y) are the

quantized charges of the black hole (28 electric and 28 magnetic). The relation between the
entropy of stringy black holes and the Cartan-Cremmer-Julia E7(7) invariant was established

6

Figure 1: The E7 entanglement diagram from [1]. Each of the 7 vertices A,B,C,D,E,F,G represents a qubit

and each of the 7 triangles ABD, BCE, CDF, DEG, EFA, FGB, GAC describes a tripartite entanglement.

Here we will update the original 7-moduli cosmological models developed in [6–9] which

predict 7 specific targets for detecting primordial gravitational waves from inflation. We will

use the superpotentials derived from octonions and G2 symmetry. The updated cosmological

models will be shown to be related to (7,4) Hamming error correcting codes, octonions and

Fano planes.

We will continue an investigation of the 7-moduli model effective 4d supergravity

following [10–13] and apply them to observational cosmology as in [6–9]. Some earlier

insights into the corresponding M-theory models have been obtained in [14–16]. Our

cosmological models are based on 11d M-theory/supergravity compactified on a twisted

7-tori with holonomy group G2. A related 7-moduli model originating from a 4d gauged

N = 8 supergravity was studied in [17]. It was emphasized there that Z3
2 invariant 7

Poincaré disk scalar manifold
[
SU(1,1)
U(1)

]7
is related to a remarkable superpotential whose

structure matches the single bit error correcting (7,4) Hamming code.

In M-theory compactified on a 7-manifold with G2 holonomy the coset space describing

our 7 moduli is
[
SL(2,R)
SO(2)

]7
. It corresponds to half-plane variables related to Poincaré disk
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variables by a Cayley transform. In such a 7-moduli model we will establish a relation

between octonions1, Hamming error correcting code, Fano plane and superpotentials.

The order in which we will describe these relations is defined by the mathematical

fact that the smallest of the exceptional Lie groups, G2, is the automorphism group of the

octonions, as shown by Cartan in 1914 [22], and studied in detail by Gunaydin-Gursey

(GG) in [23]. Thus we start with octonions, defined by their multiplication table. Under

G2 symmetry the multiplication table of octonions is left invariant.

There are 480 possible notations for the multiplication table of octonions assuming

that each imaginary unit squares to −1, as shown by Coxeter in 1946 in [21] and detailed

in [24]. They can be divided into two sets of 240 notations related via the Cayley-Dickson

construction. Cayley-Dickson construction represents octonions in the form O = q1 + jq2

where q1 and q2 are quaternions and j is an additional imaginary unit that squares to

−1 and anticommutes with the imaginary units of quaternions [19, 25]. This leads to 240

possible notations for the multiplication table of octonions represented by the same oriented

Fano plane as explained in Sec. 2. In [23] j was labelled as e7 and the quaternion imaginary

units as ei (i = 1, 2, 3) and the additional imaginary units as e(i+3) = e7ei. Modulo the

permutation of indices (3,4) and (5,6) of imaginary octonion units the notations used in [21]

and in [23] are equivalent and belong to this set of 240 notations. One can equally well

take O = q1 − jq2 to represent octonions since (−j)2 = −1 , which will give another 240

possible notations for the multiplication table. In particular, in the conventions of [23]

this will lead to defining e(i+3) = −e7ei. Again one finds 240 possible conventions that can

be represented on an oriented Fano plane that differs from the Fano plane of the first set

of 240 conventions in that the direction of arrows along the 3 lines of the Fano plane are

reversed. For example in Fig. 3 the relevant 3 lines are the ones inside the triangle which

cross e7. Cayley-Graves octonions [18, 19] belong to this set of 240 conventions.

Thus, 480 notations split naturally into two sets of 240 related by the map j → −j
which reverses the directions of the 3 arrows involving e7 in the Fano plane in [23]. Octonion

multiplication table in turn, leads to an oriented Fano plane and error correcting codes. All

these are known mathematical facts, see for example, [18–31].

Here we also note that Cartan-Schouten-Coxeter [20, 21] octonion convention is associ-

ated with the so-called cyclic2 Hamming (7,4) error correcting code. The Cayley-Graves

octonions naturally lead to the original non-cyclic Hamming (7,4) error correcting code [5].

1Octonions were discovered in 1843 by J. T. Graves. He mentioned them in a letter to W.R. Hamilton

dated 16 December 1843. Hamilton described the early history of Graves’ discovery in [18]. A. Cayley

discovered them independently in 1845, in an Appendix to his paper [19]. These octonions are related to

a non-cyclic Hamming (7.4) error correcting code. Later Cartan and Schouten [20] proposed a class of

octonion notations in the context of Riemannian geometries admitting an absolute parallelism. These were

studied and developed by Coxeter [21].
2The codewords are called cyclic if the circular shifts of each codeword give another word that belongs to

the code. The cyclic error correcting codes, the so-called BCH codes, were invented by Hocquenghem in

1959 [32] and by Bose and Chaudhuri in 1960 [33].
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Octonions have made their appearance within the framework of 11d supergravity and

its compactifications [34–37] soon after it was constructed [38]. Furthermore the U-duality

symmetries of maximal supergravity in five, four and three dimensions are described by

the exceptional Jordan algebra over split octonions and the associated Freudenthal triple

systems [39–41]. More recently octonions were shown to describe the non-associative algebra

of non-geometric R-flux background in string theory and their uplifts to M-theory [42].

Of particular interest for our purposes is the fact that the maximal supersymmetry of

M-theory is spontaneously broken by compactification to minimal N = 1 supersymmetry

in 4d [36, 37]. A spontaneously induced torsion breaks all supersymmetries but one, and

renders the compact space Ricci-flat. The supersymmetry breaking torsion was computed

explicitly in [37] and it was observed that the flattening torsion components are constant

and given by the structure constants of octonions.

We start with the 7-moduli model, following [10–12], i.e. we look at the model of a

compactification of M-theory on a G2-structure manifold with the following Kähler potential

and superpotential

K7mod = −
7∑

i=1

log
(
T i + T

i
)
, W =

1

2
MijT

iT j , Mii = 0, ∀ i. (1.1)

Here Mij is a symmetric matrix with 21 independent elements defined by the twisting of the

7-tori, which in general breaks G2 holonomy down to Z3
2. We propose to take an octonion

based superpotential of the form

WO =
∑

{ijkl}
(T i − T j)(T k − T l), (1.2)

where we take a sum over 7 different 4-qubit states defining the choice of {ijkl} in WO.

The sense in which these superpotentials are octonion based will be explained in great

detail later. One important property of the superpotentials WO is the fact that the defining

matrices Mij have only ±1 entries and

∑

j

Mij = 0 , ∀i , (1.3)

so that only 14 terms of the type T iT j are present. As a consequence for these superpotentials

G2 holonomy of the compactification manifold is preserved and is not broken to G2 structure

manifolds with Z3
2 holonomy. We will also find that the mass eigenvalues of the superpotential

around the vacuum are independent of the convention chosen for octonion multiplication.

We will also find in these models Minkowski vacua with 1 and 2 flat directions and apply

them for cosmology.

We will present simple examples of eq. (1.2) based on a cyclic symmetry of octonion

multiplication in clockwise or counterclockwise directions when the imaginary units are

represented on the corners of a heptagon. These octonions, Fano planes and superpotentials
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have a very simple relation to cyclic Hamming (7,4) code. A single example of WO in eq.

(4.7) or in the form (4.32) is sufficient for all cosmological applications in this paper.

In addition to the simple cyclic choices we propose the general form of WO, in terms of

the structure constants of octonions and generalized cyclic permutation operator, valid for

any choice of the 480 octonion conventions. This general formula is presented in eq. (5.3)

and details of the construction with examples are given in Appendix A.

In Sec. 2 we present some basic facts about octonions, Fano planes, Hamming (7,4)

codes, G2 symmetry, together with some useful references. The goal is to provide the

information for understanding how the mathematical structure of M-theory compactified

on a manifold with G2 holonomy, is codified in our cosmological models using octonions.

In Sec. 3 we describe, following [10], a special case of models with compactification on

manifolds with G2 structure which can have Minkowski vacua under the special condition

when the holonomy group is extended from Z3
2 to G2.

In Sec. 4 we present a simple derivation of two superpotentials (1.2). The first one in eq.

(4.7) is based on heptagons with clockwise orientation using the Cartan-Schouten-Coxeter

notation for octonions [20, 21]. These models are shown to be related to a cyclic Hamming

(7,4) error correcting code. The second one in eq. (4.29) is based on heptagons with

counterclockwise orientation. This one is related to Reverse Cartan-Schouten-Coxeter

notation for octonions, which we introduce there. These models are related to the original

non-cyclic Hamming code. Since our superpotential is quadratic in moduli, the fermion

mass matrix in supersymmetric Minkowski vacua is proportional to the second derivative of

the superpotential, we study it there.

In Sec. 5 we discuss octonionic superpotentials for various octonion conventions using

the general formula (5.3). We also explain the alternative derivation of new superpotentials

via the change of variables, starting with superpotentials in eq. (4.36) based on heptagons

with clockwise or counterclockwise orientation. In Appendices A and B we give examples

of relations between most commonly used octonion notations using Fano planes. These

include Cayley-Graves [18, 19], Cartan-Schouten-Coxeter [20, 21], Gunaydin-Gursey [23],

Okubo notation [43] for octonions and the ones we have introduced here in Sec. 4 and called

Reverse Cartan-Schouten-Coxeter notation for octonions.

For each choice of octonion multiplication convention we have found 2 independent

choices of superpotentials satisfying our physical requirements. For other octonion conven-

tions we can get the relevant 2 superpotentials either using the general formula, or making

the field redefinitions in the superpotentials the same as the ones which lead to a change

of octonion conventions without the sign flip. This limitation is due to the fact that all 7

moduli with Kähler potential in (1.1) have a positive real part, therefore we do not flip

signs of moduli. Meanwhile the general type of mapping from one convention to another do

involve sign flips in general. Starting with Cartan-Schouten-Coxeter conventions we can get

models in 240 different conventions, including the one we started with, without sign flip of
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moduli. Similarly starting with Reverse Cartan-Schouten-Coxeter convention we can get

models with another 240 conventions, including the one we started with, without sign flip

of moduli. It is convenient to use these two starting points in the form given in eq. (4.36).

For simplicity we shall refer to these superpotentials as ‘octonionic superpotentials’.

In Sec. 6 we study Minkowski vacua in 7-moduli models with octonionic superpotentials

(1.2). We show that these models have a Minkowski minimum at

T 1 = T 2 = T 3 = T 4 = T 5 = T 6 = T 7 ≡ T (1.4)

with one flat direction. All models studied in Sec. 4 and in Appendix A are the same

cosmologically: they have a Minkowski minimum with one flat direction as in eq. (1.4).

The eigenvalues of the superpotential matrix Mij in eq. (1.1) as well as the eigenvalues of

the mass matrix at the vacuum in these models have an [SO(2)]3 symmetry. The resulting

effective 1-modulus model in 4d supergravity has the Kähler potential and superpotential

K = −7 log
(
T + T

)
, WO = 0. (1.5)

This is a starting point for building the inflationary cosmological α-attractor models [44, 45]

leading to a top benchmark for detecting B-modes [6–8]. In the past, it was derived

in [6] by postulating eq. (1.4) and in [7] by using a phenomenological superpotential

W =
∑

1≤i≤j≤7(Ti − Tj)2. Note that such a superpotential does not fit the G2-structure

compactification M-theory model where Mii = 0 for each i in (1.1).

The choice in (1.2), associated with octonions and the (7,4) Hamming code, is funda-

mental, being associated with maximal supersymmetry of M-theory in 11d, spontaneously

broken by compactification to minimal N = 1 supersymmetry in 4d [36], [37]. It naturally

leads to a desirable starting point (1.1), (1.4), (1.5) for building a 3α = 7 cosmological

model from M-theory compactified on a G2 holonomy manifold.

In Sec. 6 we also present the octonion based superpotentials for the models with

Minkowski vacua with 2 flat directions. In these vacua some of the m moduli are equal

to each other, T 1 = · · · = Tm ≡ T(1), whereas some other n moduli are equal to each

other, Tm+1 = · · · = T 7 ≡ T(2) and m + n = 7. The superpotentials in these models are

obtained from the 1-flat-modulus models by removing certain terms in (1.2) corresponding

to removing some specific codewords from the cyclic Hamming (7,4) code. In this way we

find 2-moduli effective 4d supergravity with the following Kähler potential

K = −m log
(
T(1) + T (1)

)
− n log

(
T(2) + T (2)

)
, WO = 0. (1.6)

We find models with 6 + 1, 5 + 2, 4 + 3 split. The remaining codewords define the remaining

terms in the superpotential for these split models.

On the basis of the M-theory setup, we construct the updated cosmological models

in 4d N = 1 supergravity in Sec. 7. These models of α-attractors realize inflation and

lead to 7 benchmark points, which are the B-mode detection targets suggested earlier in

[6–8]. Here we show that these updated models originate from M-theory and octonions and
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error correcting codes. It was shown by Planck satellite measurements [46] that α-attractor

models are in good agreement with data available now. These include special cases with

the discrete set of values for 3α = 7, 6, 5, 4, 3, 2, 1 motivated by maximal supersymmetry.

Here we updated these models with account of their relations to M-theory via octonions.

Our 1-flat direction models lead to 3α = 7 case, a top benchmark point, whereas our 2-flat

direction models split models lead to remaining cases.

Future cosmological observations like BICEP2/Keck [47, 48], CMB-S4 [49, 50], SO [51],

LiteBIRD [52] and PICO [53], might potentially detect the tensor to scalar ratio at a level

r = 5× 10−4(5σ) and improve constraints on the value of ns, the spectral tilt of the CMB

power spectrum. They might support or invalidate the M-theory cosmological models and

their 7 benchmark points. We show these benchmark points in Figs. 17, 18 and explain

their relation to octonions and to cosmological observables in Sec. 8. A short summary of

the main results of the paper is given in Sec. 9.

In Appendix A we present the general formula for octonion superpotentials in (1.2) for

any octonion conventions, with examples. In Appendix B we derive the relations between

most commonly used octonion conventions. In Appendix C we give more details about

multiplication tables and Fano planes. In Appendix D we present a specific transformation

from Cayley-Graves to Cartan-Schouten-Coxeter octonion notations which also rotates a

cyclic Hamming (7,4) code to a non-cyclic one. In Appendix E we show that octonion

superpotentials may be used for generating metastable de Sitter vacua in 4d.

2 Basics on octonions, Fano planes, error correcting codes and G2

Octonions

There are four normed division algebras: the real numbers (R), complex numbers (C),

quaternions (H), and octonions (O).

e1 e2 e3 e4 e5 e6 e7
e1 −1 e4 e7 −e2 e6 −e5 −e3
e2 −e4 −1 e5 e1 −e3 e7 −e6
e3 −e7 −e5 −1 e6 e2 −e4 e1
e4 e2 −e1 −e6 −1 e7 e3 −e5
e5 −e6 e3 −e2 −e7 −1 e1 e4
e6 e5 −e7 e4 −e3 −e1 −1 e2
e7 e3 e6 −e1 e5 −e4 −e2 −1

Table 1 — Octonion Multiplication Table

Unfortunately, this table is almost completely unenlightening! About the only interesting things one
can easily learn from it are:

• e1, . . . , e7 are square roots of -1,

• ei and ej anticommute when i ̸= j:
eiej = −ejei

• the index cycling identity holds:

eiej = ek =⇒ ei+1ej+1 = ek+1

where we think of the indices as living in Z7, and

• the index doubling identity holds:

eiej = ek =⇒ e2ie2j = e2k.

Together with a single nontrivial product like e1e2 = e4, these facts are enough to recover the whole
multiplication table. However, we really want a better way to remember the octonion product.
We should become as comfortable with multiplying octonions as we are with multiplying matrices!
And ultimately, we want a more conceptual approach to the octonions, which explains their special
properties and how they fit in with other mathematical ideas. In what follows, we give some more
descriptions of octonion multiplication, starting with a nice mnemonic, and working up to some
deeper, more conceptual ones.

2.1 The Fano plane

The quaternions, H, are a 4-dimensional algebra with basis 1, i, j, k. To describe the product we
could give a multiplication table, but it is easier to remember that:

• 1 is the multiplicative identity,

• i, j, and k are square roots of -1,

• we have ij = k, ji = −k, and all identities obtained from these by cyclic permutations of
(i, j, k).

We can summarize the last rule in a picture:

6

Figure 2: Cartan-Schouten-Coxeter Octonion Multiplication Table

We will be working with real octonions which are an 8-dimensional division algebra spanned

by seven imaginary units together with identity {1, e1, e2, e3, e4, e5, e6, e7}
eiej = −δij1 + fijkek. (2.1)

– 8 –
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The structure constants fijk are completely antisymmetric. The multiplication Table in

Cartan-Schouten-Coxeter notation [20, 21] is given in Fig. 2

The non-vanishing structure constants in CSC convention are

fijk = +1 for {ijk} = {(124), (235), (346), (457), (561), (672), (713)}. (2.2)

In [21] the set of 7 triples {ijk} in eq. (2.2) is referred to as 7 associative triads3. The

associative triads {ijk} are given by the seven quaternion subalgebras of octonions generated

by ei, ej , ek. There are 480 possible conventions for octonion multiplication tables [21], i. e.

480 different choices of the 7 associative triads4.

Imaginary octonion units are anti-commuting. The commutator of two imaginary units

is simply

[ei, ej ] ≡ eiej − ejei = 2fijkek. (2.3)

Octonions are not associative and the associator defined as

[ei, ej , ek] ≡ (eiej)ek − ei(ejek) (2.4)

does not vanish, in general. The associator is an alternating function of its arguments and

hence octonions form an alternative algebra. The Jacobian of three imaginary units does

not vanish and is proportional to their associator

J(em, en, ep) ≡ [em, [en, ep]] + [ep, [em, en]] + [en, [ep, em]] = 3Cmnpqeq (2.5)

where the completely antisymmetric tensor Cmnpq is given by the structure constants

Cmnpq = fk[mnfp]kq (2.6)

and is dual to the structure constants

Cmnpq =
1

6
εmnpqrstfrst. (2.7)

Both the structure constants and the tensor Cmnpq are invariant tensors of the automorphism

group G2 of octonions.

Fano plane and octonions

The Fano plane is the unique projective plane over a field of characteristic two which can

be embedded projectively in 3 dimensions Z3
2 [29] corresponding to an Abelian group of

order 8 with the seven points represented by the nontrivial elements. It can be used as a

mnemonic representation of the multiplication table of octonions by identifying its points

with the imaginary octonion units and introducing an orientation.

3The 28 remaining triads are anti-associative.
4See for example http://tamivox.org/eugene/octonion480/index.html.
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Given a multiplication table of octonions, the corresponding Fano plane can be given

different orientations depending on the identification of its points with the imaginary

units. The three points in each line are identified with the imaginary units (ei, ej , ek) of

a quaternion subalgebra with the positive orientation given by the cyclic permutation of

(i, j, k). There are different ways to build the Fano plane for the same type of triads. For

example, the original oriented Fano plane in [21] for the same set of triples is different from

the one in [29] shown in Fig. 3.

Figure 3: An oriented Fano plane, Fig. 1 in [29] for Cartan-Schouten-Coxeter [20, 21] octonion conventions.

On each of the 7 lines (including the circle) there are 3 points e.g. 1,2, and 4 on a circle. The octonion

multiplication rule (2.2) is represented in the oriented Fano plane with the arrows indicating the positive

directions for multiplication. For example, one can see from the oriented circle that e1 · e2 = e4, which is

also shown in the first term in (2.2) as f124 = +1.

In the Fano plane every line has 3 points and every point is the intersection point

of 3 lines. Since each line contains 3 points which correspond to the imaginary units

of a quaternion subalgebra every imaginary unit belongs to three different quaternion

subalgebras. Hence given an imaginary unit ek there exist three sets of imaginary units

(ek, em, en), (ek, ep, eq), (ek, er, es) of quaternion subalgebras such that

fkmn = fkpq = fkrs = +1 (2.8)

For example in Fig. 3 given the unit e1 we have f124 = f156 = f137 = 1.

Error correcting codes, Fano planes, octonions

Error correction is a central concept in classical information theory. When combined with

quantum mechanics they lead to quantum error correction especially important in quantum

computers. For our purpose only a classical Hamming [7,4,3] code [5] is relevant. It is an

example of a linear binary vector space specified by its generator matrix G which allows to

produce the 16 codewords. The matrix H is known as a parity matrix, it has the property

that HGT = 0
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A Tutorial on Quantum Error Correction 6

the value of d, since it is much easier to find the minimum weight than to evaluate all the distances in
the space.

Now, if u · v = 0 and u ·w = 0 then u · (v+w) = 0. From this it follows, that if all the rows of a generator
satisfy the parity check u, then all so do all the vectors in the subspace. Any given parity check u divides
Hamming space exactly in half, into those vectors which satisfy u and those that do not. Therefore, the
2k vectors of a linear subspace in 2n Hamming space can satisfy at most n−k linearly independent parity
checks. These parity checks together form the parity check matrix H, which is another way to define the
linear subspace. H has n columns and n − k rows. For any given subspace, the check and generator
matrices are related by

HGT = 0 (4)

where GT is the transpose of G, and 0 is the (n− k)× k zero matrix.

The simple error correction method described in the previous section is based around the very simple
binary vector space 000, 111. Its generator matrix is G = (111) and the parity check matrix is

H =

(
110
101

)
(5)

A useful relationship enables us to derive each of H and G from the other. It is always possible to convert
G to the form G = (Ik, A) where Ik is the k×k identity matrix, and A is the rest of G (so A is k×n−k).
To do the conversion we can linearly combine rows of G, and if necessary swap columns of G. Once we
have the right form for G, then H can be written down immediately, it is H = (AT , In−k).

The last concept which we will need in what follows is that of the dual. The dual space C⊥ is the set of
all vectors u which have zero inner product with all vectors in C, u · v = 0 ∀v ∈ C. It is simple to deduce
that the parity check matrix of C is the generator matrix of C⊥ and vice versa. If H = G then C = C⊥,
such spaces are termed self-dual.

The notation (n,m, d) is a shorthand for a set of m n-bit vectors having minimum distance d. For linear
vector spaces, the notation [n, k, d] is used, where k is now the dimension of the vector space, so it contains
2k vectors.

Let us conclude this section with another example of a linear binary vector space which will be important
in what follows. It is a [7, 4, 3] space discovered by Hamming [30]. The generator matrix is

G =

⎛
⎜⎜⎝

1010101
0110011
0001111
1110000

⎞
⎟⎟⎠ (6)

so the sixteen members of the space are

0000000 1010101 0110011 1100110
0001111 1011010 0111100 1101001
1110000 0100101 1000011 0010110
1111111 0101010 1001100 0011001

(7)

these have been written in the following order: first the zero vector, then the first row of G. Next add the
second row of G to the two vectors so far obtained, then add the third row to the four vectors previously
obtained, and so on. We can see at a glance that the minimum distance is 3 since the minimum non-zero
weight is 3. The parity check matrix is

H =

⎛
⎝

1010101
0110011
0001111

⎞
⎠ . (8)

It is simple to confirm that HGT = 0. Note also that since H is made of rows of G, this code contains
its dual: C⊥ ∈ C.
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It is simple to confirm that HGT = 0. Note also that since H is made of rows of G, this code contains
its dual: C⊥ ∈ C.Figure 4: Original Hamming code. The generator matrix G at the left part is used here to produce the

16 codewords of the Hamming code shown in the middle of the figure. They are produced with account of

addition rules 0 + 0 = 0, 0 + 1 = 1, 1 + 0 = 1, 1 + 1 = 0. 1st in the 16 codewords is the zero vector, then the

1st row in G. Next we add the 2nd row in G to the first two vectors, which give us the 3rd and the 4th

codewords. Next we add the 3rd row in G to the 4 vectors previously obtained, and so on. At the right

there is a parity matrix H.

In Fig. 4 we have shown in addition to generator matrix G and a parity matrix H all 16

codewords of the Hamming [7,4,3] code. The mechanism of error detection and correction

using this code is nicely explained in the lecture by Jack Keil Wolf An Introduction to Error

Correcting Codes.

For our purpose it is useful to observe that in 16 codewords of the Hamming code shown

in the middle of the Fig. 4 one of the codewords is all 0’s, one is all 1’s. The remaining 14

codewords are split into two groups of 7: one group has 3 0’s and 4 1’s, the other has 3 1’s

and four 0’s. They are complimentary to each other when 0 is replaced by 1. For example,

in the context of the Graves-Cayley octonions one can use the following 7 codewords

1110000, 1001100, 0101010, 0010110, 0100101, 0011001, 1000011. (2.9)

All these set of codewords which we discussed so far are known as non-cycling Hamming

codes. Namely, one can see in G in Fig. 4 that the 4 codewords are not obtained by

recycling any of them. Same feature is present in all 16 codewords in Fig. 4.

Even though in the literature one set of Hamming code is referred to as cyclic, one can

make all of them cyclic with respect to the action of a cyclic permutation operator P to be

defined later in section 5.1 that enters in equation 5.3. For the Cayley-Graves octonions

ths permutation operator is PCG = (1245736). Under its action the codewords above get

mapped into each other in a unique way:

PCG(1110000) = (0101010)

PCG(0101010) = (1001100)

PCG(1001100) = (0100101)

PCG(0100101) = (0011001)

PCG(0011001) = (0010110)

PCG(0010110) = (1000011)

PCG(1000011) = (1110000) (2.10)
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The Mangoldt function [3] is a way of encoding the primes.a In the new con-

text of cyclic codes, the cyclotomic polynomial also encodes the irregularity

of primes. There exists a “zeta” function and a “Riemann hypothesis” for

Fq; the latter was proved by Weil in 1948 [4].

Let us describe a linear [n, k] code from its generator matrix. We use

the polynomial

g = g0+g1x+· · ·+gmxm ∈ Fq[x] = Fn
q , g|(xn−1), deg(g) = m < n. (3)

The generator matrix is as follows
⎡
⎢⎢⎣

g0 g1 · · · gm 0 · · · 0
0 g0 · · · gm−1 gm · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 · · · g0 g1 · · · gm

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

g
xg
· · ·

xk−1g

⎤
⎥⎥⎦ . (4)

As an example, we mention the binary Hamming code of length n = 7,

which is obtained from g = x3 + x + 1 of coefficients over F2 and contains

4 elements which are the lines of the following generating matrix
⎡
⎢⎢⎣

1 1 0 1 0 0 0
0 1 1 0 1 0 0
0 0 1 1 0 1 0
0 0 0 1 1 0 1

⎤
⎥⎥⎦ . (5)

The index n plays the role of time and the code is thus a 2-valued time

encoded by the cyclotomic polynomial (2).

3 Quantum States and Their Relation to Additive Characters

3.1 The additive characters

A character κ(g) over an abelian group G is a (continuous) map from G

to the field of complex numbers C that is of modulus 1, i.e. such that

|κ(g)| = 1, g ∈ G. Since there are two operations “+” and “·” in the

field Fq, one can define two kinds of characters. Multiplicative characters

ψk(n) = exp(2iπnkq ), k = 0, . . . , q − 1, are well known since they constitute

the basis for the ordinary discrete Fourier transform. But additive charac-

ters introduced below are the ones which are useful to relate to quantum
aThe Mangoldt function, Λ(n), plays a prominent role in the (still unsolved) Riemann
hypothesis. Λ(n) equals ln(p) if n = pm and 0 otherwise. Its average value oscillates
around 1 and the error term explicitly relies on the pole at s = 1 of the Riemann zeta
function ζ(s) =

∑
ℜ(s)>1

n−s, ℜ(s) > 1, on the trivial zeros at s = −2l, l > 0, of the

extended zeta function ξ(s) = π−s/2Γ(s/2)ζ(s), Γ(s) being the Gamma function, and
on the Riemann zeros presumably all located on the critical axis ℜ(s) = 1/2.

G=
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7.2 Cyclic codes and projective spaces

As shown in Sect. 2.3, a linear code C is a subspace of Fn
q , q = pm. And

a cyclic code is an ideal (g) in the polynomial field Fq[x] ≡ Fn
q attached

to a polynomial g irreducible over Fq. One defines the Hamming distance

[2] between x and y in Fn
q as the number of coordinates in which x and

y differ. The minimum distance of a code is an important concept which

characterizes its efficiency for error correcting; it is defined as

d = dmin(C) = min
u,v∈C

u̸=v

d(u, v). (31)

A linear code corrects up to [d−1
2 ] and detect up to d− 1 errors. It can be

shown that for a linear [n, k] code, the following bound holds

d ≤ n− k + 1 = dmax. (32)

A minimum distance code (or a maximum distance separable, MDS code)

is such that d = dmax and it is usually referred to as a [n, k, d] code (or

[n, n−r, r+1] code). The binary Hamming [7, 4] code introduced in Sect. 2.3

thus corrects up to 1 and detect up to 3 errors. It is the MDS [7, 4, 4] code.

There exists an intimate link between this code and the Fano plane,

which can be inferred as follows. Let us take its seven codewords 1 to 7 by

cyclic extending of matrix (5), viz.

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 0 1 0 0 0
0 1 1 0 1 0 0
0 0 1 1 0 1 0
0 0 0 1 1 0 1
1 0 0 0 1 1 0
0 1 0 0 0 1 1
1 0 1 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (33)

The above matrix is nothing but the incidence matrix of the Fano plane,

obtained as follows: if Pj is the jth point and Li represents the ith line of

the Fano plane, the elements of the matrix are

aij =

{
1 if Pj ∈ Li,
0 otherwise.

(34)

The link between good codes and projective geometry has recently re-

ceived considerable attention [24]. Let us define a vector space V of di-

mension δ + 1 ≥ 3 over Fq. Then a projective geometry P (V ) can be

Figure 5: Cyclic Hamming code. The generating matrix G at the left part has 4 rows with 3 1’s each,

where every row is a cyclic permutation of the previous one. More cyclic permutations generate directly the

7 codewords at the right of the figure, all with 3 1’s, 4 0’s.

Now we describe shortly a cyclic Hamming (7,4) code following [30], where cyclic codes

were discussed in the context of the projective spaces. The generating matrix is shown in

Fig. 5 at the left.

All codewords can be obtained from any particular one by a cyclic permutation. In

this case the cyclic permutation operator is simply PCSC = (1234567). We should note

that this 7× 7 matrix is also the incidence matrix of the underlying Fano plane. It is easily

related to octonions in CSC convention [21, 22] shown in eq. (2.2). Each triad is shown in

the 7 codewords in Fig. 5: the position of the 1’s in the first row is 124, in the 2nd row is

235 and so on, where 1 after 6 is 1 mod 7, and so on.

One finds the mechanism of error detection and correction using the cyclic (7,4)

Hamming error correcting code, for example, in the book by R. Blahut ‘Algebraic codes for

data transmission’ [54] to which we refer for details and further references.

The 7× 7 matrix at the right of the Fig. 5 is the set of 7 codewords which will be often

used in our construction of cosmological models. Sometimes we will change the order of

rows, so that we can easier explain our new octonionic superpotentials, leading to Minkowski

vacua with one flat direction. Sometimes we will remove some rows in this 7 × 7 matrix, to

build different superpotentials, leading to Minkowski vacua with two flat directions.

In Appendix D we show that one can bring the cyclic Hamming (7,4) error correcting

code to the original Hamming code by a particular permutation.

G2(R), its finite subgroups and 480 octonion conventions

The automorphism group G2 of the division algebra of octonions is a 14-dimensional subgroup

of SO(7) [22, 23, 55–57]. Under G2 the adjoint representation of SO(7) decomposes as

21 = 14 + 7. The 14 generators of G2, which we call Gij , can be represented using the 21

generators of SO(7), denoted here as J ij , and a totally antisymmetric tensor Cijkl, related
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to octonion associator which is defined in eqs. (2.5), (2.6), (2.7)

Gij =
1

2
J ij +

1

8
CijklJ

kl. (2.11)

The tensors Cijkl and fijk are subject to various identities, so that

fijkG
jk = 0. (2.12)

This means that there are 7 constraints on 21 generators of SO(7), which makes the

remaining 14 the generators of G2. They also satisfy the identity

Gij =
1

2
CijklG

kl. (2.13)

Under the action of G2 the imaginary octonion units transform in its 7 dimensional

representation and the structure constants of octonions form an invariant tensor of G2.

The group G2 has some important finite subgroups, in particular, G2(2) of order 12096

and [Z2]3 · PSL2(7), of order 1344. We refer the reader to relatively recent papers on the

finite subgroups of G2 [58–64] which include more details on the discrete finite subgroups

of G2(R). In particular in [62] in Table 1 one can find the list of all the important finite

subgroups Γ ⊂ G2.

To explain why there are 480 possible notations for the multiplication table of octonions,

as shown in [21] we can look at the total number of permutations of imaginary octonion

units, including the flipping of signs. This will give

T = [Z2]7 · S(7). (2.14)

At first sight this might suggest 27 · 7! = 645120 possible choices of conventions. However,

some of these choices do not change the multiplication table. It is due to the fact that

the automorphisms of the oriented Fano plane, preserving triads, form a discrete finite

subgroup of G2 which is

H = [Z2]3 · PSL2(7). (2.15)

It is an irreducible imprimitive group of order 1344. Thus, there is a redundancy of order

1344. Hence the total number of inequivalent multiplication tables comes as

T
H =

[Z2]7 · S(7)

[Z2]3 · PSL2(7)
⇒ 645120

1344
= 480. (2.16)

The multiplication table of octonions can be represented by an oriented Fano plane or

via the heptagon rules. There are 7! = 5040 ways of assigning labels from 1 to 7 to the

points in the Fano plane or the corners of a heptagon corresponding to the symmetric

group S(7). Again this might naively suggest that there are 7! = 5040 possible choices of

conventions that do not involve sign changes. However, some of these choices do not change

the multiplication table while preserving the associative triads. The symmetry group of

the unoriented Fano plane is the finite group PSL2(7) of order 168 which take collinear

points into collinear points. Hence there are 5040/168 = 30 inequivalent labelling of the
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unoriented Fano plane. When one represents the octonion multiplication by an oriented

Fano plane one can associate the points on the Fano plane with the imaginary octonion

units ±ei. Out of 27 possible sign assignment 23 assigments corresponding to the group Z3
2

of order 8 do not change the multiplication table5. Hence we have 24 possible inequivalent

sign assignments leading to 30× 16 = 480 possible inequivalent conventions for octonion

multiplication. These 480 possible conventions split naturally into two sets of 240 related

by octonion conjugation which changes the sign of all imaginary units and reverses the

direction of all associative triads. Given a convention the octonion multiplication table is

left invariant under the finite subgroup [Z2]3 · PSL2(7) of G2. However only the action of

the Frobenius subgroup Z7 o Z3 of order 21

Z7 o Z3 ⊂ [Z2]3 · PSL2(7) (2.17)

does not involve sign changes of the imaginary units. This absence of sign flips is important

since in our models a convention is chosen so that ReT i > 0 and the transformations of

octonions with the sign flips is not allowed for the moduli change of variables.

Given an octonion multiplication convention one can write down a superpotential

by associating the moduli with the imaginary units using the general formula 5.3 which

is invariant under the cyclic group Z7. By the action of the cyclic group Z3 one can

then generate three superpotentials. The corresponding superpotentials in the ”conjugate”

convention differ by an overall sign and hence are physically equivalent. The superpotentials

in CSC convention are given in (4.36) and for the GG convention they are given in Appendix

A.2.

Cayley-Graves multiplication table and octonions in quantum computation

8 Michael Freedman, Modjtaba Shokrian-Zini, Zhenghan Wang

TABLE 1. octonion multiplication table

eiej e0 e1 e2 e3 e4 e5 e6 e7
e0 e0 e1 e2 e3 e4 e5 e6 e7
e1 e1 −e0 e3 −e2 e5 −e4 −e7 e6
e2 e2 −e3 −e0 e1 e6 e7 −e4 −e5
e3 e3 e2 −e1 −e0 e7 −e6 e5 −e4
e4 e4 −e5 −e6 −e7 −e0 e1 e2 e3
e5 e5 e4 −e7 e6 −e1 −e0 −e3 e2
e6 e6 e7 e4 −e5 −e2 e3 −e0 −e1
e7 e7 −e6 e5 e4 −e3 −e2 e1 −e0

be replaced by 1. The product rule can be written as:

ei.ej =

⎧
⎪⎨
⎪⎩

ei, if j = 0

ej , if i = 0

−δij + εijkek, otherwise,
(13)

where εijk is a completely anti-symmetric tensor with +1 value only for ijk =
123, 145, 176, 246, 257, 347, 365 and their cyclic permutations.

Elements of quaternions (and octonions) can also be represented as a sum of
2 (or 4) complex numbers by a = z0 + z1e2 (or a =

∑3
i=0 zie2i). Conjuga-

tion in each ring is defined as the flipping of signs in all ei, i > 0. Therefore,
o∗ = o0e0 −

∑7
i=1 oiei. Further in all the three rings aa∗ = a∗a = ||a||2, where

||a||2 is the sum of squared of the real numbers representing a. This is very similar
to a unitary up to a scale, which is the property that turns out to be important.

4.1. Four families of equiangular planes.
Using these division rings to generate strongly equiangular pairs comes from the
geometric picture. There exist exactly four n-dimensional equiangular families of
n-planes in R2n for n ∈ {1, 2, 4, 8}.

The space of lines in C2 form CP 1 ∼= S2, and they obviously have the strongly
equiangular property as they are simply one dimensional lines. The unitary gates
on C that these projections provide consist of all complex numbers. Alternatively,
viewed as strongly equiangular planes in R4, the gates form SO(2). Notice that
the gates are not strictly unitary but always unitary up to some scale. Therefore,
precisely an isomorphic copy of R × SO(2) ∼= C is recovered. But the scaling
will be ignored due to normalization, so we are talking about complex numbers of
norm one or equivalently SO(2).

Taking this argument one step further, one could consider the quaternionic lines
forming the space HP 1 ∼= S4. As they are lines, they should also form strongly
equiangular pairs. Through a suitable embedding, one expects them to form strongly
equiangular pairs of 4-dimensional real planes in C4 ∼= R8. As for the gates, since
quaternions themselves have a unitary up to some scale representation inMC(2, 2),
going from one quaternion to another (from an R4 subspace to another) is an action

Figure 6: Cayley-Graves Octonion Multiplication Table. It was recently used in [65] as a starting point

for the proposal on quantum computing with octonions.

To finalize the basics on octonions part of the paper we would like to add here that there is

some interest in using octonions for quantum computation [65]. The starting point there is

Cayley-Graves octonion multiplication table. The original set of triples defining octonion

5This group is generated by conjugation with respect to three imaginary units intoduced in Cayley-Dickson

process in going from real numbers to octonions.
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multiplication table by Graves shown in [18] is, using ijklmno order

ijk, ilm, ion, jln, jmo, klo, knm. (2.18)

Translating this into numbers we find

123, 145, 176, 246, 257, 347, 365. (2.19)

The set of triples by Cayley in [19] is

123, 145, 624, 653, 725, 734, 176. (2.20)

These two choices agree if we allow a cyclic permutation inside a triple, and change the

order of triples.

In [65] the table in Fig. 6 was changed by multiplying by −1 all columns except the

first one. This in turn allows the authors to work with a specific realization of the Lie

multiplication algebra SO(8) of octonions, which is useful in quantum computing 6.

3 Twisted 7-tori with G2 holonomy

We are interested in N = 1 4d supergravity with chiral multiplets which can be derived

from 11d supergravity 7. For this purpose we present a basic information about the twisted

7-tori and the compact G2 manifolds, which is important for our work. We follow closely

the presentation in [16] and [10, 12] where the distinction between 7-manifolds with G2

holonomy and G2 structure is explained and many useful references are given. One starts

with Joyce’s T7 orbifolds with G2 holonomy. In general when fluxes in 11d supergravity

and geometrical fluxes describing the twisting of T7 are added, the deformed backgrounds

no longer have G2 holonomy but rather G2 structure. This still means that N = 1 4d

supersymmetry is preserved when compactification from 11d takes place. Our vacua will

not require fluxes in 11d supergravity, however, the geometric data of the compactified

manifold, the twisting of the tori, will be important.

A manifold with G2 structure is a 7-dimensional manifold which admits a globally

defined, nowhere-vanishing spinor η. This spinor is covariantly constant with respect to a

torsionful connection.

∇mη −
1

4
κmnpγ

npη = 0. (3.1)

Here ∇m involves a Levi-Civita connection, and the tensor κmnp is the contorsion tensor.

It can be viewed as a normalized Majorana spinor such that η̄η = 1.

6The seminar at Stanford by M. Freedman presenting this work was stimulating for our interest in the

connections between quantum computing and octonions.
7A derivation of N = 1 4d supergravity from 11d supergravity on manifolds with G2 structure, including

the mechanism of spontaneous breaking of maximal supersymmetry to the minimal one, was recently

performed by A. Van Proeyen, work in progress.
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Using this spinor one can construct a globally defined and nowhere vanishing totally

antisymmetric tensor

φmnp = iηTγmnpη (3.2)

where γmnp denotes the antisymmetric product of three gamma matrices with unit norm. 7

of them are G2 singlets, with different choices of mnp for m = 1, . . . , 7. They correspond

to associate triads for octonions. The remaining 28 correspond to anti-associative triads.

This allows to introduce a complexified G2 3-form Tiφ
i where the 7 complex moduli are

contracted with the 7 3-forms in eq. (3.2) labelled by the index i.

The 4d superpotential was computed in [16] starting with 11d gravitino kinetic term

Ψ̄MΓMNPDNΨp. The resulting 4d gravitino mass, which defines the superpotential was

given in [10] in the following form

W =
1

2
MijT

iT j = −1

8

ˆ
X7

φi ∧ dφj TiTj . (3.3)

The standard manifolds with G2 holonomy correspond to untwisted tori where dφ = 0 and

the superpotential is absent. The twist of the toroidal orbifolds away from G2-holonomy,

describes the 7-manifold with G2-structure and a non-vanishing superpotential, in general

with typical AdS vacua.

A special situation takes place when such G2-structure manifolds have Minkowski vacua,

as shown in [10]. One can introduce the dual 4-forms φ̃i satisfying

ˆ
X7

φi ∧ φ̃j = δij . (3.4)

One finds in such a case that

dφi = −4Mijφ̃
j (3.5)

which leads to an existence of the closed 4-form dφ̃i = 0 and suggest that the manifold has

a G2 holonomy unbroken. For Φ = tiφ
i and for its dual ∗Φ = V

ti
φ̃i at the Minkowski vacum

dΦ = −4tiMijφ̃
j = 0 and d ∗ Φ = d[

(
V
ti

)
φ̃i] = 0.

The upshot here is that starting with general type G2-structure manifolds one finds

Minkowski vacua only in cases that some twisted 7-tori are, in fact, G2-holonomy manifolds.

The vacua with one flat direction which we will find have the property that T 1 = T 2 =

T 3 = T 4 = T 5 = T 6 = T 7 ≡ T and therefore

Wi =
∑

j

MijT
j |Tk=T = T

∑

j

Mij = 0. (3.6)

These are exactly the octonion superpotentials we will describe below.
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4 Octonions, Hamming (7,4) error correcting code, superpotential

4.1 Cartan-Schouten-Coxeter conventions, clockwise heptagon

Convention of octonion multiplication by Cartan-Schouten-Coxeter are

er+2er+4 = er+3er+7 = er+5er+6 = er+1 , er = er+7. (4.1)

We make a choice of associative triads (ijk)

f cw
ijk = +1 : (r + 1, r + 3, r + 7) : {(137), (241), (352), (463), (574), (615), (726)}, (4.2)

i < j < k. (4.3)

To build the superpotentials we need the quadruples (mnpq) which are complimentary to

associative triads. We take the case

r + 2, r + 4, r + 5, r + 6 : (2456), (3567), (4671), (5712), (6123), (7234), (1345), (4.4)

m < n < p < q. (4.5)

This leads to the following superpotential

WOcw =
6∑

r=0

(T r+2 − T r+4)(T r+5 − T r+6). (4.6)

This is shown in Fig. 7.

W

W

W

W

O

O

O

Figure 7: The clockwise oriented heptagon for octonion multiplication in Cartan-Schouten-Coxeter

convention (4.2). We start at the second right octonion O and call it er+1, we get the 7 associative triads in

the form as (r+ 1, r+ 3, r+ 7). The complimentary quadruples are (r+ 2, r+ 4, r+ 5, r+ 6). They are shown

at the corners with the oriented clockwise blue lines. These give WOcw on the clockwise oriented heptagon.

Explicitly we have for the superpotential in the clockwise heptagon picture

WOcw = (T 2 − T 4)(T 5 − T 6) + (T 3 − T 5)(T 6 − T 7) + (T 4 − T 6)(T 7 − T 1) (4.7)

+(T 5 − T 7)(T 1 − T 2) + (T 6 − T 1)(T 2 − T 3) + (T 7 − T 2)(T 3 − T 4) + (T 1 − T 3)(T 4 − T 5).
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This superpotential is easy to compare with the cyclic Hamming error correcting code,

a 7 × 7 matrix at the right of the Fig. 5. For our purpose that the codewords represent

octonions in eq. (4.2) we have to move the last row of the 7 × 7 matrix at the right of the

Fig. 5 into the first row. We have to read the codewords from the top to the bottom and

from the left to the right. This will be opposite in the case with counterclockwise heptagon.

All 3 1’s in the codewords in eq. (4.8) are in full agreement with the set of triads in eq.

(4.2). They are also shown in eq. (4.8) to the left of the codewords. The 4 zero’s in the 7

codewords in eq. (4.8), shown to the right of the codewords, are in perfect agreement with

the 7 complimentary quadruples defining the superpotential.

Triads Codewords Quadruples ⇒ WOcw

WOcw =




(137) 1 0 1 0 0 0 1 (2456) (T 2 − T 4)(T 5 − T 6)

(241) 1 1 0 1 0 0 0 (3567) (T 3 − T 5)(T 6 − T 7)

(352) 0 1 1 0 1 0 0 (4671) (T 4 − T 6)(T 7 − T 1)

(463) 0 0 1 1 0 1 0 (5712) (T 5 − T 7)(T 1 − T 2)

(574) 0 0 0 1 1 0 1 (6123) (T 6 − T 1)(T 2 − T 3)

(615) 1 0 0 0 1 1 0 (7234) (T 7 − T 2)(T 3 − T 4)

(726) 0 1 0 0 0 1 1 (1345) (T 1 − T 3)(T 4 − T 5)




(4.8)

As we have explained in Sec. 2, one can perform the transformations on octonions

which preserve the multiplication table. We would like to apply these transformations

to 7 moduli T i. Therefore we are only interested in transformations without flipping the

octonion signs, which preserve the multiplication table. These form the automorphism of

the oriented Fano plane, without the flipping of signs of octonions, preserving triads. It

is the finite Frobenius subgroup Z7 o Z3 of G2. It is a subgroup of the collineation group

PSL(2, 7) of order 168 of the Fano plane studied in detail in [61].

Leaving the full discussion to the general construction given in the next section let

us show how these symmetries affect our superpotential WOcw associated with Cartan-

Schouten-Coxeter conventions. The 7 cyclic permutations in Cartan-Schouten-Coxeter

notations are generated by the permutation operator

PCSC = (1234567). (4.9)

It describes the transformation

1→ 2, 2→ 3, 3→ 4, 4→ 5, 5→ 6, 6→ 7, 7→ 1 (4.10)

which can be represented by the matrix with the property that c7 is the identity matrix.
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c =




0 1 0 0 0 0 0

0 0 1 0 0 0 0

0 0 0 1 0 0 0

0 0 0 0 1 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1

1 0 0 0 0 0 0




(4.11)

Acting twice with PCSC leads to the mapping

1→ 3, 2→ 4, 3→ 5, 4→ 6, 5→ 7, 6→ 1, 7→ 2 (4.12)

etc. We now take the superpotential (4.7) and represent it in the form

WOcw =
∑

i

WOi
cw (4.13)

where WO1
cw = (T 2 − T 4)(T 5 − T 6), WO2

cw = (T 3 − T 5)(T 6 − T 7) etc. We now act on

WOcw by the P1
CSC = c operator in eq. (4.11), which is equivalent to a change of moduli as

shown in eq. (4.10). Under this change the first term in WOcw becomes the second term

there, the second becomes the third etc.

P1
CSC [WOi

cw] = WOi+1
cw . (4.14)

For all 7 operations

PkCSC [WOi
cw] = WOi+k

cw , k = 1, . . . , 7 (4.15)

we find that the terms in WOcw are permuted and as a result, we have the same WOcw we

started with

PkCSC [WOcw] = WOcw (4.16)

for each of the 7 PkCSC . This gives an example of the set of permutations of moduli which

do not create different set of octonion multiplications tables and do not create different

superpotentials.

The other subgroup of the Frobenius group Z7 o Z3 is the cyclic group Z3 of order 3 ,

also described in [61]. It preserves the octonion multiplication table, and does not flip the

signs. However, it does not preserve the superpotentials.

In CSC convention it can be given as the following transformation 1 → 1, 2→ 5, 5→
3, 3→ 2, 4→ 6, 6→ 7, 7→ 4. which corresponds to

(1)(253)(467). (4.17)

In matrix notation

d3 = 1 (4.18)

where the matrix d is in Fig. 8.
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1 0 0 0 0 0 0
0 0 0 0 1 0 0
0 1 0 0 0 0 0
0 0 0 0 0 1 0
0 0 1 0 0 0 0
0 0 0 0 0 0 1
0 0 0 1 0 0 0

Figure 8: This is a d operator in [61], such that d3 = 1

Thus, there are 3 possibilities, the first one is the original WOcw = d3[WOcw], the

second one is d[WOcw], the 3d one is d2[WOcw]. It stops here since d3 = 1 and we are back

to the original WOcw. We define

d[WOcw] = WO′cw , d2[WOcw] = WO
′′
cw . (4.19)

One finds therefore that there are 3 superpotentials for the Cartan-Schouten-Coxeter

conventions.

WOcw = d3[WOcw] =
7∑

r=1

(T rT r+2 − T rT r+1) (4.20)

WO′cw = d[WOcw] =
7∑

r=1

(T rT r+1 − T rT r+3) (4.21)

WO′′cw = d2[WOcw] =

7∑

n=1

(T rT r+3 − T rT r+2) (4.22)

Obviously, these three superpotentials satisfy

WOcw + WO′cw + WO′′cw = 0. (4.23)

Thus only 2 of these superpotentials are independent.

4.2 Reverse Cartan-Schouten-Coxeter convention, counterclockwise heptagon

Cartan-Coxeter-Schouten belongs to the set of 240 octonion conventions whic can be

represented by the same oriented Fano plane modulo the permutations of the labeling of

the points on it without sign changes. The other set of 240 conventions can not be reached

by permutations alone and require sign flips of some of the imaginary octonion units. That

is the reason we introduce the Reverse Cartan-Schouten-Coxeter convention which belongs

to the second set of 240 conventions which includes the Cayley-Graves convention as well.

The conventions in the second set of 240 can also be represented by the same oriented Fano

plane modulo the permutations of the labelling of the points on it without any sign flips.

Therefore we define the convention for octonion multiplication, following from the

counterclockwise heptagon in Fig. 9, as follows:

er+3er+4 = er+2er+6 = er+5er+7 = er+1 , er = er+7. (4.24)
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We consider the following set associative triads consistent with the cyclic permutation in

the counterclockwise direction 8

f ccw
ijk = +1 : (r + 1, r + 2, r + 6) : {(126), (237), (341), (452), (563), (674), (715)}, (4.25)

i < j < k. (4.26)

To build the superpotentials we need the quadruples {mnpq} which are complimentary to

these associative triads which we take to be ((r + 3), (r + 4), (r + 5), (r + 7)), so that

m < n < p < q. (4.27)

This defines the superpotential as follows:

WOccw =

6∑

r=0

(T r+3 − T r+4)(T r+5 − T r+7) (4.28)

W

W

W

W

O

O

O

Figure 9: The counterclockwise oriented heptagon for octonion notations in eq. (4.25). We start at

the second right octonion and call it er+1, we get the 7 associative triads in the form as (r + 1, r + 2, r + 6).

The complimentary quadruples are (r + 3, r + 4, r + 5, r + 7). They are shown by the corners of the oriented

counterclockwise 2 blue lines. These give WOccw on the counterclockwise oriented heptagon.

Explicitly we have for the superpotential in the counterclockwise heptagon

WOccw = (T 3 − T 4)(T 5 − T 7) + (T 4 − T 5)(T 6 − T 1) + (T 5 − T 6)(T 7 − T 2) (4.29)

+(T 6 − T 7)(T 1 − T 3) + (T 7 − T 1)(T 2 − T 4) + (T 1 − T 2)(T 3 − T 5) + (T 2 − T 3)(T 4 − T 6).

This one is easy to compare with the cyclic Hamming error correcting code, a 7 × 7 matrix

at the right of the Fig. 5. As in clockwise case we have to move the last row of the 7 × 7

matrix at the right of the Fig. 5 into the first row. However, to see the triads and quadruples

in eq. (4.30), now we have to read the codewords from the bottom to the top and from the

8A related set of triads was considered in [66] in the form (126), (134), (157), (237), (245), (356), (467)

in the context of irreducible representation of PSL(2, 7).
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right to the left. This is opposite to the clockwise heptagon case in (4.8) were we read the

codewords from the top to the bottom and from the left to the right.

All 3 1’s in the codewords in eq. (4.30) are in full agreement with the set of triads in eq.

(4.25). They are also shown in eq. (4.30) to the left of the codewords. The 4 zero’s in the 7

codewords in eq. (4.30), shown to the right of the codewords, are in perfect agreement with

the 7 complimentary quadruples defining the superpotential.

Triads Codewords Quadruples ⇒ WOccw

WOccw =




(715) 1 0 1 0 0 0 1 (2346) (T 2 − T 3)(T 4 − T 6)

(674) 1 1 0 1 0 0 0 (1235) (T 1 − T 2)(T 3 − T 5)

(563) 0 1 1 0 1 0 0 (7124) (T 7 − T 1)(T 2 − T 4)

(452) 0 0 1 1 0 1 0 (6713) (T 6 − T 7)(T 1 − T 3)

(341) 0 0 1 1 0 0 1 (5672) (T 5 − T 6)(T 7 − T 2)

(237) 1 0 0 0 1 1 0 (4561) (T 4 − T 5)(T 6 − T 1)

(126) 0 1 0 0 0 1 1 (3457) (T 3 − T 4)(T 5 − T 7)




(4.30)

In the counterclockwise case there are also 3 possibilities, the first one is the original

WOccw = d3[WOccw], the second one is d[WOccw], the 3d one is d2[WOccw]. We define

d[WOccw] = WO′ccw , d2[WOccw] = WO
′′
ccw . (4.31)

One finds therefore that there are 3 superpotentials for the Reverse-Cartan-Schouten-Coxeter

conventions. In fact, they coincide with the ones we have found in the clockwise case.

WOccw = d3[WOccw] =

7∑

r=1

(T rT r+2 − T rT r+1) = WOcw (4.32)

WO′ccw = d[WOccw] =

7∑

r=1

(T rT r+1 − T rT r+3) = WO′cw (4.33)

WO′′ccw = d2[WOccw] =
7∑

n=1

(T rT r+3 − T rT r+2) = WO′′cw (4.34)

Obviously, these three superpotentials satisfy

WOccw + WO′ccw + WO′′ccw = 0. (4.35)

Thus only 2 of these superpotentials are independent.

To summarize we can construct 2 independent superpotentials using the general formula

5.3 within each of the 480 octonion multiplication conventions. However the superpotentials

obtained in the first set of 240 CW conventions are not independent of the superpotentials

obtained in the second set of 240 CCW conventions related to the first set by octonion
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conjugation. Indeed under octonion conjugation the superpotential given by the formula

(5.3) simply picks up an overall minus sign and the directions of all the arrows in the

oriented Fano plane get reversed. We shall, however, take as independent one superpotential

associated with Cartan-Schouten-Coxeter convention , WOcw, belonging to the first set of 240

conventions, and a different one, WO′ccw, associated with Reverse-Cartan-Schouten-Coxeter

convention belonging to the second set of 240. These are

WOcw =
7∑

r=1

(T rT r+2 − T rT r+1), WO′ccw =
7∑

r=1

(T rT r+1 − T rT r+3) . (4.36)

From these two superpotentials we can reach any other superpotential by a change of moduli

variables, which can be also obtained directly for a total 480 possible conventions, using the

general formula in (5.3).

4.3 Octonion fermion mass matrix and mass eigenstates

The superpotential for models with G2 structure has 21 terms, it is described a symmetric

7x7 matrix with all diagonal terms vanishing [10, 16]. It is given in eq. (1.1)

W =
1

2
MijT

iT j (4.37)

and Mij = −1
4

´
X7 φ

i ∧ dφj . The masses of fermions in supergravity in Minkowski vacua

are defined by the second derivative of the superpotential

mij =
1

2
e
K
2 Mij (4.38)

and the mass term of the chiral fermions in the supergravity at the vacuum with W = Wi = 0

is

Lfm =
1

2
e
K
2 χiMijχ

j + h.c. (4.39)

Our octonion superpotentials for models with G2 holonomy have explicitly 14 terms given

in eqs. (4.32)- (4.34) and can be written in the following form

WO =
1

2
MijT

iT j . (4.40)

The matrix Mij for the case WOcw for CSC octonion notations is

MWOcw
=




0 −1 1 0 0 1 −1

−1 0 −1 1 0 0 1

1 −1 0 −1 1 0 0

0 1 −1 0 −1 1 0

0 0 1 −1 0 −1 1

1 0 0 1 −1 0 −1

−1 1 0 0 1 −1 0




. (4.41)
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One can see that in each row of this matrix the sum of entries vanishes. This is a condition

for Minkowski vacua so that eq.
∑

jMij = 0 , ∀i is satisfied.

The matrix Mij for the case WO′ccw for RCSC octonion notations is

MWO′ccw
=




0 1 0 −1 −1 0 1

1 0 1 0 −1 −1 0

0 1 0 1 0 −1 −1

−1 0 1 0 1 0 −1

−1 −1 0 1 0 1 0

0 −1 −1 0 1 0 1

1 0 −1 −1 0 1 0




. (4.42)

Here again a condition for Minkowski vacua,
∑

jMij = 0 , ∀i is satisfied.

The non-vanishing eigenvalues of the M matrices in both cases above solve a double set

of cubic equations

x3 − 7x− 7 = 0,

y3 − 7y − 7 = 0. (4.43)

Numerically this gives for a set of x1, y1; x2, y2; x3, y3 and a massless one, the following

values

3.04892, 3.04892; −1.69202, −1.69202; −1.3569, −1.3569; 0. (4.44)

They show an [SO(2)]3 symmetry which is a symmetry of the massive fermion eigenstates.

Moreover, the mass eigenstates of fermions are the same for any of the 480 choices of

octonion notations!

The scalar mass eigenvalues in N = 1 supergravity models with octonion superpotentials

and one flat direction are

(mcan
sc )2 : t−3{1.16, 1.16, 0.35, 0.35, 0.23, 0.23, 0} (4.45)

where t = Re(T ). Here we have taken into account the correct kinetic term normalization

factors. They have a simple relation to fermion mass eigenvalues in agreement with N = 1

supersymmetry. To see this we have to take into account that canonical fermion masses,

with account of a difference in kinetic term normalization are

mcan
f : t−3/2{1.07796, 1.07796, −0.59822, −0.59822, −0.479735, −0.479735, 0}. (4.46)

One can check that

(mcan
f )2 = (mcan

sc )2 (4.47)

as it should according to N = 1 supersymmetry. In all models with octonion superpotential

WO the mass eigenvalues are the same, i. e. they are preserved when new octonion

convention is used.
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One way to see it is to perform the change of fermion variables reproducing the

transformation on octonions, permutations and sign flips, T = [Z2]7 · S(7). It means that

the effective matrix Mij will take a different value whenever our transformation is not part

of the subgroup H = [Z2]3 · PSL2(7). In this way we can get a total of [Z2]7·S(7)
[Z2]3·PSL2(7)

→ 480

different matrices, starting from any one in eqs. (4.41) or (4.42). This number of different

Mij matrices is in agreement with the fact that there are 480 different multiplication tables

of octonions. The upshot here is: our octonion superpotentials have an eigenstate mass

spectrum invariant under a change of octonion conventions.

5 Octonions and General Construction of Superpotentials

The Fano plane has 7 lines and each line contains three points such that each point is the

intersection point of three lines. When we use oriented Fano planes to describe octonion

multiplication three points on each line go over to the imaginary units of a quaternion

subalgebra.

Given an associative triad (ijk) the corresponding structure constants fijk are those

of a quaternion subalgebra generated by ei, ej and ek. The remaining associative triads

can be obtained by the “cyclic” permutation operator P given by the labelling of the

imaginary units on a heptagon. For example in Gunaydin-Gursey (GG) [23] labelling of

the real octonions the operator P is PGG = (1243657). For the Cartan-Schouten-Coxeter

(CSC) labelling [20, 21] the operator P is simply PCSC = (1234567). For the Cayley-Graves

labelling of octonions the cyclic permutation operator is PCG = (1245736).

An imaginary unit ek is contained in three different quaternion subalgebras. Let us

denote the structure constants of these three quaternion subalgebras as fkij , fkmn and fkpq
and assume they are in cyclic order such that

fkij = fkmn = fkpq = 1 (5.1)

where the indices i, j,m, n, p, q are all different.

Given a quaternion subalgebra with imaginary units ek, ei, ej we associate a term in

the superpotential of the form

fkij =⇒ fkijfkmnfkpq(T
m − Tn)(T p − T q) (5.2)

where all the 7 indices appearing above are different and satisfy (5.1) with no sums over

indices. The full superpotential is obtained by acting on a given term of this form by the

cyclic permutation operator P repeatedly and summing over:

W (kij) =

6∑

r=0

(P )r{fkij(Tm − Tn)(T p − T q)} (5.3)

where P acts on all the seven indices inside the sum. Note that the superpotential is invariant

under the cyclic group Z7 generated by the permutation operator P by construction. Note
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that we labelled the superpotential by the the associative triad (kij) since it is determined

by it uniquely. One finds that

W (kij) +W (jki) +W (ijk) = 0. (5.4)

Furthermore one has

W (kij) = −W (kji). (5.5)

Therefore of the six superpotentials defined by the triad (kij) and its permutations one

finds only two independent ones.

The cyclic permutation operator P can be used to make any Hamming code associated

with a given convention of octonions cyclic. The codewords associated with the different

associated triads get mapped into each other under the action of P .

The three 3 superpotentials we have discussed above for Cartan-Schouten-Coxeter

conventions are particular cases of the general formula 5.3. We combine them in a different

order so that

WOcw =
6∑

n=0

fn+1,n+3,n+7fn+1,n+2,n+4fn+1,n+5,n+6(Tn+2 − Tn+4)(Tn+5 − Tn+6) (5.6)

WO′cw =
6∑

n=0

fn+1,n+2,n+4fn+1,n+3,n+7fn+1,n+5,n+6(Tn+3 − Tn+7)(Tn+5 − Tn+6) (5.7)

WO′′cw =
6∑

n=0

fn+1,n+5,n+6fn+1,n+2,n+4fn+1,n+3,n+7(Tn+2 − Tn+4)(Tn+3 − Tn+7). (5.8)

These three superpotentials satisfy

WOcw + WO′cw + WO′′cw = 0. (5.9)

This follows from the fact that

Cmnpq(T
m − Tn)(T p − T q) = 0 (5.10)

where the completely antisymmetric tensor Cmnpq = fk[mnfp]kq is defined in eq. (2.6). Thus

only 2 of these superpotentials are independent. It is a property satisfied for any of the

different 480 conventions: there are 3 superpotentials for the same set of conventions, and

they always satisfy the constraint (5.4).

However this does not imply that we get 480 × 2 = 960 different superpotentials. An

additional interesting property of the general formula for the superpotentials is that one

can change the octonion convention set by odd permutation of indices

fijk ⇒ fjik. (5.11)
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This can be achieved by the sign flip of 3 octonions which belong to any particular line on

the Fano plane, for example in Cartan-Schouten-Coxeter case in Fig. 3, one can change the

signs of the following octonions

e6 ⇒ −e6 , e1 ⇒ −e1 , e5 ⇒ −e5, (5.12)

or any other 3 octonions on one line in the Fano plane. This will change every term in the

original multiplication table to the one with the opposite sign (octonion conjugation). As

one can see from eqs. (5.6)-(5.8) each superpotential will change the sign:

WOcw ⇒ −WOcw , WO′cw ⇒ −WO′cw , WO′′cw ⇒ −WO′′cw . (5.13)

This means that we get a total of 480 different superpotentials when we consider all possible

inequivalent conventions. And since the potential is quadratic in superpotentials this change

of octonion conventions will not affect the potential.

These 480 different superpotentials corresponding to 480 different conventions can be

understood via change of variables starting from our simple cases in eqs. (4.32) and (4.33)

consistent with the symmetries of the Lagrangian that preserve the underlying octonionic

structure. This explains why all these models are equivalent : in particular, one finds that

all of them have exactly the same masses of eigenstates at the vacuum.

6 Octonionic superpotentials and Minkowski vacua

6.1 Vacua with 1 flat direction

Supersymmetric Minkowski vacua of the superpotentials in the form shown in eq. (1.1)

were studied in [10]. With

T i = ti + i ai (6.1)

it was shown there that DiW = W = 0 means that Mijt
i = 0 and ai = 0 at the minimum.

Therefore ti should be a null vector of the matrix M : there is at least one flat direction in

such Minkowski vacua.

The potential VO is defined by the 7-moduli K7mod in eq. (1.1) and WO in eq. (1.2).

VO ≡ eK7mod(|DWO|2 − 3|WO|2). (6.2)

Specific superpotentials which we studied here are shown in eqs. (4.7), (4.29), (4.32),

(4.33) and in other examples in Appendix A. We have checked that these potentials have

supersymmetric Minkowski vacua when all moduli are equal to each other, as in eq. (1.4)

DiWO = WO = 0 : T i − T j = 0 ∀ i, j (6.3)

with one flat direction T = 1
7

∑
i T

i. This equation is invariant under the permutation

group S(7) of order 7! = 5040.

– 27 –



As expected, the eigenvector of the massless direction corresponds to

t1 + t2 + · · ·+ t7, and a1 + a2 · · ·+ a7. (6.4)

This leads to an effective theory of a single modulus supergravity of the form

K = −7 log
(
T + T

)
, WO = 0. (6.5)

In order to check the stability of the minimum, we consider the Hessian of the scalar

potential. We find the 14 × 14 Hessian matrix of the potential with respect to {ti, ai}
(i = 1, · · · , 7). Since the vacuum is supersymmetric, in each case there is the same mass

eigenvalue for ti as for ai, so we show here only 7 of them, one flat direction being massless.

On the line in the moduli space ti = t, ai = a for all i = 1, · · · , 7, the eigenvalues of the

matrix are given by eq. (4.45). The 6 massive eigenvalues are pairwise equal, i. e. we have

an [SO(2)]3 symmetry in the mass matrix at the minimum of the potential.

Of course our 14×14 mass matrix for scalars and pseudoscalars has the standard [SO(2)]7

symmetry since each of the scalars has the same mass as the pseudoscalar. However, this

additional [SO(2)]3 symmetry in the mass matrix of the scalars and separately pseudoscalars

is a feature of our vacua. The 14× 14 scalar/pseudoscalar mass matrix has the following

eigenvalues

t−7{0.58, 0.58, 0.58, 0.58, 0.18, 0.18, 0.18, 0.18, 0.11, 0.11, 0.11, 0.11, 0, 0}. (6.6)

They solve the following cubic equation

y3 − 14y2 + 49y − 49 = 0. (6.7)

It is related to the cubic equation for fermion masses x3 − 7x− 7 = 0 as follows

(x3−7x)2 = 49 ⇒ x6−14x4 + 49x2 = 49|x2=y ⇒ y3−14y2 + 49y−49 = 0. (6.8)

As we will see in the following, inflationary potential added to this setup does not

spoil the stabilization and we will show that the trajectory discussed here can be realized

effectively.

It is interesting that directly in 4d one can suggest many superpotentials for our 7

moduli which also lead to one flat direction Minkowski vacua, but not associated with

octonions. The simplest example is the case with

W = (Tn − Tn+1)(Tn+2 − Tn+3). (6.9)

The scalar mass eigenvalues are

t−7{1.40, 1.40, 1.21, 1.21, 0.07, 0.07, 0}. (6.10)

These masses still have an [SO(2)]3 symmetry, however, the eigenvalues are different from

the ones which come from models with octonion superpotentials. Therefore, these models

are 4d models which are not clearly originating from the 11d supergravity compactified on

7-tori with G2 holonomy. Meanwhile all 480 octonion conventions always lead to models

with the same scalar mass eigenstates given in eq. (6.6).
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6.2 Using cyclic Hamming (7,4) code to get vacua with 2 flat directions

6.1 split

We can start with the cyclic error correcting Hamming (7,4) code taken, for example

from [30] and shown here in Fig. 5. The 7 codewords are

1101000, 0110100, 0011010, 0001101, 1000110, 0100011, 1010001. (6.11)

This corresponds to triads in eq. (2.2) with the formula (r, r + 1, r + 3) with the first index

in triads taken in the range 1 to 7. We see the first codeword of the code as (124), which

are positions of 1’s. The second codeword is the case (235), which are positions of 1’s, etc.

The set of quadruples defined by the positions of zero’s in the codewords is now:

{pqrs} = {(3567), (4671), (5712), (6123), (7234), (1345), (2456)}. (6.12)

The corresponding superpotential is the same as in eq. (4.7), with the difference that the

first term in (4.7) becomes the last one. Now we propose to define a model with 2 flat

directions by dropping some codewords in the code in eq. (6.11) in a specific way: we leave

only quadruples without 7. The ones with 7 are underlined below

{pqrs} = {(3567), (4671), (5712), (6123), (7234), (1345), (2456)}. (6.13)

The remaining quadruples form the superpotential

WO(6, 1) = (T 6 − T 1)(T 2 − T 3) + (T 1 − T 3)(T 4 − T 5) + (T 2 − T 4)(T 5 − T 6). (6.14)

One can see this procedure also using the Hamming code from eq. (6.11) where we take

out all lines which have 0 in the position 7. We show it in Fig. 10.

The potential does not depend on T 7 and has a Minkowski minimum with two flat

directions. One is T 7 and the other is T 1 + T 2 + T 3 + T 4 + T 5 + T 6. The model has a (6,1)

split

K = −6 log
(
T(1) + T (1)

)
− log

(
T(2) + T (2)

)
, WO(6, 1) = 0, (6.15)

where

T 1 = T 2 = T 3 = T 4 = T 5 = T 6 ≡ T(1) T 7 ≡ T(2). (6.16)

Two of the positive mass matrix eigenvalues coincide, the vacuum has an unbroken SO(2)

symmetry.
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7.2 Cyclic codes and projective spaces

As shown in Sect. 2.3, a linear code C is a subspace of Fn
q , q = pm. And

a cyclic code is an ideal (g) in the polynomial field Fq[x] ≡ Fn
q attached

to a polynomial g irreducible over Fq. One defines the Hamming distance

[2] between x and y in Fn
q as the number of coordinates in which x and

y differ. The minimum distance of a code is an important concept which

characterizes its efficiency for error correcting; it is defined as

d = dmin(C) = min
u,v∈C

u̸=v

d(u, v). (31)

A linear code corrects up to [d−1
2 ] and detect up to d− 1 errors. It can be

shown that for a linear [n, k] code, the following bound holds

d ≤ n− k + 1 = dmax. (32)

A minimum distance code (or a maximum distance separable, MDS code)

is such that d = dmax and it is usually referred to as a [n, k, d] code (or

[n, n−r, r+1] code). The binary Hamming [7, 4] code introduced in Sect. 2.3

thus corrects up to 1 and detect up to 3 errors. It is the MDS [7, 4, 4] code.

There exists an intimate link between this code and the Fano plane,

which can be inferred as follows. Let us take its seven codewords 1 to 7 by

cyclic extending of matrix (5), viz.

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 0 1 0 0 0
0 1 1 0 1 0 0
0 0 1 1 0 1 0
0 0 0 1 1 0 1
1 0 0 0 1 1 0
0 1 0 0 0 1 1
1 0 1 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (33)

The above matrix is nothing but the incidence matrix of the Fano plane,

obtained as follows: if Pj is the jth point and Li represents the ith line of

the Fano plane, the elements of the matrix are

aij =

{
1 if Pj ∈ Li,
0 otherwise.

(34)

The link between good codes and projective geometry has recently re-

ceived considerable attention [24]. Let us define a vector space V of di-

mension δ + 1 ≥ 3 over Fq. Then a projective geometry P (V ) can be

Figure 10: We start with a cyclic Hamming code (7,4) in Fig. 5. We take out all codewords which have

in a position 7 a 0. This leaves us with the superpotential in eq. (6.14)
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5.2 split

We take the 7 quadruples in eq. (6.12), (n + 2, n + 4, n + 5, n + 6), defining our

superpotential and leave only the ones which do not have 6 and 7. These with both 6 and 7

are underlined:

{pqrs} = {(3567), (4671), (5712), (6123), (7234), (1345), (2456)}. (6.17)

The remaining quadruples form the superpotential

WO(5.2) = (T 5 − T 7)(T 1 − T 2) + (T 6 − T 1)(T 2 − T 3) + (T 7 − T 2)(T 3 − T 4)

+(T 1 − T 3)(T 4 − T 5) + (T 2 − T 4)(T 5 − T 6). (6.18)
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7.2 Cyclic codes and projective spaces

As shown in Sect. 2.3, a linear code C is a subspace of Fn
q , q = pm. And

a cyclic code is an ideal (g) in the polynomial field Fq[x] ≡ Fn
q attached

to a polynomial g irreducible over Fq. One defines the Hamming distance

[2] between x and y in Fn
q as the number of coordinates in which x and

y differ. The minimum distance of a code is an important concept which

characterizes its efficiency for error correcting; it is defined as

d = dmin(C) = min
u,v∈C

u̸=v

d(u, v). (31)

A linear code corrects up to [d−1
2 ] and detect up to d− 1 errors. It can be

shown that for a linear [n, k] code, the following bound holds

d ≤ n− k + 1 = dmax. (32)

A minimum distance code (or a maximum distance separable, MDS code)

is such that d = dmax and it is usually referred to as a [n, k, d] code (or

[n, n−r, r+1] code). The binary Hamming [7, 4] code introduced in Sect. 2.3

thus corrects up to 1 and detect up to 3 errors. It is the MDS [7, 4, 4] code.

There exists an intimate link between this code and the Fano plane,

which can be inferred as follows. Let us take its seven codewords 1 to 7 by

cyclic extending of matrix (5), viz.

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 0 1 0 0 0
0 1 1 0 1 0 0
0 0 1 1 0 1 0
0 0 0 1 1 0 1
1 0 0 0 1 1 0
0 1 0 0 0 1 1
1 0 1 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (33)

The above matrix is nothing but the incidence matrix of the Fano plane,

obtained as follows: if Pj is the jth point and Li represents the ith line of

the Fano plane, the elements of the matrix are

aij =

{
1 if Pj ∈ Li,
0 otherwise.

(34)

The link between good codes and projective geometry has recently re-

ceived considerable attention [24]. Let us define a vector space V of di-

mension δ + 1 ≥ 3 over Fq. Then a projective geometry P (V ) can be

Figure 11: We start with a cyclic Hamming code (7,4) in Fig. 5. We take out all codewords which have

have 0 in the position 6 and 7.This leaves us with the superpotential in eq. (6.18).

One can see this procedure also using the Hamming code in eq. (6.11) where we take

out all lines which have 0 in the position 6 and 7. We show it in Fig. 11.

The model has a Minkowski minimum with two flat directions. One is T 5 + T 6 and the

other is T 1 + T 2 + T 3 + T 4 + T 7. The model has a (5,2) split

K = −5 log
(
T(1) + T (1)

)
− 2 log

(
T(2) + T (2)

)
, WO(5, 2) = 0, (6.19)

where

T 1 = T 2 = T 3 = T 4 = T 7 ≡ T(1), T 5 = T 6 ≡ T(2). (6.20)

Two of the positive mass matrix eigenvalues coincide, the vacuum has an unbroken SO(2)

symmetry.

4.3 split

We take the 7 quadruples in eq. (6.12), (n + 2, n + 4, n + 5, n + 6), defining W and

remove the ones which have 4 and 7. Note that the pattern would require to exclude the

lines which do not have the same 3 numbers, or the same 3 zero’s in the code. But these

do not exist, therefore we find the relevant split (4.3) model not following the underlying

procedure which was working in the previous two cases of split models. So, we exclude the
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quadruples which have 4 and 7. This we show in Fig. 12. The underlined quadruples in eq.

(6.21) are the ones we remove from the superpotential

{pqrs} = {(3567), (4671), (5712), (6123), (7234), (1345), (2456)}, (6.21)

The remaining quadruples form the superpotential

WO(4.3) = (T 3 − T 5)(T 6 − T 7) + (T 5 − T 7)(T 1 − T 2) + (T 6 − T 1)(T 2 − T 3)

+(T 1 − T 3)(T 4 − T 5) + (T 2 − T 4)(T 5 − T 6). (6.22)
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7.2 Cyclic codes and projective spaces

As shown in Sect. 2.3, a linear code C is a subspace of Fn
q , q = pm. And

a cyclic code is an ideal (g) in the polynomial field Fq[x] ≡ Fn
q attached

to a polynomial g irreducible over Fq. One defines the Hamming distance

[2] between x and y in Fn
q as the number of coordinates in which x and

y differ. The minimum distance of a code is an important concept which

characterizes its efficiency for error correcting; it is defined as

d = dmin(C) = min
u,v∈C

u̸=v

d(u, v). (31)

A linear code corrects up to [d−1
2 ] and detect up to d− 1 errors. It can be

shown that for a linear [n, k] code, the following bound holds

d ≤ n− k + 1 = dmax. (32)

A minimum distance code (or a maximum distance separable, MDS code)

is such that d = dmax and it is usually referred to as a [n, k, d] code (or

[n, n−r, r+1] code). The binary Hamming [7, 4] code introduced in Sect. 2.3

thus corrects up to 1 and detect up to 3 errors. It is the MDS [7, 4, 4] code.

There exists an intimate link between this code and the Fano plane,

which can be inferred as follows. Let us take its seven codewords 1 to 7 by

cyclic extending of matrix (5), viz.

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 0 1 0 0 0
0 1 1 0 1 0 0
0 0 1 1 0 1 0
0 0 0 1 1 0 1
1 0 0 0 1 1 0
0 1 0 0 0 1 1
1 0 1 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (33)

The above matrix is nothing but the incidence matrix of the Fano plane,

obtained as follows: if Pj is the jth point and Li represents the ith line of

the Fano plane, the elements of the matrix are

aij =

{
1 if Pj ∈ Li,
0 otherwise.

(34)

The link between good codes and projective geometry has recently re-

ceived considerable attention [24]. Let us define a vector space V of di-

mension δ + 1 ≥ 3 over Fq. Then a projective geometry P (V ) can be

Figure 12: We start with a cyclic Hamming code (7,4) in Fig. 5. We take out all codewords which have

0’s in a position 4 and 7. This leaves us with the superpotential in eq. (6.22)

The model has a Minkowski minimum with two flat directions. One is T 2 + T 3 + T 6

and the other is T 1 + T 4 + T 5 + T 7. The model has a (4.3) split

K = −4 log
(
T(1) + T (1)

)
− 3 log

(
T(2) + T (2)

)
, WO(4.3) = 0, (6.23)

where

T 1 = T 4 = T 5 = T 7 ≡ T(1) T 3 = T 3 = T 6 ≡ T(2). (6.24)

The mass matrix massive eigenvalues are all different, there is no unbroken SO(2) symmetry.

7 Cosmological Models with B-mode Detection Targets

7.1 Strategy

So far we have studied Minkowski vacua in 4d N = 1 supergravity derived from compact-

ification of M-theory on twisted 7-tori. Such Minkowski vacua are known to have only

non-negative mass eigenvalues, with some flat directions (zero mass eigenvalues) possible

[67]. We have presented these eigenvalues in eqs. (4.45) for relevant models.

To construct a phenomenological cosmological model, describing the observations, we

need to make some changes of these models, which transfer a flat direction into an almost

flat inflationary potential, and replace Minkowski vacuum with de Sitter vacuum at the

exit from inflation.

For this purpose we will do the following changes:
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• Change the Kähler potential frame to the one where the Kähler potential has an

inflaton shift symmetry, only slightly broken by the superpotential, as proposed in [68].

• Introduce a nilpotent superfield S, which in N = 1 supergravity allows to get dS

minima with spontaneously broken supersymmetry [69, 70]. This Volkov-Akulov

superfield S brings a new supersymmetry breaking parameter, FS . We also introduce

a parameter W0 to make a gravitino mass at the minimum non-vanishing. This allows

to describe the theory with a cosmological constant Λ = F 2
S − 3W 2

0 at the minimum

of the potential.

• Introduce a phenomenological inflationary potential along the flat direction. We will

do it using a generalized version of the geometric approach to inflation developed in

[8, 71], where the properties of the inflaton potential are encoded in the choice of the

Kähler potential for the nilpotent superfield, GSS̄(T, T̄ )SS̄.

Thus we are looking for N = 1 supergravity cosmological models which are compatible

with cosmological observations. The reason why we call these cosmological models phe-

nomenological is the choice of the Kähler potential for the nilpotent superfield, GSS̄(T, T̄ )SS̄:

at present it is not known how to derive it from fundamental theory.

In the absence of the nilpotent superfield S and at vanishing W0 our cosmological model

becomes the model with Minkowski vacua in M-theory with flat directions equivalent to the

one derived from M-theory in [10, 12] and specified to the case of octonions in this paper.

We start with M-theory on G2 holonomy manifolds[10, 12] with the choice of K and

W in (1.1). We specify the choice of W = 1
2MijT

iT j to be the one which originate from

octonions, for example any one in eqs. (4.7), (4.32) or in (4.33), which we studied above.

K = −
7∑

i=1

log
(
T i + T

i
)
, W =

1

2
MijT

iT j = WO(T i). (7.1)

For any of our octonionic superpotentials an equivalent model can be obtained from (7.1)

using a Kähler transform, which results in

K(T i, T
i
) = −1

2

7∑

i=1

log

(
(T i + T

i
)2

4T iT
i

)
, Woct ≡ 1√∏7

i=1(2T i)
WO(T i) . (7.2)

The potentials in models (7.1) and (7.2) are the same, due to Kähler invariance, and lead

to a Minkowski vacuum with one flat direction and unbroken supersymmetry. Also the

fermion masses are the same under Kähler transform. In what follows we will study the

models which in absence of the nilpotent superfield and new parameters FS and W0 and

inflationary potentials are the ones in eq. (7.2), which are equivalent to the original models

in M-theory in eq. (7.1).
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7.2 E-models

We construct our 7-moduli cosmological models where inflation is induced by terms in the

Kähler potential where the nilpotent superfield S interacts with the inflaton superfield

[8, 71].

Consider the Kähler and super-potential given by

K =
7∑

i=1

−1

2
log

(
(T i + T̄ i)2

4T iT̄ i

)
+GSS̄(T i, T̄ i)SS̄ + S + S̄, (7.3)

W =Q(T i) +W0, (7.4)

where S is a nilpotent superfield and Q(T i) is an arbitrary holomorphic function of the 7

moduli T i. We find

Ki =− T i − T̄ i
2T i(T i + T̄ i)

, (7.5)

KiK
īi =− (T i)2 − (T̄ i)2

2T i
, (7.6)

KiK
īiKī =− ((T i)2 − (T̄ i)2)2

4|T i|2(T i + T̄ i)2
. (7.7)

The scalar potential is given by

e−KV =G−1
SS̄
|W |2 +

7∑

i=1

[
(T i + T̄ i)2|∂iQ|2

+
(T i)2 − (T̄ i)2

2T iT̄ i
(∂iQ(Q̄+W0)− ∂īQ̄(Q+W0))

−
(

((T i)2 − (T̄ i)2)2

4|Ti|2(T i + T̄ i)2
+ 3

)
|W |2

]
. (7.8)

For T i = T̄ i, this is simplified as

V = G−1
SS̄
|W |2 − 3|W |2 +

7∑

i=1

(T i + T̄ i)2|∂iQ|2. (7.9)

In particular, taking

GSS̄ =
W 2

0

3W 2
0 + F (T, T̄ )

=
W 2

0

FS + Vinfl(T, T̄ )
(7.10)

yields

V = F (T, T̄ )
(

1 +
|Q|2
W 2

0

)
+

7∑

i=1

(T i + T̄ i)2|∂iQ|2. (7.11)

To find inflationary potential, we should evaluate it along the supersymmetric Minkowski

flat directions. But along these directions Q = ∂iQ = 0. Therefore the full expression for

the inflaton potential is given by

V = F (T, T̄ ). (7.12)
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This is a remarkable simplification. Generically, one could expect the parameters

of the M-theory to be large, in Planck mass units, whereas the height of the inflaton

potential at the last stages of inflation should be tiny, V = F (T, T̄ ) ∼ 10−10. Therefore it

is very important that in the approach developed above, the inflaton potential along the

flat directions is almost completely sequestered from the UV dynamics responsible for the

M-theory potential.

From the point of view of inflation, the main role of the M-theory (UV dynamics) is to

define geometry with the proper kinetic terms, and form a potential with supersymmetric

flat directions. Once it is done, the inflaton dynamics (IR) is completely independent of the

full M-theory potential, but is determined by the M-theory related kinetic terms, and by

the phenomenological inflaton potential V = F (T, T̄ ) along the flat directions.

Moreover, an important feature of the α-attractor models with inflation along the flat

directions in M-theory is that the observational predictions of these models are very stable

with respect to the choice of the particular potential V = F (T, T̄ ) as long as these potentials

are not singular. That is why one can talk about specific predictions of a broad class of

such models.

Now we will present several examples of inflationary models corresponding to different

choices of potentials and flat directions in the octonionic models discussed in this paper.

Note, however, that the results obtained in this subsection are quite general. They may

apply to a broad class of theories with any superpotential Q with supersymmetric flat

directions, such that Q = ∂iQ = 0. Therefore our methods of constructing phenomenological

inflationary models can be used not only in the octonionic models in the M-theory context,

but in a more general class of models with supersymmetric flat directions, which may exist,

e.g., in type IIB or type IIA string theory.

3α = 7 E-model

Now we focus on a special choice of Q in our general formula

Q =Woct , (7.13)

where Woct defined in eq. (7.2). The potential of the original M-theory model (7.2) has a

flat direction at T i = T j , it is

T ≡ T 1 = T 2 = T 3 = T 4 = T 5 = T 6 = T 7 , (7.14)

where T = t+ ia. The full potential vanishes for any values of t and at a = 0.

In our general cosmological models the flat direction is now lifted due to dependence

on T via F (T, T̄ ) in eq. (7.11). At T i = T j = T̄ i which is a minimum of our potential in

eq. (7.11)

Q =Woct = 0 , ∂iQ = ∂iWoct = 0 . (7.15)
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Thus, the potential becomes a function of the inflaton only and we will have it in the form

of the inflationary potential as well as cosmological constant at the exit

V |T i=T j=T̄ i = F (t, t) = Λ + Vinfl(t). (7.16)

Here we propose an M-theory cosmological model, supplemented by a nilpotent super-

field S and a gravitino mass W0 with the following choice of the inflationary potential

F (T, T̄ ) = Λ +m2(1− T )(1− T ) , (7.17)

where the cosmological constant at the exit from inflation is

Λ = FS − 3W 2
0 > 0 (7.18)

and we choose it to be positive.

Figure 13: The potential Vinfl of the E-model with one flat direction for m = 0.2, W0 = 0.1, in Planck

mass units. Inflation begins at large φ, and ends when the field reaches the vicinity of the minimum at

φ = 0.

We take any of the octonionic superpotentials WO where we have models with 1 flat

direction, in eqs. (4.7), (4.32), (4.33), or the octonionic superpotentials in Appendix A. For

these cases with one flat direction the effective Kähler potential is K = −7 log(T + T ), as

explained in Sec. 6.1. It is convenient to use the variables φ and θ:

T = e
−
√

2
7
φ
(

1 + i

√
2

7
θ
)
. (7.19)

Here φ is a canonical inflaton field, and θ has a canonical normalization in the vicinity of

θ = 0, which corresponds to the minimum of the potential with respect to θ. The full shape

of the potential is shown in Fig. 13.

The potential of the canonically normalized inflaton field φ at θ = 0 in the small Λ

limit is

Vinfl = m2

(
1− e−

√
2
7
φ
)2

. (7.20)
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This is a potential of the top benchmark target 3α = 7 for B-mode detection [6–8] in

E-models.

The mass of the axion field θ in the vicinity of θ = 0 at large φ approaches the

asymptotic value

m2
θ = 2m2 + 4W 2

0 ≈ 6H2 + 4W 2
0 , (7.21)

where the Hubble constant at large φ is given by Vtotal/3 = m2/3. Thus m2
θ � H2, which

stabilizes this field at its minimum θ = 0.

We have checked that the 7-moduli model described above works well. All extra 13

fields like ImT i and combinations of ReT i orthogonal to ReT have positive masses,9 and

roll to their minima, where they vanish and decouple from the inflationary evolution. It is

useful to present this phenomenological model here explicitly, namely

K =
7∑

i=1

−1

2
log

(
(T i + T̄ i)2

4T iT̄ i

)
+

W 2
0

FS +m2(1− T )(1− T )
SS̄ + S + S̄,

W =Woct(T i) +W0. (7.22)

To recover the original M-theory model from this phenomenological cosmological model we

need to remove the nilpotent superfield contribution, as well as to remove the supersymmetry

breaking parameters FS and W0, and inflationary parameter m2

S = 0 , FS = 0 , W0 = 0 , m2 = 0. (7.23)

This brings our phenomenological model (7.22) to the M-theory model in (7.2) which,

in turn, is equivalent to the one in (7.1), which is directly derived from M-theory via

compactification on a twisted 7-tori, T7/Z3
2.

We stress here that the model presented in (7.22) has a very simple relation to M-theory

and is in agreement with the current cosmological data. Moreover, they will be tested by

the future B-mode searches.

3α = 6, 5, 4, 3, 2, 1 E-models

Here we study M-theory models with Minkowski vacua with two flat directions, as

described in sec. 6.2. We start there with the superpotential associated with the cyclic

Hamming (7,4) code in Fig. 5.

In this sec. 6.2 we have models which originate from CSC octonions and the cyclic

Hamming (7,4) code. The truncated superpotentials in eqs. (6.14), (6.18), (6.22) split the

7 moduli into groups of 6 and 1, 5 and 2, and 4 and 3. It is convenient now to give the

corresponding models the name m+n models where m+n = 7. Choosing the superpotential

Woct
m,n(T i) =

1√∏7
i=1(2T i)

WOm,n (7.24)

9We have found for some parameters that these masses are positive. In general, following the analysis

in [8], one can add terms with bisectional curvatures, which enforce these masses to be positive.
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leads to the effective Kähler potential for moduli directions

K = −m log
(
T(1) + T (1)

)
− n log

(
T(2) + T (2)

)
(7.25)

with 3 cases

1 + 6 , 2 + 5 , 3 + 4 . (7.26)

From this perspective, the case discussed in the previous section may be called 0 + 7. We

now use the same form of the Kähler potential as in eq. (7.3), however, the function F in

GSS̄ depends on 2 flat directions.

GSS̄ =
W 2

0

3W 2
0 + F (T(1), T (1), T(2), T (2))

=
|W0|2

FS + Vinfl(T(1), T (1), T(2), T (2))
. (7.27)

The superpotential WOm,n is now based on one of the superpotentials (6.14), (6.18) and in

eq. (6.22). These superpotentials at the vacuum have the following properties: WOm,n = 0

and ∂iWOm,n = 0 at T 1 = · · · = Tm ≡ T(1), T
m+1 = · · · = Tn ≡ T(2). Our choice of the

function F is

F = Λ + Vinfl (7.28)

Here Vinfl is the phenomenological potential describing two inflaton fields, T(1) and T(2),

corresponding to the two flat directions. As before, we will consider the simplest quadratic

potential for each of the fields, with a minimum at T(i) = ci, where ci are some real numbers:

Vinfl = m2
1(c1 − T(1))(c1 − T (1)) +m2

2(c2 − T(2))(c2 − T (2)). (7.29)

Importantly, all qualitative results will remain the same for a broad choice of such phe-

nomenological potentials, as long as they are not singular in the limit T(i) → 0, and have a

minimum at T(i) = ci.

The fields T(i) can be represented in terms of the canonically normalized fields φi, such

that T(i) = e
−
√

2
3αi

φi
. The corresponding potential becomes

Vinfl =
∑

i

m2
i

(
1− e−

√
2

3αi
φi
)2

. (7.30)

Here without loss of generality we absorbed the constants ci into a redefinition (shift) of

the fields φi. One can take any of the three combinations of i mentioned in (7.26): 1 and 6,

2 and 5, or 3 and 4.

The resulting potential has two inflationary valleys, which merge at the minimum of

the potential at φi = 0, see Fig. 14. The fields may start their evolution anywhere at the

blue inflationary plateau, but then fall to one of the green valleys due to a combination of

classical rolling and quantum diffusion. This is a specific version of the process of cascade

inflation studied in [7, 8].

As a result, the inflationary universe may become divided into many different exponen-

tially large parts, with inflationary perturbations corresponding to one of the two different
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αi. The particular example shown in Fig. 14 corresponds to the split of the 7 moduli into

groups of 6 and 1 discussed above, and the universe divided into exponentially large parts

with 3α1 = 6 and 3α2 = 1.

If we would consider models with flat directions 2 and 5, we would get 3α1 = 5 and

3α2 = 2. Finally, for the combination 3 and 4 we would get 3α1 = 4 and 3α2 = 3. All of

these cases together give us a choice of inflaton potentials

V = Λ +m2

(
1− e−

√
2
n
φ
)2

, n = 6, 5, 4, 3, 2, 1 . (7.31)

Figure 14: The potential Vinfl of the E-model with two flat directions, φ1 and φ2, with 3α1 = 6 and

3α2 = 1.

If we now add the model 0+7, we get all the benchmarks covered, using the octonion

superpotentials in M-theory

V = Λ +m2

(
1− e−

√
2

3α
φ
)2

, 3α = 7, 6, 5, 4, 3, 2, 1 . (7.32)

7.3 T-models

Here we will use the Cayley transform to switch from the half plane variables T i to the

disk variable Zi as shown in [68]

T i =
1 + Zi

1− Zi . (7.33)

In 3α = 7 case we define using eq. (7.2)

K(Zi, Z
i
) = −1

2

7∑

i=1

log

(
(T i + T

i
)2

4T iT
i

)
= −1

2

7∑

i=1

log

(
(1− ZiZi)2

(1− Zi)2(1− Z̄i)2

)
, (7.34)

and

Woct(Zi) ≡ Woct
(
T i(Zi)

)
. (7.35)
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The minimum at T i = T j becomes the minimum at Zi = Zj since T i − T j = 2 Zi−Zj
(1−Zi)(1−Zj) .

The flat direction is at Z ≡ 1
7(Z1 + · · ·+ Z7). We define the T-models as follows

K =− 1

2

7∑

i=1

log

(
(1− ZiZi)2

(1− Zi)2(1− Z̄i)2

)
+

W 2
0

FS + Vinfl
SS̄ + S + S̄,

W =Woct(Zi) +W0. (7.36)

Here we take the following value of the inflationary potential

Vinfl(Z,Z) = m2ZZ. (7.37)

The total potential for the canonically normalized inflaton now is

Vtotal = Λ +m2 tanh2 φ√
14

, (7.38)

which is the top benchmark for B-mode detection in the α-attractor T-models.

The cases with 3α = 6, 5, 4, 3, 2, 1 can be obtained by analogy with E-models, using

different W ’s with 2 flat directions Z(1) and Z(2), with

Vinfl = m2
1Z(1)Z(1) +m2

2Z(2)Z(2) . (7.39)

Here one can take any of the two combinations of flat directions mentioned in (7.26): 1 and

6, 2 and 5, or 3 and 4, as we did in (7.29). In terms of canonical variables φ1 and φ2, this

yields the potential

Vtotal = Λ +m2
1 tanh2

√
1

6α1
φ1 +m2

2 tanh2

√
1

6α2
φ2 . (7.40)

Including the case above 3α = 7 this covers all T-model benchmark targets: 3α =

7, 6, 5, 4, 3, 2, 1.

Just as for the E-models, we illustrate in Fig. 15 for a particular potential with 3α1 = 1

and 3α2 = 6.

Figure 15: The potential Vinfl of the T-model with flat directions φ1 and φ2, with 3α1 = 1 and 3α2 = 6.
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One can also consider more complicated models, where the 2 different fields Z(i)

corresponding to the 2 flat directions can interact with each other. We assume that these

phenomenological interaction terms are much smaller than the typical terms appearing in

the original M-theory potential, so they do not affect the structure of the flat directions of

the M-theory. However, these terms may force the two fields Z(i) corresponding to the two

flat directions evolve simultaneously [7, 8].

For example, consider a model with the following phenomenological potential along the

flat directions Z(1) and Z(6) in terms of the canonical variables φ1 and φ2 with 3α1 = 1 and

3α2 = 6:

Vinfl = Λ +m2

(
tanh2 φ1√

2
+ tanh2 φ2√

12

)
+ µ2

(
tanh

φ1√
2
− tanh

φ2√
12

)2

. (7.41)

This potential, for small Λ and µ = 3m, is shown in Fig. 16.

At large φi the potential has two flat directions, with 3α1 = 1 and 3α2 = 6, just as

in Fig. 15. In our case, they correspond to the dark purple valleys in Fig. 16. At large

φi, these valleys are parallel either to the axis φ1, or to the axis φ2. However, at smaller

values of φi, these two valleys merge into one, with 3α = 3α1 + 3α2 = 7. The motion in

this direction describes the later stages of inflation. The greater the value of M , the earlier

this merger takes place, see the description of a similar regime in [7, 8].

Figure 16: The potential Vinfl of the T-model (7.41) with two merging flat directions, with 3α1 = 1 and

3α2 = 6 and µ = 3m, in terms of the canonical variables φ1 and φ2.

This means that for small µ, observational predictions for these model will correspond

either to 3α = 1 or to 3α = 6, depending on initial conditions, but for large µ the last

stages of inflation will be described by the single field model with 3α = 7.

A similar result applies also for merger of directions with 3α1 = 2 and 3α2 = 5, or with

3α1 = 3 and 3α2 = 4. In all of these cases the effective value of α after the merger is given

by its maximal number 3α = 7 corresponding to a single flat direction with Zi = Z̄i = Z

for all i.
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8 Observational consequences: Inflation and dark energy

The CMB targets for the future B-mode detectors were discussed recently in [9], in particular

with regard to α-attractor inflationary models [44]. These models lead to 7 discrete

benchmark points [6–8] for inflationary observables ns, tilt of the spectrum, and r, a ratio

of tensor to scalar fluctuations during inflation.

ns
<latexit sha1_base64="fhU2agvCoNeyHG1PPJREc4f0e+4=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4CkkabHsrePFY0X5AG8pmu2mXbjZhdyOU0p/gxYMiXv1F3vw3btoKKvpg4PHeDDPzwpQzpR3nw1pb39jc2i7sFHf39g8OS0fHbZVkktAWSXgiuyFWlDNBW5ppTruppDgOOe2Ek6vc79xTqVgi7vQ0pUGMR4JFjGBtpFsxUINS2bF91/PrVZSTWrXu56RyWfM85NrOAmVYoTkovfeHCcliKjThWKme66Q6mGGpGeF0XuxniqaYTPCI9gwVOKYqmC1OnaNzowxRlEhTQqOF+n1ihmOlpnFoOmOsx+q3l4t/eb1MR7VgxkSaaSrIclGUcaQTlP+NhkxSovnUEEwkM7ciMsYSE23SKZoQvj5F/5O2Z7sV27vxy43OKo4CnMIZXIALVWjANTShBQRG8ABP8Gxx69F6sV6XrWvWauYEfsB6+wTjF45G</latexit>

Figure 17: α-attractor inflationary models benchmarks originating from M-theory and octonions, as

derived here in sec. 4 and as plotted in [9]. The simplest T-models derived here in sec. 7.3 are shown on

the left, the simplest E-models , derived in sec. 7.2 are on the right panel. The 7-disk model [6–8] allows 7

discrete values: 3α = 7, 6, 5, 4, 3, 2, 1. The predictions are shown for the number of e-foldings in the range

50 < Ne < 60.
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Figure 18: This is a figure A.2 from the Astro2020 APC White Paper LiteBIRD: an all-sky cosmic

microwave background probe of inflation with a forecast of Litebird constraints in the ns - r plane [72].

The 7 purple lines in the figure, were derived in this paper using M-theory compactified on G2 holonomy

manifolds, octonions, Fano plane and error correcting codes.

These benchmark points were plotted in the ns - r plane in Fig. 9 in [9]. We reproduce this
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figure here in Fig. 17.

ns ≈ 1− 2

Ne
r ≈ 3α

4

N2
e

. (8.1)

Here Ne ≈ 55 is the number of e-foldings of inflation. There is no significant dependence on

the properties of a potential due to an attractor behavior of the theory. The future cosmic

microwave background (CMB) missions [47–53] will map polarized fluctuations in the search

for the signature of gravitational waves from inflation. In particular, LiteBIRD is designed

to discover or disfavor the best motivated inflation models which were presented in Fig. A.2

of LiteBIRD [72], which we reproduce here in our Fig. 18. It is important here that in

single modulus α-attractor inflationary models [44] the prediction for observable r depends

only on the parameter 3α, which enters in the Kähler potential as K = −3α log(T + T̄ ).

In this paper we have shown that the upper benchmark for α-attractor inflationary E-

model with 3α = 7 has a simple relation to octonions. The fact that G2 is the automorphism

group of the octonions was known since 1914 [22]. Here we have found that the octonions

give us a powerful tool for constructing superpotentials for compactification of M-theory on

manifolds with G2 holonomy and enforcing N = 1 supersymmetric minima.

In particular, we have found that it is easy to use Cartan-Schouten-Coxeter conven-

tions [20, 21], the corresponding Fano plane for example in Fig. 3, and the cyclic Hamming

(7,4) error correcting code in Figs. 5. All these relations, starting with associative octonion

triads, codewords, quadruples and superpotential are shown in eq. (4.8). Analogous su-

perpotentials leading to the same cosmological models can be obtained for any of the 480

octonion conventions.

In all these cases we found that the 7-moduli model in M-theory compactified on a

7-tori with G2 holonomy has a Minkowski vacuum with 1 flat direction and the resulting

single modulus Kähler potential K = −7 log(T + T̄ ). In such case, the prediction (when

the flat direction is uplifted and the proper cosmological model is constructed in Sec. 7) for

Ne ≈ 53 is

ns ≈ 1− 2

Ne
, r ≈ 7

4

N2
e

≈ 10−2 . (8.2)

This is the top red line in Fig. 17 and the top purple line in Fig. 18. If gravitational

waves from inflation are detected at the level close to r ≈ 10−2, one will be able to associate

this fact with M-theory cosmology and G2 symmetry of octonions.

The benchmarks below the top one, with 3α = 6, 5, 4, 3, 2, 1 were also studied in

this paper. The corresponding superpotentials were obtained by dropping some terms

corresponding to certain codewords in the cyclic Hamming (7,4) code. We have found

that the 7-moduli model in M-theory compactified on a 7-tori with G2 holonomy has a

Minkowski vacuum with two flat directions and with one of the following Kähler potentials:

K = −6 log(T(1) + T̄(1)) − log(T2 + T̄2), K = −5 log(T1 + T̄1) − 2 log(T2 + T̄2), and K =

−4 log(T1 + T̄1) − 3 log(T2 + T̄2). It is explained in Sec. 6 how the models with 3α =

6, 5, 4, 3, 2, 1 can be obtained starting with these Kähler potentials. These models have G2

symmetry broken in a specific way, but they still originate from octonionic superpotentials.
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To summarize, in in Sec. 7 of this paper we have built cosmological models with

3α = 7, 6, 5, 4, 3, 2, 1, which are now directly related to the 7-moduli M-theory model and

7 octonions with their G2 automorphism symmetry, and (7,4) Hamming error correcting

codes.

We also stress here that some of these benchmark points with 3α < 7 can have a

different origin. For example, the case 3α = 3 is a feature of the Starobinsky model [73],

the Higgs inflation model [74, 75], and the conformal inflation model [76]. The case 3α = 6

is the feature of the string theory fibre inflation model [77, 78]. The case 3α = 1 is the

lowest benchmark point of these 7 targets, the black line in Fig. 17 and the bottom purple

line in Fig. 18. This model is known to represent the maximal superconformal theory in 4

dimensions [79, 80] with a single complex scalar and K = − log(T + T̄ ). In this case the

prediction for N ≈ 60 is

ns ≈ 1− 2

N
, r ≈ 4

N2
≈ 10−3 . (8.3)

Meanwhile, in this paper we found that the benchmark cosmological models with 3α =

7, 6, 5, 4, 3, 2, 1 all have a natural origin in M-theory compactified on a manifold with G2

holonomy. Therefore they are associated with octonions, whose automorphism group is G2.

These benchmarks are targets for future detection of primordial gravitational waves.

According to the latest Planck results [46], α-attractor models [44] are in good agreement

with data available now, in particular for discrete set of values for 3α = 7, 6, 5, 4, 3, 2, 1

motivated by maximal supersymmetry. More recently we have learned that the cosmological

α-attractor models can be used in the context of dark energy models, especially interesting

in case that future observational data will show the deviation from w = −1 equation of

state. See for example [81], where a dark energy model with 3α = 7 was constructed which

predicts a deviation from cosmological constant with the asymptotic equation of state

w = −0.9. These models will be tested by future dark energy probes including satellite

missions like Euclid.

Quite recently in [82] a proposal was made how to construct early dark energy (EDE)

models based on α-attractors. These models appear to ease the Hubble tension raised by

the discrepancy between low-redshifts distance-ladder measurements and a Hubble constant

H0 determined from cosmic microwave background (CMB) data. It has been noticed in

[82] that their EDE models allow a range for α which also includes the discrete values

3α = 7, 6, 5, 4, 3, 2, 1 motivated by maximal supersymmetry.

It is interesting that in all α-attractor models for inflation, for dark energy and for

early dark energy, kinetic terms are always the same, defined by K = −3α log(T + T̄ ).

We discussed in this paper how this feature is derived from M-theory compactified on

G2 manifold with maximal supersymmetry spontaneously broken to the minimal N = 1

supergravity with octonion superpotentials WO.

In the fundamental part of the model with a flat direction, the parameters are MPl

in 4d and the scale of the compactified manifold. We added to the fundamental models
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a phenomenological N = 1 supergravity potential V so that these models agree with

the observational data. The phenomenological plateau potentials slightly deforming a

flat direction have the following energy scale: Vinfl ≈ 10−10M4
Pl, VEDE ≈ 10−110M4

Pl,

VDE ≈ 10−120M4
Pl, for inflation, for the EDE and for the current acceleration caused by

dark energy or cosmological constant, respectively. They show the deviation from the

core fundamental M-theory at some very small scales. It would be very important to get

the future cosmological data for all these models to see if octonions might be relevant to

cosmology.

9 Summary of the main results

We proposed an octonionic superpotential for the effective 7 moduli N = 1 supergravity

associated with M-theory, compactified on a G2 holonomy manifold with Kähler potential

and superpotential of the form:

K7mod = −
7∑

i=1

log
(
T i + T

i
)
, WO =

1

2
MijT

iT j =

7∑

i=1

T i(T i+2 − T i+1) . (9.1)

The above superpotential is one of the two linearly independent 14-term superpotentials in

Cartan-Shouten-Coxeter convention given in equation (4.32). A significant formal part of

the paper explains the derivation of the superpotential for any of the octonion conventions,

relation between Fano planes, error correcting codes and superpotentials.

An important fact here is the existence of 480 different conventions for octonion

multiplication. We have found that the octonion conventions other than Cartan-Shouten-

Coxeter convention lead to superpotentials different from the ones in eq. (9.1). Therefore we

have carefully examined these different conventions, described the relations between them

and studied how these different choices affect the physical results. We have found that the

eigenvalues of the matrix Mij defining the superpotential are the same for all conventions,

reflecting simply the fact that they differ from (9.1) by a change of variables consistent

with the symmetries of the supergravity Lagrangian. Accordingly, the vacuum structure

resulting from our octonion superpotentials is the same for all 480 octonion conventions.

This universality of the physical results, despite apparently different superpotentials for

various octonion conventions, is one of the nontrivial results of our investigation.

The model in eq. (9.1) as well as the ones for all other 480 octonion conventions have

a Minkowski vacuum with one flat direction. It is the basis for the cosmological models

constructed in Sec. 7. When we use error correcting codes to drop some terms from the

superpotential, we find Minkowski vacua with two flat directions. All these models after

the phenomenological potential is added lead to observable predictions, associated with the

set of B-mode targets for α-attractors.

The new feature of our cosmological models is the fact that the total potential with
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octonionic superpotentials along the inflaton direction with T = T̄ is given by

V = F (T, T̄ )
(

1 +
|Woct|2
W 2

0

)
+

7∑

i=1

(T i + T̄ i)2|∂iWoct|2. (9.2)

The derivation in a more general case is given in eq. (7.11). Along the supersymmetric

Minkowski flat directions we have Woct = ∂iWoct = 0. Therefore the full expression for the

inflaton potential is given by

V = F (T, T̄ ) = Λ + Vinfl(T, T̄ ). (9.3)

This is a remarkable simplification. The inflaton dynamics is completely independent on the

detailed structure of the full M-theory potential. The only information about this potential

that is important for cosmological applications is the identification of its supersymmetric

Minkowski flat directions.

Observational predictions of α-attractors are very stable with respect to the choice of

the phenomenological potential Vinfl(T, T̄ ), they are mostly determined by the M-theory

related kinetic terms for the inflaton fields corresponding to these flat directions,

K = −m log
(
T(1) + T (1)

)
− n log

(
T(2) + T (2)

)
(9.4)

with m = 0, n = 7;m = 1, n = 6;m = 2, n = 5;m = 3, n = 4. This clarifies the relation

between B-mode targets and M-theory compactified on a G2 holonomy manifold. Inflation

along various flat directions with these kinetic terms leads to 3α = 7, 6, 5, 4, 3, 2, 1 and

therefore to 7 possible values of the tensor to scalar ratio r = 12α/N2
e in the range

10−2 & r & 10−3, which should be accessible to future cosmological observations.
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A Octonionic Superpotentials in Common Conventions

In this appendix using the general construction outlined in section 5.1 we will give superpo-

tentials in various octonion conventions involving the structure constants of octonions such

that they can be written as a sum of seven terms of the form
∑

(T i − T j)(T k − T l)
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with each term corresponding to a line in the Fano plane, and that lead to a Minkowski

vacuum with one modulus. This Fano plane in turn will be related to the codewords in the

Hamming code (7,4) as was done for the CSC labelling in Sec. 4.

The general formula for the superpotential given in equation 5.3 involves the cyclic

permutation operator P that generates the cyclic group Z7. For the Gunaydin-Gursey

(GG) [23] labelling of the real octonions the operator P is PGG = (1243657). For Cartan-

Schouten-Coxeter (CSC) labelling [20, 21] the operator P is simply PC = (1234567). For the

Cayley-Graves labelling of octonions the cyclic permutation operator is PCG = (1245736).

A.1 Cartan-Schoutens-Coxeter convention

Let us now apply this general formalism to the octonions in CSC conventions with cyclic

permutation operator PCSC = (1234567). Let us choose the associative triad (124) and its

permutations to label the superpotentials. Applying the rules explained in section 5.1 we

get the superpotential

WCSC(124) =
6∑

r=0

(PCSC)rf124(T 5 − T 6)(T 3 − T 7) (A.1)

=
6∑

n=0

fn+1,n+2,n+4fn+1,n+3,n+7fn+1,n+5,n+6(Tn+3 − Tn+7)(Tn+5 − Tn+6)

WCSC(241) =
6∑

r=0

(PCSC)rf241(T 3 − T 5)(T 6 − T 7) (A.2)

=
6∑

n=0

fn+1,n+3,n+7fn+1,n+2,n+4fn+1,n+5,n+6(Tn+2 − Tn+4)(Tn+5 − Tn+6)

WCSC(412) =

6∑

r=0

(PCSC)rf412(T 5 − T 7)(T 6 − T 3) (A.3)

=

6∑

n=0

fn+1,n+5,n+6fn+1,n+2,n+4fn+1,n+3,n+7(Tn+2 − Tn+4)(Tn+3 − Tn+7).

Explicitly we have

WCSC(124) = (T 4 − T 1)(T 6 − T 7) + (T 5 − T 2)(T 7 − T 1) + (T 6 − T 3)(T 1 − T 2)

+(T 7 − T 4)(T 2 − T 3) + (T 1 − T 5)(T 3 − T 4)

+(T 2 − T 6)(T 4 − T 5) + (T 3 − T 7)(T 5 − T 6), (A.4)

WCSC(241) = (T 2 − T 4)(T 5 − T 6) + (T 3 − T 5)(T 6 − T 7) + (T 4 − T 6)(T 7 − T 1)
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+(T 5 − T 7)(T 1 − T 2) + (T 6 − T 1)(T 2 − T 3)

+(T 7 − T 2)(T 3 − T 4) + (T 1 − T 3)(T 4 − T 5), (A.5)

WCSC(412) = (T 4 − T 1)(T 3 − T 5) + (T 1 − T 3))(T 2 − T 6) + (T 5 − T 2)(T 4 − T 6)

+(T 2 − T 4)(T 3 − T 7) + (T 6 − T 3)(T 5 − T 7)

+(T 1 − T 5)(T 7 − T 2) + (T 6 − T 1)(T 7 − T 4). (A.6)

These three superpotentials have one modulus and their spectra are identical and satisfy

WCSC(124) +WCSC(241) +WCSC(412) = 0. (A.7)

So far we have preserved the set of associative triads. Some additional superpoten-

tials can be easily obtained when the odd permutations of the triad (124), namely

WCSC(142),WCSC(214) and WCSC(421) is performed. This operation leads to a specific

change of octonion conventions, as we explained in Sec. 5.

The superpotentials from odd permutations are however not independent of the ones

given above and are related as follows:

WCSC(124) = −WCSC(142),

WCSC(241) = −WCSC(214),

WCSC(412) = −WCSC(421). (A.8)

If one writes the superpotential W (kij) in terms of a matrix W(kij) defined by

W (kij) = V TW(kij)V (A.9)

where V T = (T 1, T 2, T 3, T 4, T 5, T 6, T 7) one finds that the matrices W(kij),W(ijk) and

W(jki) all have the same eigenvalues, namely one zero eigenvalue and three doubly degen-

erate non-zero eigenvalues.

A.2 Gunaydin-Gursey convention

Consider the octonion multiplication in Günaydin-Gürsey convention [23] with structure

constants in eq. (B.3). The cyclic permutation operator in this case is

PGG = (1243657). (A.10)

It defines the order of vertices on the heptagon in Fig. 19. Note that given an associative

triad , say (165), one can label the superpotential WGG(165) by any of the triads in the

orbit of (165) under the action of the Abelian group generated by the cyclic permutation

operator PGG:

T1 = {(165), PGG(165) = (257), P 2
GG(165) = (471), P 3

GG(165) = (312), P 4
GG(165) = (624),
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P 5
GG(165) = (543), P 6

GG(165) = (736)}. (A.11)

We show this in Fig. 19.

12

4

3

6

5

7

Figure 19: The clockwise oriented heptagon for Gunaydin-Gursey octonions. The order is in agreement

with PGG = (1243657). The first triad 123 is shown by red arrows. The second will be 257 as we can see

from the figure, etc.

Given the associative triad (165) in GG convention its associated quadruple is (4723)

and we obtain the superpotential

WGG1 ≡ WGG(165) =

6∑

n=0

(PGG)n{f165(T 4 − T 7)(T 2 − T 3)}

= f165f147f123(T 4 − T 7)(T 2 − T 3) + f257f231f246(T 3 − T 1)(T 4 − T 6)

+f471f462f435(T 6 − T 2)(T 3 − T 5) + f312f354f367(T 5 − T 4)(T 6 − T 7)

+f624f673f651(T 7 − T 3)(T 5 − T 1) + f543f516f572(T 1 − T 6)(T 7 − T 2)

+f736f725f714(T 2 − T 5)(T 1 − T 4). (A.12)

Now since all fijk in cyclic order (ijk) are equal to 1, we have

WGG1 ≡WGG(165) = (T 4 − T 7)(T 2 − T 3) + (T 3 − T 1)(T 4 − T 6)

+(T 6 − T 2)(T 3 − T 5) + (T 5 − T 4)(T 6 − T 7) + (T 7 − T 3)(T 5 − T 1)

+(T 1 − T 6)(T 7 − T 2) + (T 2 − T 5)(T 1 − T 4). (A.13)

One can write the superpotential WGG1 as

WGG1 = V T (MGG1)V (A.14)

where V T = (T 1, T 2, T 3, T 4, T 5, T 6, T 7). The matrix MGG1 is symmetric with zeros along

the diagonal and has a sum of terms in each horizontal line vanishing, as necessary for
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Minkowski vacua.

MGG1 =




0 0 1 −1 −1 1 0

0 0 −1 0 1 1 −1

1 −1 0 0 −1 0 1

−1 0 0 0 1 −1 1

−1 1 −1 1 0 0 0

1 1 0 −1 0 0 −1

0 −1 1 1 0 −1 0




. (A.15)

The matrix MGG1 has one zero eigenvalue corresponding to a Minkowski ground state and

three non-zero degenerate eigenvalues given by the roots of the cubic equation as discussed

in other cases of octonion superpotentials.

By permuting indices of the triads in (A.11) such that (kij) → (ijk) and reordering

them so that the first triad is (123) we obtain another superpotential. The following set of

triads are in the orbit of (123) under the Abelian group generated by PGG

T2 = {(123), (246), (435), (367), (651), (572), (714)}. (A.16)

Summing over the set of triads (A.16) in the formula (5.3) we get another superpotential,

different from WGG1, which we label as WGG2

WGG2 ≡WGG(123) = (T 6 − T 5)(T 4 − T 7) + (T 3 − T 1)(T 5 − T 7)

+(T 6 − T 2)(T 7 − T 1) + (T 1 − T 2)(T 5 − T 4) + (T 2 − T 4)(T 7 − T 3)

+(T 1 − T 6)(T 4 − T 3) + (T 3 − T 6)(T 2 − T 5). (A.17)

One finds that the eigenvalues of the matrix MGG2 of the superpotential WGG2 coincide

with those of MGG1.

Similarly by permuting the indices (kij)→ (jki), in the set (A.11) and reordering the

resulting triads we get another ordered set of triads

T3 = {(147), (231), (354), (462), (516), (673), (725)}. (A.18)

By summing over the triads (A.18) in (5.3) we get the third superpotential

WGG3 ≡WGG(231) = (T 4 − T 6)(T 5 − T 7) + (T 6 − T 5)(T 2 − T 3)

+(T 1 − T 2)(T 6 − T 7) + (T 3 − T 5)(T 7 − T 1) + (T 7 − T 2)(T 4 − T 3)

+(T 2 − T 4)(T 5 − T 1) + (T 3 − T 6)(T 1 − T 4). (A.19)

Again one finds that the eigenvalues of the associated matrix MGG3 are identical to those

of MGG1.
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By odd permutation of the associative triads (kij)→ (ikj), (kij)→ (jik) and (kij)→
(kji) we obtain the following sets of triads which correspond to a different set of octonion

notation:

T4 = {(132), (264), (453), (376), (615), (527), (741)} (A.20)

T5 = {(213), (426), (345), (637), (561), (752), (174)} (A.21)

T6 = {(321), (642), (534), (763), (156), (275), (417)}. (A.22)

Inserting the resulting reordered triads in (5.3) one obtains three superpotentials which we

label as WGG4,WGG5 and WGG6.

−WGG4 = (T 4 − T 2)(T 3 − T 7) + (T 3 − T 4)(T 6 − T 1) + (T 5 − T 6)(T 7 − T 4) (A.23)

+(T 6 − T 3)(T 5 − T 2) + (T 1 − T 7)(T 2 − T 6) + (T 7 − T 5)(T 1 − T 3) + (T 2 − T 1)(T 4 − T 5)

−WGG5 = (T 6 − T 4)(T 7 − T 5) + (T 5 − T 3)(T 1 − T 7) + (T 1 − T 5)(T 4 − T 2) (A.24)

+(T 7 − T 6)(T 2 − T 1) + (T 4 − T 1)(T 6 − T 3) + (T 2 − T 7)(T 3 − T 4) + (T 3 − T 2)(T 5 − T 6)

−WGG6 = (T 7 − T 4)(T 3 − T 2) + (T 1 − T 3)(T 6 − T 4) + (T 4 − T 5)(T 7 − T 6) (A.25)

+(T 2 − T 6)(T 5 − T 3) + (T 6 − T 1)(T 2 − T 7) + (T 3 − T 7)(T 1 − T 5) + (T 5 − T 2)(T 4 − T 1)

The above superpotentials are however not all independent. It is easy to check that

WGG1 +WGG2 +WGG3 = 0 , WGG4 +WGG5 +WGG6 = 0 . (A.26)

Furthermore

WGG3 = −WGG5 , WGG2 = −WGG4 , WGG1 = −WGG6 . (A.27)

Therefore out of six superpotentials defined by a triad and its permutations as given by

equation (5.3) only two of them are linearly independent.

A.3 Cayley-Graves octonions

The cyclic permutation operator is PCG = (1245736) Acting on the associative triad (123)

one generates the following triads: (123), (246), (451), (572), (734), (365), (617). We show

this in Fig. 20.
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Figure 20: The clockwise oriented heptagon for Cayley-Graves conventions. The order is in agreement

with PCG = (1245736). The first triad 123 is shown by red arrows. The second will be 246 as we can see

from the figure, etc.

With this information at hand we can produce an example of the general formula (5.3)

for the Cayley-Graves octonions:

WCG(123) =

6∑

n=0

(PGG)n{f123(T 4 − T 5)(T 7 − T 6)}

= f123f145f176(T 4 − T 5)(T 7 − T 6) + f246f231f257(T 3 − T 1)(T 5 − T 7)

+f451f462f473(T 6 − T 2)(T 7 − T 3) + f572f514f536(T 1 − T 4)(T 3 − T 6)

+f734f761f725(T 6 − T 1)(T 2 − T 5) + f365f312f347(T 1 − T 2)(T 4 − T 7)

+f617f624f653(T 2 − T 4)(T 5 − T 3). (A.28)

Explicitly we have

WCG(123) = (T 4 − T 5)(T 7 − T 6) + (T 3 − T 1)(T 5 − T 7) + (T 6 − T 2)(T 7 − T 3) (A.29)

+(T 1 − T 4)(T 3 − T 6) + (T 6 − T 1)(T 2 − T 5) + (T 1 − T 2)(T 4 − T 7) + (T 2 − T 4)(T 5 − T 3).

By cyclic permutation of the defining triad one can define another superpotential labelled

by the triad (176):

WCG(176) = (T 2 − T 3)(T 4 − T 5) + (T 4 − T 6)(T 5 − T 7) + (T 1 − T 2)(T 6 − T 5) (A.30)

+(T 5 − T 1)(T 7 − T 3) + (T 7 − T 2)(T 3 − T 6) + (T 2 − T 4)(T 1 − T 7) + (T 3 − T 4)(T 6 − T 1).

B Relations between most commonly used octonion conventions

We present here relations between most commonly used octonion conventions. These can be

transferred to relation between moduli in case that there is no sign flip between octonions,

since the real part of moduli is positive.
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


CSC GG

1 1

2 2

3 4

4 3

5 6

6 5

7 7







RCSC CG

1 4

2 6

3 5

4 1

5 7

6 2

7 3




(B.1)

In the first group in eq. (B.1) we compare Cartan-Schouten-Coxeter conventions

[20, 21] with Gunaydin-Gursey conventions [23]. In the second group in eq. (B.2) we

compare Reverse-Cartan-Schouten-Coxeter notations with Cayley-Graves notations. Both

involve no flip of the sign of any octonions. Therefore we can use these relations to change

variables in the Cartan-Schouten-Coxeter type superpotential to get the superpotential in

Gunaydin-Gursey conventions, and in Reverse-Cartan-Schouten-Coxeter notations to get

the Cayley-Graves superpotential.




OK GG

1 1

2 2

3 4

4 3

5 6

6 5

7 −7







CSC CG

1 1

2 2

3 5

4 3

5 7

6 6

7 −4




(B.2)

In the second group in eq. (B.2) the relabeling of moduli requires the sign change and we do

not use if for generating new superpotentials. We can avoid the need to use them since, as

we see in examples in eq. (B.1), we can start with superpotentials in CSC conventions and

generate 240 additional ones, including the Gunaydin-Gursey case, and with superpotential

in RCSC conventions and generate the other group of 240 superpotentials, including

Cayley-Graves case, without flipping signs of the moduli.

B.1 From Cartan-Schouten-Coxeter to Gunaydin-Gursey superpotential

Here we explain how eqs. (B.1), (B.2) were derived.

The choice of triads in [23] is

fGG
ijk = +1 for {ijk} = {(123), (435), (516), (624), (572), (471), (673)}. (B.3)
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FIG.!. 

exist only four different composition algebras over the 
real or complex number fields. These are the real num-
bers R of dimension 1, complex numbers C of dimension 
2, quaternions H of dimension 4, and octonions 0 of di-
mension 8. Of these algebras, the quaternions H are not 
commutative and the octonions 0 are neither commuta-
tive nor associative. l9 A composition algebra is said 
to be a division algebra if the quadratic form Q is aniso-
tropic i.e., 

if Q(x) == 0 implies that x == o. 
Otherwise the algebra is called split. 
Assuming that the reader is familiar with the alge-

bras R, C, and H, we shall review briefly the properties 
of octonion algebra 0 20 (sometimes called the Cayley 
algebra). 

A basis for the real octonion 0 will contain eight ele-
ments including the identity 

1, e A> A == 1, ... ,7, where == - 1. 

For later application to the 8U(3) symmetry in parti-
cle physics, we label the elements e A such that they 
satisfy the following multiplication table: 

and 

more conCisely, 

(2.2) 

FIG. 2. 
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where a ABC is totally antisymmetric and 

a ABC == + 1 for ABC == 123, 516,624,435,471,673, 572. 

Note here the cyclic symmetry obtained by ordering 
seven points clockwise on a circle with the numbering 
(1243657) as given in Fig. 1. Then a triangle ABC is 
obtained from (123) by 6 successive rotations of angle 
211/7. In Fig. 1 the elements corresponding to the cor-
ners of the triangle form a basis of a quaternion subalge-
bra (together with the identity element). Another con-

way of representing the multiplication table by 
smglmg out one of the elements is provided by the tri-
angular diagram given in Fig. 2, where arrows show the 
directions along which the multiplication has a positive 
sign, e.g. 

From the above multiplication table it is clear that 
the algebra 0 is not associative. Yet it satisfies a weak-
er condition than associativity, namely alternativity, Le., 
the associator [x, y, z] of the elements x, y, z defined as 

[x, y, z] == (xy)z - x(yz) (2.3) 

is an alternating function of x, y, z: 

[x,y,z] == [z,x,y] == [y,z,x] == - [y,x,z) == - [x,z,y]. 

This property if trivially satisfied by associative alge-
bras R, C, and H. 

The octonion algebra 0 with the above basis con-
Sidered over the real numbers R is a division algebra 
with the quadratic form Q defined by 

Q(x) == xx == xx, 

where x is the octonion conjugate of x obtained by re-
plaCing e A in x by - eA' 

This quadratic form is also called the norm form and 
denoted by N(x). Then 

7 
N(x) == xx == xx == + (2.4) 

A=l 

For the split oct onion algebra we choose the following 
basis: 

U! == tee! + ie 4), 
u 3 == t(e 3 + ie s), 
ui == t(el - ie 4 ), 

uj == t(e 3 - ie s), 

U2 == t(e 2 + ie5 ), 

U o == t(l + ie 7 ) 

U2 == t(e 2 - ie 5 ), 

u('j == t(l - ie 7 ), 

where i == .J- 1 and is assumed to commute with all eA' 
These basis elements satisfy the multiplication table: 

i,j,k == 1,2,3, 

ujuj == €ijkUk' 
ujuj == - 6 ijuO' U1Uj == - 6 iju('j, 
uiUO == 0, uiu('j == up uluo == uf, utu('j = 0, 

UOUj==U i , u('ju j == 0, u oUl == 0, uouf == uf, 

== uO' u('j2 == UO' uouO == uOuo == O. 

Introduction

Fig. 1.1 Multiplication table for octonion.

we obtain

(1.28)

Introducing the inner product by

< e^\ev > = S^v (//, v = 0,1,2,.. . , 7), (1-29)

we write Eq. (1.28) as the composition law Eq. (1.13) again, that is,

< x\x >< y\y > = < xy\xy >, (1.30)

since

and so on.
We can also rewrite Eqs. (1.25) as follows:

ejek = -Sjke0 (1.31)

for j9 k = 1,2,..., 7, where the fjM are totally anti-symmetric in j , /c, and/,
with values 1, 0, —1 just as is the Levi-Civita symbol e^ for the
quaternion case. Moreover, j ^ = +1 for jk/ = 123, 516, 624, 435,
174, 376, 275. We can depict this fact graphically45 as in Fig. 1.1. Note
that our definition of e-i differs in sign from the one given by Giinaydin
and Gursey.5

We note that octonion algebra is not associative, that is, the associative
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Figure 21: An oriented Fano plane in [29] for octonions in [20, 21] is the starting point at the very left

of the Figure. We rotate is so that the lower left corner becomes the upper vertex of the triangle, this gives

the Fano plane in the middle. The orientation of all lines remains the same. The Fano plane at the right is

the one taken from [23]. It is clear that relabeling the indices as 3↔ 4, 5↔ 6, we can bring the Fano plane

in the middle to the one on the right.

These octonions are related to the ones in [20, 21], and shown here in eq. (2.2), by

relabeling

3↔ 4, 5↔ 6. (B.4)

To explain this it is useful to start with the Cartan-Schouten-Coxeter Fano plane in the

form given by [29] and first rotate it counter-clockwise, as we show in Fig. 21. The rotated

Fano plane, in the middle of the figure, preserves all orientation of the 7 lines, one can see

that Fano planes at the left and at the right have the same orientation. Therefore, one can

now easily compare the Fano plane in the middle with the Gunaydin-Gursey Fano plane

[23], which is at the right of the Fig. 21. The superpotential for GG conventions is now

derived from WOcw using the change of variables in eq. (B.4) and we find

WOGG = (T 2 − T 3)(T 5 − T 6) + (T 3 − T 5)(T 6 − T 7) + (T 3 − T 5)(T 7 − T 1) (B.5)

+(T 6 − T 7)(T 1 − T 2) + (T 5 − T 1)(T 2 − T 4) + (T 7 − T 2)(T 4 − T 3) + (T 1 − T 4)(T 3 − T 6).

It is clear how to get also WO′GG and WO′′GG. One could have instead used the general

formula (5.3) for any set of octonion conventions. In such case, starting from (B.3) one can

get (B.5) directly. We present this derivation in Appendix A.

B.2 From Reverse Cartan-Schouten-Coxeter to Cayley-Graves superpotential

In Fig. 22 we show the Fano planes for Reverse Cartan-Schouten-Coxeter conventions and

for Cayley-Graves octonion conventions. These two Fano planes have the same orientation

on all 7 lines. Therefore a relabeling of indices without any sign flips relates these sets of

octonions. This relation is

eRCSC7 = eCG3 , eRCSC6 = eCG2 , eRCSC5 = eCG7 , eRCSC4 = eCG1 ,
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eRCSC3 = eCG5 , eRCSC2 = eCG6 , eRCSC1 = eCG4 (B.6)

5

3

6

4

17

2

3

7

2

1

45

6

Figure 22: The Fano plane at the left is for RCSC triads 126, 237, 341, 452, 563, 674, 715. At the

right we show the oriented Fano plane for Cayley-Graves octonions, with 123, 145, 624, 653, 725, 734, 176

triads. It has the same orientation for all 7 lines as the one for RCSC. They are related to each other by the

following relabeling from Cayley-Graves to RCSC: 5 to 3, 2 to 6, 7 to 5, 4 to 1, 3 to 7, 6 to 2, 1 to 4.

We take our counterclockwise WOccw in eq. (4.32) and replace 1 ↔ 4, 2 ↔ 6, 3 →
5, 5→ 7, 7→ 3 according to Fig. 22 and we find the Cayley-Graves superpotential

WOccw|RCSC⇒CG = T 4(T 6 − T 1) + T 6(T 5 − T 7) + T 5(T 1 − T 2) + T 1(T 7 − T 3)

+T 7(T 2 − T 4) + T 2(T 3 − T 6) + T 3(T 4 − T 5)⇒WOCG(176) (B.7)

This is to be compared with the formula in eq. (A.31) where the corresponding superpotential

was obtained directly using CG conventions.

We can also take our counterclockwise WO′′ccw in eq. (4.34), use the same change of

variables and get another Cayley-Graves superpotential

WO
′′
ccw|RCSC⇒CG = (T 5 − T 1)T 7 + (T 1 − T 7)T 2 + (T 7 − T 2)T 3 + (T 2 − T 3)T 4

+(T 3 − T 4)T 6 + (T 4 − T 6)T 5 + (T 6 − T 5)T 1 ⇒WOCG(123). (B.8)

This is to be compared with the formula in eq. (A.30) where the corresponding superpotential

was obtained directly using CG conventions.

Thus we see here that one can use any of the two ways of identification of the superpo-

tential for Cayley-Graves type octonions and they produce exactly the same results.

C More on octonion multiplication tables and Fano planes

A useful tutorial on octonions http://www.7stones.com/Homepage/octotut0.html

is presented by Geoffrey Dixon. Some of these properties help us to explain the properties

of octonion superpotentials in our 7-moduli models.
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e1 e2 e3 e4 e5 e6 e7

e1 e7

e2 e1

e3 e2

e4 e3

e5 e4

e6 e5

e7 e6

e1 e2 e3 e4 e5 e6 e7

e1 e6

e2 e7

e3 e1

e4 e2

e5 e3

e6 e4

e7 e5

Table 1: Table on the left is a C(+) table associated with the clockwise heptagon to be

used later in Sec. 4.1. It shows a part of the multiplication table in Fig. 2, where we keep

only the information on associative triads, which makes the pattern of multiplication clear.

For example, we see that e1e3 = e7 etc. On the right there is a table for D(+) associated

with the counterclockwise heptagon to be used later in Sec. 4.2.

From all 480 tables shown in http://tamivox.org/eugene/octonion480/index.html there

are 2 favorite ones, which are called C(+) and D(+). Since all 480 tables were computer

generated, these favorite ones show up as C(+), the one which came as a number 406 out

of 480 and D(+), as a number 145. These are dual to each other, each sharing the same

elegant properties. If one has

eaeb = ±ec , a, b, c = 1, . . . , 7 , ea = ea+7 (C.1)

it implies the index doubling property

e2ae2b = ±e2c , e4ae4b = ±e4c (C.2)

and the index cycling property

ea+keb+k = ±ec+k . (C.3)

We show in Table 1 excerpts from C(+) and D(+) that make the pattern of multiplication

clear.

C(+) set corresponds to octonion multiplication table in Fig. 2, it is a Cartan-Schouten-

Coxeter set [20, 21], associated with the clockwise heptagon in Sec. 4.1. After some

permutations of octonions without sign flips it becomes a Gunaydin-Gursey set [23].

D(+) set corresponds to a set of octonion conventions which we call Reverse-Cartan-

Schouten-Coxeter set, associated with the counterclockwise heptagon in Sec. 4.2. After

some permutations without sign flips it becomes a Cayley-Graves set [18, 19] and with other

permutations without sign flips also an Okubo set [43]. The corresponding Cayley-Graves

octonion multiplication table is shown in Fig. 6.

For our work it is important that starting from C(+) one can get 240 (including the

original C(+)) different tables by permutations alone. It is based on the fact that an even

number of sign changes is accessible via permutations alone. For example, one can change

– 55 –



the signs of some 4 octonions, the remaining 3 belong to associate triads. There are 7

possible changes like that. For octonions in eq. (2.2) we take the 1st triads 124, and flip

the signs of 3,5,6,7. But since the triads are not changed, it means that these 4 sign flips

can be compensated by some permutations without sign flips. This explains why, given a

multiplication table of octonions, the corresponding Fano plane is not unique.

1

6

5

7

32

4

Figure 23: An oriented Fano plane corresponding to Fig. 1 in [21]. The difference with a Fano plane in

[29], shown in Fig. 3 here, includes a relabeling of some points as well as opposite direction of 4 arrows. But

these two Fano planes are for the same octonion multiplication table in Fig. 2.

For example, the original Fano plane in [21] shown in Fig. 23 for the same set of triads

is different from the one in [29] shown in Fig. 3. The difference includes the opposite

orientation of 4 lines, as well as relabeling.

In general, one finds that oriented Fano planes with reversed orientation of even number

of lines, can be presented in the form with the standard orientation. An example is given

in Figs. 3, 23, 24.

We can read the associative triads from all 3 Fano planes in Fig. 3, in Fig. 23 and in

Fig. 24. They are always the same, up to recycling in each triad.

(124), (235), (346), (457), (561), (672), (713) (C.4)

The relation between these Fano planes is realized as follows. From Fig. 3 to Fig. 23 we

have a relabeling 6↔ 1, 3↔ 2 and the change of 4 directions. From Fig. 3 to Fig. 24 we

have a relabeling as well as 2 sign flips

6→ −1 3→ −2 1→ 6 2→ 3 (C.5)

Starting from C(+) one can get 240 (including C(+)) different tables by permutations alone,

without sign flips.
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-1

6

5

7

3-2

4

Figure 24: An oriented Fano plane corresponding to Fig. 23, where we have flipped the signs on 1 and

on 2. Simultaneously we have flipped the direction of the red arrows in Fig. 23 when the line has an odd

number of sign changes. This Fano plane is for the same octonion multiplication table in Fig. 2.

D From cyclic to non-cyclic Hamming code

Here we will show an explicit transformation from Cayley-Graves octonions to Cartan-

Schouten-Coxeter notation and that it also relates cyclic to non-cyclic Hamming codes.

ei =

7∑

k=1

Tik jk (D.1)

or

e = T j (D.2)

T =




1 0 0 0 0 0 0

0 1 0 0 0 0 0

0 0 0 0 1 0 0

0 0 1 0 0 0 0

0 0 0 0 0 0 1

0 0 0 0 0 1 0

0 0 0 −1 0 0 0




. (D.3)

The two bases ji and ei are related by a rotation operator T , which involves a permutation

of octonions, including a sign flip. Here T is an orthogonal matrix TT T = 1. This is an

example of a permutation of octonions with a sign flip.

We will now show that the the original, non-cyclic Hamming code in Fig. 4, or in eq.

(2.9) which shows just a 7 codewords, and the cyclic Hamming code in Fig. 5 are related by

the same rotation T . Let us denote the entries of the original, non-cyclic Hamming code as

hi

[h1 . . . h7]⇒ 1110000, 1001100, 0101010,

0010110, 0100101, 0011001, 1000011 (D.4)
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and the entries of the cyclic Hamming code as ci.

[c1 . . . c7]⇒ 1101000, 0110100, 0011010,

0001101, 1000110, 0100011, 1010001. (D.5)

Then one finds

hi =

7∑

k=1

Tik ck , ci =

7∑

k=1

Tki hk (D.6)

or

h = T c , c = T T h. (D.7)

This means that the rotation operator T in eq. (D.3) acts on a code as follows:

[h1 . . . h7] =⇒ [c1 . . . c7]. (D.8)

For each codeword it means

1110000 −→ 1101000

1001100 −→ 0110100

0101010 −→ 0011010

0010110 −→ 000110− 1

0100101 −→ 1000110

0011001 −→ 010001− 1

1000011 −→ 101000− 1. (D.9)

Note that since Fano plane is a projective plane10 over a field of characteristic two, we have

−1 = +1 (mod 2). The right hand side of eq. (D.9) becomes a set of 7 codewords of a

cyclic code

1101000, 0110100, 0011010, 0001101, 1000110, 0100011, 1010001. (D.10)

Modulo this subtlety we see that the cyclic codewords and original Hamming codewords

are related by a rotation which involves a permutation of octonions, including a sign flip.

One can also relate the cyclic Hamming codewords (c1....c7)C to the non-cyclic Hamming

codewords (h1....h7)H by the action of the permutation operators TP = (1)(2)(6)(3574) :

TP (1101000)C = (1110000)H

10See also [30] where the relevant issues of quantum information, Galois fields, finite geometry, Fano plane

and cyclic binary Hamming (7,4) code are discussed in detail.
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TP (0110100)C = (0100101)H
TP (0011010)C = (0010110)H
TP (0001101)C = (0011001)H
TP (1000110)C = (1000011)H
TP (0100011)C = (0101010)H
TP (1010001)C = (1001100)H . (D.11)

E Octonions and dS vacua stabilization in M-theory

In this paper we mainly concentrated on finding supersymmetric flat directions in M-

theory, and the benchmark cosmological models with 3α = 7, 6, 5, 4, 3, 2, 1. However, in

addition to it, our results, in combination with the nonperturbative corrections to the

superpotential studied in [13, 83, 84], provide us with a simple analytical method to find

local supersymmetric Minkowski vacua, which can be uplifted to metastable dS vacua.

Consider, for example, the M-theory superpotential W oct =
∑
{ijkl}(T

i − T j)(T k − T l)
(1.2) in combination with the nonperturbative racetrack superpotential WKL(T 1) = W0 +

Ae−aT
1 −Be−bT 1

used in the KL mechanism of vacuum stabilization [85]:

W = W oct +WKL(T 1) =
∑

{ijkl}
(T i − T j)(T k − T l) +W0 +Ae−aT

1 −Be−bT 1
. (E.1)

where

W0 = −A
(
aA

bB

) a
b−a

+B

(
aA

bB

) b
b−a

. (E.2)

The octonion superpotential W oct and all of its derivatives vanish along the flat direction

T i = T j , ImT i = 0. Meanwhile the superpotential WKL(T 1) and all of its derivatives

vanish for all T i = T j , ImT i = 0, but only at the point

T 1 =
1

a− b

(
ln
aA

bB

)
. (E.3)

Therefore the point where all T i are equal to each other,

T i =
1

a− b

(
ln
aA

bB

)
, (E.4)

is the only point where the full superpotential W and its derivatives vanish. This means

that this point corresponds to the local supersymmetric Minkowski vacuum, which can be

uplifted to a metastable dS vacuum following [13, 83–85]. The same result can be obtained

if one uses the KL superpotential WKL(T i) with respect to any other superfield T i.
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