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Weproposeanddemonstrateamethodformeasuringthetimeevolutionoftheoff-

diagonalelementsρn,n+k(t)ofthereduceddensitymatrixobtainedfromthequantum

theoryofthelaser.Thedecayratesoftheoff-diagonalmatrixelementρn,n+k(t)(k=2,3)

aremeasuredforthefirsttimeandcomparedwiththatofρn,n+1(t),whichcorrespondsto

thelinewidthofthelaser.TheexperimentalresultsagreewiththeScully-Lambquantum

theoryofthelaser.

Keywords:highordercoherence,quantumtheoryofthelaser,spectrallinedistribution,densitymatrix,heterodyne

detection

1.INTRODUCTION

Quantumcoherenceeffectsinmolecularphysicsarelargelybasedontheexistenceofthelaser[1].
Indeed,inmostofourexperimentsandcalculationswetakethelasertobeanidealmonochromatic
lightsource.Ifthelaserlinewidthisimportantthenweusuallyjustincludea“phasediffusion”
linewidthintothelogic.Butwhatifwearethinkingabouthigherordercorrelationeffectsin
anensembleofcoherentlydrivenmolecules.Forexample,photoncorrelationandlightbeating
spectroscopyinvolvingGlaubersecondordercorrelationfunctions[2,3].Furthermore,thirdand
higherorderphotoncorrelationsofthelaserusedtodriveourmolecularsystemcanbeimportant.
Theinvestigationofhigherorderquantumlasernoiseisthefocusofthepresentpaper.
FiftyyearsagotheScully-Lamb(SL)quantumtheoryofthelaser(QTL)wasdevelopedusinga

densitymatrixformalism[4].Intheinterestingthresholdregion[5,6]thesteadystatelaserphoton
statisticsisgivenbythediagonalelementsofthelaserdensitymatrixas

ρn,n=N

n

m=0

[α−βm]/γ, (1)

whereαisthelineargain,βisthenon-linearsaturationcoefficient,γisthecavitylossrate,andN
isthenormalizationconstant:

N−1=
n

n

m=0

[α−βm]/γ. (2)

Equation(1)isplottedinFigure1whereitiscomparedwithacoherentstate.
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Pengetal. HighOrderCoherencebytheQTL

FIGURE1|Steadystatephotondistributionfunctionforcoherent(orange

dashedline)andlaserradiation(bluesolidline).Thelaseristakentobe20

percentabovethreshold,n=200.

TABLE1|ParametersinlaserandBECsystems.

Laser BEC

α Linearstimulatedemissiongain Rateofcoolingduetointeractionwith

wallstimesthenumberofatomN

β Non-linearsaturationduetothe

reabsorptionofphotons

generatedbystimulated

emission

Non-linearityparameterduetothe

constraintthatthereareNatomsin

theBEC:numericallyequaltoα/N.

γ Lossrateduetophotons

absorbedincavitymirrorsetc.

Lossrateduetophotonabsorption

fromthethermalbath(walls)equalto

α(T/Tc)
3.

TheformalismdevelopedintheQTLdensitymatrixanalysis
hassincebeensuccessfullyappliedto manyotherphysical
systemssuchasthesingle-atommaser(akathemicromaser)[7],
theBose-Einsteincondensate(akatheatomlaser,seeTable1)[8],
pionphysics[9],etc.Otherapplicationsoftheformalismhave
beendevelopedrecentlyandmorewilllikelyemerge.Thus,we
aremotivatedtodeeperourunderstandingoftheQTLbyfurther
analyzingandexperimentallyverifyingthetimedependenceof

off-diagonalelementsρn,n+k(t)≡ρ
(k)
n(t).Thediagonalelements

ofthelaserdensitymatrixforwhichk= 0,havebeenwell-

studied.Notasfortheoff-diagonalelements.Inparticularρ(1)n(t)
yieldstheSchawlow-Towneslaserlinewidth.Butwhataboutthe
higherordercorrelationsk=2,3···?Thatisthefocusofthe
currentpaper.

2.THEORYANDEXPERIMENT

Theoff-diagonalelementsvanishatsteadystate,regressingto
zeroas[4]

ρ(k)n(t)=ρ
(k)
n(0)exp(−k

2Dt) (3)

whereD = γ/̄nistheSchawlow-Townesphasediffusion
linewidthand̄n=(α−γ)/β.Theexpectationvalueofthelaser

FIGURE2|Experimentalsetupusedinmeasuringthespectrumofthebeat

notebetweenlasers1and2.Thebeatnotesignalismeasuredbythedetector

(D1)andanalyzedbythespectrumanalyzer(SA).BS,non-polarizing

beamsplitter.

amplitudeoperatorisgivenby

Ê(z,t)=E0e
iκz

n

ρ(1)n(0)
√
n+1e−Dte−iνt, (4)

whereνisthecenterfrequencyofthelaserfieldandtheelectric
fieldperphotonisgivenbyE0= h̄ν/0V,where0isthe
permittivityoffreespaceandVisthelasercavityvolume.
Asisdiscussedinthefollowing,thesecondorderoff-diagonal

elementsaregivenbythefieldoperatoraverages

Ê(z,t)̂E(z,t)=E20e
i2κz

n

ρ(2)n(0)(n+1)(n+2)e
−4Dte−i2νt,

(5)

andthethirdorderoff-diagonalelementsaregivenby

Ê(z,t)̂E(z,t)̂E(z,t)

=E30e
i3κz

n

ρ(3)n(0)(n+1)(n+2)(n+3)e
−9Dte−i3νt.(6)

Equation(4)givesthetimeevolutionassociatedwiththefirst

orderoff-diagonalelementsρ(1)n,yieldingthespectralprofileof
thelaser.Theheterodynemethodisusuallyadaptedtomeasure
thelinewidthofthelaser[10,11],inwhichcasethecenter
frequencyisshiftedfromopticalfrequencytotheradiofrequency
range.Anaturalwaytomeasurethelaserlinewidthistobeattwo
almostidenticalbutuncorrelatedlasers[12]suchthatthebeat
frequencybetweenthelasersisintheMHzrange.Theresult,as
seenfromEquation(10),istwiceofthelaserlinewidthwhenthe
twoindependentlasersarenearlyidentical.
Manyexperimentshavebeencarriedouttodeterminethe

linewidth[10]andphotonstatistics[13]ofthelaser.Other
experimentshave measuredtheintensitycorrelationofthe
laseratthreshold[14],revealingtheinfluenceoftheintensity
fluctuationonthelaserspectrum.However,tothebestofour
knowledge,nomeasurementshavebeenmadeofthehigherorder
phasecorrelations(k≥ 2).Herewemeasurethesecondand
thirdcorrelationoftheheterodynesignalsfromtwoindependent
lasers,whichyieldsthesecondandthirdordertimeevolutionof
alaserabovethreshold.Specifically,weperformedthefollowing
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FIGURE3|Schematicsetupformeasuringhigherorderspectrallinedistributionupto3rdorder.Laser1and2:He-Nelasers;P,polarizer;F,filter;A,analyzer;BS,

non-polarizingbeamsplitter;Mixer,frequencymixer;D1,D2,andD3,photodiodedetectors.

experiments:thefirstsetofexperimentsistomeasurethespectral
profileofthelaserbeatnote,i.e.,allowsustomeasurethedecay
rateasshowninEquation(4).Theothertwosetsofexperiments
determinethespectralprofileofthesecondandthirdorder
correlatedbeatnotes,thisallowsustomeasurethedecayrateas
showninEquations(5)and(6).
Figure2illustratesthesetupofthefirstsetofexperiments.

Thisisatypicalheterodynedetectionsetup,thecenterfrequency
betweenthetwo He-Nelasersisinthe MHzrange.This
differenceallowsustoanalyzethebeatsignalaroundanon-
zerovaluehencethefullshapeofthelinewidthisobtained
unambiguously.Anon-polarizingbeamsplitter(BS)isusedto
mixthetwolaserbeams.Thebeatsignalisthendirectedtothe
photodiode(D1)aftertheBS.AfastFouriertransform(FFT)of
thesignalisperformedbythespectrumanalyzer(SA)givingthe
frequencyspectrumofthebeatnote.
Forthefirstsetofexperiments,thefirstordercoherence

function[3,4]is

G(1)(t)=Tr{ρ[(̂E†1(t)+Ê
†
2(t))(̂E1(t)+Ê2(t))]}

=Tr{(ρ1⊗ρ2)[|̂E1(t)|
2+|Ê2(t)|

2+Ê†1(t)̂E2(t)+c.c.}

=E21Tr[ρ1̂a
†
1(t)̂a1(t)]+E

2
2Tr[ρ2̂a

†
2(t)̂a2(t)]

+E1E2{Tr[(ρ1⊗ρ2)̂a
†
1(t)̂a2(t)]e

i(ν2−ν1)t+c.c.]}, (7)

whereρ= ρ1⊗ρ2isthedensityoperatorofthesystem,ρ1
andρ2representthedensityoperatorsoflaser1and2,ν1andν2
representthecenterfrequenciesofthelasers1and2,respectively.
Fromtheaboveequation,wecanseetheonlytermsthatcarry

thebeatnotefrequencyare

(1)(t)=E1E2Tr[(ρ1⊗ρ2)̂a
†
1(t)̂a2(t)]e

iν0t, (8)

withitscomplexconjugate whichcontributestothe −ν0
frequencycomponent, whereν0 ≡ ν2− ν1. Underthe
conditionthatthetwolasersareindependent,wecanrewrite
Equation(8)as

(1)(ν0,t)=E1
n1

√
n1+1ρ

(1)
n1
(0)e−D1te−iν1t

×E2
n2

√
n2ρ

(−1)
n2
(0)e−D2teiν2t. (9)

TakingtheFouriertransform,wehaveaLorentzianspectrum
centeredatthebeatfrequencyν0withawidthD =D1+D2,
whichisessentiallytwicethewidthofonelaser

Sν0(ω)∝
D

(ω−ν0)2+(D)2
. (10)

Thesecondandthirdexperimentsmeasurethespectralprofileof
thesecondandthirdordercorrelationofbeatnotes,thesetupis
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FIGURE4|Experimentalresultsfromthetwosetsofmeasurements.Thebandwidthsofthedetectorsare50MHz,theresolutionbandwidthoftheSAis10kHZ.The

blackdotsareexperimentaldataandtheredcurvesaretheory.(A)isthebeatsignalsfromD1,wheretheFWHMis107.9kHzwithaverage50times.Theoryisthe

Fouriertransformofthelaserfieldstimeevolution(e−Dt)associatedwithfrequencyν0,asshowninEquation(10);(B)iscorrelatedsignalfromD1andD2,wherethe

FWHMbandwidthis420.6kHzwithaverage50times.TheoryistheFouriertransformofthecorrelatedlaserfieldstimeevolution(e−4Dt)associatedwithfrequency

2ν0,asshowninEquation(13).(C)iscorrelatedsignalfromD1,D2,andD3,wheretheFWHMis963.3kHzwithaverage50times.TheoryistheFouriertransformof

thecorrelatedlaserfieldstimeevolution(e−9Dt)associatedwithfrequency3ν0,asshowninEquation(16).

showninFigure3.Weusedthesametwolaserstocreatethebeat
signal,wherethreedetectorsDi(i=1,2,3)areused.Theoutputs
fromthephotodiodesareusedasinputsforafrequencymixer.
Theoutputfromthemixeristhensenttothespectrumanalyzer
andthefrequencyspectrumofthecorrelatedsignalisobtained
aftertheFFT.AsshowninFigure3,thissetofexperiments
measuresthelaserfieldcorrelationthatisgovernedbythetime
evolutionofthesecondandthirdorderoff-diagonalelements

ρ(2)n(t)andρ
(3)
n(t),respectively.Thequantitywenowmeasure

isdeterminedbythecorrelationoftheheterodynesignalsfrom
detectorsasinFigure3. Wehavethesignalofinterestat
frequency2ν0fromthesecondordercoherencefunctionis

(2)(t)=E21E
2
2Tr(ρ1⊗ρ2)̂a

†
1(t)̂a

†
1(t)̂a2(t)̂a2(t)e

i2ν0t. (11)

Thecorrelatedheterodynesignalis

(2)(2ν0,t)=E
2
1
n1

ρ(2)n1(0)(n1+2)(n1+1)e
−4D1te−i2ν1t

×E22
n2

ρ(−2)n2
(0)(n2−1)n2e

−4D2tei2ν2t.

(12)

TakingtheFouriertransform,wegetaLorentzianspectralprofile
centeredat2ν0withawidthof4D

S2ν0(ω)∝
4D

(ω−2ν0)2+(4D)2
. (13)

similarly,thesignalofinterestatfrequency3ν0fromthethird
ordercoherencefunctionis

(3)(t)=E31E
3
2Tr(ρ1⊗ρ2)̂a

†
1(t)̂a

†
1(t)̂a

†
1(t)̂a2(t)̂a2(t)̂a2(t)e

i3ν0t.
(14)

Thecorrelatedheterodynesignalis

(3)(3ν0,t)=E
3
1
n1

ρ(3)n1(0)(n1+3)(n1+2)(n1+1)e
−9D1te−i3ν1t

×E32
n2

ρ(−3)n2
(0)(n2−2)(n2−1)n2e

−9D2tei3ν2t.

(15)

WethereforegetaLorentzianspectralprofilecenteredat3ν0with
awidthof9D

S3ν0(ω)∝
9D

(ω−3ν0)2+(9D)2
. (16)

The mainexperimentalresultsareshowninFigure4.All
measurementsweretakenwiththelaseroperatingatthesame
averageoutputpowerlevel.Theresolutionbandwidth(RBW)
oftheSAis10kHz,videobandwidth(VBW)is30kHzinall
themeasurements.Forthesakeofsimplicity,theFullwidthat
halfmaximum(FWHM)linewidthistakenatthe-3dBwidth
ofthemeasuredspectrumbyconsideringonlytheLorentzian
fitting[12].Figure4Arepresentsthedataofthefirstsetof
experimentswithanaverageof50measurementsofbeatnote
signalfromD1.Thetheoreticalfittingintheredsolidlineis
basedonEquation(10),andtheFWHMis107.9kHz.Figure4B
representsthedataofthesecondsetofexperimentswith50
measurementsofcorrelatedbeatnotesignalsfrom D1and
D2.Thetheoreticalfittingintheredsolidlineisbasedon
Equation(13),andtheFWHMisestimatedtobe420.6kHz.
Figure4Crepresentsthedataofthethirdorderexperiments
with50measurementsfromallthreedetectors.Thetheoretical
fittingintheredsolidlineisbasedonEquation(16),and
theFWHMisestimatedtobe963.3kHz.Firstofall,wesee
thattheobtainedlinewidthfromthesecondordercorrelation
spectrumisessentially4timeswiderthanthatofthesingle
beatnotelinewidth,aswellasthethirdorderspectrumis9
timeswiderthanthatofthesinglebeatnotelinewidth,validating
ourtheoreticalexpectation.Secondly,weseethatthetheoretical
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curvesfitthedatawellinthecenterpeak,butnotasgoodatthe
tails.Thisismainlyduetotheinfluencesfromothernoisesthat
alsocontributetothespectralprofile.Forthesamereason,we
seethatthesinglebeatnotesignalcanbebetterfittedthanthe
secondandthirdordercorrelationsignals.Therearesomesmall
peaksinthehigherordermeasurements,duetoourremeasured
higherorderspectralsignalisclosetothenoiselevelofthe
detectionsystem.Ideally,moreaveraging( 50)shouldbeable
tosmoothoutthesepeaks.However,wenoteherethat,thereisa
trade-offbetweentimeaveragingandtheaccuratemeasurement
ofthecenterbeatnotefrequency,duetothedriftingofcenter
frequenciesofthetwolasers.Furtherusinganintenselocal
oscillatorandsensitivedetectionsystem(detectorandspectral
analyzer)shouldbeabletosolvethisissue.Nevertheless,ourdata
confirmstheLorentizanspectralprofileofthesignalandthetime
evolutiondescribedbyEquation(3),inthecaseofk=1,k=2,
andk=3.

3.CONCLUSION

Inconclusion,wehavestudiedthetimeevolutionofthehigher
degreesofoff-diagonalityobtainedSLtheoryofthelaser. We
particularly measuredthebandwidthofthelaserbeatnote
andthebandwidthofthecorrelatedlaserbeatnote,which
revealtheevolutionofthefirst,second,andthirdorderoff-
diagonalelementsofthelaserdensityoperator.Thehigherorder
spectrarevealtheinfluenceoftherandomnessinthephase
ofthelaserfieldduetoquantumfluctuation.Experimental
resultsagreedwiththeSLQTLshowingthatthebandwidth

ofthethirdorderandsecondorderspectralprofilearenine
timesandfourtimeswiderthanthatofthefirstorderspectral
profile,respectively.
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