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Abstract—Real-time water quality (WQ) sensors in
water distribution networks (WDN) have the potential
to enable network-wide observability of water quality
indicators, contamination event detection, and closed-
loop feedback control of WQ dynamics. To that end,
prior research has investigated a wide range of methods
that guide the geographic placement of WQ sensors.
These methods assign a metric for fixed sensor place-
ment (SP) followed by metric-optimization to obtain
optimal SP. These metrics include minimizing intrusion
detection time, minimizing the expected population
and amount of contaminated water affected by an intru-
sion event. In contrast to the literature, the objective
of this paper is to provide a computational method that
considers the overlooked metric of state estimation and
network-wide observability of the WQ dynamics. This
metric finds the optimal WQ sensor placement that
minimizes the state estimation error via the Kalman
filter for noisy WQ dynamics—a metric that quantifies
WDN observability. To that end, the state-space dy
namics of WQ states for an entire WDN are given ar 1
the observability-driven sensor placement algorithm .
presented. The algorithm takes into account the time-
varying nature of WQ dynamics due to changes in
the hydraulic profile—a collection of hydrauli~ states
including heads (pressures) at nodes and “ow “tes
in links which are caused by a demand proile ove a
certain period of time. Thorough case studies a1 » giv 2n,
highlighting key findings, observations ana ~co.._.aen-
dations for WDN operators. Github ¢ 1les arc included
for reproducibility.

I. INTRODUCTION AND LIT. ?ATT (E REVIEW

In dynamic infr= ' ~mictu - scier _es, the sensor placement
(SP) problem i' concer. d w.... the time-varying selection
or one-time pli :ement ot ensors, while optimizing desired
objective functi. »s. This »~blem exists widely in dynamic
networks such as . ..portation systems, electric power
systems, and water distribution networks (WDN). The
optimal placement of water quality (WQ) sensors is a
crucial issue in WDN due to the dangers brought by
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accidental or intentional contamination, the .. nsiveness
of sensors and their installation cost, and tl :ir » stential in
performing real-time feedback control .f w er ar ality—
control that requires high-frequency " Q sensu: data.

WQ sensor placement in WDN serves « ‘fferent purposes.
The high-level one is minim .ing the potential public
health impacts of a contaminatio’ inc. . .nt given a limited
number of sensors. To qua. ‘ify ™“i< nigh-level objective,
the WQ literature con: . rs arious mathematical objec-
tives and metrics. “mecl. al, che SP problem has been
studied in 1], 2" [3], || 7], [6], [7] considering different
contamin: ion .. s, optimization objectives, optimization
formulatior  unce. =i .y, the solution methodology and
its computatic al feasibility, and the use of mobile sensors.
Rathi wna “upta (8] classify methodologies from over forty
studi s into wo categories as single- and multi-objective
SP prc¢ 'em  [wo other comprehensive surveys focusing on
~ .. ‘zation strategies are also conducted in [9], [10].

As /e mentioned, the most common objective of sensor
ple _ment in WDN is to minimize the potential public
health caused by contamination incident, and it can be
formulated as maximizing the coverage of water with a
minimum number of sensors. Lee and Deininger introduce
the concept of “Demand Coverage® and solve the problem
using a mixed integer programming (MIP) method [11].
Kumar et al. [12] and Kansal et al. [13] propose heuristic
methods to find optimal sensor location one by one by
selecting one optimal location first and then selecting the
next location by modifying the coverage matrix. To con-
sider nodes with lower water quality, Woo et al. modify the
objective by placing weights for each term and normalizing
the concentrations [14]. Alzahrani et al. [15] and Afshar
and Marino [16] use genetic algorithm (GA) and ant
colony optimization (ACO) respectively to find optimal
placement strategy to maximize the demand coverage.
Ghimire et al. [17] and Rathi and Gupta [18] also suggested
heuristic methods to solve the problem.

We briefly summarize the more recent literature on
this problem followed by identifying the key research gap.
Recently, He et al. [19] propose a multi-objective SP
method to explicitly account for contamination probability
variations. Hooshmand et al. [20] address SP problem with
the identification criterion assuming that a limited sensor
budget is available, followed by minimizing the number of
vulnerable nodes using mixed integer programming (MIP).
A combined management strategy for monitoring WDN is
proposed in [21] based on the application of water network
partitioning and the installation of WQ sensors. Winter
et al. [22] investigate optimal sensor placements by intro-



JOURNAL OF WATER RESOURCES PLANNING AND MANAGEMENT, IN PRESS, DECEMBER 2020 2

ducing two greedy algorithms in which the imperfection
of sensors and multiple objectives are taken into account.
Giudicianni et al. [23] present a method that relies on a
priori clustering of the WDN and on the installation of WQ
sensors at the most central nodes of each cluster—selected
according to different topological centrality metrics. Hu et
al. [24] propose a customized genetic algorithm to solve
multi-objective SP in WDN. Based on graph spectral
techniques that take advantage on spectrum properties of
the adjacency matrix of WDN graph, a sensor placement
strategy is discussed in Di Nardo et al. [25]. Different
objective functions leads to different placement strategies,
and Tinelli et al. [26] discuss the impact of objective
function selection on optimal placement of sensors. Zhang
et al. [27] investigate the global resilience considering all
likely sensor failures that have been rarely explored.

The research community thoroughly investigated water
quality sensor placement strategies considering various
socio-technical objectives (as briefly discussed above). The
objective of this paper is not to develop a computational
method to solve such SP problems with the aforemen-
tioned metrics/objectives. The objective herein is to find
optimal SP of water quality sensors considering an over-
looked, yet significant metric: the state observability and
estimation metric jointly with Kalman filtering.* In short,
this metric maps sensor placements given a fixed hydraul’ .
profile to a scalar value to be minimized. This value qua.
tifies the observability of unmeasured WQ states (i.e., con-
centrations of chlorine) in the entire water network. The
observability quantification metric is depicted as - state
estimation error measuring the difference br . wee . the
actual WQ states and their estimates. Accordin Ly, 1.8
proposed metric finds the optimal WQ s o0 ple - .ent
that minimizes the state estimation er - - via t = vintage
Kalman filter for noisy WQ dynamics a. 1 me surement
models.

To the best of our knowledge, “his is he firot attempt
to find the optimal sensor 'acen. ~* jointly with opti-
mizing Kalman filter per! rman - for VQ dynamics. The
most related rese2=-" is t. » ense 1ble Kalman filter-based
techniques by ~.ajakui >r e. .. [28], where the authors
explore the i act of se. sor placement on the final state
estimation peri -mance. Towever, the study (i) does not
provide sensor pla.  _at strategy, (4¢) mainly focuses on
estimating water quality states and reaction parameters,
and (%) a dynamic model for WQ is not present to
guide optimal SP. To that end, the objective of this study
is to provide a control- and network-theoretic method
that determines the optimal geographic placements of
water quality sensors while optimizing the Kalman filter
performance. The specific paper contributions are:

o The state-space, control-theoretic dynamics depicting
the evolution of WQ states, i.e., concentrations of
chlorine, are shown. Specifically, we are modeling and

*In dynamic systems, the Kalman filter is a widely used algorithm
that computes unmeasured state estimates of a system given a
dynamic model and data from sensor measurements subject to noise.

tracking chlorine concentrations as a surrogate for
contamination—this has been showcased in various
studies depicting rapid depletion of chlorine upon the
introduction of contaminants [29]. The dynamics of chlo-
rine concentrations are represented as a time-varying
state-space model. This model is then utilized to formu-
late the water quality sensor placement (WQSP) prob-
lem that optimizes the Kalman filter state estimation
performance. This formulation (7) takes into account
and builds a mapping between a WDN _. ~rvability
metric and the performance of Kalmar filt-. and (i)
is a set function optimization (an op’.mi. 1on r .oblem
that takes sets as variables) that iv ifficult vo solve for
large networks.

e To account for the time-var-.ng - ture of the dynamic
WQ model (due to the changes m t . hydraulic profiles
that are caused by demai 1 prc le ) an algorithm that
computes a sensor , . ~en nt for the most common
hydraulic profiles is 1 ese.. .d. Furthermore, scalabil-
ity of this ~]-orithi. +  investigated. The algorithm
is basec on « important theoretical feature for set
function . timize ‘o called submodularity. This feature
has been i« ntified in recent control-theoretic studies
for cnsc plac ment strategies [30], [31]. In particular,
the develo =d approach is based on a greedy algorithm
whic. ret irns a suboptimal placement strategy with
-. -antees on the distance to optimality. An efficient
imy ementation of the algorithm is also presented. Com-
r ved to [30], [31], the proposed algorithm takes into
account the time-varying nature of WQ dynamics.

e Thorough case studies on three water distribution net-
works under different conditions are presented. The case
studies consider varying scales of water networks, signif-
icant demand variability, different number of allocated
sensors, and their impact on the state estimation perfor-
mance and WQSP solution. Important observations and
recommendations for water system operators are given.
Github codes are included for reproducibility.

The rest of the paper is organized as follows. Section II
introduces network-oriented water quality dynamic model
by presenting the models of each component in detail.
An abstract, linear, state-space format for the water
quality model is given first considering the first-order
reaction model with known reaction rate coefficients. WQ
observability and its metric (observability Gramian) are
introduced in Section III, and then WQSP problem is
formulated and solved by taking advantage of submodu-
larity property of set function optimization in Section IV.
A scalable implementation of the problem is showcased.
Section V presents case studies to support the computa-
tional algorithms. Appendix A outlines components of the
scalable implementation of the presented computational
methods. The notation for this paper is introduced next.

Paper’s Notation Italicized, boldface upper and lower
case characters represent matrices and column vectors:
a is a scalar, a is a vector, and A is a matrix. Matrix
I,, denotes a identity square matrix of dimension n-by-
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n, whereas 0,,x, denotes a zero matrix with size m-
by-n. The notations R and R, denote the set of real
and positive real numbers. The notations R™ and R™*"
denote a column vector with n elements and an m-by-
n matrix in R. For any two matrices A and B with
same number of columns, the notation {A, B} denotes
[AT BT]T. For a random variable x € R", E(z) is its
expected value, and its covariance is denoted by C(x) =

II. STATE-SPACE WATER QUALITY DYNAMIC MODEL

We model WDN by a directed graph G = (W, L).
Set W defines the nodes and is partitioned as W =
JUTUR where J, T, and R are collection of junctions,
tanks, and reservoirs. For the i-th node, set N collects
its neighboring nodes (any two nodes connected by a
link) and is partitioned as N; = N/® [JNPU, where Nj®
and N2" are collection of inflow and outflow nodes. Let
L CW x W be the set of links, and define the partition
L = PUMUV, where P, M, and V represent the
collection of pipes, pumps, and valves. In this paper, we
the use Lax-Wendroff scheme [32] to space-discretize pipes
and each pipe with length L is split into s;, segments. The
number of junctions, reservoirs, tanks, pipes, pumps and
valves is denoted as njy, nr, nTk, np, num, and ny. Hence
the number of nodes and links are ny = njy +ngr + n7y ;
and np, = np - S, +nm + ny.

The principal component of the presented state-space,
control-theoretic water quality modeling is a state-vector
defining the concentrations of the disinfectant / ... rine)
in the network. Concentrations at nodes suci a= ju o
tions, reservoirs, and tanks are collected in vect r ¢» =
{ey,cr,cr}; concentrations at links su.n a. »ipe, and
pumps are collected in ¢, = {cp,cy. cy}. /e define
WQ state x(t) = x at time t 2= =(t) enyeL} =
{es,cr,cr,Cp, 0\ v} €ER™ . =nn -np.

We also make two assumptior. - (%) t e mixing of the
solute is complete and ins’ ... meo. a¢ junctions and in
tanks with a continuous’ - stirre ! tan.  reactors (CSTR)
model [33], and .. *he “rst-c der reaction for single-
species that de cribes a infeciant decay both in the bulk
flow and at the »ipe wall re assumed herein. The assump-
tions are widely ‘sed in literature [34], [35], [36].

A. Conservation of mass

The water quality model represents the movement of
all chemical and/or microbial species (contaminant, dis-
infectants, DBPs, metals, etc.) within a WDN as they
traverse various components of the network. Specifically,
we are considering the single-species interaction and dy-
namics of chlorine. This movement or time-evolution is
based on three principles: (i) mass balance in pipes, which
is represented by chlorine transport in differential pipe
lengths by advection in addition to its decay/growth
due to reactions; (i) mass balance at junctions, which
is represented by complete and instantaneous mixing of
all inflows, that is the concentration of chlorine in links

t Ci1(t+1) Ciysy, (t41)

Fig. 1. Time-space discretization of Pipe 7 based on the L-W
scheme.

Ci,s(t+1)

Ci,sfl (t) Ci,s (t) Ci,s+1 (t)

flowing into this junction; and (%ii) mass balance in tanks,
which is represented by a continuously stirre” +ank reac-
tors (CSTRs) [33] model with complete an¢ inst .ntaneous
mixing and growth/decay reactions. Th m < :ling f each
component is introduced next.

1) Chlorine transport and reaction w. mipes: The water
quality modeling for pipes inve ves ~ode. ig the chlorine
transport and reaction by 1-D & .wvec -n-reaction (A-R)
equation. For any Pipe 7, t. = 1-. A R model is given by
a PDE:

Oper = - v\, cp + 1icp, (1)

where v;(t' is " w veloc.  r; is the first-order reaction
rate and ‘er.ain. constant, which is related with the
bulk and * « ' react.... rate and mass transfer coefficient
betweer *he bu ' flow and the pipe wall [35], [34]. Here,
the T «x-We drotr (L-W) scheme [32] shown in Fig. 1 is
used ~ appr ximate the solution of the PDE (1) in space
and tim. _ais model has been used and accepted in the
.era e [34], [37], [38]. Pipe ¢ with length L; is split into
sr, € gments, and the discretized form for segment s is
g. <n by

Ci75(t+At) = Qciﬁs_l(t) + (Oé + ’I”i)Ci75(t) + @Ci75+1 (t), (2)

where L-W coefficients for previous, current, and next
segment are o = 0.56(1 + ), a = 1 — % and a =
—0.58(1 — ). Note that 5 € (0,1] for Pipe 4 at time
t is a constant related with stability condition of L-W
scheme, and can be decided by v;(t)At(Ax;)~!, where At
and Ax; are the time step and the space-discretization step
in Fig. 1. Hence, to stabilize L-W scheme, the water quality
time step At < min(Ax;/v;(t)), for all ¢ € P. The L-W
scheme coefficients «, a, and & are a function of time but
vary much slower than x(t), and they only change when
v;(t) changes after the At and Ax; are fixed. That is, they
only update each hydraulic time step. Equation (2) can be
lumped in a matrix-vector form for all segments s for all
Pipes i € P as:

Cp (t + Af) = AP (t)CP (t) + AN (t)CN (?f)7 (3)

where matrices Ap and Ay map the scalar equation (2)
into the vector form (3). The Github codes of this pa-
per [39] shows how these matrices are computed.

2) Chlorine mass balance at junctions: Mass conser-
vation of the disinfectant (i.e., chlorine) for Junction ¢ at
time ¢ can be described by

Z‘;ﬁ;l Qri(t)cri(t) = di(t)ei(t) + leﬁ—[’;ut‘ qij(t)cij(t),

where {ki : k € Ni®} and {ij : 7 € N°"} represent the
sets of links with inflows and outflows of Junction ¢; d; is its
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demand; gy, (t) and g;;(t) are the flow rate in Links ki and
ij; cki(t) and ¢;;(t) are the corresponding concentrations.
Specifically, when links are pipes, cxi(t) and ¢;;(¢) should
be the last and first segment of Pipes ki and ¢5. The matrix
form when considering all junctions is given as

ci(t+ At) = Aj(t)es(t) + Ap(t)ew(t). (4)

3) Chlorine mass balance at tanks: Akin to dealing
with junctions, we can express the mass balance equations
for each tank, the details are similar and omitted for
brevity and ease of exposition. With that in mind, the
provided Github codes present all of the necessary details
that are required to arrive at the high-fidelity state-space
description. We directly give the matrix form of all tanks

as
CT(t + At) = AT (t)CT(t) + Ai: (t)CP (t), (5)

where A is in terms of tank volumes Vi, time step At,
and flow rates flowing in or out of tanks.

4) Chlorine mass balance at reservoirs: Without loss of
generality, it is assumed that the chlorine sources are only
located at reservoirs, and the concentration at a reservoir
is constant. That is,

er(t+ At) = eg(t). (6)

5) Chlorine transport in pumps and valves: We conside
that the lengths of pumps to be null, i.e., the distan
between its upstream node and downstream node is zero,
and hence they neither store any water nor are discretized
into different segments. Therefore, the concentrations at
pumps or valves equal the concentration of upstr am des
(a reservoir) they are connecting. That is

Cj(t + At) = Ci(t + At) = Cl(f;) = Cj(t)ﬂ. - 'R,,; S AR
and the corresponding matrix form for p. mps *,

et + At) = =y (2). (7)

As for valves installed on ‘= simply treated as
a segment of that pipe. 1 th. casc the concentration
in valves equals th~ cegm 1t cor .entrations in pipes. We
next show how chese . ~tria “orms can yield state-space
formulation of vater qua ty modeling.

T mes, .

B. Water quality moueling in state-space form

The briefly summarized water quality model of each
component from the previous section can be written as
a state-space Linear Difference Equation (LDE) as in (8)
where I is an identity matrix of appropriate dimension.
For the ease of exposition, we consider that At = 1sec
and the time-index t is replaced with another time-index
k. The state-space form of the water quality model is
presented as a linear time-variant (LTV) system:

x(k+1) = A(k)x(k)+w(k), y(k) =Cz(k)+v(k), (9)

where x(k) € R™ is the state vector defined above;
y(k) € R™ represents a vector of data from WQ sen-
sors; w(k) € R™ and v(k) € R" are the process and

AT Aﬁ; Ct

AP Ccp

measurement noise; C € R™*"= is & m tr x de icting
the location of the placed sensors 1‘here . — J< ng.
We note the following. First, althoug. the argument of
the state-space matrices A(k) .  ter. s of k, this is
somewhat of an abuse for the nc atr - seeing that A(k)
encodes the hydraulic prof. » (hc vds nd flow rates) that
does not change with "he s me nequency as the water
quality states x(k). He. e, * » state-space model (9) is
time varying »s svste. i trix A(k) changes for different
hydraulic -.mu -ion, but .cmains the same A in a single
simulation “econ  ard without loss of generality, the
input vector . 'om bouster stations is implicitly embedded
within '_ statc wpace matrix A. Third, for all k¥ > 0, it
is ass umed « at initial condition, process noise w(k) and
the m >surer .ent noise v (k) are uncorrelated and the noise
va~" mce wom each sensor is o2. Finally, we like to point
out t1 1t extensive details for the above state-space model
can ' ¢ studied from our recent work on model predictive
coutrol of water quality dynamics [40].

ITI. OBSERVABILITY METRICS FOR WQ DYNAMICS

The objective of this section is two-fold. First, to in-
troduce water system engineers and researchers to control-
theoretic approaches for ensuring or optimizing the observ-
ability of the water quality dynamics. Herein, observability
is defined as the ability to estimate water quality model
states x(k) from available measurements y(k) via a state
estimation routine. This provides situational awareness for
the operator given data from few water quality sensors.
Second, to define a simple observability metric that maps
the number and location of fixed sensors to a scalar metric
acting as a proxy for the state estimation.

A. Metrics for observability and its interpretations

In dynamic systems theory, observability is a measure
of how the system state vector (k) € R™ can be inferred
from knowledge of its output y(k) € R™ over either finite-
or infinite-time horizons. In particular, given sensor data
y(0),y(1),...,y(ks — 1) for finite ky = kyinq time-steps,
observability is concerned with reconstructing or estimat-
ing the initial unknown state vector «(0) from the k; mea-
surements, and subsequently computing x(1),...,x(ky)
assuming noiseless system. Accordingly, a linear dynamic
system (such as the water quality model (9)) is observable
if and only if the observability matrix for k; time-steps

O(kf) = {C, CA, ey CAkffl} c kananz
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is full column rank [41], i.e., rank(O(ks)) = n, assuming
that k¢n, > n,. In this section, and for brevity, we assume
that the hydraulic variables are not changing during each
hydraulic simulation period and hence A(k) = A. With
that in mind, the proposed sensor placement formulations
considers changing hydraulic simulations.

For the infinite-time horizon case with ky = oo (that
is, data has been collected over a long period of time), a
system is observable if and only if the observability matrix
O(ky =ny) € R "= ig full column rank [41]. However,
observability is a binary metric—it cannot indicate how
observable a dynamic system is. Due to the complexity and
dimension of the water quality model (9), this dynamic
model is not observable, i.e., it fails the aforementioned
rank condition for various water networks and hydraulic
simulation profiles. Specifically, it is virtually impossible to
accurately reconstruct all chlorine concentrations (states
x(k)) unless water quality sensors are ubiquitously avail-
able and widespread in the network, i.e., installed at each
Jjunction.

To that end, a more elaborate, non-binary quantitative
metric for observability is needed for the water quality
model and the sensor placement problem. One metric is
based on the observability Gramian [41] defined as the kj
sum of matrices

ks

W(ks)=> (AT) CTcA".

7=0
The system is observable at time-step ky if matrix W (k)
is nonsingular and is unobservable if W (ky) is _... -ular.
Similarly, this definition extends for the infir te-’ or. »n
case with ky = oo. However, W is still a ma rix nd
the aforementioned observability-singule 1ty « “cusc.on is
still binary. As a result, various non-b.. 'ry me rics have
been explored in the literature [4°7 [43]. ™%, includes:
the minimum eigenvalue A\pin(V ), th log ‘'eterminant
log det(W), the trace(W'), and t1. sums r proaucts of the
first m eigenvalues A1,... . f W 1nese metrics differ
in their practical applicat on, int -preuv. “ion, and theoreti-
cal properties; th .. ler . refer od to [43] for a thorough
discussion. In t is pape. we unlize the log det(W') metric
due to various ~asons ou ined in the ensuing sections, but
the formulation. ~resent* ° la the paper can be extend to
other metrics.

B. Metrics for water quality observability matriz

In this section, we provide a discussion on the utilized
metric for observability for the sensor placement problem.
To do so, we consider the time-invariant state-space ma-
trices for a single hydraulic simulation k € [0, k] which is
also a single instant of hydraulic simulation and demand
profile. That is, to ease the ensuing exposition we assume
that the state-space matrix A(k) = A is fixed rather than
being time-varying (the actual methods consider time-
varying demand pattern). The objective of this section
is to formulate a water quality observability metric that
maps collection of water quality data y(k) from a specific

number of sensors n, to a scalar observability measure
under the noise from water quality dynamics and mea-
surement models.

First, consider the augmented measurement vector
y(ks) = {y(0),...,y(ks)} for ks +1 time-steps. Given (9),
this yields:

c 2(0) [ »(0)
B CA C w(0) v, )
gko= L ¢ R
C;4kf C;4kf—1... C 'w(k -1) 'U(k J7
O(ky) z(k; o(ky)

where z(ky) lumps initial unkno n ¢ te &y = x(0) and
process noise w(kys), and « ‘ky) olle ts all measurement
noise. Note that the ™ -h. ad side of (10) is known,
whereas vectors z(k<) a1 1+ " ) are unknown vectors. To
that end, the oreblen. ~ estimating z(kf) £ z € R":,
where n, = ( + 1)n,, .s important to gain network-
wide obser ~ility € w# er quality state & which will guide
the real-tiine >stimation. As a probabilistic surrogate to
estims ..., =, w utilize the minimum mean square esti-
mate MMS. ') defined as E(z — £), and its corresponding
poster >rerr r covariance matrix Y ,. These two quantities
r*  de esumates of means and variances of the unknown
varial e z(ky). Interestingly, these can be written in terms
of t} - sensor noise variance o2, the collected sensor data
Y\ k), the observability-like matrix O(ky) in (10), and the
expectation and covariance of the unknown variable z(ky)
given by

E(z(kf)), C(z(ky)) = E ((z — E(2))(z — E(2)) ")

Given these developments, and to guide the sensor place-
ment problem formulation, a metric is needed to map the
covariance matrix X, to a scalar value. In particular, the
metric log det (X), which maps an n.-by-n, matrix ¥, to
a scalar value, can be used to achieve that. Fortunately,
log det(2,) has a closed form expression given by:

log det(X,) = 2n. log(o)—logdet (c*C~" (2) + W,) (11)

where W, = OT (k;)O(ky). The reader is referred to [30]
for the derivation of (11). We note the following: (%) the
closed-form expression of logdet (3,) in (11) assumes a
fized sensor placement while associating a scalar measure
of water quality observability given a collection of sensor
data and the system’s parameters. This closed form ex-
pression is rather too complex to be incorporated within
a sensor placement formulation and does not allow for
near real-time state estimation. The next section discusses
simple solutions to these issues. (%) We use the logdet(-)
metric here as it is endowed with desirable theoretical
properties (namely super/sub-modularity) that makes it
amenable to large-scale networks, it exhibits a closed-form
expression as in (11), and has been used in various sensor
placement studies in the literature. With that in mind,
other metrics can be used including the trace operator.
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C. Relationship with the Kalman filter

The above discussions yield a metric that can be used for
quantifying observability of the water quality model (9),
in addition to probabilistically estimating the unknown,
initial state vector x(0). A relevant problem is the real-
time state estimation via the Kalman filter, which essen-
tially reconstructs or estimates in real-time states (k)
from output measurements y(k). This is in contrast with
the batch state estimation as in (10). While the initial
state estimation problem discussed in the previous sec-
tion provides a starting point for reconstructing «, the
Kalman filter presents a more general approach to the
estimation problem. In fact, ignoring the process noise
w and setting variances of sensor data to o2 = 1, the
Kalman filter becomes equivalent to a real-time version of
the above probabilistic estimator. Most importantly, the
metric logdet(-) degenerates to:

log det (X,) = —log det(I,,, + W (ky)) (12)
ky
= —logdet | I,,, + Z (AT)T c'cA
T7=0

where I, is an identity matrix of size n,. This is shown in
the recent control theoretic literature [44], [31]. In short,
this is a simple metric that maps the number of installed
or placed sensors (i.e., number of rows of matrix C) >
a metric that defines the quality of the state estimate.
When no sensor is installed or C' is a zero matrix, the
observability Gramian W (ky) is also a zero matrix, and
intuitively the logdet(:) metric defined above .c  the
maximum error of 0. When the network is ful.y srise —
that is n, = ng, C = I,,_, and all states v me. sure .—
then W (ky) = I,,, + A+...+ A*7 and “ae su. les. error
is achieved.

Building on that, the control t+  ~tic . ._uture thor-
oughly investigated bounds for {ae est. natic error and
the corresponding metric with r. nect > the number of
sensors; see [30, Theorem .. "he ¢ ective of this paper
is to build on these de' :lopme ts a. ' investigate how
such metric rele” ., . "*h 1.~ pe’ .ormance of the Kalman
filter. The next section 1. ‘mulates the water quality sensor
problem using he introd ced metric.

IV. WATER QUALITY SENSOR PLACEMENT
FORMULATION

The objective of the presented water quality sensor
placement (WQSP) formulation is to minimize the error
covariance of the Kalman filter while using at most r
water quality sensors. In WDN, water quality sensors are
installed at nodes, that is, at most r sensors are selected
from the set W = J T UR where the cardinality of set
[W| = ny, ie., the set W contains ny possible locations
at various junctions, tanks, and reservoirs. This forms a
sensor set & C W where |S| = ns < r. The specific
geographic placement and locations of these ng sensors
are encoded in matrix C of (9) through binary indicators.
In short, the presented WQSP seeks to find the optimal set

S that optimizes the state estimation performance with
at most » WQ sensors.

The metric discussed in the previous section assumes
that the state-space matrix A (encoding network and
hydraulic simulation parameters) is time-varying due to
varying demand and flow/head profiles. In short, the
metric (12) yields a time-varying value and hence different
state estimation performance for each hydraulic simula-
tion reflected with a different A(k) matrix. As a result,
considering a varying hydraulic simulation _.. 'e within
the sensor placement problem is important i.e che sensor
placement solution needs to be aware o” che ost r obable
demand and hydraulic scenarios.

Consequently, we define D €
{1,...,nq} for all ny junctions .urir o ™ distinet hydraulic
simulations, each lasting ky sec. 7 ne r ,.ation D; j, defines
the kth column vector of ma vix . _‘arameter ng reflects
the number of potenti ' 'en wnd patterns; concrete ex-
amples are given ii. ~ase stuu, section. Demand profiles
D; € D rss.*ally a.” = the most common varying
demand p ofi’es . -verienced by the system operator from
historical ¢ a. Eac. “cmand profile results in a different
hydraulic prow. ~ and hence a different state-space matrix’
A(D ) = A(k,. Given these definitions and for an a
prior. definec D; j € D, one useful instant of the WQSP
probler. == be abstractly formulated as:

\ QSP: minimize f(S;A(D;k))
subject to S CW, |S|=ns <.

nyXThks .
wrxTuks Vi €

(13)

The design variable in the optimization problem WQSP
is the location of the installed sensors reflected via set
S defined earlier. The objective function f(-;-) : R™S x
R"=*"= — R maps the optimal sensor placement can-
didate S and given hydraulic demand profile D;; and
its corresponding matrix A(D; ) to the state estimation,
Kalman filter performance. We note that when the objec-
tive function has a set as the variable (i.e., S in f(-;-)),
the objective function is often referred to as a set function.
We use these terms interchangeably. In this paper, the
set (objective) function takes the form of (12) which
indeed takes explicitly the sensor placement set S through
matrix C as well as the a priori known hydraulic profiles
and the corresponding state-space matrices A(D; ). The
constraint set of WQSP represents the number of utilized
sensors and their location in the network.

For small-scale water networks, one may solve the set
function optimization (13) via brute force, but this is
impossible for large-scale networks—such problems are
known to be an NP-hard one, i.e., a computational prob-
lem that is suspected to have no polynomial-time algo-
rithm to optimally solve. To address this computational
challenge, we resort to a widely-used approach in combi-
natorial optimization: exploiting special property of the set
function f(S; A(D;)) via sub/super-modularity defined

TWe defined A(k) earlier due to the change in the hydraulic and
demand profiles. The notation A(D; ;) is equivalent to A(k) but
offers more clarity.
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Algorithm 1: Greedy algorithm to solve WQSP
problem.

Input: Number of sensors r, all demand profiles D,
water network parameters, k=i=1, S =10
Output: Optimal sensor set S*
1 Compute:
A(Dz,k) =AVi, k€ {1, . ,nd}, {1, c.. ,Thkf}

2 for k < Tyks do
3 // For each single hydraulic simulation
interval k

4 i=1,8=10

5 for 1 < ng do

6 // For each demand profile

7 j = 1,Sj = 0

8 while j <r do

9 €

argmax ey s [f(S; A) = F(SU{e}; A)]

10 S; +S; U {6j}

11 JJ+1

12 end while

13 S+ SUSj, i+ i+1
14 end for
15 S™ + argmaxg s f(S; A)
16 S+« S|Us®
17 k+—k+kf

18 end for
19 8" < argmaxg.sT(S) // Greedy-optimal sensor
placement

as follows.

A set function f(-) is submodular if and only if f(AU
{a})—f(A) > f(BU{a})—f(B) for any subsets A C B CV
and {a} € V\B. A set function f(-) is sup rme lar
if —f(-) is submodular. Intuitively, submodular',y 1 a
diminishing returns property where addir ;| ~ ele ~e* | to
a smaller set gives a larger gain than ad-'i 1g one o a larger
set [45].

The computational framework Lr s. >mou -larity of set
function optimization allows . e to se g edy algo-
rithms [46] with desirable nerforn. nee while being com-
putationally tractable. A thou, ™ gi. »dy algorithms are
known to return subontin 1solut ons, tuey are also known
to return excells .t per. ma. ~ .vhen the set function is es-
pecially sub/s1 >er-modu r. Interestingly, the set function
in WQSP giver. ‘n (12) is indeed supermodular [30, Theo-
rem 2]. Given thi. -~ _rty, a vintage greedy algorithm—
applied to solve the NP-hard problem WSQP—can return
a solution S with objective function value f(S) at least
63% of the optimal solution f(S*) [30]. Empirically, a
large body of work [30], [31], [47] shows that the solution
provided by some greedy algorithms can be near-optimal,
rather than being 63% optimal.

We apply a greedy algorithm to solve the WQSP for
various hydraulic profiles. The details of this algorithm are
given in Algorithm 1. The notation S; denotes the sensor
set with j placed sensors. The notation S(*) denotes the
sensor set at iteration k. The sets S and S are super-
sets that include various sets S. Variable e € § defines
an element (i.e., a junction) in the set S. The inputs for
the algorithm are the number of sensors r, all demand

Tank 3

Reservoir Pump

(a)
Reservoir
9 9 10 11
Pump
21 22 23 \;/‘...,
) 4
31 32

(c)

‘1, and (c) Net3.

(b)

Fig. 2. (a) Three-node netwock, o) 1

profiles D;;, € D, and VL' harameters. The output of
the algorithm is ~rec ¢ vtimal sensor set S*. The first
step of the .igo hm is to . .mpute all state-space matrices
A(D; ) 1 = varic s drmand profiles D; . Then, given
a fixed hyu. tlic siualation interval k, a fixed demand
profile © ~d fi. °d number of sensors j, Step 9 computes
the ¢ timal lement in the set W\S; that yields the best
imprc ~men’ in the set function optimization reflecting
tho Yalinau filter performance—a core component of the
greed algorithm and supermodular optimization. At each
iters .on inside the while loop, the algorithm finds the
opumal element e; (i.e., the sensor through a junction
ID) that results in the best improvement in the state
estimation performance metric.

Then, the ng sets S; (that include the optimal sensor
sets for all ng demand profiles) are stored in a master
set S. This is then followed by finding the optimal sensor
sets from S for all T}, hydraulic simulations; these are all
included in another master set S. Finally, the algorithm
terminates by computing the final optimal sensor locations
S* via picking the combination that maximizes the occu-
pation time T'(S) for all S € S, i.e., a metric that defines
the frequency of a specific sensor activation. Finally, we
note that this algorithm returns the greedy-optimal solu-
tion. This solution is not necessarily the optimal solution
as discussed above with the 63% optimality guarantees.
Thorough case studies are given in the ensuing section.

V. CASE STUDIES

We present three simulation examples (three-node
network, Netl, and Net3 network [33], [48]) to illustrate
the applicability of our approach. The three-node network
is designed to illustrate the details of proposed method
and help readers understand the physical meaning of
results intuitively. Then, we test Net1 with looped network
topology considering the impacts on final WQSP from
choosing (%) the length of a single hydraulic simulation
t, (i) L-W scheme time-step At (or equally dynamic
number of segments), (%) different base demands, and (iv)
different patterns. Net3 network is used to test scalability
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. —Pattern I (Three-node) —Pattern T (Net1) 19
0.5+ 11
0 ‘ ‘ ‘ 0
6h 12h 18h 24h

Fig. 3. Pattern for Three-node and Netl networks.

5001 .‘Base‘dem‘and i.Bése demand 2DBa§e demand 3 |
OMM
J10 J11 J12 J13 J21 J22 J23 J31 J32 R9 T2
(2)

GPM

- Pattern I;Pattern II pattern 111

(b)

Fig. 4. Different base demands (a) and demand patterns (b)
for nodes in Netl.

of proposed algorithm and verify our findings further.
Considering that the LDE model (9) produces accurate
state evolution, we eliminate the process noise and set t! »
sensor noise standard deviation to o = 0.1.

The simulations are performed via EPANET Matlab
Toolkit [49] on Windows 10 Enterprise with an Intel(R)
Xeon(R) CPU E5-1620 v3 @3.50 GHz. All ¢ ... pa-
rameters, tested networks, and results are a ail- ble
Github [39] which includes an efficient and scal ble m-
plementation of Algorithm 1. The deta s ot his unple-
mentation are included in Appendix A.

A. Three-node network

The three-node network <hawn = F? | 2a includes one
junction, one pipe, one ' amp, mne . nk, and one reser-
voir. A chlorine semrce (( ~; = ( 8 mg, L) is installed at
Reservoir 1. Th mitia. hlo..  _oncentrations at or in the
other componc ts are 0 . g/L. Only Junction 2 consumes
water, and its ase dem nd is dp.se = 2000 GPM. The
corresponding pa. " attern I (viewed as a row vector)
for Junction 2 in 24 hours is presented in Fig. 3. Hence,
only one demand profile for a day is computed as D =
dpase X Pattern I. The pipe is split into fixed as sy,,, = 150
segments, and the single hydraulic simulation interval is
set to ky = 300sec and T} = 24 hydraulic simulations
are considered. To help the readers understand intuitively
about the water quality modeling in state-space form and
the observability (Gramian), an illustrative code including
step by step comments for this small three-node network is
available in our Github [39] for the convenience of readers.

For the three-node network, there are three possible
sensor locations (R1, J2, and T3); therefore, r is set
to 1 or 2 in Algorithm 1. The final sensor placement
results are presented as Fig. ba. When r = 1, J2 is the

r=1 r=2
72
R1
T3 I
6h 12h 18h 24h  6h 12h 18h 24h
(2)
r=1 r=3 r=>5
| — —
H% | N | - 1
i%%l | | * *
}%% | | Iy W
‘R)
T2 | I E | ) |
6h 12h 18h 24h 6h 12h 18h 24h (& 2h 15 24
(b)

Fig. 5. Sensor placement results for the “ree-node network
(a) and Netl (b) in 24 hours wi* . k, = 30u sec, At = 5sec,
Pattern I, Base demand 1.

best location or the c n.. - f the network, and when
r = 2, locations Tz ~d T3 are selected. To qualify the
centrality <. 1. sortance  a specific location during 24
hours, occ 07 2101, ime T'(S) = % is defined as
a percentz g of the _clected time by Algorithm 1 in a
day. Thi~ meas. e indicates the importance of the selected
sensc loca. ons. If the sensor location does not change
durin, 24 hc rs, the occupation time would be 100%; see
Tak I. “.on that in mind, this 100% figure of sensor
ccuy tion time rarely happens for any junction in larger
netw .ks—its occurrence in the three-node network is due
te .cs simple topology. We show more interesting results
with varying occupation time in the next sections.

B. Looped Netl network

Net1 network [33], [48] shown in Fig. 2b is composed of
9 junctions, 1 reservoir, 1 tank, 12 pipes, and 1 pump.
Beyond optimal sensor placements, here we investigate
the impact of the length of a single hydraulic simulation
length kf, L-W scheme time-step At, and the demand
profile on the final sensor placement result. This network
is more complex than the three-node network because its
flow direction changes and flow rates or velocities vary
dramatically every hour. To balance the performance of
L-W scheme and computational burden, sy, for each pipe
is set to an integer which is the ceiling of ﬁ, and
dynamic number of segments setting makes At = 5sec.
Furthermore, If the parameter At = 10sec is needed, and
this can be achieved conveniently by reducing the sz, for
each pipe by half.

1) Base case scenario and its result: The base case is
considered with the following settings: At = 5sec, single
hydraulic simulation ky = 300sec, and demand profile
for a single interval D) = Base demand 1 x Pattern I
shown in Fig. 4. There are 11 possible sensor locations
(see Fig. 2b), and the number of sensor locations r is
chosen as [1,3,5] in (13). Similarly, we consider 24 hours
in Algorithm 1. The final result is presented in Fig. 5b,
and the sensor placement results in terms of occupation
time T are presented in Tab. I.
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TABLE 1. Sensor placement results with detailed occupation
time (Base case of Netl: At = 5sec, ky = 300sec , Pattern I,
Base demand 1).

Network [r[ Result (selected positions are in blue)

Three- |1 Tra — 100%
node 2 T2, 13 = 100%

1|Ty10 = 66.4%, Ty12 = 18.6%, Tyo1 = 14.8%

Nett 3| T310 = 68.5%, Tj12 = 56.7%, Tyo1 = 83.4%
(Base case) Tro = 53.6%

5| Tiio = 69.5%, Ty1 = 87.8%, Tyz1 = 100%

Tro = 65.7%, Ti31 = 82.1%, Ty11 = 49.4%

TABLE II. Sensor placement results considering the impacts
of L-W scheme time-step At and the length of the single
observation time ¢ (Case A: At = 10sec, ky = 300sec; Case
B: At = 5sec, ky = 60sec).

Network [ r [ Result (selected positions are in blue)

1| Ty10 = 71.6%, Ty12 = 12.4%, Tyo1 = 14.5%

Net1 3 TJlO = 716%, TJ12 = 484(%37 TJ21 = 612%
(Case A) Tra = 68.8%

5 TJlO = 74.7%, TJ12 = 82.7(%37 TJ21 = 100%

TT2 = 692%, TJ31 = 730%, TJ11 = 626%

TJ]O = 865%, TJ12 = 83%, Tjgl = 51%

Netl [T T0 = 100%, Ty1s = 40.4%, Tyz1 = 53.6%
(Case B) Trp = 74.2%

5 Ty10 = 100%, Ty12 = 85.7%, Ty21 = 100%

Tro = 78.1%, Ty31 = 39.2%, Tj11 = 36.5%

From Fig. 5b and Tab. I, when r = 1, J10 in Fig. 5b 3
the best sensor location most of the time (Tj19 = 66.4%),
and the best location switches to J12 or J21 occasionally
(Tr2 = 18.6%, Tyo1 = 14.8%). Hence, the solution of
WQSP is &, = {J10} (marked as blue ir Ta I).
Similarly, the locations with the largest r occupat’ m t =
are selected as the final results when - 3 an 5.
These greedy-optimal placements are <wven L = S/_; =
{J10,J12,J21} and Sf_; = S;_5J{T2,. ?1}. 7 ais show-
cases supermodularity of the set (u. *ion ‘ptimization,
seeing that S}_3 C S;_5.

2) The impacts of L-W scheme . me .ep and the length
of single observation tim  Her. we ‘udy the impact of
L-W scheme time-sten an. the le' gth ot single observation
time parameter on tn fine. TSP results—in compari-
son with the & se case fi m the previous section. At first,
only At is incre sed fron 5 (from the base case) to 10 sec
(Case A). Accord.. == .ae number of segments of all pipes
is reduced by 50%, while still maintaining the accuracy of
LDE state-space model compared to the EPANET water
quality simulation. We also define Case B by reducing
k¢ from 300sec (base case) to 60sec. The results for this
experiment are shown in Tab. II. We observe the following:
(i) the final results are exactly the same as the ones
under the base case for r = 1,5, and the differences are
materialized only in the slightly changed occupation time;
(i) the results under r = 3 are different from the base case
as the solution changes from & = {J10,J12,J21} (base
case) to S = {J10,T2,J21} (Cases A and B). This is due to
the fact that the base case did not produce a clear winner
in terms of the sensor placement—the occupation times
(Ty12 = 56.7%, Tre = 53.6%) are similar.

r=1 r=3 r=>5
iy m— m—
lH% - ] |
121
135 | [ | 1
i . .
s -
T2 Il = | I .
6h 12h 18h 24h 6h 12h 18h 24h 6h 12h 18h 24
(a)
r=1 r=3 r=>5
J10 |
J11 L
}f% immn1i 1 Il \
]R;‘Z) H I E = J | __1 N
T2 |
6h 12h 18h 24h 6h 12h -~ .. 4h “h  12h 18h 24

(b}

Fig. 6. Sensor placement re: ‘Its f -~ N¢ 1 with &y = 300 sec,
At = 5sec, Pattern I rader ‘a) base demand 2, (b) Base

demand 3.
We not thao ven if the sensor placement strategy is
changed w m r - 7 the final performances of these

three cases & ~ comparable, and the relative error of
Kalm u n. v pe formance in (13) reached between Base
case nd Ca > A (Case B) is 17.2% (7.9%) even though
the di. »er - in At is two times and the difference in ky

o~ ‘mes, which is acceptable. Hence, one could make
this v eliminary conclusion: the impacts of L-W scheme
tir -step At and the length of hydraulic simulation ky on
the final sensor placement results are negligible assuming
that the number of pipe segments (the partial differential
equation space discretization parameter) is large enough
to ensure the accuracy of LDE model.

8) The impact of various demand patterns: In this
section, the impact of demand profiles on the final sensor
placement result is explored. Note that the demand in
24 hours at a node is decided by its base demand and
the corresponding patterns simultaneously. Furthermore,
other demand patterns could reflect other days of the
weeks such as a weekend, rather than assuming a week-
long demand curve.

First, the Pattern I is fixed as the stair-shape in Fig. 3 or
the dotted line in Fig. 4b, and base demands 1, 2, and 3 in
Fig. 4a are used. That is, we have ng = 3 different demand
profiles which is an input for Algorithm 1. Note that
these base demands are generated for illustrative purposes.
Base demand 1 is designed to assign nearly identical base
demand at each node. Base demand 2 assigns more base
demands to the nodes on the right half part of the network
in Fig. 2b, such as {J12,J13,J22,J23,J32}. Base demand
3 assigns larger base demands to the nodes on the left half
part of the topology in Fig. 2b, such as {J11,J21,J31}.

The final sensor placement strategies under the three
base demands 1, 2, and 3 are shown as Fig. 5b, Fig. 6a,
and Fig. 6b, and the corresponding detailed occupation
time are not shown for brevity. It can be observed that
the greedy-optimal location switches from S;_; = {J10}
(under base demand 1) to S;_; = {J12} (under base de-
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Fig. 7. Sensor placement results for Netl with ky = 300sec,
At = b5sec, and Base demand 1 under (a) Pattern II, (b)
Pattern III.

r=1
ﬂ%lll . I EIl
J21
%%%III. ﬁl NIl |
J31
135 | I | P H |
R9
T2 [ I | |

6h 12h 18h 24h 6h 12h 18h 24h 6h 12h 18h 27 .

Fig. 8. Final sensor placement results for Netl with ky -
300sec, At = 5sec consider five different demand profiles
(fusion of Fig. 5b, Fig. 6, and Fig. 7).

L

mand 3) along with changing base demand; when =& &
switches from S;_5 = {J10,J12,J21} (un .. " ~se "~ and
1) to S§¢_; = {J11,J12,J32} (under bas  leman 3); when
r = b, it switches from S;_; = {J10,. 2,J27,J31, T2}
(under base demand 1) to §*_, = (J1. 112, 3,J31,J32}
(under base demand 2). This sk rcases hang. g base de-
mands or different demand rrofiles mde d have an impact
on the sensor placement, " ut A. orit. = 1 still returns the
best placement according "o the hosen metrics.

Second, to * st the imy of patterns, Patterns I,
II, and III ir Fig. 4b re used when base demand 1
is fixed (see F - 4a). Ve have another ng = 3 differ-
ent group of den. rofiles. Again, these patterns are
only used for illustrative purposes to test the algorithm’s
performance. It can be seen that Pattern I is relatively
flatter compared with the other patterns, while Patterns
IT and IIT vary dramatically and are complementary to
each other. The final sensor placement strategies under
Patterns I, II, and III are shown as Fig. 5b, Fig. 7a, and
Fig. 7b that can also be viewed as three corresponding
matrices with only zeros and ones element (not selected
or selected). It can be observed that the greedy-optimal
location switches from S}_; = {JlO} to SF_; = {J21} and
from S*_, = {J10,J12,121} to S*_, — {J21,J22,J31}.
With the above comparisons, we clalm that both base
demands and patterns would have impacts on the final
sensor placement solution in Netl. In order to quantify

r=2 r==8 7"—14
" - —_— —= — =
a . —
= =
) — - - — =
< - ez = ===
(@} - = - == e o]
z =y ==

6h 12h 18h 24h  6h 12h 18h 24h  6h 12h 18h 24

Fig. 9. Sensor placement results for Net3 with » = 2,8,14 (95
node IDs are not shown for brevity).

the similarity between two sensor place ~ent strategies S§
and S5 (viewed as matrices v'on nly - vos and ones),
we define a similarity metric us - >, " ®(S7,S55), where
& stands for element-wise . gica ope ator xor. Note that
this similarity metric is 'way * a negative value, and when
two matrices are the sa. e, largest similarity value 0
is reached. With app. “n_ this similarity metric, Fig. 7
is closer ¢ m = similar .o Fig. 5b than Fig. 6, That
is, the pat ~ a tew 's to cause less impacts than the base
demand in N\ *1 case. This conclusion may extend to the
other » . ~rks, =d it is always safe to claim that varying
dems 1d pro. 'es at each node has significant impact on the
sensoi ~lace’ ient strategy.

\

- 7e consider all discussed ny = 5 demand profiles
D; ¢ ®%Fi wherei = 1,...,ng, and run Algorithm 1, the
fin=" sensor placement results considering Patterns I with
Base demand 1,2, and 3, and Patterns II and III are shown
as Fig. 8, which is the fusion of Fig. 5b, Fig. 6, and Fig. 7
The final solution §}_; = {J10}, S_; = S}, U{J21, T2},
and S, = S'_;J{J12,J31}, thereby showcasing the
greedy-optimal solution for Algorithm 1 that exploits
supermodularity of the set function optimization.

C. Net3 network

In this section, the conclusions drawn from looped Netl
network in previous section are further corroborated via
the Net3 water network shown in Fig. 2c with 90 junctions,
2 reservoirs, 3 tanks, 117 pipes, and 2 pumps. The base
demands of all junctions are assumed as fixed, and a
relative flatten pattern (varies slightly) are tested. The
results selecting r = 2,8,14 from 95 node locations are
shown as Fig. 9, the detailed locations are presented in
Tab. III, and set S)_, C S'_g C S;_;, indicates the
supermodularity property of the solution for this Net3
network. This showcases this property for even a larger
network, further reaffirming the performance of the greedy
algorithm. Besides that, the motivations behind testing
Net3 network from a practical point of view come in
two aspects, that are (7) whether it is effective or not
via adding extra sensors to reduce the Kalman filter
estimation error? and (%i) is the strategy from Algorithm 1
better than random strategies?
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TABLE III. Sensor placement results for Net 3.

Network [ r [ Result
2 Si_o= {J203, J204}
Net3 8 | Si, U{J261, J163,J169,J173,J184, J206}

14 | 87_g|J{J208,J177,J179,J209, J20, J121}

D. Estimation performance and comparing with random
SP

This section computationally investigates two important
issues closely related to the two motivations aforemen-
tioned: First, the performance of the state estimation
and Kalman filter as the number of utilized sensors r in
the water network varies. The second issue is whether a
uniform (i.e., placing a sensor every other junction) or
random sensor placement strategy yields a comparable
performance—in terms of the state estimation metric—
when comparison with the greedy-optimal presented in
Algorithm 1. Both issues are investigated for the larger
network Net3.

First, the relationship between performance of the
Kalman filter f(S,) (12) and the number of sensors is
shown as Fig. 10a. Interestingly, Kalman filter perfor-
mance f(S,) decreases roughly linearly as the number
of sensors r increases from 1 to 14 for three differer
hydraulic simulations. Specifically, Fig. 10a showcases t. »
performance of the greedy-optimal solution when r is
fixed in Algorithm 1 with fixed hydraulic profiles (T}, =
0th 10%h, 20*" hour) i.e., the three figures in Fig. 10a show
similar trend for three different hydraulic pr-.iles The
best performance or lower bounds under the corres ona . g
cases are reached when all sensor locati- - ~re ~l= ced
(r = 95). This indicates that one would 1 ot exp <t a large
improvement of Kalman filter performai -~ via acreasing
the number of sensors even the lo .atic s ot 1ded sensors
are all greedy-optimal.

Furthermore, the time-varving 'al-.an filter perfor-
mance f(S/_q4) for 24 he urs is ‘epic ~d via the blue line
in Fig. 10b. the perform nce va ae cau easily reach 10°
level for this re” itively ‘arge  .e network due to (i) the
large dimensic of z (n. = 3.066 x 10°), (#) covariance
matrix C with ‘my diagc 1al element (i.e., 5 x 1073), and
(iii) the typical . "=~ _r ky is 200 in Net 3 resulting in
W, with huge value element in (11). Moreover, the trend
of the blue line is decided by the hydraulic profile such as
the flow rates for 24 hours, the plot of flow rates are not
shown for brevity.

To address the second issue, we showcase the perfor-
mance of a random sensor placement with a fixed num-
ber of sensors r = 14. Specifically, ten random sensor
placements are generated for every hydraulic simulation.
To quantify the performance of the proposed optimal
placement, we define the relative performance of a random
placement strategy S as A f(Sr=11) = f(Sr=14)—f(S;=14)-
A smaller value of Af(S,-14) implies a better optimal
placement. The red lines in Fig. 10b are the relative
performance of ten different randomizations—all of them

5 4 4
16542 x 10 51 x 10 55 x 10
& -1.65425 -5.2 \\ -5.6
Sy
-1.6543 -5.3 -5.7
1 5 10 95 1 5 10 95 1 5 10 95
re{l,..., 14,95}
(2)

| | y )
-oh 20h 24h (
b)
Fig. 10. Kalman filt ve. drmance f(S;) with » =

{1,...,14,95} when T}, = ™, % " 20" hour (a), performance
f(Sf=14) for 24 hour. ‘b e line in (b)), and the relative
performancs ot u randown. d sensor placements Af(Sy=14)
(red lines i (h)).

are g” _avw. tha. zero showcasing a much better state
estin tion } rformance through the greedy algorithm.
Even ¢ oug} the differences of performance are only 100-
27 =1 average, the actual Kalman filter performance is
order: of magnitude better due to fact that the logdet
fun~ .ion is used to quantify the state estimation accuracy.
That is, the S;_;, obtained from Algorithm 1 performs
significantly better than any random strategy 3::14.

VI. CONCLUSIONS, PAPER LIMITATIONS, AND FUTURE
DIRECTIONS

The paper presents a new computational method that
results in sensor placements of W(Q sensing devices in wa-
ter networks. The method exclusively focuses on the WDN
observability in regards to the WQ dynamics. After thor-
oughly testing three networks, we summarize the findings.
First, the impacts of choosing L-W scheme time-step At
(or the number of segments sy,) and the length of a single
hydraulic simulation k; on the sensor placement strategy
is minor and can be neglected. Second, our proposed
method can be applied to practical networks to determine
sensor placement strategy because in practice historical
data for demand patterns are available, thereby furnishing
the sensor placement with the most common demand
patterns. Hence, there is a possibility that the optimal
sensor placement in terms of occupation time obtained
would relatively be time-invariant. Third, the algorithm
verifies the supermodular nature of the advocated set
function optimization as corroborated via different test
cases on three different networks. Fourth, and even if
demand patterns change significantly, the algorithm can
still be used to obtain a sensor placement that optimizes
the sensor occupation time.

The paper does not advocate for only looking at state
estimation metrics for water quality sensor placement. As
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mentioned in Section I, a plethora of social and engineering
objectives are typically considered in the literature to solve
the WQSP. To that end, it is imperative that the proposed
approach in this paper be studied in light of the other
metrics and objectives discussed in the literature (such
as minimizing the expected population and amount of
contaminated water affected by an intrusion event). Con-
sequently, an investigation of balancing engineering and
state estimation objectives with more social-driven ones is
needed. Hence, the objective of this paper is to provide
a tool for the system operator that quantifies network
observability vis-a-vis water quality sensor placements.
The water system operator can also balance the objective
of obtaining network-wide observability with these other
metrics. Future work will focus on this limitation of the
present work, in addition to considering multi-species
dynamics that are nonlinear in the process model, which
necessitate alternate approaches to quantify observability
of nonlinear dynamic networks. This will also allow ex-
amining the potential reaction between contaminants and
chlorine residuals that the sensors are monitoring.
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APPENDIX

This section presents a briel ‘scussii 1 on =0 efficient
implementation of Algorithm 1 in “oht of the large-scale
nature of the problem. T iis nc ure . due to the size of
water networks, but. main - due t the space discretization
of the PDE. T} 5 resuw. ~in ' .ge state-space dimension
for the LDE m del (9). C nsidering Net3 for example with
a single hydrau - simulaf on (i.e., ¢ = 5 minutes or equally
ky = 300 time-ste, " _.n At = 1 second to reach a decent
performance in L-W scheme), the number of segments of
different pipes is set as s = 1000. Given these figures,
the corresponding dimension of the state-space model (8)
and (9) is n, = 117,099. That is, A € RI17:099x117,099
C € ROXUT09 iy (9) O(ks) € R9ksx11T.09%; i (10),
and W, € RUTO099kxUT.09%ks iy (11) with k; = 300.
Next, we discuss the balance between the accuracy of our
LDE and the computational burden.

From the above example, the problem dimension is
determined via number of the water quality simulation
time-steps ky, the number of pipes np, and the number
of segments of each single pipe s;. Note that ky =
t/At, where At < mln(#l(t)) for all i € P. Ideally,
parameter sy, should be as large as possible to ensure

accuracy of LDE model. After fixing the length of the
interval ¢, parameter k; (At) should be as small (large)
as possible to reduce the dimension of O in (10). This
subsequently reduces the computational burden of finding
the log det of a large-scale matrix in (11)—and hence
improves the computational tractability of Algorithm 1.
Evidently, there exists a conflict between increasing of the
accuracy of the LDE model (via increasing sj for each
pipe) and reducing computational burden (via decreasing
kg, increasing At or, equally, decreasing s, . a single
hydraulic simulation. We next show sim le - pproaches
which can alleviate this conflict, signi” can v red .ce the
computational burden while maintain. 3 the accuracy, and
yield a scale algorithmic implementatio.

o First, the state-space mat:.ces A nd C, which are
the major component ¢  the dyr unic water quality
model and all subseqr=nt i atrice. and Algorithm 1, are
extremely sparse. In fe *t, ~« e than 99.9% of the entries
of these matrices a, e »s. L nus, matrices A and C' can
be expre sea - the spa.. matrix form thereby reducing
the con. v atio. 7l brrden and the needed memory by
many o1 u¢ ~ of meagnitude. We use this in our Github
code=

e Sec nd, t. reduce the number of time-steps k; or in-
crec e At, he dynamic number of segments of each pipe
<haula o adopted due to the fact that the At is related
wit. pipe length L; and its velocity v;(¢) which depends
on .he hydraulic simulation and demand profile. That
.3, for the short (long) Pipe ¢ with large (small) velocity
for interval ¢, the number of segments sy, can be chosen
as a relatively small (large) value that is still enough
to ensure the accuracy of L-W scheme. With varying
number of segments, the dimension of A (i.e., n,) varies
in different hydraulic simulations. The interested reader
is referred to our Github [39] for the details of this
implementation. For example, if the velocities during
interval t; are two times less than the ones during
interval t5, then the size of n, can be reduced by half in
ty.

e Third, the WQSP problem parameters (13) in each
single hydraulic simulation are independent on each
other. This is due to A and C' in (10) are time-invariant
in a single interval. After obtaining initial conditions and
matrices A, C offline, Algorithm 1 can be implemented
through parallel computing. That is, multi-intervals can
be calculated simultaneously on a multi-core computer.
Moreover, the bottleneck of Algorithm 1 is located in
calculating the log det of large-scale matrix (11). To that
end, we adopt the LU and Cholesky decompositions [50]
to accelerate the evaluation of the logdet objective
function for different sensor placements.

o Fourth, it is clear that reducing the length of a single
hydraulic simulation ¢ would be another effective trick,
since it would reduce the dimension of O(k) and Wo (k)
significantly according to (11).

Finally, it is worth mentioning that Algorithm 1 is in-
deed offline seeing that it solves a placement problem of
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water quality sensors: sensors that cannot have varying
geographic locations. Powerful computational resources, at
the disposal of water network operators, can hence be used
to run the algorithm.

We present the tested computational time for running
a horizon of 24 hours for the tested three networks. For
the three-node network, it takes 45.7sec to terminate
Algorithm 1; for Netl with larger discretization time-

step At =

10sec, the computational time is 129.6sec,

and the computational time becomes 188.1sec when the
time-step is reduced by half, that is, At = 5sec. When
we change a new demand profile for the Netl network,
the computational time can reach 555.6 sec; for the Net 3
network it takes almost four hours for the entire 24 hour
simulation horizon. The reasons of the varying computa-
tional time are: (i) special demand profiles may result in
time-consuming LU or Cholesky decompositions, (ii) the
discretization time-step At and length of single observa-
tion time k¢ have an impact on the size of W, and result in
different computational time, (iii) and the tested computer
have different numbers of cores and capacities of memory.
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