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a b s t r a c t

We review recent work on low-frequency Floquet engineering
and its application to quantum materials driven by light, focusing
on van der Waals systems hosting Moiré superlattices. These
non-equilibrium systems combine the twist-angle sensitivity of
the band structure with the flexibility of light drives. The fre-
quency, amplitude, and polarization of light can be tuned in
experimental setups, leading to platforms with on-demand prop-
erties. First, we review recent theoretical developments to derive
effective Floquet Hamiltonians, emphasizing the low-frequency
regime. We then review applications of some of these theo-
ries to study twisted graphene and transition metal dichalco-
genide systems irradiated by light in free space and inside a
waveguide. We study the changes induced in the quasienergies
and steady-states, which can lead to topological transitions.
Next, we consider van der Waals magnetic materials driven by
low-frequency light pulses in resonance with the phonons. We
discuss the phonon dynamics induced by the light and the result-
ing magnetic transitions from a Floquet perspective. We finish
by outlining new directions for Moiré–Floquet engineering in
the low-frequency regime and their relevance for technological
applications.
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1. Introduction

The term quantum material broadly refers to a condensed matter system where quantum me-
hanical effects manifest at the macroscopic level [1–3]. These effects can originate from interactions
r be rooted in the system’s topology. For example, one of the oldest known magnetic materials,
agnetite, is magnetic and conducts electricity at room temperature but becomes insulating at low

emperatures due to complex charge ordering [4–6]. On the opposite side of the spectrum, mercury
s the oldest known superconductor with vanishing resistivity at low-enough temperatures [7]. In
ach case, the interactions between the internal degrees of freedom, such as electron spins, orbitals,
attice vibrations, etc., lead to ordered states.

The quantum materials’ properties can usually be tuned by changing external variables such
s temperature, pressure, doping, chemical composition, and electromagnetic fields. A particularly
triking example was discovered by the late Nobel laureate P. W. Anderson, who showed that
trong-enough random disorder could induce localized states [8]. In later work, E. Abrahams,
. W. Anderson, et al. introduced the concept of the Anderson insulator, a state which arises in
on-interacting systems with weak random disorder. Anderson’s ideas have led to generalizations
ncluding the effects on spin–orbit coupling [9,10], interactions [11–14], and into the topological
omain [15–22], including Floquet systems [23–26]. Anderson localization has now been observed
n several systems [27–30].

In low-dimensional quantum materials, a rotation angle between layers provides a channel to

ontrol their properties via the underlying Moiré superlattice induced by the twist [31–33]. For
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Fig. 1. (Color online) Floquet–Moiré engineering describes the integrated use of light pulses at different frequencies and
ntensities to modify the properties of lattices with Moiré patterns.

xample, misaligned bilayer graphene on hexagonal boron nitride presents the fractal quantum
all effect [34]. Twisted bilayer graphene (TBG) exhibits a series of superconducting, insulating
35–39], and ferromagnetic [40,41] states as a function of charge carrier (electron) concentration
t specific angles. Twisted double bilayer graphene (TDBG) displays spin-polarized and correlated
hases [42–53]. There is evidence that twisted transition metal dichalcogenide (TTMD) heterostruc-
ures host Moiré excitons [54–56]. The manipulation of states of matter based on the twist angle
s known as Moiré engineering, and provides another example where ‘‘More Is Different’’ [57]. For
recent reviews on Moiré heterostructures, see Refs. [58,59].

Since the ability to control the materials’ properties can be exploited for their integration in
new technologies, researchers have invested resources to elucidate new and efficient mechanisms.
In the past decade, non-equilibrium approaches have emerged to control the plethora of correlated
phases of matter on demand [60] and create novel topological phases [61–67]. Next, we provide a
brief overview of experimental results and theoretical proposals in periodically-driven condensed
matter systems.

Y. H. Wang et al. reported the first observation of Floquet–Bloch States in Ref. [68]. They
considered a strong topological insulator (Bi2Se3) and applied circularly polarized light with a fre-
quency below the bulk band gap. Employing time- and angle-resolved photo-emission spectroscopy,
they observed the quasienergy spectrum predicted by Floquet theory. Subsequent studies by
F. Mahmood et al. Ref. [69] revealed scattering between Floquet–Bloch and Volkov states in Bi2Se3.
In Ref. [70], E. J. Sie et al. employed circularly polarized light to break time-reversal symmetry in
transition-metal dichalcogenides to demonstrate valley-selective tuning of the exciton level in
each valley. Several other phases have been experimentally realized. In particular, discrete-time
crystals, which rely on many-body Anderson-localized states [71,72], have been predicted and
realized [73–76]. The light-induced anomalous Hall effect has been reported in graphene [64], a
photoinduced structural transition between semimetal phases has been observed in transition metal
dichalcogenides via second-harmonic generation [77], and light-induced switching of stacking order
in trilayer graphene [78]. For reviews on the theory and experimental aspects of photon-based
spectroscopies, see Refs. [79] and [80].

The theoretical proposals of Floquet phases are very extensive now. In particular, Anderson’s
localization theory has motivated topological generalizations in and out of equilibrium: in the
topological Anderson insulator [16], a metal-to-insulator transition induced by disorder is accom-
panied by extended edge states. The disorder-induced Floquet topological insulators [25] and the
anomalous Floquet–Anderson insulator phase defined by non-adiabatic quantized charge pumping
constitute extensions to non-equilibrium settings. Additional theoretical works include proposi-
tions for Kapitza pendulum-like many-body phases [81], anomalous Floquet states [82] and their
topological characterizations [83–90], higher-order Floquet topological phases [91–99], emergent
3
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eyl semimetals and Fermi arcs [100–113], driven interacting systems [114–120], driven supercon-
uctors [121–130] and light-induced d-wave superconductivity in cuprates [131], metal–insulator
ransitions in semiconductors [132], engineering of spin Hall insulators [133], topological frequency
onversion [134], Floquet transport and optical conductivity [135–141], Floquet many-body local-
zed phases [142–146], and Floquet topological states in insulators [66,147–149], graphene and
exagonal lattices [150–160] and bilayer graphene [161–163]. All these examples show how broad
s the scope of Floquet systems.

The drive parameters such as its frequency, amplitude, phase and shape provide additional
nobs to modify the properties of quantum system. In particular, the frequency provides an
nergy scale relative to the quantum material. The non-equilibrium dynamics at large frequen-
ies is well understood, within inverse-frequency expansions and rotating-wave approximation,
s a renormalization of the equilibrium parameters of the system [164–178]. The mid- and
ow-frequency regimes, on the other hand, are relatively less explored [127,179–189]. This regime
s relevant for solid-state driven systems [66] and provides a route to reduce heating effects when
riving off electronic resonances [190–193].
When frequencies in the terahertz range are employed to drive a system out of equilibrium,

he phonons become relevant degrees of freedom. If strong enough electric fields are employed,
he phonons are subjected to non-linear interactions, which can lead to an effective lattice control
ith implications for the ordered states. Theoretically, the non-linear phononics mechanism has
llowed the prediction of magnetic order tuning in RTiO3 compounds [194,195], modulation
f the structure of YBa2Cu3O, and related effects in the magnetic order [196], light-enhanced
uperconductivity [197], and several other proposal [4,98,181,194–222]. Examples realized experi-
entally include the possibility to transiently enhance superconductivity [223–226], light-induced
etastable charge-density-wave states in 1T-TaS2 [227], optical pulse-induced metastable metallic
hases hidden in charge-ordered insulating phases [228,229], metastable ferroelectric phases in
itanates [230], photo-molecular superconductivity in charge-transfer salts [231], switching into
eta-stable hidden phases [232], detection of displacive motion of Raman modes anharmonically
oupled to driven infrared modes [233], and effective magnetic fields generated by multiple driven
honons [234]. For a review of experimental results on non-linear phononics, see Ref. [235].
This review aims to provide an integrated picture of the recent developments of the Floquet

heories valid the low-frequency regime, emphasizing their applications to Moiré superlattices.
he intersection of these subjects gives rise to Floquet–Moiré engineering of quantum materials
see Fig. 1). The rest of this review is organized as follows: In Section 2, we discuss several of
the theories available to derive effective Floquet Hamiltonians valid in the high-, mid-, and low-
frequency regimes. We provide an overview of the advantages and drawbacks of each of the
methods discussed. We use this section to introduce the relevant definitions and highlight the
technical challenges in the low-frequency regime, the main focus of this work. In Section 3, we
apply the methods previously discussed to analyze quantum materials driven by light in the mid-,
and low-frequency regimes. Finally, in Section 4 we conclude with a summary and our perspectives
and outlook for low-frequency Floquet physics.

2. Effective theories

This section discusses various methods to obtain effective or approximate Floquet Hamiltonians
to describe periodically-driven systems’ stroboscopic dynamics. Our focus is on the theories that
are, in a sense, averaged over a single period, and we will therefore not consider the issue of
micromotion operators. First, we introduce two different pictures used to describe Floquet systems:
real-time and frequency domains. Then, we review some of the theories available in the high-, mid-
and low-frequency regimes and discuss their advantages and challenges.

2.1. Two paths to Floquet theory

There are two common starting points for describing Floquet systems, both with their advantages
and disadvantages. In the first part, we will offer short derivations of both and explain their use and
their insights. This will also serve us well in later sections when we explain techniques based on

both approaches.

4
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.1.1. From the perspective of a time evolution operator
In the first common approach [165,168,169,177,181,236–240] one may take the Schrödinger

quation for the time evolution operator U(t)

i∂tU(t) = H(t)U(t) (1)

s a starting point. The formal solution to this equation is given by

U(t) = T exp(−i
∫

dtH(t)). (2)

This object is called the time-ordered exponential and can be defined as a product of operator
exponentials as

U(t) = lim
δt→0

t/δt∏
n=1

e−iδtH(nδt). (3)

If the Hamiltonian is periodic in time with period T , H(t) = H(t + T ), then the problem has an
mportant simplification. Namely Eq. (3) then allows us to read off that

U(nT ) = U(T )n. (4)

his observation let us to interpret the equation as U(nT ) = exp(−iHFnT ) and to define the Floquet
amiltonian

HF := i log [U(T )] /T (5)

hat determines the time evolution at stroboscopic times t = nT and behaves similar to the
amiltonian of a time-independent system in this respect.
Let us first recognize that this definition includes a matrix logarithm with many branches and,

herefore, multiple possible solutions that are equivalent in their time evolution properties. Next, we
nterpret this definition physically. If one is only interested in what happens at stroboscopic times
T then one can straightforwardly see that HF acts in the same way a time-independent Hamiltonian
ould. In this sense, one may interpret the operator HF as an effective time-independent Hamil-
onian. If T is sufficiently small, one may replace nT → t and HF will describe dynamics that are
moothed out in time and represented by U(t) ≈ e−iHF t just like in a time-independent system. One
should note that such a description in some cases may even be more advantageous in describing
experiments than the fully detailed description with better time resolution. After all, detectors often
implicitly average over short time frames and therefore a coarse-grained description such as the
one provided by HF may be more easily related to some observations. Regardless one may not just
interpret HF as a generator of time evolution but also use it to predict phases of matter without
taking recourse to the complicated methods of time-dependent quantum mechanics. This is because
it describes states in an exponentially-long time regime called the pre-thermal regime [171]. HF
is implicitly dependent on the initial conditions that are chosen since those enter a time-ordered
exponential. However, often this is of no vital consequence.

The main technical challenges for the time evolution approach are: (i) computing the time-
ordered exponential U(T ) and (ii) taking the matrix logarithm to find HF = i log(U(T ))/T . In later
ections, we will discuss some approaches that make it possible to simplify these problems.

.1.2. From the perspective of a quasi-energy operator
In a second common approach [170,174,180,182,241,242] one may consider the time-dependent

chrödinger equation for the wavefunction

i∂tψ = H(t)ψ, (6)

as a starting point for the Floquet theory. This equation (analogous to the discussion in the previous
section), can be simplified if the Hamiltonian is periodic in time, H(t + T ) = H(t), because

ˆ
he Hamiltonian then commutes with the stroboscopic shift operator TH(t) = H(t + T ), that is

5
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H(t), T̂ ] = 0. This means that one can find simultaneous eigenvalues of T̂ and H(t), which will
llow a block-diagonalization if we can diagonalize T̂ .
Our first step therefore is to construct T̂ . To do so we study the wavefunction at times t + T . Via

Taylor expansion we find

ψ(t + T ) = e−i(iT∂t )ψ(t) = T̂ψ(t). (7)

e immediately find the stroboscopic shift operator as T̂ = ei(−iT∂t ). Next we find eigenvalues of T̂
s

T̂φ = e−iϵTφ. (8)

Therefore we have to fulfill

ψ(t + T ) = e−iϵTψ(t). (9)

This is automatically fulfilled by a product ψ(t) = e−iϵtu(t) that factorizes the full wavefunction
(t) into a periodic term u(t + T ) = u(t) and a phase term e−iϵt . Finally, it is clear that with the
nsatz ψ(t) = e−iϵtu(t) we are able to block-diagonalize as

ϵu(t) = (H(t) − i∂t )u(t) ≡ Q(t)u(t), (10)

here the equation separates into different blocks labeled by the quantity ϵ, Q(t) ≡ H(t)− i∂t , and
takes values in a Floquet zone, [t0, t0 + T ] with arbitrary t0, instead of the full real axis, analogous
o Bloch’s theorem for spatially-periodic systems.

Eq. (10) is referred as the Floquet–Schödinger equation, and corresponds to an eigenvalue
quation for a time-periodic wavefunction u(t) that has a similar structure to the time-independent
chrödinger equation. However, ϵ is not the energy but the quasi-energy, and Q(t) = H(t) − i∂t is
ot the Hamiltonian but a quasienergy operator that acts in a larger Hilbert space. More precisely,
e notice that time enters in a new way into the equation. It takes a footing similar to positions
in the ordinary Schrödinger case. We stress that while the structure is the same as equilibrium
uantum mechanics, the operator Q(t) lives in an extended Hilbert space F = H ⊗ I , where H
enotes the original Hilbert space and I the space of functions on the time interval of one period T .
herefore, the scalar product from the original Hilbert space is not sufficient since it does not include
ontributions from the time variable and one needs to define a new scalar product. Generically, a
hysically meaningful scalar product for vectors u and v is usually defined by a sum over all indices
hat can label states like ⟨u, v⟩ =

∑
i u

∗

i vi or in the case of continuous labels by an integral. In our
ase, the new variable time takes continuous values. One may now build additional structure onto
he scalar product for the original Hilbert space ⟨., .⟩ and define the new scalar product

⟨⟨u, v⟩⟩ =

∫ T

0
dt⟨u(t), v(t)⟩, (11)

which is a sum over all labels in the extended Hilbert space. Since the systems of interest have
period T it would be redundant to integrate over longer times.

It is also useful to define a partial scalar product that acts on time labels

(u, v) =

∫ T

0
dtu∗(t)v(t) (12)

as we will see shortly. This way of framing the Floquet problem in an extended space leads to
a structure useful to develop some approximate expansions and can be leveraged for numerical
computations.

One may use the partial scalar product (., .) to expressQ(t) in a Fourier basis |n) = einωt/
√
T , with

= 2π/T . After a short computation, one can recast the Floquet–Schrödinger equation Eq. (10) as
6



M. Rodriguez-Vega, M. Vogl and G.A. Fiete Annals of Physics xxx (xxxx) xxx∑

F

c
w
n
p
i
E

t
n

2

h
c

2

d
M

w
n
i

m

(
H (n−m)

+ δnmmω
)
um = ϵun, which in matrix form reads

ϵ

⎛⎜⎜⎜⎜⎜⎝
...

u−1
u0
u1
...

⎞⎟⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎝
. . .

...
...

...
...

...

· · · H1 H0 − ω H−1 H−2 H−3 · · ·

· · · H2 H1 H0 H−1 H−2 · · ·

· · · H3 H2 H1 H0 + ω H−1 · · ·

...
...

...
...

...
. . .

⎞⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎝
...

u−1
u0
u1
...

⎞⎟⎟⎟⎟⎟⎠ , (13)

where u(t) =
∑

n e
inωtun. The matrix elements are defined as Hn =

1
T

∫ T
0 dte−inωtH(t), which are the

ourier components of the time-dependent Hamiltonian.
The advantage of this approach over the real-time approach is that it is independent of the initial

onditions t0. The Hamiltonian representation Eq. (13) is only useful in the case that it is truncated,
hich in some drive frequency regimes is an excellent approximation and is extensively used in
umerical and theoretical studies. The disadvantage of this approach compared to the one from the
revious section is that it is more complex to access the time evolution operator. However, one
s still able to construct full time-dependent wavefunctions by recourse to u(t) =

∑
n e

inωtun and
q. (13).
It is also important to note that the quasienergy ϵ is an experimentally observable quantity. In

he limit ω → ∞, Eq. (13) predicts copies of the spectrum of H0 that are shifted by ω if Hn is
egligible for |n| > 0. These Floquet copies have been observed in experiments [69,243].

.2. High-frequency approximations

After surveying the two common approaches to describe the Floquet systems, we will now study
ow we can obtain useful approximations. For this, we will start with the high frequency regime,
haracterized by driving frequency ω ≫ h where h is the magnitude of local terms in a Hamiltonian.

.2.1. Floquet-Magnus expansion
We first review the Floquet–Magnus expansion, based on the time evolution operator. One of the

ifficulties of computing the Floquet operator HF is that we have to compute a matrix logarithm.
agnus [244] side-stepped this issue by seeking a solution for U(t) of the form

U(t) = eΩ(t), (14)

hich makes it possible to read off HF = iΩ(T )/T [165,169,177,237–240]. The main problem is
ow finding an expression for Ω(t). In principle this can be done as follows. If we insert Eq. (14)
nto the Schrödinger equation for the time evolution operator we find that Ω(t) has to fulfill

i∂tΩ(t) =
adΩ(t)

exp(adΩ(t)) − 1
H(t), (15)

where we have used the derivative of the exponential map
d
dt

eX(t) = eX(t)
1 − exp(−adX(t))

adX(t)

dX(t)
dt

(16)

and the short-hand notation for the adjoint map adA = [A, .] and therefore ad2A = [A, [A, .]] etc.
At first glance, we see that Eq. (15) is more complicated than the Schrödinger equation. However,

this reformulation is well-suited to construct Ω(t) perturbatively in powers of H(t) by starting
with the lowest order approximation Ω0(t) = 0 and finding higher corrections in a series Ω(t) =∑

nΩn(t). The first two terms are

Ω1(t) = −i
∫ t

0
dt1H(t1); Ω2(t) = −

∫ t

0
dt1

∫ t1

0
dt2[H(t1),H(t2)]. (17)

Therefore, one may directly find an expression for the Floquet Hamiltonian as HF =
∑

n iΩn(T )/T =∑
H (n) and H (n)

= iΩ (T )/T . One should note that each term H (n) is of order ω−n. This can be
n FM FM n FM

7
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amiltonian H(t) = H(t + T ) and T = 2π/ω. One can introduce a new integration variable τ = ωt
nd then finds that each term dt = (1/ω)dτ . It is now clear why this is considered a high frequency
xpansion.
To ensure that the results can be compared with subsequent sections we note that the expansion

an also be written in terms of Fourier components of the Hamiltonian Hn =
1
T

∫ T
0 dte−inωtH(t)

s [174]

H (0)
FM = H0; H (1)

FM =

∑
m̸=0

[H−m − 2H0,Hm]

2ωm
. (18)

In this form it is not obvious that there is a dependence on initial conditions. This can be made
explicit if instead of t = 0 as starting point for integrations in (17) we choose t = t0 to find

H (1)
FM =

∑
m̸=0

[H−m − 2H0e−imωt0 ,Hm]

2ωm
. (19)

Now the effective Hamiltonian H (1)
FM has an explicit dependence on the initial time. The choice of

t0 is defined as the Floquet gauge [169].

2.2.2. Van Vleck expansion
We next want to review one of the most important methods to determine a perturbative

expansion for an effective Hamiltonian, independent of the arbitrary initial time t0. The
extended-space picture, Eq. (13), is a good starting point since it does not explicitly depend on time.
Following the discussion in Ref. [170], we can find an effective Hamiltonian if we block-diagonalize
the quasi-energy operator Eq. (13) in photon-number space (the indices in the equation). This can be
achieved by a yet undetermined unitary transformation U = eG, where G†

= −G is anti-hermitian.
Let us first we rewrite the quasienergy operator using a dummy parameter λ = 1 as

Q = λ(HD + HX ) + ωM, (20)

whereQ is the Fourier representation ofQ(t) introduced in Eq. (10), [M]mn = mδmn describes the
unperturbed problem, [HD]mn = δmnHm−n the diagonal (in photon space) part of the perturbation,
[HX ]mn = (1 − δmn)Hm−n the off-diagonal part and Hn =

1
T

∫ T
0 dte−inωtH(t).

If we want to block-diagonalize the quasienergy operator via the unitary transformation eG then
he diagonal (signified by a subscript D) and off-diagonal parts (signified by a subscript X) have to
ulfill

[e−G(λ(HD + HX ) + M)eG]D = ωM + W (21)

nd

[e−G(λ(HD + HX ) + M)eG]X = 0, (22)

here W is a yet undetermined matrix that is related to the Floquet Hamiltonian via [W ]nn = HF ,
here HF is the Floquet Hamiltonian. If the equations are solved approximately, we have [W ]nn =

eff ≈ HF , where Heff is an approximation to the Floquet Hamiltonian. For approximate versions,
ne should take [W ]00 = Heff, since the matrix sector with n > 0 usually contains larger truncation
rrors.
Since we have two equations we are now able to determine both W and G. We will do so by

eans of a power series ansatz G =
∑

∞

n=1 λG
(n) and W =

∑
∞

n=1 λ
nW (n). We will also assume that

is off-diagonal, that is G = GX . Once we collect different orders of λ, we find for the lowest few
rders that

[G(1), ωM] = HX ; [G(2), ωM] = [HD,G(1)
] +

1
2
[HX ,G(1)

]X

W (1)
= HD; W (2)

=
1
2
[HX ,G(1)

]D

W (3)
=

1
[HX ,G(2)

]D +
1

[[HX ,G(1)
],G(1)

]D.

(23)
2 12
8
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hese equations can be solved for the different blocks of G(n) (in photon-number space) and
ubsequently W (n) if one recognizes that

[G,M]ij = (j − i)Gij. (24)

Making use of this identity and recalling [W ]0,0 = Heff one can find an effective Hamiltonian
Heff =

∑
∞

n=1 H
(n)
vV with the first two orders given as

H (1)
vV = H0,

H (2)
vV =

∑
m̸=0

HmH−m

mω
,

H (3)
vV =

∑
m̸=0

⎛⎝ [H−m, [H0,Hm]]

2m2ω2 +

∑
m′ ̸=0,m

[H−m, [Hm′−m,Hm]]

3mm′ω2

⎞⎠ .
(25)

A detailed discussion is included in Refs. [170,174]. The advantage of this method lies in that the
effective Hamiltonian does not depend on initial conditions t0 and it keeps symmetries explicitly
manifest that may be broken in the case of the Magnus expansion [170].

2.2.3. Brillouin Wigner expansion
We next review another alternative high frequency expansion that also does not depend on an

initial time t0 but will have more compact expression for higher order effective Hamiltonian than
the van Vleck expansion. For this we follow Ref. [174] and again choose Eq. (13) as our starting
point, which in this section we write as

Qψ = (H − Mω)ψ = ϵψ, (26)

where Q is the Fourier representation of the quasienergy operator Q(t), [M]mn = mδmn and
[H]mn = Hmn =

1
T

∫ T
0 dtei(m−n)ωtH(t).

Since we will only be interested in one block for the effective Hamiltonian we want to write this
equation projected on a subspace defined by a projection operator P . To achieve this, one can just
roject the full operator equation as

PQψ = ϵPψ, (27)

where ψP = Pψ is the projected eigenvector. Eq. (27) is not an eigenvalue equation for ψP yet.
owever, we can achieve this if we introduce the wave-operator Ω̂ that allows us to disassemble

the identity as 1 = Ω̂P . To gain intuition about the wave-operator Ω̂ it is important to note that
ψ = Ω̂ψP , which tells us that it includes the information to reconstruct full-space eigenvectors
from the projected eigenvectors. From here we can directly see that Eq. (27) can be rewritten as an
eigenvalue equation for the projected eigenvector ψP as

HFψP = ϵψP ; HF = PQΩ̂P, (28)

where HF is the exact Floquet Hamiltonian. Now that we have a formal definition of the effective
quasienergy operator in an arbitrary projected space, we can choose what space we are interested
in. We do so by choosing an appropriate projection operator P and have to find a corresponding
wave operator Ω̂ . For the high frequency approximation we choose the sub-space with zero photons
that is described by the projection operator [P]mn = δmnδm0.

The wave-operator Ω̂ can now also be constructed in the following fashion. We first project
Eq. (26) with the complementary projection operator P̄ = 1 − P to find the auxiliary identity

P̄ψ =
P̄

ϵ + mM
Hψ. (29)

Next we decompose ψ = ψP + P̄ψ , which by using Eq. (29) can be rearranged into

ψ = Ω̂ψP ; Ω̂ =

(
1 −

P̄
H
)−1

, (30)

ϵ + Mω

9
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nd we have therefore found an expression for the wave-operator. Finally we are now able to
ompute the exact effective Hamiltonian explicitly as

HF = PH
(
1 −

P̄
ϵ + Mω

H
)−1

P, (31)

where we have used PM = 0. Explicitly, this can also be written as (for instance, if we use Eq. (29)
in ψ = ψP + P̄ψ and iterate)

HF = H00 +

∞∑
N=1

∑
n1,...,nN ̸=0

H0,n1 (
∏N−1

i=1 Hni,ni+1)HnN ,0∏N
i=1(ϵ + niω)

. (32)

Eq. (32) appears to have the disadvantage that it explicitly depends on quasi-energy ϵ and
herefore would lead to a Schrödinger equation that would have to be solved self-consistently with
espect to ϵ. As we will discuss in Section 2.4.2, this self-consistent condition is inherent of the
ow-frequency regime. It is needed to capture non-analytic behavior which induces bandgap
penings in the quasienergies.
The self-consistent condition is lifted if we expand for large ω. We find HF ≈ Heff =

∑nmax
n=0 H (n)

BW ,
here Heff is an approximation to the exact Floquet Hamiltonian, with the first few terms given as

H (0)
BW = H00; H (1)

BW =

∑
n̸=0

H0nHn0

nω
; H (2)

BW =

∑
n1,n2 ̸=0

(
H0,n1Hn1,n2Hn2,0

n1n2ω2 −
H0,n1Hn1,0H0,0

n2
1ω

2

)
(33)

These expressions have the advantage that the third-order term is more compact than in the van
Vleck expansion. Their disadvantage compared to both the van Vleck expansion and the Magnus
expansion is that the expressions are not in terms of nested commutators. Therefore, terms can
quickly become non-local.

2.2.4. Perturbative construction of a rotating frame
In this section we will review the approach introduced in Ref. [171], where the Floquet Hamil-

tonian HF is constructed using the relation HF = i log(U(T ))/T , so we want to find log(U(T )). The
starting point is the Schrödinger equation with the Hamiltonian H(t) = H0 + V0(t). After the
application of a unitary transform Q (t) it becomes

i∂tψ = Heff(t)ψ; Heff(t) = Q †(t)(H0 + V0(t) − i∂t )Q (t), (34)

where we find an effective Hamiltonian Heff(t). We want to choose the unitary transformation such
that the effective Hamiltonian is time independent, that is go to an appropriate rotating frame that
makes HF = Heff(t) time independent. If we choose an approximate rotating frame transformation
Q (t), one would have to take a time average over one period T to get an approximation to the
Floquet Hamiltonian. This can be achieved perturbatively by the following steps.

We choose Q (t) = eΩ̂(t). Then making use of the derivative of the exponential map the effective
Hamiltonian may be written as

Heff = G(t) − i∂tΩ̂; G(t) = eadΩ̂H(t) − i
1 − e−ad

Ω̂

adΩ̂
∂tΩ + i∂tΩ̂, (35)

where adΩ̂ = [Ω̂, .] and we have defined G(t). This expression still depends on a so-far undeter-
mined Ω̂ that can be chosen freely. We may construct a Ω̂ that determines the Floquet Hamiltonian
if we choose it such that it removes the time dependent part Ṽ (t) = G − 1/T

∫ T
0 dtG(t) of G(t) by

equiring

Ṽ (t) − i∂tΩ̂ = 0. (36)

his can be fulfilled perturbatively if we expand Ω̂ =
∑

∞

n=1 Ω̂n and assume that Ω̂n = O(ω−n)
as well as ∂ Ω̂ = O(ω−n+1). Such an expansion then allows us to also choose G =

∑
∞ G with
t n n=0 n

10
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n = O(ωn−1). Collecting terms of the same order in the definition of G(t) one explicitly finds [171]

Gn =

n∑
k=1

(−1)k

k!

∑
1 ≤ i1, . . . , ik ≤ n
i1 + · · · + ik = n

adΩ̂i1
...adΩ̂ik

H(t) + i
n∑

m=1

n+1−m∑
k=1

(−1)k+1

(k + 1)!

×

∑
1 ≤ i1, . . . , ik ≤ n + 1 − m
i1 + · · · + ikn + 1 − m

adΩ̂i1
...adΩ̂ik

∂tΩ̂m. (37)

In this case one may also expand Ṽ =
∑

∞

n=0 Vn and has Vn = Gn − 1/T
∫ T
0 dtGn. This allows us

o perturbatively reduce Eq. (36) to

Vn(t) − i∂tΩ̂n+1 = 0. (38)

This problem can then be solved iteratively. First, one may determine Ωn = i
∫
dtVn(t), then

from there Gn, and finally Vn(t). The effective Hamiltonian ultimately is given as

Heff =

∑
n

1
T

∫
dtGn. (39)

This expansion at least to low orders agrees with the Magnus expansion [171] and shares its
drawbacks. However, it has not been proven that both expansions agree to all orders.

2.3. Mid-frequency approximations

Given the set of approximation schemes to compute effective Floquet Hamiltonians, one may
now wonder why we do not work with the different high-frequency approximations and construct
as many orders as needed, since the general expressions are known. The reason is two-fold. First,
nested commutators become increasingly cumbersome to compute. Second, the expansions for
quite generic situations are asymptotic expansions and therefore have an optimal cut-off order n∗

hat reduce with decreasing frequency n∗
∝ ω [171]. Thus, even to reach intermediate frequency

egimes, one has to resort to other techniques. To be precise, an intermediate frequency regime
s one where either the local driving strength v ≪ ω or the local strength of the constant part
f the Hamiltonian h0 ≪ ω conditions are not satisfied. In the next subsections, we will review
ome of the standard techniques used in the literature to approach the Floquet problem in the
ntermediate-frequency regime.

.3.1. Replica approximation
We start the section by reviewing an approximation that is valid for a particular type of Floquet

ystem with a time-dependent Hamiltonian of the form

H(t) =

{
H1 nT < t < nT + t1
H0 nT + t1 < t < (n + 1)T .

(40)

The Floquet Hamiltonian in this case is given (using t0 = T − t1 as a shorthand, and t1 is the earlier
ime) as

HF = i log(U); U = e−iH0t0e−iH1t1 . (41)

In the case that t0 and t1 are sufficiently small an approximate result can be found by the Magnus
expansion or equivalently for this special discrete case by the Baker–Campbell–Hausdorff identity
log(eXeY ) = (X + Y +

1
2 [X, Y ] + · · ·), which is an expansion in both small t0 and t1.

For only t1 being sufficiently small one may expect that there could be an expansion in orders
f t1 only. Formally such an expansion can always be found as

HF = i
∑ tn1

n!
[∂nt1 log(U)]t1=0, (42)
n

11
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hich, however, in its current form because of the operator logarithm is too cumbersome to work
ith. Luckily this problem can be avoided to an extent by following the approach in Ref. [245],
here the replica trick

log(U) = lim
ρ→0

1
ρ
(Uρ − 1), (43)

was used to compute derivatives [∂nt1 log(U)]t1=0 as [∂0t1 log(U)]t1=0 = (−i)t0H0 and

[∂nt1 log(U)]t1=0 = (−i)n lim
ρ→0

1
ρ

⎡⎣ ∑
0≤m1<···mn<ρ

cm1...mr

⎛⎝ 1∏
j=r

H1(mjt0)

⎞⎠⎤⎦ , (44)

here the assumption was made that derivatives commute with the limit and that under the limit
ρ

→ 1. The shorthand notations H1(t) = eit adH0H1 for the interaction picture Hamiltonian and
m1...mr =

r!
n0!n1!···nr !

for the multi-nominal coefficient, where nq is the number of indices mj = q,
ere used.
The sum in Eq. (44) has to be computed as a formal summation up to an arbitrary value of ρ and

hen the limit is taken by assuming an analytic continuation to values of ρ → 0. This approximation
an be valid as long as t1 is sufficiently small. It is a medium frequency approach because it can
each periods T longer than those found in the high-frequency approach. However, even for small
1 it does not work for arbitrarily large T = t0 + t1, which can be seen for example in Ref. [181].

The advantage of the approach is that it has a clean expansion parameter despite being valid
n the medium frequency regime, a property that other expansions that we will discuss in the
ollowing do not share. This feature made it possible to find an optimal cut-off for the series
ssociated with an estimate of the length for a pre-thermal regime [245]. Its main disadvantage
s that the approximation is limited to specific shapes of periodic drives, besides the terms being
uite cumbersome to compute.

.3.2. Non-perturbative rotating frame approaches
We next review an approach to the mid-frequency regime that is inspired by our intuition about

otating systems; observing a rotating system in a co-moving frame makes it appear static. Again,
his reduces to the question that we posed in Section 2.2.4: How to choose a unitary transformation
(t) such that a transformed Hamiltonian Heff(t) = Q †(t)(H(t) − i∂t )Q (t) is closer to the Floquet
amiltonian? That is, how to appropriately choose a rotating frame to aid in the construction of
approximate Floquet Hamiltonian Heff,0 =

1
T

∫ T
0 dtHeff(t)? This question was studied in various

ublications [81,169,177,181,214,246].
It is useful to first find constraints that can be employed to make educated guesses. In our case,

here are two helpful constraints. First, we recognize that one might want to choose Q (t) such that
he time-dependent part of Heff(t) = Heff,0 + Veff(t) is smaller than in the case of H(t) = H0 + V (t),

∥Veff(t)∥ < ∥V (t)∥, (45)

where ∥.∥ is an appropriately chosen operator norm—for instance the Frobenius norm. In such a
case one finds the approximation is better if one replaces Heff(t) →

1
T

∫ T
0 dtHeff(t) than in the case

f H(t) →
1
T

∫ T
0 dtH(t).

Secondly, one recognizes that the time-evolution operator Uold(t) = T e−i
∫ t
0 H(t) in the original

rame is related to the time evolution operator in the new frame Unew(t) = T e−i
∫ t
0 Heff(t) by

Uold(t) = Q (t)Unew(t). (46)

his relation tells us that if Q (T ) = 1 then we have

HF = i log(Uold(T ))/T = i log(Unew(T ))/T , (47)

nd therefore we should require
Q (T ) = 1. (48)

12
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The above two restrictions for Q (t) suggest the unitary transformation

Q (t) = e−i
∫ t
0 dtV (t), (49)

which exactly removes V (t) if it is sufficiently small or if [V (t), V (t ′)] = 0 and ∥H0∥/∥V (t)∥ →

0. However, even outside those two limits this approach often offers an improvement over the
high frequency expansions [169,181]. An approximate Floquet Hamiltonian is then given as HF ≈
1
T

∫ T
0 dtHeff(t).
The unitary transformation above is not the only possibility, but many choices are available and

are associated with varying degrees of success. For instance, one can also decompose H(t) = H0 +

n Vn(t) with freedom on how to choose the Vn(t). One can then construct a unitary transformation

Q (t) =

∏
n

e−i
∫ t
0 dtVn(t). (50)

In some cases certain choices on how to decompose V (t) into Vn(t) can be more advantageous
han others. A specific choice may allow keeping symmetries that are not retained by other choices
hen the average HF ≈

1
T

∫ T
0 dtHeff(t) is taken. In Ref. [214,246] the example of a periodically

riven twisted bilayer graphene and twisted double bilayer graphene are discussed, where this
pproach makes it possible to derive a non-perturbative Floquet Hamiltonian that keeps rotational
ymmetry in momentum space that would otherwise be spuriously broken. The advantage of the
pproach discussed in this section is the freedom to choose the transformation that best suits the
roblem at hand and that it has a clear physical interpretation. The disadvantage is that often the
ransformations can be challenging to compute and the lack of a perturbation parameter.

.4. Low-frequency approximations

As we have seen in the previous sections, as the frequency of the drive decreases, it becomes
ncreasingly difficult to find reliable approximation schemes to derive the Floquet Hamiltonian.
his is especially true in the low frequency regime where local interactions satisfy h ≫ ω, where
ultiple Floquet zones intersect each other. Here we present three approaches: a self-consistent

ow frequency approach, a flow equation approach, and a Floquet perturbation theory.

.4.1. Floquet perturbation theory
In this section, we review the Floquet perturbation theory [182]. This theory is derived for

eriodically driven systems, but it can be applied to more general drives by appropriately choosing
he shape of the drive over a single cycle. In this sense, this approach can be compared with adiabatic
erturbation theory [247–249], and adiabatic-impulse theory [250,251].
First, we will introduce useful notation to describe the extended space, and then we will derive

he perturbation expansions. This approach’s main advantage is that it allows us to describe both
he high- and low-frequency regimes on equal footing.

Definitions
In Section 2.1.2, we showed that a time-dependent Floquet problem can be cast into a

ime-independent problem in an extended Hilbert space F = H ⊗ I , where H is the Hilbert space
f the original time-dependent system and I is an auxiliary space spanned by a complete set of
ounded periodic functions over [0, T ) [241]. A choice of such basis functions that is particularly
seful for our purposes is {|t)}, 0 ≤ t < T = 2π/Ω , which satisfy the orthogonality relation
t ′|t) = Tδ(t − t ′). The periodicity of the functions |t) allows us to expand in a Fourier basis
n) =

∫ T
0 e−inΩt

|t) dtT , n ∈ Z with (n|m) = δnm. The basis {|n)} is the same basis we discussed in
Section 2.1.2, but here it is more convenient to work with its Fourier transform |t).

States in F are constructed as | φt⟩⟩ := |φ(t)⟩|t), where |φ(t)⟩ are the periodic steady states. In
, the Floquet Schrödinger equation takes the form

( ˆ̂H −
ˆ̂Z ) | φ ⟩⟩ = ϵ | φ ⟩⟩ , (51)
t αn αn αn

13
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here the Hamiltonian is given by ˆ̂H =
∫ T
0 Ĥ(t) ⊗ |t)(t| dtT , ˆ̂Zt = Î ⊗

∑
n∈Z|n)nΩ(n|. The Floquet

tates are constructed as | φαn⟩⟩ ≡ ˆ̂µn| φα⟩⟩ with ˆ̂µn = Î ⊗
∫ T
0 |t)e+inΩt (t| dtT the ladder operator,

nd | φ⟩⟩ ≡
∫ T
0 | φt⟩⟩

dt
T . Finally, ϵαn ≡ ϵα+nΩ are the quasienergies. Note that the ladder operator

atisfies the commutation relations [
ˆ̂H, ˆ̂µn] = 0, and [ ˆ̂µn,

ˆ̂Zt ] = nΩ ˆ̂µn.
Low-Frequency Expansion
For the construction of the low-frequency perturbation theory, we first re-scale the time τ = Ωt

and note that the adiabatic limit is obtained by dropping the term proportional to Ω . We find

ˆ̂H | ψατ ⟩⟩ = Eατ | ψατ ⟩⟩ , (52)

where | ψατ ⟩⟩ = |ψα(τ )⟩|τ ), Ĥ(τ )|ψα(τ )⟩ = Eα(τ )|ψα(τ )⟩, and Eατ = Eα(τ ). We assume that the
tatic energy spectrum is not degenerate. Also, notice that the eigenstates are defined up to a phase,
hich is fixed by the definition of the zero-th order Floquet–Schrödinger equation [184]. Explicitly,
κα(τ )⟩ = e−iΛα (τ )|ψα(τ )⟩ with Λα(2π ) = Λα(0) is another basis, which after being plugged into the
loquet–Schrödinger equation leads to [Ĥ(τ ) − iΩ ∂

∂τ
]|κα(τ )⟩ − iΩe−iΛα (τ ) ∂

∂τ
|ψα(τ )⟩. Thus, setting

α(τ ) =
1
Ω

∫ τ
0 [Eα(s) − ϵα(0)]ds/(2π ), we find the zeroth-order Floquet Schrödinger equation

[Ĥ(τ ) − iΩ
∂

∂τ
]|κα(τ )⟩ ≈ ϵα(0)|κα(τ )⟩. (53)

hus, ϵα(0) is interpreted as the zero-th order approximation to the quasienergies. In the following
xpressions, we re-define |ψα(τ )⟩ such that they include the appropriate gauge.
Since the existence of Floquet copies of quasienergies is a striking property of the structure of

he extended space Hamiltonian that has been confirmed experimentally [69], it is important to
reserve this property in an approximation, that is one has to require that eigenvalues are modular:
α = ϵα + nΩ . This is achieved by applying the ladder operator to | ψατ (i)

⟩⟩
, the solution of order i,

hich can be found by applying conventional perturbation theory

| φαn(i)
⟩⟩

= ˆ̂µn|ψα(i)
⟩⟩

=

∫ 2π

0
e+inτ

|ψατ (i)
⟩⟩ dτ
2π
, (54)

with modular eigenvalue ϵαn(i) = ϵα(i)+nΩ , and the quasienergy

ϵα(i) =
⟨⟨
φα(0) |

ˆ̂H | φα(i)
⟩⟩
−Ω

⟨⟨
φα(0) |

ˆ̂Z | φα(i−1)
⟩⟩
. (55)

The expression for the quasienergies follows from the Floquet–Schrödinger equation and requir-
ing normalization of the wavefunctions. By replacing the definitions of the steady states and the
time-derivatives in the extended Hilbert space F in Eq. (55), we find the expressions for the zero-th
and first order corrections to the quasienergies

ϵα(0) =

∫ 2π

0
Eα(τ )

dτ
2π
, (56)

ϵα(1) = Ω

∫ 2π

0
⟨ψα(τ )|

1
i
∂

∂τ
|ψα(τ )⟩

dτ
2π
. (57)

Likewise, the first order correction to the steady states is given by

| φαn(1)
⟩⟩

= Ω

∫ 2π

0

∑
β ̸=α

⟨ψβ |
1
i
∂
∂τ

|ψα⟩

Eα(τ ) − Eβ (τ )
e+inτ

| ψβτ
⟩⟩ dτ
2π
. (58)

Therefore, by introducing appropriate definitions, we can construct a Floquet perturbation theory
n the low-frequency regime by systematically introducing corrections to the adiabatic limit. In the
ext section, we address the degenerate case.
Degenerate Low-Frequency Floquet Perturbation Theory
We have reviewed how quasienergies in the low frequency regime are constructed by intro-

ucing corrections to the adiabatic limit when dealing with non-degenerate systems. For a generic
14
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Fig. 2. (Color online) Zeroth-order quasienergy as a function of momentum k for a model system that illustrate the
egeneracies arising in the low-frequency regime.

loquet system, however, often there can be degeneracies—for example when bands of different
loquet copies intersect as illustrated in Fig. 2. Therefore, it is important to also study what happens
n such a case, which we will review in this section following [182]. When there are degeneracies
resent in the spectrum, we need to employ degenerate Floquet perturbation theory to describe
he drive’s effects correctly. This concept has been used to describe heating processes in optical
attices [191,252].

Degeneracies can be present in the static energy spectrum, or arise from the overlap of Floquet
opies of the spectrum. For example, consider a two-band system with non-degenerate instanta-
eous energy eigenvalues Eα ̸= Eβ . In Fig. 2, we plot the unfolded zeroth order quasienergies,
q. (56), as a function of momentum. Degeneracies arise when ϵα = ϵβ +nkΩ = mΩ/2 for integers
k,m. For accidental or symmetry related degeneracies, nk = 0, one can restrict the unperturbed
uasienergies to the first Floquet zone.
Define a state | χ r

α

⟩⟩
=
∑

s c
rs
α

ˆ̂µnr | φs
α(0)

⟩⟩
, with coefficients crsα to be determined by solving

( ˆ̂H −Ω
ˆ̂Z) | χ r

α

⟩⟩
= (mΩ/2 + ϵrα(1)) | χ

r
α

⟩⟩
+ O(Ω2). (59)

This yields,∑
q

W rq
α cqsα = ϵsα(1)c

rs
α , (60)

where Wα is a matrix with diagonal elements W rr
α = ϵrα+nrΩ − mΩ/2, and the off-diagonal

lements,

W rs
α ≡ −Ω

⟨⟨
φr
α | ˆ̂µ

†
nr

ˆ̂Z ˆ̂µns | φs
α

⟩⟩
= Ω

∫ 2π

0
ei(ns−nr )τ ⟨φr

α(τ )|
1
i
∂

∂τ
|φs
α(τ )⟩

dτ
2π
, r ̸= s. (61)

The eigenvalues of the equations in Eq. (60) are the first-order degenerate low-frequency Floquet
perturbation theory.

This approach is simple to implement, and higher-order corrections can readily be obtained
following the usual perturbation theory taking advantage of appropriate definitions. It is most useful
when we are interested in the quasienergies and steady states directly, since this method has the
disadvantage that it cannot be used to construct a closed-form effective Hamiltonian. In the next
sections, we will discuss how such effective Floquet Hamiltonian valid in the low-frequency regime
can be obtained via other approaches.
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Fig. 3. (Color online) Zone folding scheme for the empty lattice picture. For spatially-periodic potentials the momentum
axis is folded in, while for time-periodic potentials the energy axis is folded.
Source: Reprinted from Ref. [180].

2.4.2. Self consistent low frequency approach
In Section 2.4.1, we introduced a theory to construct the quasienergies and steady-states pertur-

batively, by adding corrections to the adiabatic limit. In this section, we introduce a
non-perturbative approach which allows us to derive effective Floquet Hamiltonians in the weak-
drive limit, valid for arbitrary frequency [180].

Time analog of the empty lattice picture.
To understand the effect of a weak periodic drive, it is useful to make an analogy with the effect

of weak spatially-periodic potentials. Consider the Hamiltonian of a free electron in one spatial
dimension H0. In the presence of an infinitesimally-weak periodic potential V (x) = V (x + a), the
usual parabolic energy–momentum relation is folded into the first Brillouin zone (BZ) of size 2π/a
leading to a complicated collection of energy bands [253–255]. Fig. 3 shows schematically the effect
of V . In some materials, this crude approximation can lead to good approximations [256]. The same
idea can be used for time-periodic Hamiltonians, H(t) = H(t + 2π/Ω). The periodicity of the drive
induces a set of copies of the energies that can overlap for small Ω , compared with the bandwidth
of the system W . Fig. 3 demonstrates schematically the effect. Notice that the band-crossings can
become avoided crossings depending on the details of the system.

We consider a monochromatic drive in the weak-drive limit, characterized by drive amplitude
A ≪ 1. The Hamiltonian takes the general form

h(t) = h0 + P(A)e−iΩt
+ P†(A)eiΩt , (62)

where h0 is the static Hamiltonian, and P(A) the first-harmonic operator, which is a function of
the drive amplitude A. As we discussed generally in Section 2.1.2, in the extended space, the
Floquet–Schrödinger equation can be written as [170,182,241,242,257–259]⎛⎜⎜⎜⎜⎜⎜⎝

. . .
...

...
...

...
...

· · · P† h0 −Ω P 0 0 · · ·

· · · 0 P† h0 P 0 · · ·

· · · 0 0 P† h0 +Ω P · · ·

.. .. .. .. .. . .

⎞⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎝
...

φ−1
φ0
φ1
..

⎞⎟⎟⎟⎟⎟⎠ = ϵ

⎛⎜⎜⎜⎜⎜⎝
...

φ−1
φ0
φ1
..

⎞⎟⎟⎟⎟⎟⎠ . (63)
. . . . . . . .
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his equation can be decoupled [257,258] into an equation for the first Floquet mode φ0 only. The
esult is the continued fraction

heff(ϵ) = h0 + P
1

ϵ − h0 −Ω − P 1
ϵ−h0−2Ω−···

P†
P†

+ P† 1
ϵ − h0 +Ω − P† 1

ϵ−h0+2Ω−···
P
P . (64)

runcating to linear order in P we obtain

heff(ϵ) ≈ h0 + P
1

ϵ − h0 −Ω
P†

+ P† 1
ϵ − h0 +Ω

P, (65)

which defined the effective Floquet Hamiltonian in the weak-drive regime. Notice that there is no
restriction on the frequency Ω . To determine the quasi-energy spectrum and steady-state mode φ0,
we need to solve the self-consistent Floquet–Schrödinger eigenvalue equation

(heff(ϵ) − ϵ) φ0 = 0. (66)

The rest of the Floquet modes φn for |n| > 0 are constructed using the recursion relation [257,258]

(ϵ + mΩ − h0)φm = P†φm−1 + Pφm+1. (67)

To leading order in P , be approximated as φ±n = (ϵ ± nΩ − h0)
−1 P†φ±n∓1.

This method provides us with a finite representation of the Floquet problem, formally de-
fined in an infinite representation in the extended space. The projection procedure results in a
time-independent, self-consistent Schödinger-type equation for the quasienergies and the steady
states. Furthermore, the effective Hamiltonian can be used to address other complex effects such
as disorder which requires taking several averages. However, since we require to invert a matrix
analytically to derive a closed-form expression for the effective Hamiltonian, this procedure works
best for time-dependent problems initially defined in small Hilbert spaces, such as graphene.

2.4.3. Real time flow equation approach
In Sections 2.3.2 and 2.2.4 we discussed how unitary transformations Q (t) can be used to

reduce the time dependent part V (t) of a time periodic Hamiltonian H(t) = H0 + V (t) to find
a better approximation to the Floquet Hamiltonian. In Section 2.2.4 we reviewed a perturbative
high frequency approach to construct such a transformation. In Section 2.3.2 we reviewed general
properties such a transformation needs to fulfill – namely that (i) V (t) shrinks by applying the
unitary transform and that (ii) Q (T ) = 1 – to guess various transformations. In this section we will
review an approach that allows us to construct such a unitary transform in terms of infinitesimal
steps. We will follow the approach taken in Refs. [177,181].

As our starting point we recall that applying a time-dependent unitary transformation Q (t) to
the Schrödinger equation i∂tψ = H(t)ψ again results in the same equation just with the effective
Hamiltonian

Heff = Q †(t)(H(t) − i∂t )Q (t). (68)

Because we want to transform the Hamiltonian in infinitesimal steps we restrict ourselves to an
infinitesimal unitary transformation Q (t) = eiδsΩ(t), where δs is infinitesimal and Ω(t) hermitian to
keep unitarity. To lowest order in a Taylor series we then find

Heff = H(t) + δs∂tΩ(t) + iδs[H(t),Ω(t)]. (69)

One could now imagine that instead of one single infinitesimal unitary transformation one could
also look at a full family of such transformations that are applied consecutively and determined by
the operator Ω(t, s), where the parameter s labels the different transformations. After each such
transformation the Hamiltonian also changes and we can keep track of this by considering a family
of Hamiltonians H(t, s) that is also labeled by the parameter s. To fix the parameter s by convention
we set H(t, s) = H(t)—the Hamiltonian at s = 0 is the original untransformed Hamiltonian. Using
this notation we can then rewrite Eq. (69) as

H(t, s + δs) = H(t, s) + δs∂ Ω(t) + iδs[H(t, s),Ω(t, s)]. (70)
t
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Fig. 4. (Color online) Figure that demonstrates how couplings for time dependent operators c(v)n and couplings for time-
ndependent operators c(0)n flow in theory space until a Hamiltonian on the fixed point line is reached where only couplings
or time-independent couplings c(0)n remain.

xpanding the left side to linear order in δs we find a differential equation

dH(t, s)
ds

= ∂tΩ(t) + i[H(t, s),Ω(t, s)]. (71)

Now we know how to chain together multiple consecutive infinitesimal unitary transformations.
But our original goal was to construct a transformation that allows us to reduce the time dependent
part of the Hamiltonian. In the following we will choose Ω(t, s) appropriately to do that.

If at every step we are able to split H(t, s) = H0(s) + V (t, s), then we can look to Section 2.3.2
for inspiration on how to construct a unitary transformation that fulfills requirements (i) and (ii)
that we gave at the start of this section, namely one can choose Ω(t, s) = −

∫
dtV (t, s), which will

eceive further justification in the following. With this we find that Eq. (71) can be simplified as

dH(t, s)
ds

= −V (t, s) + i
∫ t

0
dt ′[V (t ′, s),H(t, s)]. (72)

Let us justify this choice. We find that for each infinitesimal unitary transform Q (t, s) =

e−iδs
∫
dtV (t) Q (T , s) = 1 is fulfilled and therefore requirement (ii) is fulfilled. Additionally, at each

step V (t, s) is infinitesimally reduced via the first term −V (t, s) and therefore requirement (i) is
also fulfilled. Furthermore we find that the equation has a fixed point dH(t,s)

ds

⏐⏐
s=s∗ = 0 once a point

∗ is reached for which V (t, s∗) = 0. Therefore, the equation will for the most generic case flow to
a point of V (t, s∗) = 0.

This operator equation can be solved by means of solving a set of first order differential equations
(flow equations) for coefficients {c(0)n , c

(v)
n } if one chooses an ansatz as an operator sum for the

Hamiltonian H(t, s) =
∑

c(0)n (s)Ô(0)
n + c(v)n (s)Ô(v)

n (t). In this Ô(0)
n are time independent operators and

ˆ (v)n (t) are periodically time dependent operators. For instance, for a two level system one could
ave operators Ô(0)

n (t) ∈ {σx, σy, σz} and Ô(v)
n (t) ∈ {einωtσx, einωtσy, einωtσz} with n ∈ Z \ {0}. The

operators are best chosen linearly independent. They can either be linearly independent because
of the operator itself (as an example σx and σy are already linearly independent according to the
Frobenius inner product) or because of the time-dependent function that is associated with the
operator (as an example σx and σxeiωt are linearly independent because 1 and eiωt are orthogonal
functions). It is important to note that often it might be necessary to truncate the ansatz of the form
H(t, s) =

∑
c(0)n (s)Ô(0)

n + c(v)n (s)Ô(v)
n (t) for instance because infinitely terms would be generated. This

can be done by physical intuition, perturbative insights, and symmetries.
To gain further intuition on how a Hamiltonian changes along the flow we have schematically

depicted in Fig. 4 how its couplings may flow in theory space. One finds that generically the
coefficients for the Hamiltonian will flow in theory space until a theory is reached where V (t, s) = 0,
which is a "line" of fixed points. One should, however, point out that before such a fixed point
is reached, especially for low frequency drives, different fixed points can be approached quite
18
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losely. In Ref. [181] this is discussed in detail for the example of the Schwinger–Rabi model
= Bzσz + B cos(ωt)σx + B sin(ωt)σy.
The advantage of the approach we described in this section is that in principle it can be exact as

ong as there are no non-generic fixed points with V (t, s∗) ̸= 0. We are not aware of any such cases.
he disadvantage is the analytical effort that is needed to set up flow equations for the coefficients,
nd the class of time-dependent function that can be handled analytically.

.4.4. Extended space picture flow equation approach
Instead of working directly with a time-dependent Hamiltonian one can also work in the

xtended space picture description from Section 2.1.2. In this case one has the quasi-energy
quation

ϵψ = Qψ; Q = QD + QX , (73)

here QD = HD + ωM with [M]mn = mδmn and [HD]mn = δmnHm−n describes the diagonal (in
hoton space) part of the problem and QX = with [HX ]mn = (1 − δmn)Hm−n the off-diagonal part.
e recall that Hn =

1
T

∫ T
0 dte−inωtH(t). To get an effective Hamiltonian one may want to get rid of

the off-diagonal component QX and this could be done by infinitesimal unitary transformations that
we explain how to work with in the following. In this section we review the approach by Ref. [178].

One may assume that Q belongs to a family of operators Q(s). Since this is a time independent
problem we may applying a parameter s-dependent infinitesimal unitary transformation as Q(s +

δs) = eiδsΩ(s)Q(s)e−iδsΩ(s). A Taylor expansion on both sides in δs allows us to find

dQ(s)
ds

= i[Ω(s),Q(s)], (74)

which tells us how the quasi energy operator Q(s) transforms under the application of a parameter
s dependent chain of infinitesimal unitary transformations e−iδsΩ(s).

Now it is known from Ref. [178] that off-diagonal terms in such an operator Q can be reduced
if a generator Q is chosen as

Ω(s) = iω[M,QX (s)]. (75)

It is easy to see that for generic situations (unless non-generic fixed points QX (s) ̸= 0 are
encountered) this will lead to a transformed block-diagonal Q(s). This is because if QX (s) = 0 then
dQ(s)
ds = 0 and a fixed point that is generic for this choice of Ω(s) is reached. One may find flow
quations for couplings {cDn (s), c

X
n (s)} if an ansatz Q(s) =

∑
n c

D
n (s)Ô

D
n + cXn (s)Ô

X
n is made. Here ÔD

n
enotes operators that take values on the diagonal blocks and ÔX

n denotes operators that take values
n the off-diagonal blocks of Q. A more detailed discussion of this approach can be found in [178].
he difficulty associated with it is to keep track of all the commutators for the operators in the
xtended space. The advantage over the approach in the previous section is that one does not need
o keep track of any integrals.

This method completes our overview of the theoretical tools available to obtain effective Floquet
amiltonians in the three main frequency regimes. In the next section, we employ some of these
echniques to study light-driven quantum materials.

. Applications to quantum materials

In the previous sections, we reviewed the theoretical state-of-the-art tools available to describe
eriodically-driven systems, which is the main objective of this work. In this section, we review
ecent applications of these techniques to two types of quantum systems: Moiré superlattices
nd van der Waals magnets driven with light pulses. In equilibrium, there are several theoretical
tudies and proposals for Moiré heterostructures [260–269,269–277]. For comprehensive reviews,

ee Refs. [58,59].

19



M. Rodriguez-Vega, M. Vogl and G.A. Fiete Annals of Physics xxx (xxxx) xxx

z
b
S

3

t
u
a

3

d

T
T

Fig. 5. (Color online) (a) Sketch of twisted bilayer graphene irradiated by circularly polarized light. (b) Moiré Brillouin
one (MBZ). (c) Band structure for twisted bilayer graphene for w0 = w1 = 110 meV, and θ = 1.05◦ . The low-energy flat
ands are highlighted in red.
ource: Figure reprinted from Ref. [214].

.1. Twisted bilayer graphene

As a first example, we will review light-driven twisted bilayer graphene. We begin describing
he low-energy model in equilibrium, and then discuss the effects of two Floquet drive protocols:
sing light in free space and light confined into a waveguide. These two complementary protocols
llow us to target different Hamiltonian parameters.

.1.1. Static model for twisted bilayer graphene
The low-energy physics of twisted bilayer graphene can be modeled with the continuum model

erived by Bistritzer & MacDonald [31,264,278–281],

Hk(x) =

(
h(−θ/2, k − κ−) T (x)

T †(x) h(θ/2, k − κ+)

)
. (76)

he diagonal blocks describe two graphene layers rotated with respect to each other by an angle θ .
he Hamiltonians for each of the single graphene layers are given by

h(θ, k) = γ

(
0 f (R(θ )k)

f ∗(R(θ )k) 0

)
, (77)

where f (R(θ )k) is the geometric factor determined by nearest-neighbor intra-layer hopping, f (k) =∑
δ e

iδ·k , γ = vF/a0 in natural units (h̄ = c = e = 1), and R(θ ) is the rotation matrix with rotation
axis perpendicular to the sample surface. The momentum shifts κ± are introduced to fix a common
origin for the two layers. When we are interested in the low-energy physics, the geometric factor
f (R(θ )k) can be linearized around the K , K ′ points. In Fig. 5(b) we show the Moiré Brillouin zone
(MBZ).
20



M. Rodriguez-Vega, M. Vogl and G.A. Fiete Annals of Physics xxx (xxxx) xxx

w
d
w

c

t
R
g

m

The interlayer hopping matrix

T (x) =

1∑
n=−1

e−ibn·xTn, (78)

Tn = w012 + w1

(
cos

(
2πn
3

)
σ1 + sin

(
2πn
3

)
σ2

)
, (79)

here b0 = (0, 0), and b±1 = kθ
(
±

√
3/2, 3/2

)
are the reciprocal lattice vectors, captures the

ominant tunneling processes between the layers and gives rise to the Moiré pattern. The parameter
1 describes relaxation effects [280,282] and changes in the interlayer-lattice constants [283].
The symmetries of the continuum model Eq. (76) include a three-fold rotational symmetry

centered at the AA region (C3), a two-fold rotation C2 about the same axis composed with
time-reversal symmetry T (accounting for the two valleys), and mirror symmetry My [284–286].
In this section, we consider the parameters γ = vF/a0 = 2.36 eV, and a0 = 2.46 Å. Fig. 5(c) shows
a typical band structure for twisted bilayer graphene for θ = 1.05◦, close to the magic angle. We
highlight the flat bands in red.

3.1.2. Light in free space
Previous works have investigated the effects of light on TBG. In Ref. [287], Gabriel E. Topp

et al. consider TBG with twist angles above the magic angle, and show that circularly polarized
light can induce topological transitions. In Ref. [288], Or Katz et al. show that light beams in the
visible–infrared range can have the emergence of topological flat isolated Floquet–Bloch bands. In
Ref. [289], Yantao Li et al. show that Floquet flat bands with non trivial topology can be generated
with circularly polarized UV laser light. Here, we focus on the low-frequency regime.

We assume that circularly polarized light is applied to the twisted sample at normal incidence.

Using the Peirls substitution for hoppings tij → ei
∫ Rj
Ri

Adr tij, the time-dependent Hamiltonian becomes

Hk(x) =

(
h(−θ/2, k(t) − κ−) T (x)

T †(x) h(θ/2, k(t) − κ+)

)
, (80)

where H(x, t + 2π/Ω) = H(x, t), kx → k̃x(t) = kx − A cos(Ωt), and ky → k̃y = ky − A sin(Ωt). The
tunneling sector is not modified, since the interlayer tunneling is dominated by processes between
atoms that are localized on top of each other and define the Moiré superlattice. In the next section,
we will discuss a Floquet protocol that allows to directly renormalize the tunneling sector.

We are interested in deriving an effective Floquet model for twisted bilayer graphene using the
method described in Section 2.4.2. We consider first the effect of low-energy bands at small angles
and for weak drives. The time-dependent Hamiltonian within these approximations has the form

H(t) = HL + Pe−iΩt
+ P†eiΩt , (81)

where the monochromatic operator is P = T−1
∫ T
0 dsH(x, s)eiΩs and HL the linearized momenta

approximation to Eq. (76). According to the theory outlined in Section 2.4.2, the effective self-
onsistent time-independent Hamiltonian is [180]

Heff(ϵ) ≈ HL + P
1

ϵ − HL −Ω
P†

+ P† 1
ϵ − HL +Ω

P . (82)

The Hamiltonian Eq. (82) is valid for arbitrary frequency. In particular, in the high-frequency
regime we obtain Heff = HL + HΩ , with HΩ = −∆τ0 ⊗ σ3, ∆ = (Aγ a0)2/Ω , and σi, τi are
he Pauli matrices in pseudo-spin and layer space, respectively. This result was first derived in
efs. [288,289], and shows that the main effect of high-frequency light is to create a topological
ap due to time-reversal symmetry breaking T .
In the low-frequency regime, and for small-enough twist angles defined by the condition

in ∥T (x)∥ ≫ ∥h(k)∥, where ∥.∥ is a matrix norm, we obtain Heff = H0+HΩ+O
((

A
k

)3
,

(
A
k

)2
kθ
k

)

D D D
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Fig. 6. (Color online) Sketch of the individual effects of the new term generated by low-frequency and low-intensity
circularly polarized light on the TBG quasienergies. The parameters used are w0 = w1 = 110 meV, and θ = 1.2◦ . The gray
dashed curves correspond to the static case, while the red solid curve indicates the effect introduced by the non-zero
perturbation introduced by light.
Source: Figure reprinted from Ref. [214].

where

HΩ (x) = V (x,Ω)τ0 ⊗ σ0 + U(x,Ω)τ3 ⊗ σ0 +
1
2
∆1(x,Ω)(τ0 + τ3) ⊗ σ3 +

1
2
∆2(x,Ω)(τ0 − τ3) ⊗ σ3

+ δw0(x,Ω)τ+
⊗ σ0 + δw∗

0(x,Ω)τ−
⊗ σ0 + β(x,Ω)τ+

⊗ σ3 + β∗(x,Ω)τ−
⊗ σ3. (83)

The matrix structure of the Hamiltonian Eq. (83) reveals a more reach structure compared with
he effective Hamiltonian in the high-frequency regime. V (x,Ω)σ0 ⊗ τ0 corresponds to an overall
osition-dependent potential. U(x,Ω) is a position-dependent interlayer bias which breaks mirror
ymmetry My. ∆1/2(x,Ω) breaks My, and C2T symmetry, which protects the linear band crossing,
eading to the opening of a gap at the κ± points in the mBZ. δw0(x,Ω) introduces a correction to
he tunneling amplitude w0 and effectively renormalizes the Fermi velocity at the κ± points. Finally,
(x,Ω) can be interpreted as a pseudo-spin dependent tunneling term and breaks both C2T and
y. A summary of the individual effects of the new terms is shown in Fig. 6.
In the large-angle limit defined by the condition

√
(k − κ+)2 + (k − κ−)2 ≫ 3 w1

h̄vF
, we find that

eff = H0 + HΩ + O
((

A
kD

)3
,

(
A
kD

)2
w1,2
γ

)
, where the leading correction is given by

HΩ (k) = V (k,Ω)τ0⊗σ0+U(k,Ω)τ3⊗σ0+
1
2
∆1(k,Ω)(τ0+τ3)⊗σ3+

1
2
∆2(k,Ω)(τ0−τ3)⊗σ3

(84)

here∆1/2(k,Ω), U(k,Ω), and V (k,Ω) are continuous function of momentum. A summary of each
term’s effect on the symmetries of the systems is presented in Table 1.
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Table 1
Effect of the light-induced terms in twisted
bilayer graphene. The spatial or momentum de-
pendence relates to the small- and large-twist
angle regime. A checkmark means that the sym-
metry is preserved, while a cross that symmetry
is broken.

C2T C3 My

U ✓ ✓ x
U(x) x x x
U(k) ✓ ✓ ✓
∆ x ✓ x
∆(x) x x x
∆(k) x ✓ x
δω0 ✓ x ✓
δω0(x) ✓ x ✓
β ✓ x ✓
β(x) x x x

Fig. 7. Sketch of twisted bilayer graphene placed at the exit of a rectangular waveguide with cross section ab. A is the
ongitudinal vector potential.
ource: Reprinted from Ref. [215].

Low-frequency light can induce a range of symmetry breaking process, which can be controlled
y tuning the properties of the incident light pulse such as its frequency, amplitude, and phase.

.1.3. Light confined into a waveguide
In this section, we consider the effect of light confined into a waveguide in the electronic states

f twisted bilayer graphene. A sketch of the system considered in this section is shown in Fig. 7.
hen the light pulse travels through the waveguide, the boundary conditions in the magnetic and

lectric field imposed by the metallic walls admit a vector potential of the form

A = ẑA sin (mπx/a) sin (nπy/b) Re(e−ikz z−iΩt ), (85)

where kz =
√
k2 − (mπ/a)2 − (nπ/b)2 is the wave number in the z-direction, k2 = Ω2µε, µ is the

permeability constant of the insulator inside the waveguide, m, n ∈ Z characterize the transverse
modes and ε is the dielectric constant. In the limit where the sample is small compared with
the waveguide cross section ab, we can assume that the vector potential is position independent:
A = ARe(e−ikz z−iΩt )ẑ.

Under the influence of this drive, only the tunneling sector of the Hamiltonian acquires time
dependence. The Hamiltonian is given by

Hk(x) =

(
h(−θ/2, k − κ−) T (x, t)

†

)
, (86)
T (x, t) h(θ/2, k − κ+)
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here the time-dependent interlayer hopping matrix is introduced via the time-dependence of
0 → w0e−iaAAA cos(Ωt) and w1 → w1e−iaABA cos(Ωt), where aAA = 3.6 Å is the distance of the graphene

ayers in AA-stacked regions and aAB = 3.4 Å the corresponding quantity for AB stacking [283].
Now we study the effective Floquet Hamiltonians. In the high-frequency regime (W < Ω , where

W is the bandwidth of the system), to leading order in Ω−1 we obtain a renormalization of the
hopping amplitudes as

w1 →w̃1 = J0 (|aABA|) w1, (87)

w0 →w̃0 = J0 (|aAAA|) w0, (88)

where J0 is the zeroth Bessel function of the first kind. This result does not depend on the details of
the layer sector of the Hamiltonian, and can be applied to other low-dimensional heterostructures
to weaken their interlayer tunneling [290–295]. Notice that in this regime longitudinal light does
not break time-reversal symmetry, allowing control of the Fermi velocity while preserving the linear
band crossing at the κ+ point in the MBZ.

In the chiral limit (w0 = 0), Tarnopolsky et al. [296] found perfectly flat bands appearing at
α1 ≈ 0.586 or θ1 ≈ 1.09◦ where α = w1/(2vFkD sin(θ/2)). Further flat bands appear at smaller
angles αn = α1 + n∆α with ∆α = 3/2 and n ∈ N. In the driven case, the magic angles appear at

θn =
w1J0 (|aABA|)

vFkDαn
. (89)

The accuracy of Eq. (89) was verified numerically employing a diagonalization of the extended space
Hamiltonian. The potential flexibility in the twist angle depends on argument of the Bessel function,
η ≡ eaABE/(h̄Ω). In a pump–probe setup with pump drive frequency f = Ω/(2π ) = 650 THz,
and peak electric field strength E = 15 MV/cm, η ≈ 0.19, which leads to θF/θ ≈ 0.99. For
E = 25 MV/cm, θF/θ = 0.975. These peak electric fields have been used on graphene before. For
example, peak electric fields of up to ∼ 30 MV/cm with frequencies in the near-IR regime ∼ 375
THz led to light-field-driven currents [297,298].

Now we consider the low-frequency regime, defined by Ω < W . In particular we consider only
off-resonant drives with ∆ > Ω > Wflat, where ∆ is the energy gap between the low-energy flat
bands and the continuum and Wflat is the bandwidth of the flat bands, as shown in Fig. 8(a). In this
regime, we restore to fully numerical methods.

In Fig. 8(b), we plot the converged low-quasienergy bands along a high-symmetry path in the
MBZ for w0 = 88 meV, w1 = 110 meV, E = 0.7 MV/cm, and Ω = 20 meV. The Fermi energy has
been reduced compared to the static case, which indicates that the flat bands are shifted to larger
angles. The magic angle is found at θ ≈ 1.12 degrees, compared with θ ≈ 1.10 degrees for the
static case.

Remarkably, this shows that depending on driving frequencies we can either increase or lower
the magic angle. Since the appearance of the strongly correlated phases depends on the twist angle,
applying light could be employed to tune in and out of these phases.

3.2. Twisted double bilayer graphene

In this section we consider the effect of light on twisted double bilayer graphene (TDBG). We
consider both AB/AB and AB/BA stacks. In contrast with twisted bilayer graphene, TDBG allows for
independent light control of the quasienergy gaps near the K and K ′ points of the BZ and the κ±

points of the MBZ (see Fig. 9 (a)).

3.2.1. Static system
The continuum-limit Hamiltonian for static TDBG near the K point with AB/AB (s = s′ = 1)

[AB/BA (s = −s′ = 1)] stacking patterns is [45–47]

Hss′ (k, x) = τu ⊗ hs(−θ/2, k − κ−) + τd ⊗ hs′ (θ/2, k − κ+)

+ τ+
⊗ λ−

⊗ T (x) + τ−
⊗ λ+

⊗ T †(x), (90)
24
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Fig. 8. (Color online) (a) Band structure of twisted bilayer graphene for w0 = 88 meV, and w1 = 110 meV. The gap
etween the central flat bands and the continuum is indicated by ∆. (b) Central Floquet quasienergies for Ω = 20 meV

and E ∼ 0.7 MV/cm. The black lines are the static case, and the coinciding red and green points indicate convergence.
Source: Reprinted from Ref. [215].

Fig. 9. (Color online) (a) Moiré Brillouin zone (MBZ). (b) AB/BA TDBG band structure for θ = 1.4◦ , ∆ = 0 and γ3/4 = 0
long a high symmetry path in the MBZ. The black solid (red dashed) lines correspond to the spectrum near the K (K ′)
oint. The Chern numbers in the gaps labeled a, b, and c are indicated for the K point. Time reversal symmetry imposes
K ′

= −CK . The energy scale is E0 = 100 meV.
ource: Figure reprinted from Ref. [246].

here τu = (1 + τ3) /2, τd = (1 − τ3) /2, τ± = (τ1 ± iτ2) /2, and τi and λi are Pauli matrices in
op/bottom bilayer and layer space, respectively. Here, σk are Pauli matrices or identity operators
n pseudospin space. The rotated bilayer graphene Hamiltonian [299] hs(θ, k) includes trigonal
arping and effects and particle–hole symmetry breaking terms. The interlayer hopping matrix
(x) is the same as for TBG, since we neglect direct tunneling contributions between layers that are
ot adjacent to one another.
The Hamiltonian near the K ′ valley can be obtained by applying a time reversal operation T to

he Hamiltonian at the K valley [285]. Before studying the time dependent case it is worthwhile
o summarize various symmetry properties of static TDBG. In addition to time-reversal symmetry
, AB/AB TDBG possesses C3z rotational symmetry, and mirror symmetry Mx : y, ky → −y,−ky

n the absence of an applied static electric field. The AB/BA TDBG possesses C3z , mirror symmetry
y : x, kx → −x,−kx (which switches the valleys), and MyT [46,47,50].
TDBG can be topologically non-trivial, depending on the stacking pattern. Time reversal symme-

ry imposes the condition CK
n = −CK ′

n , where CK (K ′)
n is the Chern number for band n in the vicinity

f the K (K ′) point. For AB/AB stacking, My symmetry implies CK/K ′

n = 0 for each n [47]. On the other
and, AB/BA TDBG possesses non-zero CK (K ′)

n leading to a Hall valley insulating phase. Fig. Fig. 9 (b)
hows the band structure for a AB/BA TDBG sample, along with the corresponding Chern numbers.
In the next section, we will explore the effect of longitudinal and circularly polarized light on

DBG.
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.2.2. Driven system in free space
The time-dependent Hamiltonian Hss′ (t) ≡ Hss′ (k(t), x) arises from the minimal coupling [300]

and kx(t) = kx − A cos(Ωt), and ky(t) = ky − A sin(Ωt). In the high-frequency regime, a van Vleck
expansion [170] leads to the effective Hamiltonian Hs

Vv = H (0)
s + δHs,vV, where H (0)

s is the zeroth
order Hamiltonian,

δHss′,vV = −(∆vV −∆
(3)
vV )1 ⊗ 1 ⊗ σ3 − (∆(4)

vV −∆
(3)
vV )
(
sτ u ⊗ λ3 ⊗ 1 + s′τ d ⊗ λ3 ⊗ 1

)
, (91)

∆vV = ξ (vFA)2/Ω , ∆(4)
vV = ξ (v4A)2/Ω , and ∆(3)

vV = ξ (v3A)2/(2Ω), where ξ = 1(ξ = −1) near the
K (K ′) valley.

The new terms induced by the light can open up a gap in the quasienergy spectrum and can lead
to topological transitions, depending on the stacking configuration. For example, AB/AB TDBG is a
trivial insulator for the presence of mirror symmetry.∆vV induced by circularly-polarized light leads
to a transition into a Chern insulator with Floquet topological bands due to time-reversal symmetry
breaking. On the other hand, in equilibrium, AB/BA TDBG is a valley Chern insulator. Circularly
polarized light also leads to a transition into a Floquet Chern insulating phase. This selective gap
engineering could be employed to generate valley-polarized currents in AB/BA TDBG. Fig. Fig. 10)
shows examples of the quasienergy spectrum along a high-symmetry path in the MBZ for both
AB/AB and AB/BA TDBG.

To access the intermediate-frequency regime, we employ a modified rotating frame transforma-
tion [214] and a time average. The resulting effective Floquet Hamiltonian is

Hss′
F = R†(θ )

(
H̄ss′ + δHF

)
R(θ ), (92)

where R(θ ) is a twist-angle dependent unitary transformation, and δHF = ∆F1 ⊗ 1 ⊗ σ3, with
F = AJ1(2

√
2A/Ω)/

√
2, where Jn(z) correspond to the nth Bessel function of the first kind. H̄ss′

hares the same structure with the static Hamiltonian with the following renormalized parameters:
˜0 = J0(2A/Ω)γ0 = J0(2A/Ω)vF/a0, δ̃±

s = δJ0(2
√
2A/Ω)(1 ± s)/2, and t̃s = γ1J0(2A/Ω)(σ1 − isσ2)/2.

one of these effects are captured in a leading-order van Vleck expansion, and its challenging to
apture the functional form simply by computing higher-order terms.
The interlayer coupling renormalizes to

T̃ (x) =

1∑
n=−1

e−iQ n·x(T̃n − iωθσ3), (93)

where the tunneling amplitudes in the static Tn matrix are renormalized to ω̃1 = J0(2A/Ω)ω1,
ω̃0 = ω0 + sin2(θ/2)

(
J0
(

2
√
2A
Ω

)
− 1

)
ω0. The term

ωθ =
1
2
sin(θ )

(
J0

(
2
√
2A
Ω

)
− 1

)
ω0, (94)

is an angle-dependent coupling not present in equilibrium.
The effective Hamiltonian Eq. (92) is accurate up to frequency and driving strength regimes

where the van Vleck approximation breaks down. For example, for a driving frequency Ω/W = 2
one can describe gaps with errors below 10% up to driving strengths a0A ≈ 1, in contrast to the
van Vleck approximation only manages to do so until a0A ≈ 0.45. Therefore, the implementation
of an improved transformation into a rotating frame can enhance the range of validity of effective
Floquet Hamiltonians when it comes to driving strengths. Accurate effective Hamiltonians are of
significance for the study of driven system combined with computationally challenging additional
effects such as disorder.

3.2.3. Driven system in a waveguide
For light confined into a waveguide, the time dependence enters through the tunneling sectors,

leading to the time-dependent Hamiltonian

H ′ (k, x, t) = τ ⊗ h (−θ/2, k − κ , t) + τ ⊗ h ′ (θ/2, k − κ , t)
ss u s − d s +
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Fig. 10. (Color online) Quasienergies near the K and K ′ points for (a–b) AB/BA and (c–d) AB/BA stacked TDBG driven by
ight in free space with θ = 1.4◦,Ω/W = 2, and a0A = 0.04. The gray curves indicate the equilibrium energies.
ource: Figure adapted from Ref. [246].

+ τ+
⊗ λ−

⊗ T (x, t) + τ−
⊗ λ+

⊗ T †(x, t), (95)

here

hs(θ, k, t) =

⎛⎜⎝ ∆1 + δ−
s γ0f (Rθk) ts(k, t)γ0f ∗(Rθk) ∆1 + δ+

s

t†s (k, t)
∆2 + δ+

s γ0f (Rθk)
γ0f ∗(Rθk) ∆2 + δ−

s

⎞⎟⎠ , (96)

t+(k, t) =

(
−γ4f (Rθk) −γ3f ∗(Rθk)

γ1 −γ4f (Rθk)

)
e−iaABA(t). (97)

he interlayer hopping matrix acquires a time dependence according to

T (x, t) =

1∑
i=−1

e−iQ i·xTi(t), (98)

Ti = e−iaAAA(t)w012 + e−iaABA(t)w1

(
cos

(
2π i
3

)
σ1 + sin

(
2π i
3

)
σ2

)
.

In the high-frequency regime, we employ again a first-order van Vleck expansion. To leading
rder, the effective Hamiltonian is given by the averaged Hamiltonian H0 with renormalized
arameters

(w1, γ1,3,4) → (w1, γ1,3,4)J0(aABA)
w0 → w0J0(aAAA)

, (99)

here J0 is the zeroth Bessel function of the first kind. The corrections of order 1/Ω vanish if
erivatives ∂iT (x, t) are neglected. This is justified because all derivatives in Hm and m ̸= 0 appear
ith a pre-factor γ3,4 that is small and the terms [H−m,Hm]/(2mΩ) are already suppressed by 1/Ω .

n the small-angle regime, where T (x, t) varies slowly in real space this approximation becomes
ven better because then the corrections that would arise have an additional small factor θ . The
enormalized parameters can lead to a renormalization of the quasienergies, without breaking
ymmetries that could be required for some applications. In the next section, we consider a system
ith spin–orbit coupling which brings into play topological band-inversion effects, and discuss the
ffects of light irradiation.
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.3. Twisted transition metal dichalcogenides

The low-energy effective Hamiltonian for a twisted TMD homobilayer is [301]

H↑(r)[f ] =

(
f (k − κ+) +∆1(r) ∆T (r)

∆
†
T (r) f (k − κ−) +∆−1(r)

)
, (100)

here f (k) is the bounded approximate low-energy valence band dispersion of a single layer TMD
ear the K point. H↑(r)[f ] is defined in the basis Ψ = (Ψb,Ψt ), where Ψb (Ψt ) corresponds to the
ottom (top) layer creation operator with spin up. The off-diagonal interlayer tunneling sector is

∆T (r) = w(1 + e−iθG2·(ẑ×r)
+ e−iθG3·(ẑ×r)), (101)

here Gn = 4π/(
√
3a0)Rz((n−1)π/3)ŷ and Rz is a rotation matrix around the z axis. w determines

he strength of the interlayer coupling, and we consider small rotations angles θ < 10◦. Additionally,
his model includes an effective position-dependent layer bias

∆l = 2V
3∑

j=1

cos(θG2j+1(ẑ × r) + lψ), (102)

here V sets the strength of the position-dependent in-plane bias and the index l = ±1. The model
arameters are fixed (V , w,ψ, a0) = (8meV,−8.5meV,−89.6◦, 3.47Å), following Ref. [301] for the
ase of MoTe2, where ψ a phase term and a0 is the intra-layer distance between sites. The precise
hape of the low-energy valence band dispersion f (k) and its corresponding coefficients for this
aterial can be found in [302]. Fig. 11(a) shows the band structure along a high-symmetry path

n the mBZ, and Fig. 11(b) the energy differences between the second and third energy bands. At
≈ 1.8 degrees, the bands close and re-open, leading to a angle-dependent topological transition
s indicated by the band Chern numbers (C2 = −1, C3 = 0) → (C2 = 1, C3 = −2).
Now, we demonstrate that light can induce an analogous gap closing and lead to a

non-equilibrium topological transition [302]. We consider a twisted TMD sample irradiated with
longitudinal light from a waveguide. The time-dependent Hamiltonian is obtained via the replace-
ment w → e−iAaL cos(Ωt)w, as discussed in the previous examples. This is equivalent to an electric
potential between layers, up to a gauge transformation. In the high-frequency regime, a van Vleck
expansion to first order leads to the effective Floquet Hamiltonian

H↑ =

(
f̃ (R−θ/2(k − κ+)) +∆1(r) J0(aLA)∆T (r)

J0(aLA)∆
†
T (r) f̃ (Rθ/2(k − κ−)) +∆−1(r)

)
, (103)

y inspecting the effective Hamiltonian, we conclude that light from a waveguide decreases the
trength of the interlayer coupling, leading to an effective change in the twist angle. In Fig. 11(c),
hows the quasienergy bands along with the band Chern numbers and winding numbers. As the
ntensity of the laser is increased, the gap between the second and third bands decreases until it
loses, leading to a topological transition (C2 = 1, C3 = −2) → (C2 = −1, C3 = 0) (see Fig. 11(d)).
n turn, the winding number changes from W = −2 to W = 0 across the transition. Therefore,
opological transitions can be engineered in TMDs with light.

We have studied graphene- and transition metal dichalcogenide-based van der Waals het-
rostructures with Moiré superlattices driven by circularly polarized light in free space and confined
nto a waveguide. We considered the high, intermediate, and low-frequency regime. We showed the
igh degree of tunability of the quasienergy band structure induced by the combined effects of an
nterlayer rotation and light. In the next section, we depart from single-particle examples, and we
onsider a magnetic system driven with infrared light and discuss its effects in the magnetic order.

.4. Phonon-driven Van der Waals magnets

In this section, we review the effect of light in a strongly correlated state. In particular, we will
onsider the effect of low-frequency light in resonance with the phonons in the magnetic order of
28
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Fig. 11. (Color online) (a) Energy bands along a high-symmetry path in the mBZ, along with the band Chern number for
θ = 1.2◦ . (b) Gap between the second and third bands (from top to bottom) as a function of twist angle. (c) Quasienergy
bands for θ = 1.96◦ and the driving frequency Ω = 0.7 eV. (d) Quasienergy gap between the second and third bands as
a function of the laser intensity AaL .
Source: Figure adapted from Ref. [302].

Fig. 12. (Color online) (a) Lattice structure of one monolayer of CrI3 . The Cr atoms (blue) form a hexagonal lattice with
urrounding I atoms. The crystal structure for b-CrI3 is obtained by stacking two monolayers and shifting them with
espect to each other as shown in (b). Here only Cr atoms are shown for clarity. (c) b-CrI3 antiferromagnetic order. The
attice structures were created with VESTA [303].

ow-dimensional van der Waals antiferromagnets. We will show that dynamically distorting the lat-
ice can lead to AFM-to-FM transitions. The direct coupling of the laser with the electronic degrees of
reedom is not considered here. This effect has been addressed in several works [199,205,304–307].

As a prototypical example, we consider bilayer CrI3 (b-CrI3). This material presents an antifer-
omagnetic (AFM) groundstate [308–312], with monoclinic crystal structure, as shown in Fig. 12.
xperiments [313,314] and first-principles calculations [315–318] suggest that there is a connection
etween the magnetic order and the stacking configuration in b-CrI3. The FM phase presents space
roup R3̄ (point group S6), while the AFM state presents space group C2/m (point group C2h) [315].
First, we characterize the phonons in b-CrI3 employing group theory. The primitive unit cell

ontains N = 16 atoms, for a total of 3N = 48 phonon modes. The lattice vibration representation,
hich characterizes the phonon modes according to their irreducible representation, is Γlatt.vib. =
equiv

⊗ Γvec = 13Ag ⊕ 11Bg ⊕ 11Au ⊕ 13Bu. This indicates that we have 24 Raman active modes
13 with totally symmetric Ag representation and 11 with Bg representation) and 24 infrared active
odes [319]. We get the real-space displacements constructing the projection operators [320–322]

ˆ (Γn)
kl =

ln
h

∑
Cα

(
D(Γn)
kl (Cα)

)∗

P̂(Cα), where Γn are the irreducible representations, Cα are the elements

f the group, D(Γn)(C ) is the irreducible matrix representation of element C , h is the order of
kl α α
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Fig. 13. (Color online) (a) b-CrI3 phonon frequencies in the space group C2/m. (b) Q (i)
R average displacement due to

driving of the infrared QIR(A) mode with τ = 0.3 ps and E = 4 MV/cm. Panel (c) shows the average displacement due to
ΩIR = 6.493 THz with τ = 0.8 ps.
Source: Figure adapted from Ref. [246].

the group, and ln is the dimension of the irreducible representation. Finally, P̂(Cα) are 3N × 3N
matrices that form the displacement representation. The projection operators P̂Ag and P̂Bg indicate
that relative shifts [1 1 0] and [1̄ 1̄ 0] for the top and bottom layers belong to the totally-symmetric
Ag representation. Similarly, [0 0 1] and [0 0 1̄] for the top and bottom layers are Ag type. Finally,
[1̄ 1 0] and [1 1̄0] are Bg-type.

We employ first-principles methods [323–326] to determine the frequencies of these modes at
Γ point. We show the results in Fig. 13(a). The shear and breathing modes between the layers
(blue dots) have frequencies Ω = 0.460 THz (Ag shear mode), Ω = 0.467 THz, (Bg shear mode),
and Ω = 0.959 THz (Ag breathing mode).

When the laser irradiates the b-CrI3 sample in resonance with an infrared phonon, and if its
amplitude is large enough, phonon–phonon interactions become relevant [194–196,198,198,201–
203,206–209,225,226,233]. The symmetry-allowed interaction up to cubic order is

V [QIR,QR(i), t] =
1
2
Ω2

IRQ
2
IR +

3∑
i=1

1
2
Ω2

R(i)Q
2
R(i) +

2∑
i=1

βi

3
Q 3
R(i) + Q 2

IR

2∑
i=1

γiQR(i) + δQ 2
R(1)QR(2)

+ ϵQR(1)Q 2
R(2) + Q 2

R(3)

2∑
i=1

ζiQR(i) + VD[t,QIR], (104)

here QIR corresponds to the amplitude of an infrared phonon, and QR(i), i = 1, 2, 3 to the
mplitudes of the three lowest-frequency Raman modes. The effect of the laser is captured with
he time-dependent term [327,328] VD[t,QIR] = Z∗

· E0 sin(Ωt)F (t)QIR, where E0 is the electric
ield amplitude, and Z∗ is the mode effective charge vector [327,329]. F (t) = exp{−t2/(2τ 2)} is
he Gaussian laser profile, with variance τ 2. In this work, we neglect phonon-damping effects. The
oupling constants are determined via first-principles calculations.
The equations of motion for the driven phonons are determined by ∂2t QR(i) = −∂QR(i)V [QIR,QR(i)],

or i = 1, . . . ,m, and ∂2t QIR = −∂QIRV [QIR,QR(i)]. Here, this set of equations is solved numerically.
e consider the IR modes with frequencies ΩIR = 6.104 THz (QIR(A)). In Fig. 13(b), we plot the

veraged displacements ⟨QR(i)⟩ as a function of the peak electric field E0. The non-zero average of
he Raman modes amounts to an effective non-equilibrium lattice distortion. The direction of the
istortion ⟨QR(2)⟩ can be reversed by changing the frequency of the laser, in resonance with ΩIR(B)
ΩIR = 6.493 THz) as shown in 13(c). Next, we discuss the effect of these distortions in the magnetic
rder.
The spin Hamiltonian can be written as H = Hintra+Hinter, where the intralayer Hamiltonian has

een proposed to correspond to a Heisenberg–Kitaev [330–334] system. Experimentally [334,335],
t has been determined that the intralayer exchange interaction is much stronger than the interlayer
nteractions. Furthermore, due to the inter-layer nature of the phonon modes here considered, the
ominant effect is expected to manifest on the inter-layer sector of the Hamiltonian. We take into
ccount up to third-nearest-neighbor exchange interactions H =

1 ∑ J s · s , and calculate
inter 2 ij∈int. ij i j
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ij using a Green’s function approach and the magnetic force theorem (for a detailed explanation ,
ee Ref. [336]).
The driven phonons effectively modify the distance between the Cr magnetic moments leading

o a time-dependent exchange interaction [337] J[u(t)] = J0 + δJ δ̂ · u(t)+O(u(t)2), where J0 is the
equilibrium interaction, δJ is the strength of the first-order correction in the direction δ̂, and u(t)
is the real-space phonon displacement. Since the inter-layer exchange interaction is the relevant
energy scale of our problem, and it is much smaller than the frequency of the driven phonons, we
use Floquet theory to find an effective interlayer exchange interaction of the form Jeff = J0+δJ δ̂·⟨uR⟩,
where ⟨uR⟩ is the time-averaged displacement. We calculate the effective spin interactions Jij as
a function of the Raman displacement amplitude QR(2). We define J⊥ ≡ (1/2)

∑
ij Jij such that

Jeff
⊥
(⟨QR(2)⟩) = J0

⊥
+ δJ⊥⟨QR(2)⟩. We find J0

⊥
= −0.366 meV and δJ⊥ = −0.0713 meV/(Å

√
amu),

with Jeff > 0, thus preferring FM order, for ⟨QR(2)⟩ < −5.13Å
√
amu which corresponds to a real-

pace displacement of ∼ 3.13% of the Cr–Cr interatomic distance. However, J0
⊥

overestimates the
xperimental value for b-CrI3 [334]. Using J0

⊥
as a fitting parameter from experiments, and δJ⊥

from our calculations, we find Jeff(⟨QR(2)⟩) > 0 for ⟨QR(2)⟩ < −0.42Å
√
amu, ∼ 0.3% of the Cr–Cr

nteratomic distance.
Driving the phonons with low-frequency light can induce non-equilibrium lattice displacements

ith non-zero averages. For the case of b-CrI3, we find that such distortions can induce an
ntiferromagnet to ferromagnet transition. Therefore, Floquet protocols not only allow for the
odification of the quasienergy bands in the single-particle approximation but also can affect
rdered states of matter. These protocols can be extended to the recently theoretically proposed
oiré magnets [338,339].

. Summary and perspectives

In this review, we discussed recent developments in the theoretical methods available to derive
ffective Floquet Hamiltonians in the high-, mid-, and low-frequency regimes, with an emphasis on
he latter. We have described the advantages and disadvantages of each approach. These methods
pen the possibility of Floquet engineering of quantum materials. In particular, the techniques are
ble to determine effective Floquet (time-independent) Hamiltonians in different regimes of the
rive frequency. We paid special attention to the flexibility and accuracy of these approaches to
ake various classes of approximations, depending on the details of the system of interest.
We focused our attention on the application of these methods to Moiré superlattices in van

er Waals materials. We applied these techniques to graphene-based bilayer and double bilayer
aterials, and other bilayer material classes exhibiting strong correlation effects, such as mag-
etism. In some classes of van der Waals materials, such as transition metal dichalcogenides, the
pin–orbit coupling may be strong which also brings band topology into play. The interaction of
hese materials with light may lead to control of the material’s topological phase, or perhaps even
he realization of new topological phases. Since light can also flatten bands, tuning with light also
ffers an opportunity to change the relative strength of interactions in a material, as occurs with
he twist around the ‘‘magic angle" in graphene.

Finally, it is worth emphasizing that we are just starting to unlock the low-frequency regime’s
otential. In this work we discussed the cases of driven phonons and driven electrons separately.
owever, when the symmetries are appropriate, the light pulses can couple to both the phonons
nd the electrons creating a coherent dance of interacting degrees of freedom that can lead to new
hases of matter providing yet another example where ‘‘More is different’’ [57].
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