CANDIDATES FOR NON-RECTANGULAR CONSTRAINED
WILLMORE MINIMIZERS

LYNN HELLER AND CHEIKH BIRAHIM NDIAYE

ABSTRACT. For every b > 1 fixed, we explicitly construct 1-dimensional families of
embedded constrained Willmore tori parametrized by their conformal class (a,b) with
a ~, 07 deforming the homogenous torus f° of conformal class (0,b). The variational
vector field at f? is hereby given by a non-trivial zero direction of a penalized Willmore
stability operator which we show to coincide with a double point of the corresponding
spectral curve. Further, we characterize for b ~ 1, b # 1 and a ~; 07 the family obtained
by opening the “smallest” double point on the spectral curve which is heuristically the
direction with the smallest increase of Willmore energy at f°. Indeed we show in [HelNdj]
that these candidates minimize the Willmore energy in their respective conformal class
forb~1,b#1and a~, 0.

I

1. INTRODUCTION AND STATEMENT OF THE RESULTS

In the 1960s Willmore [Wil] proposed to study the critical values and critical points of
the bending energy

W(f) = /M H2dA,

the average value of the squared mean curvature H of an immersion f: M — R3

of a closed surface M. In this definition we denote by dA the induced volume form
and H := %tr(II) with II the second fundamental form of the immersion f. Willmore
showed that the absolute minimum of this functional is attained at round spheres with
Willmore energy W = 4m. He also conjectured that the minimum over surfaces of genus
1 is attained at (a suitable stereographic projection of) the Clifford torus in the 3-sphere
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with W = 272, It soon was noticed that the bending energy W (by then also known
as the Willmore energy) is invariant under Mobius transformations of the target space
— in fact, it is invariant under conformal changes of the metric in the target space, see
[Bla, Ch]. Thus, it makes no difference for the study of the Willmore functional which
constant curvature target space is chosen.

Bryant [Bry] characterized all Willmore spheres as Mébius transformations of genus 0
minimal surfaces in R?® with planar ends. The value of the bending energy on Willmore
spheres is thus quantized to be W = 4rnk, with &k > 1 the number of ends. With the
exception of k= 2,3,5,7 all values occur. For more general target spaces the variational
setup to study this surfaces can be found in [MonRiv]. The first examples of Willmore
surfaces not Mobius equivalent to minimal surfaces were found by Pinkall [Pin]. They
were constructed via lifting elastic curves v with geodesic curvature k on the 2-sphere
under the Hopf fibration to Willmore tori in the 3-sphere, where elastic curves are the
critical points for the elastic energy

E(y) = /(F&Q + 1)ds

Y

and s is the arclength parameter of the curve. Later Ferus and Pedit [FerPed] classified
all Willmore tori equivariant under a Mdbius S'-action on the 3-sphere (for the definition
of Sl-action see Definition 2.1).

The Euler-Lagrange equation for the Willmore functional

AH +2H(H? - K) =0,

where K denotes the GauBian curvature of the surface f: M — R3 and A its
Laplace-Beltrami operator, is a 4th order elliptic PDE for f since the mean curvature
vector H is the normal part of Af. Its analytic properties are prototypical for non-
linear bi-Laplace equations. Existence of a minimizer for the Willmore functional W on
the space of smooth immersions from 2-tori was shown by Simon [Sim]. Bauer and Kuw-
ert [BauKuw]| generalized this result to higher genus surfaces. After a number of partial
results, e.g. [LiYau], [MonRos], [Ros], [Top|, [FeLePePi], Marques and Neves [MarNev],
using Almgren-Pitts min-max theory, gave a proof of the Willmore conjecture in 3-space
in 2012. An alternate strategy was proposed in [Schm)]

A more refined, and also richer, picture emerges when restricting the Willmore functional
to the subspace of smooth immersions f: M — R? inducing a given conformal structure
on M. Thus, M now is a Riemann surface and we study the Willmore energy W on
the space of smooth conformal immersions f: M — R3 whose critical points are called
(conformally) constrained Willmore surfaces. The conformal constraint augments the
Euler-Lagrange equation by w € H°(K2,) paired with the trace-free second fundamental

form II of the immersion

(1.1) AH +2H(H? - K) =< w, 11 >,
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where HY(K?%,) denoting the space of holomorphic quadratic differentials. In the Geo-
metric Analytic literature, the space H° (K?M) is also referred to as 52T T (geuc) the space
of symmetric, covariant, transverse and traceless 2-tensors with respect to the euclidean
metric  geye, In the case of tori, the Teichmiiller space can be identified with the up-
per halfplane H?. With II = (II',1I?) denoting the projection map from the space of
immersions to H?, the right hand side of the Euler Lagrange equation can be written as

< w, 11 >= adIl' + BSIIY,

for real numbers o and 3, which are referred to as the Il-Lagrange multipliers of the
immersion.

Since there are no holomorphic (quadratic) differentials on a genus zero Riemann surface,
constrained Willmore spheres are the same as Willmore spheres. For higher genus surfaces
this is no longer the case: constant mean curvature surfaces (and their Mébius transforms)
are constrained Willmore, as one can see by choosing w := II as the holomorphic
Hopf differential in the Euler Lagrange equation (1.1), but not Willmore unless they are
minimal in a space form. Bohle [Boh], using techniques developed in [BoLePePi] and
[BoPePi|, showed that all constrained Willmore tori have finite genus spectral curves
and are described by linear flows on the Jacobians of those spectral curves'. Thus the
complexity of the map f heavily depends on the genus its spectral curve 3 — the spectral
genus — giving the dimension of the Jacobian of ¥ and thus codimension of the linear
flow. The simplest examples of constrained Willmore tori, which have spectral genus zero,
are the tori of revolution in R3 with circular profiles — the homogenous tori. Those are
stereographic images of products of circles of varying radii ratios in the 3-sphere and thus
have constant mean curvature as surfaces in the 3-sphere. Starting at the Clifford torus,
which has mean curvature H = 0 and a square conformal structure, these homogenous
tori in the 3-sphere parametrized by their mean curvature H “converge” to a circle as
H — oo and thereby sweeping out all rectangular conformal structures. Less trivial
examples of constrained Willmore tori come from the Delaunay tori of various lobe counts
(the n-lobed Delaunay tori) in the 3-sphere whose spectral curves have genus 1, see
Figure 1 and [KiScScl] for their definition.

Existence and regularity of a W22 N W minimizer f: M — R3 for a prescribed
Riemann surface structure? (constrained Willmore minimizer) was shown by [KuwSch2],
[KuwLi], [Riv2] and [Sch] under the assumption that the infimum Willmore energy in the
conformal class is below 8x. The latter assumption ensures that minimizers are embedded
by the Li and Yau inequality [LiYau]. A broader review of analytic results for Willmore
surfaces can be found in the lecture notes [KuwSch2] and [Riv3], see also the references
therein.

Ndiaye and Schétzle [NdiSchl, NdiSch2] identified the first explicit constrained Willmore
minimizers (in every codimension) for rectangular conformal classes in a neighborhood
(with size depending on the codimension) of the square class to be the homogenous tori.
These tori of revolution with circular profiles, whose spectral curves have genus 0, eventu-
ally have to fail to be minimizing in their conformal class for H > 1, since their Willmore

IFor the notion of spectral curves and the induced linear flows on the Jacobians see [BoLePePi].
2For the notion of W2 N WY immersions see [KuwSch2], [Riv] or [KuwLi].
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FIGURE 1. The vertical stalk represents the family of homogenous tori,
starting with the Clifford torus at the bottom. Along this stalk are bifur-
cation points from which embedded Delaunay tori continue the homoge-
nous family. The rectangles indicate the conformal types. The family of
surfaces starting at the Clifford torus, bifurcating at the first branch point
has Willmore energy below 87 and is conjectured to be the minimizer in
their respective conformal class. Image by Nicholas Schmitt.

energy can be made arbitrarily large and every rectangular torus can be conformally em-
bedded into R3 (or S3) with Willmore energy below 87, see [KiScScl, NdiSch2].
Calculating the 2nd variation of the Willmore energy W along homogenous tori Kuwert
and Lorenz [KuwLor] showed that zero eigenvalues only appear at those conformal classes
whose rectangles have side length ratio v/k2 — 1 for an integer k > 2, at which the index
of the surface increase. These are exactly the rectangular conformal classes from which
the k-lobed Delaunay tori (of spectral genus 1) bifurcate. Any of the families starting
from the Clifford torus, following homogenous tori to the k-th bifurcation point, and con-
tinuing with the k-lobed Delaunay tori sweeping out all rectangular classes (see Figure 1)
“converge” to a neckless of spheres as conformal structure degenerates. The Willmore
energy W of the resulting family? is strictly monotone and satisfies 272 < W < 4k,
see [KiScScl, KiScSc2]. Thus for k = 2 the existence of 2-lobed Delaunay tori imply
that the infimum Willmore energy in every rectangular conformal class is always below
87 and hence there exist embedded constrained Willmore minimizers for these conformal
types by [KuwSch2]. It is conjectured that the minimizers for W in rectangular confor-
mal classes are given by the 2-lobed Delaunay tori. For a more detailed discussion of the
2-lobe-conjecture see [HelPed]. Surfaces of revolution with prescribed boundary values
was studied in [DaFrGrSc|.

3For simplicity we call this family in the following the k-lobed Delaunay tori.
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In this paper we turn our attention to finding families of constrained Willmore tori de-
forming homogenous tori parametrized by their conformal class. Moreover, we identify a
family of putative constrained Willmore minimizers in non-rectangular conformal classes.
These candidates are shown in [HelNdi] to be actually minimizing when restricting to
al ~, 07 and b ~ 1, but b # 1. Our main theorem is the following.

Theorem 1.1 (Main Theorem). For every b ~ 1, b # 1 fized, there exist a family
of constrained Willmore tori f(,p) parametrized by their conformal class (a,b), with
a ~p, 07 satisfying the following properties:

° f(o,b) = fb is homogenous and parametrized as a (1,2)-equivariant surface

) rs + i2r?
fbi Tb2 = (C/ <7,27TZ (&3] QWWZ> — SS

(2,9) — (relV7257) i)

(1.2)

® fap) s non degenerate for a #0, and fap) — fb smoothly as a — 0,
e for every b~ 1, b# 1 fixed the normal variation (8\/5 f(a,bﬂa:of verifies

<0 afapla=0,M8 oy > =sin (£ +4%z) ,

where fill’g is the normal vector of f° in the (1,2)-parametrization.

o forevery b~1, b# 1 fized and a # 0, the corresponding I1-Lagrange multipliers
Qap)s and Bap) satisfy

Qap) & and Blap) — B, asa—0

for some &* >0 and BP is the 1*-Lagrange multiplier of f®.

The surfaces constructed are automatically embedded as they converge smoothly to the
homogenous tori f°. In fact we construct multiple families of embedded constrained
Willmore tori deforming f° (In the Hopf tori case, we obtain a family for every b > 1).
The family stated in the Theorem is the one with the smallest energy close to f* among
the families constructed.

Remark 1.1. Constrained Willmore minimizers in a particular conformal class is only
shown, if the infimum energy in that class is below 87 [KuwSch2]. Therefore, the con-
structed families helps to obtain a quantitative estimate on the size of the neighborhood
of rectangular conformal classes in which constrained Willmore minimizers exist.

We want to give some heuristics why this family should be the constrained Willmore
minimizer in their respective conformal class.

Definition 1.1. For o, € R we use the abbreviations

Wa,s(f) == W(f) = oIl' (f) = BI*(f)

43 W(f) — oI (f).

=

—~

N
I

The main observation is the following.
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Lemma 1.1. [HeINdi, Lemma 2.1]

Let f(@ be a family of constrained Willmore immersions with conformal type
(a,b) =: (a*,b) € [0,a2) x (1 — bo, 1+ b)

for some positive numbers ag, bg € R such that the map

(@,b) — @ € C%([0,a0) x (1 — by, 1+ by), Wh?),
and 5H1(f(0’b)) =0, but 5H1(f(“’b)) #0 for a# 0. Further, let &(a,b) and B(a,b)
be the corresponding Lagrange multipliers satisfying
(@,b) — a(a,b), B(a,b) € C? ([0,a0) x (1 —bo, 1+ bo), WH?)
and &(a,b) := W(f(a’b)). Then we obtain
(1)

(9(1)((1, b) - . 3&)(&, b) o~ ~b
P a(a,b) fora#0 and }11_1}(1) e a(0,b) = Vb,
(2)
dw(a,b) ow(a,b)

% = B(a,b) fora#0 and igr(l)T

(3) o :=8a f(a’b)’a:() satisfies
62 (War ) (FOD) (") =0 .

The proof of the Lemma is very straight forward and shows that by fixing b, the variational
vector field of a family of constrained Willmore tori f(%?), parametrized by its conformal
type, at the homogenous torus f must be a zero direction of the the second variation of
Wep gv, where (% is the Lagrange multiplier of f°. Since the Lagrange multipliers are the
derivative of the Willmore energy along the family, the necessary condition to construct a
family of minimizers is that the corresponding Lagrange multipliers converge for a — 0
to the smallest possible a > 0 such that W, g has a non-trivial zero direction. Since

Wa—o v 18 strictly stable (invariance), the smallest possible a can be defined as follows.

Definition 1.2. Let A° be the II?-Lagrange multiplier of the homogenous torus f°.
Then we define
o’ ;= max {a | 52Wa75b > 0}.

In [HelNdi, Section 3] we computed a’ for b ~ 1 which is uniquely determined by its
non-trivial kernel element. The identification of the normal variation of f, ) at f% in the
main theorem therefore shows that the family of constrained Willmore tori constructed

here has the desired limit Lagrange multiplier &° = o?.

In this paper we use integrable system theory to construct the families of constrained
Willmore tori by opening double points on the spectral curve of the homogenous torus
fb. The resulting surfaces are of spectral genus 2 as they lie in the associated family
of constrained Willmore Hopf cylinders [Hel2, Theorem 9]. These double points occurs
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FIGURE 2. Two (1, 2)-equivariant constrained Willmore tori (with intrin-
sic period 1). The tori lie in a 2-parameter family of surfaces deforming the
Clifford torus. This family minimizes the Willmore functional in the re-
spective conformal classes for surfaces “close enough” to the Clifford torus.
Images by Nick Schmitt.

exactly at those points where 52Wab7 gv has non-trivial zero directions, indicating that the
genus of the spectral curve is closely related to the Nullity of the constrained Willmore
torus. Due to the different normalization of the Lagrange multipliers in the integrable
systems and analysis approach, we decided to compute the normal variations of f(4 )
at f? in order to identify of the limit Lagrange multiplier. Moreover, we show that the
IT'-Lagrange multiplier converges from below to a® as a — 0. These features of the
family are needed in [HelNdi] to apply bifurcation theory to identify them as constrained
Willmore minimizing tori.

The paper is organized as follows: in the first section basic integrable systems notations for
constrained Willmore surfaces are introduced. We define equivariant immersions and state
the Euler-Lagrange equations in terms of the conformal Hopf differential. The integrable
structure of the equations is hereby encoded in the associated family of solutions. In
Section 3 we construct constrained Willmore Hopf tori deforming homogenous tori f? and
determine their normal variation at f°. The forth section contains the proof of the main
Theorem which is divided into four steps:

(1) construction of a 2-parameter family f(, ) of (1,2)-equivariant constrained Will-
more tori associated to constrained Willmore Hopf cylinders.

(2) show that candidates cover an open set close to the Clifford torus in the moduli
space of conformal tori.

(3) computation of the normal variation (9 /5 f(a,) |a:0)L for the constructed family
at the homogenous torus f° for fixed b~ 1 and b # 1.

4) show that the corresponding Lagrange multipliers «(,; converge to o’ from
(a,b)
below as a 0.

The normal variations of the families of constrained Willmore Hopf tori constructed in
Section 3 uniquely identifies the limit Lagrange multiplier by the stability computations
in [HelNdi, Section 3].
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2. PRELIMINARIES

We start with fixing some notations and basic properties of equivariant constrained Will-
more surfaces.

Definition 2.1. A map f : C — S° is called R-equivariant, if there exist group
homomorphisms

M :R — M6b(S3), ¢+ M;,
M : R — {conformal transformations of C}, ¢+ M;,

such that )
foM;= M;o f, for all t.

Here Mob(S?3) is the group of Mobius transformations of S3.

Remark 2.1. If the map f:C — S? is doubly periodic, then the resulting surface is a
torus. A necessary condition for doubly periodicity of f is that both A; and M, are
periodic in t, see [Hel, Section 5]. The possible periodic 1-parameter subgroups M; and
M, that can appear in the above definition can be easily classified, see for example [Hel,
Section 5]. Thus up to the choice of a holomorphic coordinate z = x + iy and isometries
of S3 we can assume without loss of generality that an equivariant torus

f:C/)T — 83 c C?

for a lattice I' C C, is given by

imz 0

(2.) fan = (%0 k) f0.0),

for coprime integers m and k. In this case we call f an (m,k)-equivariant surface and
the curve given by ~(y) = f(0,y) is called the profile curve which has to verify certain
closing conditions for f to be a torus. This notion of equivariant surfaces includes the
well known examples of surfaces of revolution (m = 0, £ = 1) and the Hopf cylinders
(m=1, k=1), as for example discussed in [Hell].

Remark 2.2. A R-equivariant immersion f : C — S® such that M(R) is not a
periodic subgroup of M&b(S%) but is smoothly close to a S!-equivariant surface is still of
the form (2.1) (up to conjugacy) with m, k € R. This is due to the fact that whether
a M € SO(4,1) lie in the conjugacy class of M € SO(4) reduce to a condition on the
trace of M lying in a certain intervall.

In conformal geometry surfaces mapping into the conformal S have two invariants which
determine the surface up to Mobius transformations, see [BuPePi, Theorem 3.1]. The



CANDIDATES FOR NON-RECTANGULAR CONSTRAINED WILLMORE MINIMIZERS 9

first one is the conformal Hopf differential ¢q. The second is the Schwarzian derivative
c. In the equivariant case, the conformal Hopf differential ¢ determines the Schwarzian
derivative ¢ up to a complex integration constant by the GauB-Codazzi equations.Thus
we will only use ¢ in the following. In contrast to [BuPePi] we consider the conformal
Hopf differential as a complex valued function by trivializing the canonical bundle K¢, r
via dz.

Definition 2.2. Let f: M — S3 a conformal immersion. The function

o 0
_ 1155 52)
|df |
is called the conformal Hopf differential of f.

Remark 2.3. For equivariant tori the conformal Hopf differential as well as the Schwarzian
derivative depend only on the profile curve parameter and is periodic, see [Hell, Proposi-
tion 3.

Example 2.1. By definition the conformal Hopf differential of surfaces of revolution is
real valued and given by 4g = k where & is the curvature of the (arclength parametrized)
profile curve v in the upper half-plane viewed as the hyperbolic plane. In the same way
one can compute for Hopf cylinders that 4q = x + V/Gi, where rk is the geodesic
curvature of the corresponding profile curve in a round 2-sphere of curvature G > 0.

2.1. Equivariant constrained Willmore tori and their associated family.

For equivariant constrained Willmore tori we give the Euler-Lagrange equation in terms of
their Schwarzian derivative. This equation has an invariance which defines an associated
family of constrained Willmore surfaces to a given solution. We start by recalling the
Euler Lagrange equation of equivariant constrained Willmore surfaces [BuPePi, Equation
(34) and Equation (33b)] specified to the equivariant case:

Theorem 2.1 ([BuPePi]). Let f :T? = C/T — S3 be a conformally parametrized
equivariant immersion and q its conformal Hopf differential. Then f is constrained
Willmore if and only if there exists a pu+ i\ € C such that q satisfies the equation:

q + 8(\q|2+C')q —8q = 2Re((—u + z’)\)q),
(2.2) R
28 =qq—qq,

where & is a purely imaginary function, C a real constant and the derivative is taken
with respect to the profile curve parameter.

Remark 2.4. The real part of Equation (2.2) is the actual constrained Willmore Euler-
Lagrange equation. The imaginary part of the equation is the Codazzi equation and the
equation on ¢ is the Gaul equation. The Euler-Lagrange equation for general surfaces
can be found in [BuPePi]. For (m, k)-equivariant tori the function ¢ is given by

-mk
¢=imhn,
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where H is the mean curvature of the immersion into S and C = —1(m? 4+ k?), as
computed in [Hel, Theorem 6.1 and Theorem 7.1].

Let f:T? — 83 be an equivariant constrained Willmore surface with conformal Hopf
differential g. Consider f as a doubly periodic immersion from C into S3. By relaxing
both periodicity conditions, i.e., by allowing general profile curves and real numbers for
the equivariance type m and k, we obtain for e € S a circle worth of associated
constrained Willmore surfaces fy for a given f, the so called constrained Willmore
associated family, see [BuPePi, Equation (35)]. These are obtained as follows:

Let ¢ be a solution of (2.2) and let gy be the family of complex functions given by

@ = qe?. e sl

Moreover, let

Cy = C + LRe((e" — 1)(—p —iN))
(2:3) €= &+ glm((e" = 1)(—p—iN))
—pig +iNg = e Y0 (—p i),

Then ¢y satisfies Equation (2.2) with parameters Cp, ug, Mg and function &p. In
particular, the function ¢y and &y satisfies the GauB-Codazzi equations for surfaces
in S3. Thus there exist a family of surfaces fy with conformal Hopf differential g
and mean curvature given by &g. The so constructed surfaces fy are automatically
constrained Willmore for every 6 € R.

Definition 2.3 (Constrained Willmore Associated Family).

Let f be a constrained Willmore surface and ¢ its conformal Hopf differential. The
family of surfaces fy, 6 € R determined by the conformal Hopf differential gy = ge?
is called the constrained Willmore associated family of f.

Surfaces with the same conformal Hopf differential and the same Schwarzian derivative
(which is determined by the function ¢ and the real constant C ) differ only by
a Mobius transformation, see [BuPePi, Theorem 3.1]. As a consequence, since for an
equivariant initial surface both invariants depend only on one parameter, all surfaces in
the associated family of an equivariant constrained Willmore surface are also equivariant
(and constrained Willmore). In general, these surfaces are not closed, i.e., fy:C — 3
is not doubly periodic, even if the initial surface is. Moreover, since a non-isothermic (or
non-degenerate) surface f is already determined up to Mobius transformations by its
conformal Hopf differential, the map 6 — fy € C°°(T?,5%) is (in this case) smooth, see
[BuPeP1i, Theorem 3.3].

2.1.1. The associated family of homogenous tori f°.
The homogenous tori are given by the direct product of two circles with different radii.
They can be parametrized by
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fP.C/2nrZ + i2nsZ),  f(x,y) = (Tei%, sei%) 7

for r, s € R satisfying 2 + s> = 1 with rectangular conformal class given by b = =
The conformal Hopf differential (in this particular parametrization) is given by

2 _ 2
(2.4) q¢= o and ,u:S !

2rs

rs

Since homogenous tori are isothermic, the Lagrange multiplier A in (2.2) can be chosen
arbitrarily and ¢ does not determine the surface uniquely. Thus the associated family
fg is also not uniquely determined and is only smooth in 6 for appropriate £ and C
depending on both p and . In fact, the following choice of associated family of f°
seen as a map from C to S® is smooth in 6:

(1 1. (1. 1
(25) fg(l’, y) — (Tg\ez(r;\ cos(@)x—g sm(«9)y)7 Sg\ez(sg mn(@)x—&-g Cos(@)y)) )
Here rg, sg,‘ are determined by the Lagrange multiplier fip via equation (2.4), where
[lg , Ao satisfies

—fig +ixo = e 20 (—p 4 iN).

Our choice of the associated family ensures that for a smooth family f! of non-degenerate
surfaces converging to f” which is degenerate as t — 0 , i.e., the map

(0,t0) — OS2, t—> f!

is smooth and t — 0 = f° in 20 m» also the associated family f has the same

regularity in ¢ for every fixed 6 and }iH(l) fi = fé’. In particular, the corresponding
—

Lagrange multipliers Mé and )\g are continuous for ¢ € [0,ty) for every fixed 6. The

equivariance type of the “rotated” surface fé’ is given by

(2.6) ==

cos(0)sp
sin(6)r)

€ [0,1].

Note that the derivative of the equivariance type by 6 at 6y € (0,7/4) vanishes if and
only if \) = 0.

3. CONSTRAINED WILLMORE HOPF CYLINDERS.

Since tori of revolution are isothermic, they cannot cover an open set of the Teichmiiller
space. In contrast, all conformal types can be realized as (constrained Willmore) Hopf tori
(i.e., m =n = 1), see [Pin, Hel2]. The Willmore energy of the Hopf cylinder reduces to
the (generalized) energy of the curve in S? and the conformal type of the torus translates
into invariants of the curve, namely length and oriented enclosed area. Thus a Hopf torus
is constrained Willmore if and only if there exist Lagrange multipliers A and p € R
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such that the geodesic curvature & of its profile curve v in S? (of constant curvature
G) satisfies

(3.1) K+ 182+ (p+ §)r+ A =0.

This equation can also be deduced from Equation (2.2) for 4q = s +iv/G. The Lagrange
multiplier g is the length constraint and A is the enclosed area constraint. We call
curves (not necessarily closed) into the round S? (with constant curvature G) satisfying
equation (3.1) constrained elastic.

Since we are interested in periodic solutions of (3.1), we can restrict ourselves to the initial
values

(3.2) k'(0)=0 and £(0)= kKo
for the Euler-Lagrange equation.

Remark 3.1. The unique solution k(z, kg, A, ) of the initial value problem given by
(3.1) and (3.2) depends in a real analytic way on the parameters A, u and the initial
value Kg.

Let v:R — S? be acurve and x its geodesic curvature. We use an integrated version
of the Euler-Lagrange equation for constrained elastic curves obtained by multiplying (3.1)
with x’ and integrate. The curve + is therefore constrained elastic if and only if there
exist real numbers p, A and v such that s satisfies

(3.3) (K)? + 36t + (u+ %)/4;2 +2X\k+v=0.

The freedom of the integration constant v corresponds to the initial value kg, which
must be a root of the polynomial Py = 1x% + (u+ $)k + 20k +v.

Remark 3.2. The conformal Hopf differential of the Clifford torusin (1, 1)-parametrization
q(1,1) 1is the conformal Hopf differential of the Clifford torus considered as a torus of rev-

olution g1y multiplied by the imaginary unit ¢, see Example 2.1. Thus the role of the

Lagrange multipliers A and p switch compared to Section 2.1.1.

All constrained elastic curves in S? can be parametrized in terms of the Weierstrass
elliptic functions and limits of these. Elliptic functions are defined on a torus C/I,

where the lattice T' is determined by its (in general complex) lattice invariants go and
g3. For constrained elastic curves these invariants are computed in [Hel2, Lemma 1] to be

(n+$)?
12

1 1
p+S)P+ =N - —v(u+9).

(3.4) g2 = +

IS

1

(35 9 = 5o
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The lattice I' is non degenerated, i.e., has two real linear independent generators, if and
only if its discriminant D := g5 — 27g§ # 0. In this case we denote the generators of the
lattice by 2wq,2ws € C. Since by construction go,g3 € R, the resulting lattice I' is
either rectangular or rhombic. Thus we can fix 2w; € R and there exits a smallest lattice
point on the imaginary axis, which we denote by 2ws € ¢{R. For details on elliptic func-
tions see [KoeKri]. Now we can parametrize all solutions of (3.3) with periodic curvature
k such that D = g3 —27g3 # 0 according to the following theorem [Hel2, Theorem 2].

Theorem 3.1 ([Hel2]). For g2, g3 and ko € R with D = g3 —27g3 #0, the curve
v=[n:7]:R— CP'
with v; : R — C given by

o(z +20 = p) _((p)(@+a0)

(3.6) ne= o(z + zo)
' 0@+ 20+ p) (= p)(atao)
Y2 = e
o(z + zo)

is constrained elastic in the round S? = CP' with curvature G(>0). Hereby o and (
denote the Weierstrass o- and (-function respectively. The parameters xg,p € i(O, |w3|)
satisfy

20(x0) + p(p) + 3r5 = —3G <0,

and ws is the lattice point of T' with smallest length lying on the imaginary axis and the
upper half plane. Moreover, all constrained elastic curves in S* with D = g3 — 27g§ #£0
and periodic curvature can be obtained this way.

Remark 3.3. For given lattice invariants ¢go and g3 we obtain thus a 2-parameter
(o and p) family of (not necessarily closed) constrained elastic curves into a 2-sphere of
constant curvature G(> 0). It is shown in [Hel2, Corollary 5] that there exists an unique
o € i(O, |W3|) such that the corresponding curve becomes elastic, i.e., A = 0. In this
case we obtain
p(p) = plws) — G-
Moreover, by [Hel2] we have
p(p) = 5(n—G)

for all A. If not otherwise stated we will fix G =1 in the following.

A straightforward computation, see [Hel2, Proposition 4], shows that the curve =, given
by Theorem 3.1, closes if and only if there exist m,n € N such that

(3.7) M(g2, 93, p) = pm — ((p)w1 = ig;,

where ( is again the Weierstrass (-function and 7; = ((w;). M is called the mon-
odromy of the curve. Geometrically speaking, m is the winding number of the curve
and n is the lobe number, i.e., the number of (intrinsic) periods of the curvature till the
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curve closes in space.

For the Clifford torus the profile curve is (a piece of a) geodesic in S? and can be described
using trigonometric functions. In this case we have D = 0 and the curve is given as the
limit curve as ws, the smallest lattice point lying on the imaginary axis, goes to infinity.
In other words, the imaginary part of 7 := %‘1’“ goes to infinity (while the real part is

constantly %) In this case the corresponding limits of the Weierstraf} elliptic functions

and invariants are given by, see [ErMaOb, Chapter 13.15.]:

3.8 w(z)=—-a+3a————

(3.8 oo (?) ¢ asinz( 3az)
cos(v3az)

(3.9) (oo(2) = az + V3a—————=
sin(v/3az)

(3.10) wy = \/11277r

(3.11) m = \/TTaW

for a real number a with

(3.12) g° =12a® and ¢3° = 8d®.

Since for the Clifford torus we have voo =0 (and thus 144a? = 12¢5° = (uec + 3)2) we
obtain by (3.4) that

(3.13) Poo(Poo) = § (oo — 1) = 20 — g,

from which we can compute

1 .
(3.14) Poc = \/?Earsm <~/ 1213‘11) .

Remark 3.4. The p € i(0, |ws|) we use in Theorem 3.1 is unbounded for D — 0. But
there is another representative

p=p—(ws—w1)=p mod T

that is actually bounded and the corresponding monodromy equations (3.7) are equivalent.
Since the meaning of the parameter remains the same, we will still denote p by p in
the following.

By Equation (3.13) and because

p(p) = p(ws) —

for elastic curves

lim p(ws) — 2a.

T—00
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Thus the invariants for any family of constrained Willmore Hopf tori converging (smoothly)
to the Clifford torus satisfy w3 = w; mod TI', i.e., these are wavelike solutions with
D 0, see [ErMaOb, Chapter 13.15.]. The closing condition (3.7) converges to

a COS(@pm) 1 _m__;
(315) pooﬁﬂ' — (apoo + @3111(\/37@/)00)) \/mﬂ' = 3,7

For the simply wrapped Clifford torus, i.e., m = 1, the Equations (3.13), (3.14) and
(3.15) yields

n? 2

a = %5 (and n > 1) or equivalently s, =n" —

N[

Since the ratio of winding number and lobe number is rational for closed solutions, it

remains constant throughout the deformation induced by a continuous deformation of the

parameters gs, g3 and p. Suppose there exists a family f; of embedded constrained

Willmore Hopf tori given by Theorem 3.1 converging smoothly to the Clifford torus as
2 _ 1

t — 0, then its Lagrange multiplier p; necessarily converges to n“ — 5, for an inte-

ger n, and A, vy — 0. The following theorem shows that this condition is also sufficient.

Remark 3.5. For D # 0 the spectral curve of the corresponding constrained Willmore

surface is given by (a covering) of the torus C/(2w1Z @ 2wsZ) on which p is defined,

see [Hel2, Section 3.5 and Remark 11]. For D — 0 this torus degenerates to a sphere,

corresponding to the spectral curve of a homogenous torus. To deform a homogenous

torus in direction of constrained Willmore Hopf tori vlvith D # 0 we have to open the
2

double point on the sphere corresponding to p = n* — 3.

Theorem 3.2. Let the Clifford torus be parametrized by the formulas in Theorem 3.1
obtained by letting (g2, g3, ko, p) — (95°,95°,0,p°°) given by (3.12) and (3.14). Then
for every integer n > 1 there is a 2-parameter family of n-lobed and embedded constrained
Willmore Hopf tori fg, .. continuously deforming the Clifford torus. Moreover, the limit

Lagrange multiplier of the family at the Clifford torus is p = n? — % (and Ny =0).

Proof. For given real g2, g3 with D < 0 we can define constrained elastic curves and
their corresponding monodromy. The Weierstrass elliptic functions converge for D 0
(and real g9, g3) uniformly on every compact set, see [KoeKri]. Thus the monodromy
function M (g2, g3, p), see (3.7), remains differentiable in p and is continuous in go and

gs as D /0.

We are interested in the singular case (i.e., D = 0) of the Clifford torus. In this case it is
computed above that

IS

g =795 and g

We denote by pZ the unique solution of

2

Poo(pl) =" — 5 € i(0,|wsl).
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From this we obtain

4 .6
?23 2”%’ P) |p:p§o =N1° + Poo(pSe) w1 = (

(3.16) ZM( — )T

I3

which is non zero for n # 1.
Then we obtain by the implicit function theorem that for every (g2,¢3) ~ (’1‘—;, %)
with D < 0 an uniquely determined p(g2,g3) (continuously depending on g2 and
g3) such that M(gg,gg,p(gg,gg)) = const, and p(?—;, 2”—166) = p Therefore, we obtain a
2-parameter family fg . of curves depending continuously on g2 and g3 given by
Theorem 3.1 satisfying the closing condition.

O

Remark 3.6. Using the same arguments as in the theorem it is possible to show the
existence of a 2-parameter family of constrained Willmore Hopf cylinders bifurcating at
homogenous tori for every a # 1—12 For G =1 the value of a = % corresponds to
Mobius variations, i.e., n = 1.

Remark 3.7. For D # 0 the dependence of the curves on the parameters go, g3 is
real analytic and thus p(QQ, gg) is then also real analytic. In the limit (for D — 0)
the family fg . converge smoothly to homogenous tori but at D = 0 the regularity
is more subtle. The parameters (gg, gs, p) is real analytic in wu, A, and kg. Recall
that K(ZL‘, 1y A, /-io) depends real analytically on (,u,>\, /{0). Thus also the monodromy
M is real analytic in the parameters (u,/\,kag). Further, since @(p) = é(u —1), we
have that ¢ is for p € i(0,|ws|) (and for fixed g, and g3) a local diffeomorphism

from the p -line to the g -line. Thus in a first step we can change the parameters to
(927 g3, p(927 93)) — (927 gs, /“L(g% g3)) .

For D <0 the “map” ¥ that associate to

(927 g3, ,u’) L (/’L7 )\7 ’%O)

is multi-valued in A and k¢ and behaves rather like a square/fourth order root, see
(3.4). But ¥ becomes a local diffeomorphism for D # 0 and A # 0 by choosing an
appropriate branch of the parameters A and kg. We first observe that

(3.17) /@(u,)\, no) = —H(M,—/\,—Ho)

Therefore, we can choose without loss of generality to A € R_ and thereby fixing an
orientation of the curves, where constant solutions have positive curvature. Moreover,
recall that a necessary condition for the smooth convergence of the family fg . to the
Clifford torus is that the discriminant D — 0 from below, i.e., the family consists of
wavelike solutions. In this case the 4-th order polynomial

Py=15t+ (u+§)r*+ 20 +v
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has only two real roots for D < 0 (or 1 root with multiplicity 2 for D = 0), both leading to
the same solution of the differential equation (up to translation of the curve parameter),
see also [Hel2]. Thus we can choose without loss of generality g to be the bigger root of Pj.

The vector field % on the parameter space (g2, 93,1) is mapped via ¥ to a vector

field 88,1 in (p, A\, ko) . Because of Equations (3.4) defining g¢» and g3, there exist
unique (and smooth) functions A(u) and ko(p) such that

92 (,LL, )‘(:U’)v K'O(lu’)) = const and g3 (ﬂ? A(M)a ’QU(:U’)) = const.

Therefore we obtain oM 9 M
W(Ma/\(ﬂ),/‘éo(u)) = an

Thus by changing the parameters

(M7 A, H0) — (ﬂ7 5‘7 ’%0) = (/1‘7 A+ A(M)? Ko + KJO(M))

we obtain that there exists a smooth function ji(), &) such that

M([L(S\, 70), A, /%0) = const.

This new smooth family parametrized by (5\, Ro) multiply covers the old family go.g3- Note
that by [Hel2, Corollary 3] there are no solutions with D > 0 with parameters (\, kg, i)

close to (O, 0,n% — %)

Definition 3.1. In the following we rename the parameters (ﬂ,j\,f-io) by (u, A, ko) for
simplicity. Thus we will denote the above introduced real analytic 2-parameter family of
constrained Willmore tori obtained by fY, .

Remark 3.8. The surfaces fY =~ is homogenous if and only if D = g5 — 27g§ = 0.

These surfaces can be identified within f}', by varying a ~ n? — % (and still prescribe

M (12a?,8a3, p2.(a)) = Lmi). Thus for a given k(> 0) there exists a unique A = A
such that the resulting surface f{ . is homogenous (and ko is the constant curvature
of its profile curve).

Remark 3.9. For (g2,93) ~ (ggo,ggo) € R? such that (g§°)3 — 27(g§°)2 =0, and

discriminant D (g2, 93) = (g92)° — 27(93)2 < 0 let c(g2,93) = c¢(D(g2,93)) be an
arbitrary strictly positive and smooth function depending only on the discriminant. Then
by the same computations as above and the implicit function theorem there exist a unique
function pP)(go, g3) satisfying

M(gz,gs,pC(D)(gz,gs)) = C(D(QQ,gg))ﬂ"i.

for all (go2,g3) ~ (ggo,g?‘fo) close enough with D(g2,93) < 0. Therefore we obtain a

2-parameter family f§§§§ of constrained Willmore Hopf cylinders. The family of surfaces
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is continuous in ¢go and g3 and real analytic in the corresponding parameters A and
ko . The limit Lagrange multiplier (i can be computed from g¢5°, ¢5° and the limit
monodromy ¢(0).

The conformal type of a Hopf torus is given by the lattice generated by the vector 27w € C
and the vector %(A +iL) € C, where L is the length of the corresponding profile curve

in S% and
A—/Fa(s)ds
I

the oriented enclosed volume, see [Pin, Proposition 1]. These quantities can be explicitly
computed, see [Hel2, Theorem 5].

Proposition 3.1. For every lobe number n > 2 the map I which assigns to (\, ko) the
conformal class of the immersions ffm, see Definition 3.1, covers an open neighborhood
of the rectangular conformal class (0,b) for all b€ Rs;.

Proof. By construction we have

(A, ko) = AN, ko) + i3 L(X, ko),
where L is the length and A the oriented enclosed area of the profile curve of f{, = in
the 2-sphere with constant curvature G = 1.

We first slightly reparametrize the family f{ , . Forgiven ko there exists a unique A(ko)

such that the resulting surface fj\z(m) is homogenous. Let f;n = f;H\ . Then
’ sRO

(ko), Ko

Ko
we obtain

3@14(5\ + A(ko), Ko) 5, ko)=(0,m0) 7 0 Tor kg # 0.
This implies that for kg # 0, there exists a real analytic map
R0 (—€kgsEry) — (Ko — E,I{O,Iio + 5}%)

such that

A3+ AF(A), Fo(R)) = A(Alk0). #0). ¥ X € (~ercry).

with e, and s}m positive numbers and x(0) = kg. Since the function

(~2nsE0) 22— L(A+ AF(V), Fo(V))

is real analytic, we have that either there exists m > 1 such that

(3.18)
" L(A+ AFN), m()) EL(X+ AF(N), Fo(M)) |
= l5_o # 0, and — 5o =0 for 1 <i<m-1
dxm™ dX
or

(3.19) L(MA(ED(X)), EO(S\)) _ L()\(/io),/io) VA E (—Engs ey )-
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Consider the normal variation ¢ of the family f7 with respect to A at a

Fo(V)
homogenous torus. Since the profile curve of a homogenous torus in S? is a circle and
the enclosed area of f;% &) is constant, we have by the isoperimetric problem that ¢

satisfies 6L(f°)(¢) =0 and 6°L(f*)(¢,®) > 0 which implies (3.18).

This gives for kg # 0 the existence of a right-neighborhood |0, 520) of 0 such that the
image of [0,e2 ) under the map

A€ (—€xps Eng) — L(S\ + )\(EO(S\))aEO(S‘)>

is a right -neighborhood of L, := L()\(/'i()), /10) denoted by [Lyy, L, +€5,) with 0 <

520 < €4, and 6%0 > 0 some small real numbers. Finally, by setting

Agy = A(A(/@O),/ﬁo), and O := U Ago X [Ligs L, —|—5i0),
Kko7#0

we have that O is an open neighborhood of the rectangular class TI(A(ko), ko) for every
ko # 0 in the moduli space of conformal tori, as the rectangular classes lies on the
boundary of the moduli space. O

Remark 3.10. The Taylor series of L(\) := L( NST\LKO(X)> gives:

~ 1 _
L(\) = L(0) + 5(SQL(fb)( 5, $)A? + higher order terms,

i.e., Therefore, we obtain X ~ 1/ L()\) — L(0).

For integers n the so constructed family f/Z\L’EO & does not give appropriate candidates
for constrained Willmore minimizers. By Lemma 1.1 the limit Lagrange multiplier gives
the derivative of the Willmore energy at the homogeneous torus. It turns out that this
limit Lagrange multiplier can be further decreased when considering the associated family
of constrained Willmore Hopf cylinders. For the surfaces in the associated family it is
harder to compute the limit Lagrange multiplier than in the Hopf case, but the normal
variation at a homogenous torus (parametrized as a (m, k)-equivariant surface) turns out
to be closely related, as we show in Proposition 4.1. The limit Lagrange multiplier is
the value for which the stability operator of a penalized Willmore stability operator has
a non-trivial kernel. As computed in [HelNdi, Section 3] the normal variation uniquely
determines the limit Lagrange multiplier. For the constrained Willmore Hopf tori f)’f’ %o
the normal variation at homogenous tori is specified in the following proposition.

Proposition 3.2. The normal variation of the (1-parameter) sub family fi, smooth in
t~0, of [, satisfying 112 (ft) = const. with fo = f;?(ﬁo) xo Us given by
l) =b

bi .
p —sm(nrS n,

. 2_,2 .
is f0, b = S and ko = ==, parametrized as a (1,1)-

(up to invariance) where ff(
torus

K0),K0

rr

1 (C/(Qm'Z + 27r(i7"2 + rs)Z) — 53 fb(x,y) = (rei(y+?)7 sei(y—%))
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and x is the profile curve parameter and iy, is the normal vector of f°.

Remark 3.11. For the Clifford torus f! parametrized as Hopf torus, the conformal type
is 1(A, L) = (m,m). This is equivalent to (a,b) = (0,1) after a SL(2,Z)-transformation
T of the upper half plane. We adJust the projection IT : Imm (7%) — H such that
II(f') = (0,1). The condition that b = 0 corresponds to A =0 at (m,7) under this
transformation.

Proof. At f§, which is the Clifford torus (with intrinsic period n), we obtain that

pw=n?— % = & is the limit Lagrange multiplier. Since the map II, defined in Theorem

3.1, covers an open neighborhood, we can take a lift of %(A,L) ~ (m,m) under this
covering and obtain a family of surfaces parametrized by its conformal class and verifying
the regularity assumptions needed for Lemma 1.1, see Remark 3.10. Thus the normal
variation of f; at t = 0 lies in the kernel of 62Wa(f1), with o = 4724 , and
depends only on the curve parameter. The relevant kernel elements of §2W,, ( f 1) can be
computed analogously to the proof of [HelNdi, Lemma 3.1] (the ¢ =1 case) and lie in the
span of the vectors ¢ = sin(2nz)i' and @; = cos(2nz)i’ . Thus up to invariance, we
can choose, without loss of generality, ¢; to be the normal varlatlon of the family f; at
fo = f& the Clifford torus, proving the statement in this case.

For the homogenous tori f* the statement holds, since [k, 1s asmooth 2-dimensional
family of surfaces and the normal variation only depends on the curve parameter: consider
the Fourier decomposition of the space of normal variations at f°. The stability computa-
tions in [HelNdi, Section 3] and [KuwLor| shows that normal variations to different Fourier
modes are perpendicular with respect to (52Wa7 gv- Therefore, there exist for every b (and
uniquely determined B° ~ 0) a unique aj ~ (n? — %)4#2 such that 521/\/%751) (fb) has
a kernel, and subspace of the kernel which depends only on the curve parameter is given
by ¢} = sin(ns%)ﬁb up to invariance, where ¥ is the normal vector of the homogenous
torus f°.

O
Proposition 3.3. Let f(cébb)) be a family of constrained Willmore Hopf cylinders with

conformal type (a,b) with the same reqularity assumptions as in Lemma 1.1 such that

(cébb)) (b)m as a — 0. Let

It _f(a

exists. Then for b= 2 there exist d,e € R such that the normal Uam'ationf = (&g ft|t:0)l
s given by

is the homogenous torus f° with limit monodromy M =
b(t

2c

) be a smooth sub family with a(0) = 0, b(0) = b such that ag := limy_,¢ \;@

® = d’sin (c(b) L7 + €.

Proof. By the conformal type (a,b) of a cylinder we mean the lattice I generated by the
the vectors 27 and 1A + 1Lz with length L = O ())l where [ is the length of the arc
length parametrized curve after one period of the curvature, and the “enclosed” oriented
area A = m fol kds mod 47 via GauBl-Bonnet. Moreover, we denote by () the derivative
w.r.t. the parameter ¢ at t = 0.
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With the same computation as in the previous proposition it can be shown that for a family
of n-lobed constrained Willmore Hopf tori converge to the k-times covered homogenous
torus with b = 0 the corresponding normal variation at t = 0 is given by
d = sin (g—fs)ﬁb.

Thus by the continuous dependence of the family on the monodromy ¢(b(t)) we obtain that
any family of (not necessarily compact) constrained Willmore Hopf cylinders deforming
the homogenous torus with monodromy M = %(b)m' and b = 0 has normal variation at
the a = 0 given by

® = sin (c(b)%)fib

for a real number ¢(b) € R. If b # 0 and a(t) # 0 we can split the normal variation into
two components:

;o al(t C(b) 1 C(b)
fe= %\/% 0 Fap) +0() O fiap)-

Because the surfaces fOC (If ) are homogenous, we can compute that (ab f(cél;))))L = ébi? is

constant hence we obtain for t — 0

(/)" = (ap sin(c(b)z) + be*)it®

proving the statement with d® = ag and e® = be. O

4. (1,2)-EQUIVARIANT SURFACES ASSOCIATED TO CONSTRAINED WILLMORE HOPF
CYLINDERS.

The stability computations leading to [HelNdi, Lemma 3.1] indicates that the candidates
for constrained Willmore minimizers should have (1,2)-symmetry. Thus we construct in
the following 2-parameter families of (1,2)-equivariant tori deforming the Clifford torus
whose projection into the space of conformal tori cover an open neighborhood. The crucial
property of these candidates is that the limit Lagrange multiplier (as the surfaces con-
verge to the Clifford torus) is a!,i.e., the maximum « > 0 for which W, isstableat f!.

For our candidates we use the Ansatz that they lie in the associated family of constrained
Willmore Hopf cylinders, i.e., the conformal Hopf differential of the (1,2)-surface is given
by

4(](172) = (/‘D + \/62) €2i9,

for G, 6 € Ry and k:R — R satisfying

(4.1) K+ i+ (p+$)r+r=0,



22 LYNN HELLER AND CHEIKH BIRAHIM NDIAYE

which is exactly the (constrained) elastic curve equation for curves on a round S? consid-
ered before. The real constants pu, A € R are the Lagrange multipliers of the constrained
Willmore Hopf surface. The corresponding Lagrange multipliers for the (1, 2)-equivariant
surface are given by (2.3) and are depending on A, p and 6.

4.1. Seifert fiber space.

We want to restrict to the (1,2)-equivariant case in the following, although the construc-
tions below can be used to construct general (m,n)-tori (lying in the associated family of
Hopf cylinders). We consider S% C C? with the equivalence relation

(z,w) ~ (2,0) & T ¢ (2,0) = ("2, e*w).

We can always choose a unique representative of [(z,w)] of the form (\z|, ﬁ)) € 83, since
for z = |z|e" we have (|z|e"®,w) ~ (|z],e”%®w). The orbit space S/ is a topological
2-sphere and the fibers of a point (z,w) € S C C? is given by the curve

— (ewz, eQi(bw) .

The trippel F = (53, S3/., 7'(‘) defines a Seifert fiber space with one exceptional fiber over
[(0,1)], where 7:8% — S3/_ is the projection map. In the following we parametrize
the regular set of $3/. (which is a sphere S?\ {one point} ) using polar coordinates:

0,1] x [0,1) — S*/ (R, ¢) — (R, V1 — R2™?).

The round metric groung on S® induces a unique metric on (regular set of) the base
space, such that 7 becomes a Riemannian submersion. We denote this metric also by
Ground- To be more specific, let X, Y be local vector fields on S3/. and X, Y be
their lifts to 7°S® w.r.t. 7. Then we define the metric on the base space to be

ground(Xa Y) = ground((X)L> (Y)L)’

where ()T is the projection orthogonal to the fiber direction. In terms of the coordinates
(R, ®) the metric on the base space is given by

R*(1 - R?)

2
4—3R? d¢*.

9round = (1 - Rz)drz +

With respect to the round metric the length of the fibers of F at (z,w) € S C C? is
given by L = 27l, where

l(z,w) =/ |Z2’ + 4‘11)2’ =4 - 3R2.

Dividing the metrics groung point wise by 12, which is constant along every fiber, yield
new metrics g(,2) on S3 and on the base space S3/., respectively, given by

1
9(1,2) = 7—3Rr2Y9round-
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With respect to g(;9) all fibers have same length 27. Let B be the unit fiber direction

with respect to g1 2), then a bundle connection on F' is given by w = g(12)(B,.)
. . . . 4

and its curvature function be straightforwardly computed to be Q = Tisqr See [Hell,

Proposition 3.

Any closed curve

v 8t — S/ A{1L 0L 10, 1)]}, 2 — (R(x), é(x))

gives rise to an immersed equivariant torus by

f(z,y) = (€Y R(z),e*¥/1 — Rz(az)eid’(m)).

The torus is embedded, if and only if the curve is. To obtain a conformal parametrization
of the surface, we need the profile curve to be arc length parametrized with respect to
9g(1,2) and take its horizontal lift

A(t) = (Y@ R(z), ¥V @ (1 — R(x)?) ™))

to 83 (i.e, 7 satisfy w(3) =0 and 7 is not necessarily closed). The conformal Hopf
differential of the immersion is given by

4q(1,2) = K(1,2) 182

where K1) is the geodesic curvature of v w.r.t g(19), see [Hell, Proposition 3.

4.2. Construction of candidate surfaces.

For given conformal Hopf differential ¢ = €2 (/-i + Z\/é) lying in the associated family of
constrained Willmore Hopf solutions, we want to show how to obtain a constrained Will-
more and (1, 2)-equivariant cylinder and determine the closing conditions. Without loss of
generality we always choose the G > 0 in (3.1) possibly depending on (6, i, A, kg) such
that the resulting (1, 2)-surface is arc length parametrized with respect to g 2). The cur-
vature k of constrained Willmore Hopf cylinders depends on three parameters A, p and
Ko. It can be easily computed that the derivative of the equivariance type w.r.t. 6 at the
(1,2)-parametrized Clifford torus lying in the associated family of a (1,1)-parametrized
homogenous torus (for 6 = arctan(2) — arctan(bpopr) and Ag # 0 and pg # 0) is
non zero, thus there exist by implicit function theorem a function 6(\, p, kp) such that
forumo) 18 (1,2)-symmetric.

Recall that the surfaces we are interested in lie in the associated family of constrained
Willmore Hopf cylinders, i.e., the conformal Hopf differential of the (1,2)-equivariant
surface is given by

4q1 0 = 4qp = (/<; + i\/@)e%e.

To construct the profile curve + of the (1,2)-equivariant surface in S3/., we first show
that ~ is already uniquely determined up to isometries by
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Q = 4Im(q1,2) = (cos(20)k + sin(20)\FG).

On the other hand, recall that

Q= 4
V4—3R?’
thus
2_4_ 161
R =3—-Fa

Further, we normalized our profile curve to be arclength parametrized. The round metric
on S% induce a metric on S3/. given by

R(1- R?)

Ground = (1 - TQ)(dR)Z + 4 — 3R2 (d¢)2

Thus the arc length condition gives rise to a condition on ¢’ for v = (R(s), #(s)) :

R(1 - R?)

(1= ) () + T (¢) = (4 3R2).

Therefore

t ;
(4.2) ¢ = i/ }2\/(41‘_“2? — (R')2(4 — 3R?)dL.
0

The choice of initial value for ¢ corresponds to an isometry of the ambient space S3/.
and the choice of the sign corresponds to the orientation of the curve. Hence without loss
of generality we choose ¢(0) =0 and the “+” sign.

4.2.1. Step 1: Existence of a 2-parameter family of candidates.

In order to get closed curves, the necessary condition is that R = % — %# is periodic.

This holds automatically for Q = cos(26)x + sin(20)v/G, where r is a wavelike solution
of the elastic curve equation (D = g2 — 27¢g5 < 0, see [Hel2, Lemma 2]). Moreover, in
this case the closeness of the curve is equivalent to the angle function ¢, defined in (4.2),
satisfying

D(92, 93, 1) = D(gags. ) (L) = D(g2,g5,)(0) = %2%, for intergers [, n.

We want to show that there exists a two parameter family of closed curves deforming the
Clifford torus using implicit function theorem. Recall that constrained elastic curves in
S? can be obtained using Weierstrass elliptic functions, see Theorem 3.1. By Lemma 2
of [Hel2] we have that

(4.3) K= :l:\/—SRe(p(:U +20)) — 5 (u+ %>7
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solves the elastic curve equation for the parameters given by g2, g3 and (u + %), and
with zo chosen such that P4(x(0)) = 0.

Again the homogenous tori appear in this description as limits of the generic solutions
where the lattice T' (on which the g function is defined) degenerates, i.e., when
the discriminant given by D = g3 — 27¢g3 0. Moreover, the limit solution & for
D — 0 is constant. For a smooth family f;, ¢ € [0,e) of (1,2)-equivariant constrained
Willmore tori deforming the Clifford torus (i.e., fo = f' in (1,2)-parametrization) we
have R, — 0 and R; — %, as t — 0. Therefore, we aim at solving

H(Io) = 6(0) = 5Loc = o,

where Lo, is the limit period of R; as t — 0, or equivalently the (1,2)-profile curve

length of f! in ga1,2) metric. Therefore, we can compute the parameters g2 and g3
I3

giving the parametrization of the Clifford torus f! (or piece of it) from Lo, and +.

Proposition 4.1. For g ~ g2 and g ~ g3 there exist a continuous function g(g2,gs)
such that

®(927 g3, ,u'9(927g3>) = 27.

Remark 4.1. This implies the existence of a smooth 2-dimensional family of (1,2)-
equivariant constrained Willmore tori with extrinsic period 1 by changing the parameters
g2, g3 and pg to A, ko and ,u(S\, Ko) as in Remark 3.7. The same arguments yield
2-parameter families of n-lobed constrained Willmore tori with (1, 2)-symmetry.

Proof. The map @ is differentialble in py and continuous in go and gs. We want to show
that 6%9@(92, 93, p) 7 0 at the simply wrapped Clifford torus. Then the assertion follows
by a version of the implicit function theorem as in the proof of Theorem 3.2. At the Clifford
torus we have R = % and R’ = 0, therefore

(4.4)

0 l~9R 4-5R? Le g R
aﬂ@ (927937/1’9)|RE\}§ /0' |R7 1 S = f/ S

8/1«9 RQ( R2)3/2

Further, we have

OR 5500
0 g 6 Opg

Thus it remain to show that 887?9 2 0. Since

to = po(gz, g3, 0) = cos (46(g2, g3, 1)) + sin (46(g2, g3, 1)) A,

we have
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00 90 du 00

vt — 89(927937“)
Op  Opg Op Opg

op

<cos (46(g2, 93, 1)) + 4 (—sin(40)p + Cos(40))\)> .

At the Clifford torus we have %H(gg,gg,u) >0, A\g >0 and cos(40) > 0. Therefore,

— = const——

op e

Now because

Q = sin(26)x + cos(20)VG

we obtain

00 . ok 0 00
o Sln(Qg)@(g%g&M) + 005(29)@ G(0,92,93, 1) + @(92793,/1)/%1,2-

At the (1,2)-parametrized Clifford torus, we have C%G(G,QQ,gg,u) =0 and O(p) =

arctan(2) — arctan (bpopr(1)), where bpgps is the conformal type of the associated Hopf
cylinder Moreover, A # 0, hence we can choose the sign of & ,i.e., k(0) > 0 as before
and obtain

op  3k(0) '

A computation shows that the geodesic curvature of f! w.r.t. the (1,2)-metric is negative,

further it can be computed that g—z > 0. We thus obtain

o0 . 2 06
87,u = —Sln(29) 3/4/(0) —+ 87,[1/,{1’2 < 0

O

4.2.2. Step 2: Candidates cover an open neighborhood of the moduli space of
conformal tori.

We want to show that the family of surfaces constructed in the previous section cover an
open neighborhood of rectangular conformal classes which are near but different from the
square conformal class. Recall that the candidate family is parametrized by the parame-
ters (kp,A). and denoted fX sy Analogously to Proposition 3.1 we have for every o an
unique (ko) € R_ such that (ko, A(ko)) corresponds to a homogenous torus denoted
ff(ﬂo),no‘ Moreover, as in Proposition 3.1, we change the parameter A to A = A — A(kg)

in the following.

The conformal class of a (1, 2)-equivariant surface is given by the length L; o of its profile
curve v w.r.t. the g(;2) metric and

4Since the torus remains a segment of the Clifford torus.
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Ao 2/91,27)011,27
c

where C is a 2-chain with OC = v12. For every ko # 0, at the corresponding homogenous
tori fj\L(HO) ror W have by definition of L (’y172()\, fi())) that

0Ly (71,2(5\a ko))

Dy |Go)=0m0) 70
where 7172(:\, ko) is the profile curve of f§+/\ (ko). ko" Thus there exists a real analytic
map o
ot (—ExgsEro) — (Ko — Exg, Ko +Epy)
such that

LLQ (")/172(5\, /ﬁ?o(&)) = L172 (’)/1’2(0, Iio(O)), v 5\ S (_éfﬂ)? &:,ﬁo)
with €y, and é,lfo positive numbers and k(0) = kg. Following the proof of Proposition
3.1, since the function \ € (—€koprErg) — Al (71,2(5\, EO(S\))> is real analytic, there
exists £ > 1 such that

(4.5)
@A (124, Fo()) @A (2(h, Ro(V) |
Ik 5=0 # 0, and e 50 =0 for 1<i<k—1
or
(4'6) A1,2 (’)’1,2(5\, Eo(j\))) = A1,2 (’)’1,2(0, Ho)) VS\ S (—EHO, 650),
where y12(\, ko()\)) is the profile curve of f2 . . Let us show that (4.6) can

)\+)\(k0()\)), KO
not happen. Suppose that Ao (7172(/\,/%0()\))) is constant for A ~ 0 where A\ =

0 corresponds to the (1,2)-parametrized homogenous torus f;}(){o) Ko’ namely

Al,g(yl,g(x, %O(X))) — Al,g(m(o, ﬁo)) VA€ (—ngs g )-

Then the family 12 (5\, Eo(j\)) would give rise to a family of constrained Willmore sur-
faces in the conformal class of the homogeneous tori ff\L(HO% o deforming the homogenous
tori ff\l(no)’no but different up to invariance to them. Thus we obtain a non Moebius
equivalent family of constrained Willmore surfaces with the same conformal class and
same Willmore energy as the homogenous torus corresponding to the parameter k. So
for kg # 0 and kg ~ 0, we get a contradiction to the fact that homogenous tori are the
unique constrained Willmore minimizers up to Moebius invariance, see [NdiSchl]. Hence,
we have (4.5) must hold implying the existence of a right-neighborhood [0,£2 ) of 0 such

i}

that the image of [0,eZ ) under the map A € (—€ngEny) — A12 (7172(5\, 50(5\))) is a
right -neighborhood of AY% = A2 (71,2(0, /{0)) that we denote by [AT%, AT% + )

with 0 < éio < Eg, and ézo > 0 some small real numbers. Finally, setting

L = Lip(na(0,50)), and 0= | [AF, AYY+82) x LY,
k0#0, ko~0
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we have that O is an open neighborhood of the rectangular class (A%, L7%) in the
moduli space of tori.

Remark 4.2. Since the above constructed family of candidates cover an open neighbor-
hood of

(0,b0) € {(a,b) eR?|a>0,b>+/1—a2} by~ 1by#1

we can parametrize it by its conformal type (a,b),b=~1,b# 1, and a ~, 0" instead and
denote it by f(,4) in the following. As before in the Hopf case, due to the degeneracy of
the homogenous, the family f ;) 1is not smooth in a but rather in Vva, see Remark
3.7.

4.2.3. Step 3: Identification of the normal variation at f°.
The family of constrained Willmore tori f,) constructed here lie in the associated
family of constrained Willmore Hopf cylinders. Proposition 3.3 gives that the normal part
, - 1L >
of the variation fHorf .= (85\ ngpf(S\))> is given by sin(cz)ii},; for some real constant
yKO ’
c¢. The following Lemma relate the normal variation of f(,) to the normal variation of
Hopf b
fGmoiy 2 T
Lemma 4.1. For b~ 1 fized and a ~, 07, let flap) be the family of (1,2)-equivariant
constrained Willmore tori of conformal type (a,b) lying in the associated family of certain

constrained Willmore Hopf cylinders fg‘fof). Then there ist a ¢ € R>g with

< af(ap)la=0, ﬁIiQ > = const - sin(&x)ﬁlfz,
where ﬁl{,Q is the normal vector of the homogenous torus with conformal class (0,b)
parametrized as a (1,2)-equivariant surface as in (1.2) with conformal Hopf differential

2i6
qi,2 = qi1,1€¢ .

Remark 4.3. Note that both families of surfaces are homogenous for a =0, 1i.e., a =0
implies A =0 or equivalently A = A\(kg).

Proof. Since we are considering equivariant tori and variations of these preserving the
equivariance type, we can restrict ourselves without loss of generality to the variation of
the the underlying profile curves. Recall that the conformal type of the surfaces are given
by

ALQZ/QLQ'UOZLQ and LLQZ/ d8172.
C V1,2

Let 4qi, = k¢ +1i be the conformal Hopf differential of the Hopf cylinders ff([f)p ﬁ o(0)"

Then the conformal Hopf differential of the associated (1,2)-tori are given by
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4q1,2 = ((cos(20;)k; — sin(26;)) + i(sin(260;) k¢ + cos(6y)).

Note that the formula for the associated family given in Section 2.1.1 is the same one as
given in (1.2) up to scaling 77 by a constant factor (constant in x and y).
Since b = const and the homogenous tori are degenerate, we have

A1,2 =0= Ll,z.

at a = 0. This gives rise to the following

(4.7) Ay =/ Q1 pvoly 2(Y1,2,7) :/ M 2901,2) (;Yl,%ﬁli?) =0,
1,2 1,2
and
(4.8) Lo —/ 912(¥12,7)ds = —/ R1,291,2 (’V1,2,ﬁlf,2) =0.
1,2 V1,2

Since for a =0 the family f; are homogenous, the corresponding Hopf cylinders are
homogenous too. Thus there exist a real numbers ¢ and d such that normal variation

fHorf .— (0 fHon)J' of the Hopf cylinders fflgopf are given by Proposition 3.3 to be

A, K0
< fHOpf,ﬁLl > = d+ sin(cx).
From this we obtain that
< fHoPl it | SV = <y, 0 ST = = < fHrE b > et
Since all Hopf tori are arclength parametrized, another computation shows that

. b . 2 . b
<A1,iyy > = k4 (=1 = Kg) < A,y >

hence
(4.9) k= (—c+kj+1)sin(cz) + (k5 + 1)d.
For ¢* = k3 + 1 we obtain that the variation has extrinsic period 1 and the resulting

surfaces (including the associated (1,2)-equivariant ones) are all homogenous. At the
(1,2)-parametrized homogenous torus, we have further that

—b _ 0
N12la=0 = 3R

and thus

912 ("}’1’2, ﬁlig) = R = const - Q) = const - (Sin(26)/% + 29'/%1,2),

where
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R1,2 = cos(20)ko — sin(26)

for A\ =0. Since ALQ = (0 we obtain that

/ 9(1,2) (‘Y1,2,ﬁl{72) =0
71,2

and therefore

sin(20) (k3 + 1)d = —20#1 2

(4.10) ond

R = const - sin(26) (¢* — kg — 1) sin(cx).

This proves the Lemma.

g

The normal variation of f(4 ) at f b depends only on the profile curve parameter. Moreover,
the intrinsic period of the normal variation is at most the intrinsic period of profile curve
of f(ap)- When f? is parametrized as a (1,2)-equivariant torus (1.2) we therefore obtain

Proposition 4.2. A family of n-lobed (1,2)-equivariant constrained Willmore tori f;\‘(t) ko (t)

deforming the homogenous torus given by (1.2) with ALQ = LLQ =0 has normal variation
given by

rs

2 2
_, . [r°+4s
< a\/af(a»b)|a=07nli,2 > = s <2naj> ,

up to invariance.

4.2.4. Step 4: The Lagrange multiplier converge from below.

We have so far constructed a 2-parameter family f, ;) of constrained Willmore tori cov-
ering an open set of the moduli space of conformal tori. Now we want to show that their
IT!-Lagrange multiplier is converging from below as the conformal class (a,b) — (0,b)
for a fixed b~ 1,b# 1. To do so, we show that Lagrange multiplier function «(t) of the
subfamily f? of the candidates with conformal class (#2,b) has a maximum at t = 0.
Thus in a first step we show that «(t) has a critical point at t = 0.

Lemma 4.2. For b~ 1 fived let f' = Jw2p) be a sub family of candidate surfaces with
fop) = fb. Then the corresponding Lagrange multipliers satisfy

&=p3=0.

Proof. We first observe that B=0 since

B =08; 0 oW (f") = 0y 0 [1oW(f') = (2t 0y a”) a0 = 0.
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Therefore, & = 0 is equivalent to fig = Mg = 0. Since the candidate surfaces lie in the
associated family of constrained Willmore Hopf surfaces, the conformal Hopf differential
of ft is given by

¢ = (Iit(l‘) + Z) 20"

The candidates surfaces are all constrained Willmore and thus satisfies the Euler Lagrange
equation for all ¢ we have by (2.2):

(4.11) (@) +8(1¢'* + C")¢" — 8¢'q" = 2Re (¢' (—pge + iMpr)),

with N’ém )\Zt, C! and &' being the parameters of the (1,2)-equivariant surfaces given
by (2.3) and !, X', C{ and & being the parameters of the associated Hopf surfaces.
To abbreviate the notations we omit ¢ whenever t =0, e.g., g = ugo, Ao = )\80.

Moreover, let () and () denote the derivatives w.r.t. ¢ evaluated at t = 0.

Differentiating equation 4.11 by ¢ at t =0 once the real and imaginary parts yields the
following two equations

(4.12)
¢ + 244147 + 84145 + 1642q1g2 + 8C 1 + 8Cq1 + 8da + 8Ea2 + 2f9q1 + 21961 + 209g2 + 2042 = 0,
@5 + 24422 + 8Gaq? + 16¢1q1g2 + 8C'a + 8Cqz — 861 — 8Eq1 = 0,

with ¢ = Re(¢?), @ = Im(¢°), ¢ = Zli=oRe(¢") and go := Fli=oIm(q").
Proposition 4.2.3 gives

(4.13) G2 = c1sin(cgxr)  and ¢ = ¢y sin(eaz) + caf

with non zero real constants c;, co and ¢4 < 0. For the associated family of constrained
Willmore Hopf surfaces we can compute (together with (2.3)) that

C=Co+ zRe ((e4w —1)(—p—iX), and & =cgr+3Im ((e4i0 —1)(—p — X))

where we have used, that & = cgx at Hopf cylinders with c¢g > 0. Hence,

8C = —fig + [, 85 —cgfi— A\g+ A and €0 = const.

Therefore, we can split (4.13) into sin(cpx) and a constant part. And since 1 L sin(cax) ,
both needs to vanish for (4.13) to hold. The constant part of (4.13) gives rise to the
following equations

414 caf (24Q% + 845 + 8C + 29 + Cﬁﬁ(zg)qmﬁ + foaq1 + i1 + Nogz + Aga =0
4.14
( 1

c46(16q1q2 — 860 — ch(ﬁ) — fi9q2 + f1g2 + Noq1 — Aq1 = 0.
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It can be computed that

B =—poqr —rogz and B = —figq1 — Aoz = 0.

Therefore if § =0 we would obtain

fq1 + A =0
(4.15) f19q1 + Ngga = 0
—f19q2 + [1g2 + Aoq1 — Ag1 = 0,

from which we can immediately deduce that [y = 1 and Mo = A. Moreover, with

f1 = cos(40) [1g + sin(40) Ag + 40X

(4.16) . . .
A = —sin(40) g + cos(40) Ng — 40y

™

and 6 € (0,75) this is equivalent to fiy = Mg = 0. It thus remains to show 6 = 0.
Inserting (4.16) into (4.14) we obtain together with 8 =0 that

0 [24C4Q% +8c4g3 + 8Ccy + 2capg + CG%QI%]

2sin

+ sin(40) \pqq — sin(46)19qo = 0
(4.17) (40) Noq1 (49) 192

0 [1664@612 — 84" + dpgqr + 4hgq2 — 0625%(29)%}
— 25in%(26) 19g2 + 25in%(20) Agq1 = 0.

Multiplying the second equation by 2:?1(24(92)0) = zﬁ?gz)) and then subtracting both equa-

tions yields either

24caqi + 8caqs + 8Ccs + 2captg + C6— 2(20) Roq1
S11
(4.18)
cos(260) 0
—— (1664(11(12 —8ca&” +Apoq + 4)\9%) =0,
sin(20)
or

6 =0.

Thus in order to show 6 =0 we need to show that (4.18) does not hold. We show this for
f° being the Clifford torus. Then (4.18) cannot hold by continuity of the candidates for
all homogenous tori close to the Clifford torus. Due to the Clifford torus being Willmore
we have

—2Re (q(—ug + i)\g)) = 2Xoq2 + 219q1 =0



CANDIDATES FOR NON-RECTANGULAR CONSTRAINED WILLMORE MINIMIZERS 33

and since the Clifford torus is minimal in S® we have moreover

€% = const - H = 0.
Thus (4.18) reduces to

1 cos(20)
24c4q3 + 8cyqs + 8Ccy + 2 ———Foq1 — — 216 =0
C4qy + 8Caq3 + 8CCq + 2Cqfip + Co 5in?(20) Roq1 sin(20) c1q1q2 = 0,

The Euler-Lagrange equation (4.11) for the Clifford torus gives

q%+q§+0:0

and together with
cos(260) B 1
sm(ze) M 2=

we obtain

kog1 =0

1
1
—16c4q1 5759y + 2cakto + CGW

Now since an easy computation shows that ¢4 <0, ¢ >0 and pg, \p >0, ¢ <0,
g2 >0 and kg > 0 we obtain that all summands are actually strictly negative leading
to a contradiction.

Now we show that «(t) indeed has a maximum at t = 0.

Proposition 4.3. For b~ 1 fized let f'= fu2p) be a sub family of candidate surfaces

with  fop) = fb. Further, let o(t) and B(t) be the corresponding Lagrange multipliers.
Then we have

B<0 and @<o.
Proof. Using similar computations as in Lemma 4.2 can show that

B =0dyal.

Since

= ab7

o=

a
we obtain that ﬁ =0 at b = 1. On the other hand, the stability computations in
[HelNdi, Section 3] shows that o’ is decreasing in b for b > 1. Therefore,

B<0

for b > 1 due to the real analyticity of the candidate surfaces. As in the proof of Lemma
4.2 it is easy to compute that there exists a positive constant ¢ with
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(4.19) cf = —jigq1 — Aaga < 0.
Similar computations show that there is a other positive constant ¢ such that
& = Noq1 — jiogo-
Therefore (4.19) implies,
& < —-jig(q] + 43).

It thus remains to show jig > 0. The candidate surfaces constructed in the previous
sections are associated to constrained Willmore Hopf cylinders, i.e., constrained elastic
curves in S?, with geodesic curvature s being wavelike. Therefore the discriminant
D(t) = g3(t) — 27g3(t) of the corresponding Weierstrass g-functions is non-positive and
has a maximum at homogenous solutions, i.e.,

D=0 and D<0

The candidate surfaces all satisfy the closing condition:

D (po(t), 92(t), g3(t)) = 2m.

Replacing the parameters g2, g3 by =D and L;2 we obtain

®(po(t), V—D(t), L1,2(t)) = 2.

Note that for candidate surfaces @ is continuous in pg, v=D and L is real analytic
in its parameters, since at D = 0 we have that +/—D. has the correct singularity. By
Lemma 4.2

0 =fp=N =0.
Moreover

Lis=0,

and thus @ =0 is equivalent to 9 —p ®|,~p—o = 0. Therefore, the second derivative of
® is computed to be:

® = jig 0y ® + (V-D 5 ®)| /=50 + L1201, , 2 =0,

with v=D > 0. The conformal class of the candidate surfaces is given by

(a,b) = c(qrAr2 + q2L12, @2A12 — q1L12)

since b = const, and a >0 for f' we obtain
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@A1a— L1 =0, and qA;2+qalia>0.

From this we can conclude I;LQ > (0 and hence

L Rds>0 and also /7 (af/ij) | /=5=0 ds > 0.
1,2 1,2

Now, a straight forward computation shows

(33@\@ D) |,/ ~p—o-

For b~ 1 we have already computed

8#9 (I)|U9:N9(fb) < 0 and 6L172 ¢|L172=L1’2(fb) > 0,

see Proposition 4.1. Therefore, we obtain

ig > 0.
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