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Emission of photons by atoms can occur into modes which extend into a region causally disconnected with
the emitter. For example, a uniformly accelerated ground-state atom emits a photon into the Unruh-Minkowski
mode which is exponentially larger in the causally disconnected region. This makes an impression that photon
emission is acausal. Here we show that conventional quantum optical analysis yields that a detector atom will
not detect the emitted photon in the region noncausally connected with the emitter. However, joint excitation
probability of atoms in the causally disconnected regions can be correlated due to entanglement of Minkowski
vacuum and be much larger than the product of independent excitation probabilities. Moreover, atoms uniformly
accelerated in the same Rindler wedge cannot become simultaneously excited without changing the state of
the field, that is, the Unruh-Minkowski photon emitted by one atom cannot be absorbed by the other atom. We
discuss examples demonstrating interesting features of Minkowski vacuum entanglement.
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I. INTRODUCTION

The principle of relativistic causality that signals should
propagate no faster than the speed of light is of fundamental
importance for the foundations of physics. If a signal could be
transmitted with superluminal velocity, then there would exist
a Lorentz frame in which the cause (switching on of the signal
source) would be later than the effect (arrival of the signal).
And one could then have a purely logical contradiction of the
type in which the effect could occur before its cause. In the lit-
erature it has been argued that quantum theory has issues with
the principle of relativistic causality (see, e.g., Refs. [1-0]).
In particular, the problems with causality beyond the rotating-
wave approximation are known in the Glauber-Kelley-Kleiner
photodetection theory [7-10]. Several ways to resolve the
issue have been suggested (see, e.g., Refs. [11-13]).

One can envision the problem with causality if we consider
a mode into which a photon is emitted by a ground-state atom
uniformly accelerated in Minkowski vacuum. The process of
photon emission is accompanied by the atom’s excitation.
This is known as the Unruh effect [14] (or the Fulling-Davies-
Unruh effect in full [14-16]). Interpretation of the effect
depends on a choice of the reference frame.

A noninertial observer having a proper constant acceler-
ation a, i.e., a Rindler observer [17], sees that space is filled
with thermal photons with Unruh temperature 77, proportional
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to the acceleration [14],
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From the perspective of the accelerated observer, the ground-
state atoms accelerated through Minkowski vacuum, will be
promoted to the excited state by the absorption of the Rindler
particles (Unruh effect) [14]. However, an inertial observer
interprets the absorption of a Rindler particle as the emission
of a Minkowski particle [18], which is known as acceleration
radiation. From the perspective of the inertial observer, the
energy is gained from the atom’s kinetic energy. A similar
mechanism yields excitation of an atom freely falling in a
gravitational field [19] or an atom uniformly moving through
an optical cavity [20] or a fixed atom in the presence of an
accelerated mirror [21] .

For simplicity, in this paper we consider either dimension
1 4+ 1 or dimension 3 4+ 1 but restrict photons to have wave-
vector k parallel to the z axis. We assume that the field is scalar
and obeys the one-dimensional wave equation,
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The inner product of two field modes ¢ (¢, z) and ¢, (z, z)
obeying Eq. (2) is defined as the Klein-Gordon inner product
which is a generalization of the Wronksian,
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FIG. 1. Atom 1 accelerates from —oo to +o0o along the hyper-
bolic trajectory. Unruh acceleration radiation from atom 1 is shown
as wavy lines which is absorbed by the stationary detector atom 2.

where 7 = ¢ dL/dp = (1/c)dp*/dt is the conjugate momen-
tum. The inner product is independent of time and has the
following properties:

(@7, ¢1) = (o1, 1), ($1.0]) = (9], 1) =0. (4

The modes,
a i(ve/a)
o1, = E(:|:z —ct) 0(Fz —ct), (5)

by = \/g(ct +2)7"0(ct + 2) ©)

are solutions of the wave equation (2) and are known as
Rindler modes. Here v is the photon frequency in the Rindler
space [see Eq. (11) below]. For v > 0 modes (5) and (6) have
positive norm [defined in Eq. (3)] which, however, diverges as
in the case of plane waves. The upper and the lower signs in
Eqgs. (5) and (6) correspond to the left- and right-propagating
photons, respectively. The mode functions (5) and (6) are
nonzero in half of the -z plane and form a complete basis
set.
The coordinate transformation ¢, z — 7, Z,

1. _

t = —e*/“sinh (af), (7)
o
c - _

7z = —e*¥/“ cosh (af), ®)
o

where o = a/c > 0 is a constant, converts the Minkowski
space-time line element ds> = c’dt> —dz> in the right
Rindler wedge z > c|t| to the Rindler line element [17],

ds? = 2% (2dr? — d7?). )

An atom moving along the trajectory 7 = const in the f — Z
(Rindler) space has constant proper acceleration @ = ae %%/¢
and proper time T = ¢*”/“f. For 7 = 0 the atom moves along

the trajectory (see Fig. 1),
c . art c? art
t(t) = — sinh <—> z(t) = — cosh (—) (10)
a c a c

in the Minkowski space. The normal modes of scalar photons
(5) and (6) in the Rindler space take the same form as the usual
positive norm plane waves in the Minkowski metric, that is

P10, 2) o e Dy (F,7) oc eV (1)

where v is the photon angular frequency in the Rindler space.
However, modes (11) are a mixture of positive and negative
frequency modes with respect to the physical Minkowski
space-time. Therefore, the vacuum state of these modes is not
Minkowski vacuum but rather Rindler vacuum.

Taking superposition of the Rindler-mode functions (5) and
(6), one can construct the so-called Unruh-Minkowski modes
(18],

Ftt ) It + Z/Cli(vc/a) {e(nvc)/Za’ t+ Z/C >0,
wll,2) = ———————— _(7ve)/2a
2% sinh (7¢) ¢ » tEz/e <,
e—(r:vc)/2a )
= (t £z/c—ir)"/V, (12)
2% sinh (Z2¢)
and
- B |t + Z/C|7i(vc/a) e(nvc/2a)’ t+ Z/C > O,
w(t,2) = ———= e*(ﬂVC/Za)’ t+z/c <0,
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e(rrvc/2a) )

= (t £ z/c— X))/ (13)
2% sinh (ZX<)
Here A = 04, v > 0, and the % sign corresponds to left- and
right-propagating photons, respectively. The mode functions
(12) and (13) differ by changing v — —v. They depend only
on the combinations ¢ & z/c, that is, describing waves travel-
ing with the speed of light c. In Fig. 2 we plot the absolute
value and the phase of Fi,(z, z) as a function of ¢ & z/c for
vc/a = 4. The mode function Fj, (¢, z) is exponentially small
fort + z/c > 0, whereas the mode function phase logarithmi-

cally diverges when |t £ z/c| — 0.

The Unruh-Minkowski modes (12) and (13) are solutions
of Eq. (2). They form a complete set and have positive norm
and, thus, are associated with the photon annihilation opera-
tors a;, and a,,. The negative-norm modes are the complex
conjugates of Egs. (12) and (13) and correspond to the pho-
ton creation operators @, and &;U. The vacuum state for the
Unruh-Minkowski photons is usual Minkowski vacuum |0y),
that is, a1,|0p) = 0, a2,|0y) = O for all v.

Operators for the Rindler photons b, and for the Unruh-
Minkowski photons &, are related by the Bogoliubov-like
transformation (see Appendix A),

. ar, + e—ﬂcv/a&T . oy + e—ncv/aaT
by =y, = v (1)

1 — e—2mcv/a 1 — e—2mcv/a

which yields
At At

- a,,|0m) - ay, |0m)
biy|Oy) = —2—, by, |Oy) = —2——— (15
110as) a1 10ar) T s)
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FIG. 2. The absolute value and the phase ¢ of Fj,(¢, z) given by
Eq. (12) as a function of ¢ &+ z/c for vc/a = 4. |F,(t, z)| is multi-
plied by 20 for a better visualization.

and, therefore,

1

(0M|I;J{UI;1V|OM) = <OM|B§UZ;2U|0M) = meja _ 1

(16)

That is a uniformly accelerated observer in Minkowski vac-
uum sees the presence of Rindler photons with the average
mode occupation number given by the thermal Planck factor
with Unruh temperature (1). Equation (15) shows that cre-
ation of the Unruh-Minkowski photons (13) and (12) out of
Minkowski vacuum |0,) can be viewed as annihilation of the
Rindler photons (5) and (6), respectively.

A ground-state atom with transition frequency » moving
in the right Rindler wedge with acceleration a (see Fig. 1)
emits the left-propagating photon into the Unruh-Minkowski
mode Fj, and the right-propagating photon into the mode
F, [18]. In Appendix B, we obtain this result by performing
calculations using the plane-wave modes as a basis set. The
mode functions Fj, and F,, are nonzero in a region non-
causally connected with the emitting atom, namely, in the
left Rindler wedge z < —c|t|. Moreover, they are in a factor
e~ 7¢@/a smaller in the causally connected region than outside
that region. This makes an impression that photon emission by
the accelerated atom is acausal and a detector atom 2 placed
in the noncausally connected region can become excited by
absorbing the photon emitted by the accelerated atom.

However, according to Eq. (15), emission of such Unruh-
Minkowski photons into the acausal region can be viewed as
annihilation of the Rindler photons having the mode function
that vanishes in the acausal region. Thus, from this perspec-
tive, there is no problem with causality.

Similar issues arise for the Fermi problem [11] where a
stationary atom 1 with transition frequency w spontaneously
emits a photon which is then detected by atom 2. In particular,
the photon can be emitted into the right-propagating plane-

wave mode,

P I
V2w
which spreads into the noncausally connected region to the
left of emitting atom 1. This makes an impression that such
right-propagating photon can excite detector atom 2 located
to the left of emitting atom 1.

In this paper we investigate the issues of causality and vac-
uum entanglement in the framework of conventional quantum
optical analysis. In particular, we show that evolution of a
detector atom is independent of the emitter if they are located
in the causally disconnected regions. We also discuss interest-
ing properties of photon emission by uniformly accelerated
atoms. For example, we show that a photon emitted by a
uniformly accelerated atom can not be absorbed by another
atom accelerated in the same direction but can be absorbed by
an atom accelerated in the opposite direction.

In Minkowski vacuum, the number of Rindler photons
in the left and the right Rindler wedges is correlated. Since
uniformly accelerated ground-state atoms absorb Rindler pho-
tons, they can be used as sensors to test correlations between
the number of Rindler photons localized in different wedges.
Joint probability that two ground-state atoms become excited
and the field remains in Minkowski vacuum contain informa-
tion about the Rindler photon number correlations. In Sec. IV
we show that because of such correlations, the joint excitation
probability can be exponentially larger than the product of
independent excitation probabilities for the two atoms if they
move in opposite Rindler wedges. In contrast, if the atoms
move in the same wedge the joint excitation probability of
atoms, provided the field remains in Minkowski vacuum, is
equal to zero.

a7

II. EVOLUTION OPERATOR FOR THE
DETECTOR-EMITTER SYSTEM

We consider a pair of two-level (¢ and b) atoms with
transition angular frequencies w; and w,. Atom 2 serves as
a detector which tests the field produced by atom 1. The
interaction between the detector atom and the field can be
suddenly turned on and turned off at time 7 or change with
time adiabatically. Time-dependent coupling allows us to test
the state of the field at a particular moment of time, however,
it can also make the detector atom excited.

The interaction Hamiltonian between the atoms and the
field is

V() =Vi(t) + Va(t), (18)
where
Vi(t) = g(61e7™" + 6] E[t, 21 ()], (19)
Va(t) = f(0)g(62e7 + 6,6 )E[t. ()], (20)
E(t, r) is the analog of the electric-field operator,
. ad(t,r)
E(t,r):T, (21)

and ®(z, 1) is a scalar field. In these equations & and 6 are
the atomic lowering and raising operators, and z;(¢) and z,(¢)
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are trajectories of atoms 1 and 2. If we choose plane waves as
mode functions then

A 1 o e
&, r) = a e—wkr-Hk-r + afewkt—zk-r , )
(t,1) ; T : ). (22
where v, = ck.

The evolution operator of the system obeys equation,

ih%:t) =V U @), (23)

with the initial condition U (ty) = 1.
We introduce operators U, (t) and U, () which satisfy equa-
tions,

ihalg‘t(” — V010, (24)
220 _ V()05 (1), (25)

and the same initial conditions Ulyz(to) = 1. The physical
meaning of U,(t) and U,(t) is the following. U,(t) is the
evolution operator of the system if the interaction between
field and atom 2 is turned off, that is, only atom 1 interacts
with the field. U,(z) is the evolution operator if the interaction
between field and atom 1 is turned off, that is only atom 2
interacts with the field.

Next we show that in the second order in the interaction V,
the evolution operator of system U () can be written as

0~ 0i0)030) + = / ar f A, V)
(26)
Indeed, let us consider the difference,
AWy =0 = 0,00 0).
Using Eqgs. (23)—(25), we obtain

R N YN
A(t):/ dt”#
o ot”

— _%-/to dl‘//{V(l‘//)U(l//)
ViU ") (t") — U (t"WVa U (")}

With the required accuracy one can replace U(t") ~
U,(t")U,(¢") under the integral. Then we have

N l ! 2 Y ’ 2y "
A0~ / at"[0,"), Vot 05",
Iy

In the second order one can take under the integral,

. 1"
O~ 1+ f a1, @7

4]

and U, (¢”) ~ 1, which gives
. Lo .
A(t) ~ —2/ dt / dt'[\vi(t)), Vo(t")].
h fo fo
Thus, Eq. (26) is correct in the second order.

Equation (26) is useful to study the problem of causality
which we discuss next.

III. PHOTON EMISSION AND CAUSALITY

Let us assume that atom 1 emits a photon, e.g., by the accel-
eration radiation mechanism. Here we show that the excitation
probability of detector atom 2 is independent of the presence
of atom 1 if at the moment of detection the space-time posi-
tion of the detector (¢, 7o) is not causally connected with the
trajectory of atom 1. To be specific, we assume that initially
(at fp = —oo) both atoms are in ground-state b and the field
is in Minkowski vacuum state |0y;). That is, the initial-state
vector of the system is

[V0) = [D1020). (28)

The evolution of the two-atom system is governed by the
evolution operator (26). The state vector of the system at time
t can be written as

[V (1)) = [V, () D2) + |V, (1)) |a2), (29)

where [, (t)) and |¥,,(¢)) are state vectors of atom 1 and
the field provided that atom 2 is in states b, and a,, respec-
tively. The two states on the right-hand side of Eq. (29) are
orthogonal. The probability that at time ¢ detector atom 2 is in
excited-state a, is given by

Pr(t) = (Yo, O, (1))
Using Eq. (26) and

O,(t)=1— %/ dt'Va(t' )y + -+, (30)

—00

in the second order in the interaction we find

|V, ())laz) = (— %01(0/ di'Vy(1')

I oo .
+ L / dt" / ATV, Vot )] ) 151620,
h Iy o

3D

If atoms 1 and 2 are not causally connected, then the com-
mutator term in Eq. (31) does not contribute. Indeed, for the
one-dimensional problem, the commutator of two electric-
field operators is given by the derivative of the § functions
corresponding to the right and left propagating modes (see
Appendix C),

oU U _ ic 9 [ _
[E(',z21), EX", 220)] = —=— et —1") + 20 — z1]
2 0z

—8[ct —t"Y+z1 —2])- (32)

The term involving 8[c(t' — t") + z; — z2] shows that the
probability of photon absorption by the second atom at the
space-time point (¢”, z2) is nonzero only if there is time ¢’ such
that along the first atom trajectory the equation,

1

, 1

1=t =—(z1—22)
c

has a solution. Physically this means that photon absorbed by
the second atom at (¢, z5) was emitted by the first atom at
a space-time point (¢', z;) along the first atom trajectory and
was propagating to the left with the speed of light until the
moment of absorption (see Fig. 3).
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FIG. 3. Photon absorbed by atom 2 at a space-time point (¢, 7,)
was emitted by atom 1 at a space-time point (¢, z;) along atom’s
1 trajectory and was propagating with the speed of light ¢ until the
moment of absorption. The photon’s trajectory is shown as a wavy
line with the slope 1/c.

Thus, if atoms 1 and 2 are not causally connected, we
obtain

W laz) =~ 0,0 / dt' Vst [b1620).

Therefore, the probability of the detector atom excitation is
given by

Py, (t) = (Yo, ()| W, (1))

t
_ %wlbzm / dt' V)07 (0 (1)
—00
!
«f
—00

U/ 0)0,(t) =1,

di"Vy (1) by b20).

Using unitarity,

we obtain
1 ! " ! "
Put) = (630 [y [ ar¥u o).
h —00 —00

The matrix element does not involve operator \71. Therefore,
if detector atom 2 performs a measurement at a space-time
point which is causally disconnected from atom 1, then the
excitation probability of atom 2 is independent of the presence
of atom 1. This is true, in general, when the evolution operator
of the system can be written as U@)=U0,)0,1).

In particular, this result yields that the right-propagating
photon emitted by atom 1 cannot excite detector atom 2 lo-
cated to the left from atom 1 even though the mode function
of the emitted photon extends into the left region [22].

If detector atom 2 is stationary it is causally connected with
emitter atom 1 in the future Rindler wedge ct > |z| by the
left-propagating photons which can excite the detector (see
Fig. 1). However, if the interaction between the detector atom
and the field is turned off before the atom’s trajectory enters
the future Rindler wedge (see Fig. 4) detector atom 2 is no

a;

by —e—
Atom 2

g(t)

FIG. 4. Coupling between detector atom 2 and field g(¢) is adi-
abatically switched off before the atom enters the future Rindler
wedge ct > |z|.

longer causally connected with photons emitted by atom 1.
If the switching is adiabatic, then the change in the coupling
constant with time does not yield excitation of the detector
atom, and the atom will remain in the ground state.

IV. PROBABILITY OF JOINT ATOM EXCITATION AND
VACUUM ENTANGLEMENT

In the previous section we showed that probability of de-
tector atom excitation P, is independent of emitter atom 1
if the atoms are located in the causally disconnected regions.
The detector atom can get self-excited, e.g., by nonadiabatic
switching of the coupling between the atom and the field, by
moving with acceleration, or by other mechanisms.

One can write P,, as

Pu2 = Pa2b1 + Pu2u1 5 (33)

where P,,;, and P,,,, are conditional probabilities that detector
atom 2 becomes excited and atom 1 is in the ground (b;) and
excited (a;) states, respectively. Due to quantum correlations
(vacuum entanglement) even if the two atoms are not causally
connected, the conditional probability P,,,, can be nonsepara-
ble, that is, P,,,, 7 P4, Py, . This, however, does not contradict
causality.

To clarify this issue we consider atoms 1 and 2 which
are uniformly accelerated in the opposite Rindler wedges
with acceleration a in Minkowski vacuum (see Fig. 5). The
atom’s trajectories are causally disconnected, that is, the sig-
nal emitted by one of the atoms and propagating with the
speed of light, cannot reach the other atom. We assume that
initially both atoms are in the ground state and the field is in
Minkowski vacuum.

A ground-state atom having transition frequency @ mov-
ing in the right Rindler wedge with acceleration a emits a
left-propagating photon into the Unruh-Minkowski mode Fj,,
and a right-propagating photon into the mode F,, (see Ap-
pendix B). An atom accelerated in the left Rindler wedge
emits a right-propagating photon into the mode Fj,, and a
left-propagating photon into the mode F,,. That is, atoms 1
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Minkowski space

a;

FIG. 5. Ground-state atoms 1 and 2 are uniformly accelerated in
the right and left Rindler wedges, respectively, and become excited
simultaneously with probability P, ,,.

and 2 emit photons into different Unruh-Minkowski modes
and, hence, the probability amplitudes of these processes do
not interfere. As a result, the conditional probability that both
atoms become excited and the two Unruh-Minkowski photons
are emitted is equal to P, Py, .

However, joint excitation of the atoms can also leave the
state of the field in Minkowski vacuum |0,;). We denote the
corresponding conditional probability as P,,4,0 and obtain

Pazal = Pazpal +Pa2a,0- (34)

In Appendix D we show that P,,,,0 vanishes if the accel-

erated atoms have different transition frequencies w; # w»,

J

however, for w; = w, = w,
2ncw/a
Poyao = €“I“P P, . (35)

That is, P40 > Py,Ps, for w; = w, and, hence, P,, >
P, P,,. The fact that P,,, can be greater than P, P, if the
atoms are not causally connected is a manifestation of vacuum
correlations (entanglement).

If both atoms become excited, the final state of the field
|¥a,q,) Overlaps with the initial field state (Minkowski vac-
uum) provided w; = w,. According to Appendix D,

[Vasay) (Ble, + 131,2&),)(1;1?2@2 + BLlwg)|0M)» (36)

where b,’s are annihilation operators of the Rindler photons
which are described by the mode functions (5) and (6). The
indices R and L refer to the right- and the left-propagating
photons, respectively. Recall that Minkowski vacuum is filled
with Rindler photons and, according to Eq. (36), the atoms
become excited by absorbing Rindler photons.

The operator IAJszz + 13L1w2 describes annihilation of the
right- and left-propagating Rindler photons which are causally
connected with atom 2, whereas lSlel + Bszl describes anni-
hilation of the Rindler photons which are causally connected
with atom 1. Each atom becomes excited by absorbing Rindler
photons with the mode functions which are restricted to the
region causally connected with the atom. This agrees with
causality.

However, the process of absorption of a pair of Rindler
photons, described by the operators l;lel;sz or EngELlw,
yields a state of the field which overlaps with the initial-state
|Op). As a consequence, the conditional probability P40 iS
nonzero.

In the Minkowski vacuum state the number of Rindler
photons in the modes ¢;, and ¢,, is correlated. Using
relations (A7) and (A8) we obtain the following represen-
tation of Minkowski vacuum in terms of Rindler states (see
Appendix E),

Tev\ . o A
0y) = 1_[(1 — ey exp [CXP < - 7>(blRlva2v + bLubZzﬂ] |0r)

v>0

o0

— 1_[(1 _ 67271011/11) Z

v>0 nR1y = ngyy =0,
nepy =npay =0

where |ng1y, ngay) (|nr1y, nr2y)) are states with ngy, and ngy,
(nr1y and nyzp,) Rindler photons in the right- (left-) propagat-
ing modes ¢1, and ¢,,.

Due to vacuum correlations, if detector atom 2 becomes
excited by absorbing the right-propagating Rindler photon ¢,,,
of frequency w then with unit probability there is the nonzero
number of the right-propagating Rindler photons in mode ¢y,,.
They excite atom 1. That is, atom 1 becomes excited with
a much higher probability provided that atom 2 detected a
photon. This is the reason why P,,,, > P, Py, .

The same physical argument yields P, < Py,P,.
Namely, if atom 2 detected a photon then with unit probability
there is a nonzero number of Rindler photons which can excite

=7 (nr1y+nen)ev/a

|nR1v, BR2V) L1V, LYY, 37

(

atom 1 and, thus, it is less likely that atom 1 will remain in the
ground state. However, the sum P,,;, + P,,,, is independent
of atom 1 as it was shown in the previous section.

Using Eq. (14) the state of the field obtained by absorption
of Rindler photons by two causally disconnected atoms in
Minkowski vacuum can be written as

—mwewjant AT

: Doliwjo,).  (38)
2 sinh(wcw/a)

1,0l +e
PN ol
blwb2w|OM> = 2

The term &lw&Tw|OM) on the right-hand side of Eq. (38) can
be interpreted as emission of the Unruh-Minkowski pho-
ton Fj, by one atom followed by absorption of this photon
by the other atom. Such interpretation implies that causally
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Minkowski space
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FIG. 6. Ground-state atoms 1 and 2 are uniformly accelerated in
the right Rindler wedge in Minkowski vacuum and become excited.

disconnected atoms can excite each other which is at odds
with causality. However, the term a 1w€zIw|0M) cannot be con-

sidered separately from the other term &;w&’;wIOM) describing
emission of two Unruh-Minkowski photons in modes Fj,, and
F,. According to Eq. (38), the combination of these terms
yields b16b2,|04) which describes a causal process.

Finally we mention the case when identical atoms 1 and
2 are uniformly accelerated in the right Rindler wedge in
Minkowski vacuum (see Fig. 6). In this case the atom’s trajec-
tories are causally connected. Atom 1 or 2 can become excited
by emitting a photon into the Unruh-Minkowski mode. Can
the other atom become excited by absorbing such a Unruh-
Minkowski photon? If such a process can occur, then the
final state of the field would be Minkowski vacuum, and the
conditional probability P,,,,0 would be nonzero.

It is easy to find P,,,,0 using a representation of Minkowski
vacuum in terms of the Rindler states given by Eq. (38). In the
Rindler picture Minkowski vacuum is filled with Rindler pho-
tons, and the accelerated atom becomes excited by absorbing
such photons. If both atoms move in the right Rindler wedge,
they can absorb photons only from the right-propagating
modes ¢g;, or the left-propagating modes ¢;,,. Each such
process changes the Fock states |ng,, ng,) or |np,,ng,) in
Eq. (38) into |ng, — 1, ng,) or |np,,ny, — 1), whereas the
number of the Rindler photons in modes ¢, and ¢y, does
not change. As a consequence, if both atoms become excited,
the state of the field does not contain Fock states of the form
|ngy, nRyY|nLy, 1Ly ), and, hence, it is orthogonal to |0y,). That
is if both atoms are uniformly accelerated in the same Rindler
wedge, then the probability that both atoms become excited
and the field remains in Minkowski vacuum is equal to zero
(P, aa;0 = 0) .

This property can be understood from a negative frequency
perspective. Namely, the Unruh-Minkowski photon emitted

by a ground-state atom has negative frequency (negative en-
ergy) from the perspective of an atom accelerated in the
same direction and, as a consequence, such a photon cannot
be absorbed by the accelerated ground-state atom [23]. This
does not mean that the presence of the other atom makes no
difference. Each of the atoms as it is excited by the vacuum
fluctuations emits an Unruh-Minkowski photon, and these
emissions are largely independent of each other. There is,
however, a probability, if both atoms have the same (red-
shifted) frequency, namely, a;w,; = aw; that both will emit
the photon in the same mode. In this case one will get a
Dicke superradiance condition, and the probability that both
emit into that same mode is larger by a factor of 2 than the
square of the probability that both would emit into that mode
independently.

Using Eq. (14) the state of the field obtained by absorption
of identical Rindler photons by atoms moving in the same
Rindler wedge with equal acceleration a can be written as

by <AL,

b1wb10|0y) = mmm- (39)
That is, the absorption process can be interpreted as the stimu-
lated emission of two Unruh-Minkowski photons in the same
mode. The emitted photons interfere constructively which
yields a factor of +/2 in the corresponding probability am-
plitude &} al |0y) = v/2|25,). As a result, the probability
of the same-wedge atom’s simultaneous excitation without
specifying the state of the field is

Pazal = 2P612P(11 . (40)

This should be compared with the result we obtained for the
atoms accelerated in the opposite wedges,

Poay = (€7 + P, Py, 41)

which yields a larger value for the conditional probability.

V. TESTING VACUUM ENTANGLEMENT WITH A §
FUNCTION DETECTOR

Detector atom 2 can become self-excited if coupling
between atom 2 and the field changes with time nonadiabat-
ically. In this section we assume that atom 2 is fixed at the
coordinate z, and its coupling with the field changes with time
as a § function. Namely, in the interaction Hamiltonian (20)
we take f(t) = 8(t — T). Thus, the detector atom tests the
state of the field at the space-time point (7', z,).

We assume that atom 1 with transition frequency w; is
uniformly accelerated in Minkowski vacuum and moves along
the trajectory (10) such that atom 1 is always located to the
right of detector atom 2 (see Fig. 7). We assume that the field
contains only right-propagating modes and coupling between
atom 1 and the field is switched off adiabatically beforer = T'.
Under these assumptions the two atoms are causally discon-
nected and the probability of their joint excitation can serve as
a measure of entanglement of Minkowski vacuum.

Atom 1 can become excited by absorbing a right-
propagating Rindler photon in mode ¢;,,. According to
Eq. (38), absorption of such a photon by atom 1 implies that
with unit probability there is a nonzero number of Rindler
photons in the mode ¢, which can excite the detector
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g2(t)

Atom 2

FIG. 7. Atom 1 is uniformly accelerated in the right Rindler
wedge, whereas detector atom 2 is fixed to the left from atom 1.
The coupling between detector atom 2 and the field changes with
time as §(t — T'), whereas the coupling between atom 1 and the field
is switched off adiabatically before + = T'. The field contains only
right-propagating modes and initially the field is in Minkowski vac-
uum. The probability of atom’s joint excitation serves as a measure
of entanglement of Minkowski vacuum.

atom in the space-time region ¢ > z/c. Thus, the conditional
probability that both atoms become excited at time T yields
information about photon correlation in the Rindler-modes
¢1, and ¢,, in Minkowski vacuum. The right-propagating
modes ¢, and ¢,, are localized in the opposite sides of the
line t = z/c separating two causally disconnected regions.
The §-function detector allows us to test the space-time de-
pendence of such correlations.

In Appendix F we calculate the conditional probability that
both atoms 1 and 2 are excited at time 7 and the field is in
Minkowski vacuum. We find that

(rcw)/alb(za/c—T)

(z2/c = T)

el

PazaIO(Ta Z2) (0.8 (42)

Equation (42) shows that conditional probability Py,q,0(7, z2)
is in a factor exp(27 cw; /a) larger if detector atom 2 is located
in the region T > z,/c which is causally disconnected from
accelerated atom 1. The degree of correlations depends on
the proximity of the detector atom to the Rindler horizon
T = zp/c. Namely, the conditional probability P,,,,0 formally
diverges at T = zp/c and decays as a power law away from
the horizon line.

VI. SUMMARY

In this paper we show that the evolution of atoms located
in causally disconnected space-time regions is independent
of each other, that is, conventional quantum optical analy-
sis yields causal dynamics. This is true, in general, when
the evolution operator of the system can be factorized as
U(t) = U, (1)U (t). The result can be applied, e.g., to Unruh
acceleration radiation [14] or to the Fermi problem [11]. The
latter deals with the issue of causality in spontaneous emission
of a photon by a stationary atom.

The description of a state of the quantized electromagnetic
field in terms of photons depends on a choice of the basis set
for the field mode functions. As a consequence, the particle
content of Minkowski vacuum |0y;) depends on the mode
functions we adopt to describe photons. For a plane-wave
basis set of the form

1
folt,2) = —=e X/ -y 50, (43)
A 2v

the state of Minkowski vacuum is a state with no photons in
the modes (43). The mode functions (43) are nonzero in the
entire Minkowski space-time.

However, if, e.g., we choose Rindler-modes (5) and (6) as
a basis set, then in such a description, Minkowski vacuum
is filled with Rindler photons [see Eq. (38)]. The Rindler-
modes (5) and (6) are nonzero in the half-plane of Minkowski
space-time. According to Eq. (38), the number of photons in
the Rindler-modes ¢, and ¢,, is correlated in Minkowski
vacuum. Namely, the photon numbers in the right- (left-)
propagating modes ¢, and ¢,, are equal. This correlation
(entanglement) property of Minkowski vacuum described in
terms of the Rindler photons yields observable effects. Since
a uniformly accelerated atom can be excited by absorbing
a Rindler photon, such atoms can be used as a tool to test
Rindler photon content and correlations of Minkowski vac-
uum.

For example, ground-state atoms 1 and 2 uniformly accel-
erated in Minkowski vacuum in the opposite Rindler wedges
(see Fig. 5) are causally disconnected. However, they can
become excited simultaneously with a probability P,,,, much
greater than P, P,,, where P,, and P,, are the excitation prob-
abilities of atoms 2 and 1 independently. This result does not
violate causality and can be understood as follows. In the
Rindler-mode picture, atom 1 becomes excited by absorbing
the Rindler photon from the right Rindler wedge. Because of
Minkowski vacuum correlations this implies that with unit
probability there is nonzero number of photons in the left
Rindler wedge and these photons excite atom 2. As a result,
the probability of joint excitation P, can be greater than
P,P,.

Interpretation of this result in the Unruh-Minkowski pic-
ture might lead to an impression that causality is violated.
This is the case because Unruh-Minkowski modes (12) and
(13) extend in the region causally disconnected with the
atom. In the Unruh-Minkowski picture, an accelerated atom
becomes excited by emitting the Unruh-Minkowski photon
which then can be absorbed by the causally disconnected
atom accelerated in the opposite Rindler wedge. Emission of
a photon followed by its absorption in a causally disconnected
region might be interpreted as acausal dynamics. However, in
the Unruh-Minkowski picture there is another process which
leads to the simultaneous excitation of both atoms. Namely,
each atom can become excited independently by emitting the
Unruh-Minkowski photon so that the final state of the field has
two Unruh-Minkowski photons. According to Eq. (38), the
sum of these processes is equivalent to absorption of Rindler
photons from the causally connected regions, that is, summing
these two terms leads to causal dynamics.

Another interesting feature of Minkowski vacuum entan-
glement is that atoms uniformly accelerated in the same
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Rindler wedge (see Fig. 6) cannot become simultaneously
excited without changing the state of the field. That is that
the Unruh-Minkowski photon emitted by one atom cannot be
absorbed by another atom accelerated in the same direction
[23]. One might expect that one of the atoms would become
excited by absorbing the Unruh-Minkowski photon that the
other atom emitted. But it does not, both atoms emit photons,
leaving the state of the field with two particles rather than
none, if it were absorbed.

In principle, entanglement of Minkowski vacuum can
be harvested [24]. For example, entanglement can be ex-
tracted from the vacuum, delivered to the atoms, and distilled
into Einstein, Podolsky, and Rosen pairs used in quan-
tum information tasks [25]. Therefore, teleportation and
other entanglement assisted quantum communication tasks

J

can rely on the vacuum alone as a resource for entangle-
ment [25,26]. Recently entanglement harvesting protocols
have been applied to spacelike [27] and timelike [28,29]
separated detectors as well as situations involving uniform
accelerations [30].
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APPENDIX A: RELATION BETWEEN RINDLER AND UNRUH-MINKOWSKI MODE OPERATORS

To be specific, we consider only the right-propagating modes. In terms of the Rindler-modes (5) and (6) the field operator for

the right-propagating photons reads

oo
¢ = / dv(prbry + 81,5, + daubay + ¢3,53,). (AD)
0
The right-propagating Unruh-Minkowski modes are defined as

—mev/a px
F, = (b“’—i_e—-%v, (A2)

/1 — e—2rrcv/u

¢ + TG
Fy="——"" A3
YT Tl e mera (A3)

Modes Fj, and F,, are normalized in the same way as the Rindler modes and are orthogonal to each other (F},|F3,) = 0. From

Egs. (A2) and (A3) we obtain

Flv _ efnc‘v/aF;;

v = ’ A4
o= e (A4
sz _ e—:‘rcu/aleL
b= e (AS)
Plugging this into Eq. (A1) and combining terms we find
. ) by — efncv/al’;f I;* o efrrcv/al; ) B b, — efrrcv/al;T 51’ o efncv/aB )
&= / dv(Fh, ‘ vy b 2 4 By, — b | pp 22 - ) (A6)
0 /1 — 8727rcv/a /1 — ef2ncv/a /1 — 6727161)/(1 /1 — 6727!51)/(1

The operators in front of Fy,, F%,

&;}, respectively. Therefore,

Blv _ e—rrcv/aégu

a =
v /1 — e—27cv/a ’
7 — Pt
. b2v —_e ncu/ablv
ay = —F/——— X,
/1 — e—27rcv/a

a =
2v /1 — e—2ncv/a

F,,, and F, are associated with the Unruh-Minkowski mode operators aj,, &IV, as,, and

. b‘l _e—ncv/abzv

aj, = — 2 (A7)

v /1 — e—2mcv/a ’

P —mev/af,
i _ by, — ey, (A3)

These expressions can be inverted which yields relations between operators for the Rindler-modes b, and the Unruh-Minkowski

modes a,,

~ —mev/ant
~ ap, +e a,,

v = /1 — e—27cv/a ’

B &21) + efncv/aalfv

v = /1 — e—2mcv/a ’ (A9)

APPENDIX B: PHOTON EMISSION BY A UNIFORMLY ACCELERATED ATOM

Here we consider electrically neutral two-level (a and b) atom with transition angular frequency @ which is uniformly
accelerated along the trajectory (10). Initially the field is in Minkowski vacuum, and the atom is in the ground state. We calculate
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the mode into which the atom emits a photon. We quantize the field using the right- and left-moving plane waves in Minkowski
space-time as a basis set,

v 1
v (ta Z) == _e*lV(I*Z/C)’ V. (t’ Z) = —Eiw(t+z/c)5
Jor m for \/ﬂ

and assume that the field is scalar. The field operator in terms of f,x(¢, z) and f, (¢, z) reads
oo
O(t,z) = / dvlafor(t,2) + &l fin(t, 2) + o for(t, 2) + &l 1., 2], (BI)
0

where &: r and &I ;. are creation operators of the right- and left-propagating plane-wave photons with frequency v. We will assume
the following form of the interaction Hamiltonian between the atom and the scalar field:

N . 0
V(t)=g(6e™" + 6T€"‘”)a—¢[t(t), z(7)], (B2)
T
where g is the atom-field coupling constant and & is the atomic lowering operator. Since the atom feels the local value of the
field the operator @ is taken at the atom’s position #(t), z(t). The probability amplitude that the atom becomes excited, and the
photon is emitted into the right-moving mode f,z(¢, z) is given by the matrix element,

Ak = ——{all / " e v(olbo) = 8 / T L i) don = -5 [ " dreor L gt
h —00 h —00 at \/th —00 at

Taking into account that along the atom’s trajectory,

c .
1(1) —z2(1))c = ——e /¢, (B3)

a

we obtain

) o 0 . —at/e o ) . —at/e
AvR - _ 18 / drt etwr_ef(wc/a)e / — gﬁ dt etwref(wc/a)e /efar/c.
\/21)?1 —00 ot ﬁh —00

To find the mode function F(¢, z) into which the photon is emitted we need to multiply A,z by f,r(¢, z) and integrate over all
mode frequencies v,

e g R e . . —atje
Fr(t,z) = / dvAgfirt,2) = —/ dvf dt @7 gaT/comlive[@)e™E y—ivii=z/c)
0 25 Jo —o0

The integral over frequency v can be calculated using the formula,

o i
| emav= o (B4)
0 t + l)\.
where A — 0+4. This yields
lg 0 eiwre—ar/c

FR(tﬂz) = — Iz

de—" BS
2 ) Ut Lo —ia ®)

where

u=t-—z/c.

The integration over proper time t can be performed by closing the contour in the upper half of the complex plane and summing
up contributions from the poles. In the upper half-plane there is infinite number of poles which are obtained from the equation,

c
—e79C = —y i,
a
which gives the pole locations
wcn—1) .
—_—i

a

, (B6)

a

c a )
7, =——1In |:—(u — l)»)i| +
c
where n = 1, 2, ... is a positive integer. As a result, we obtain

T a\ /s & ) T a\ e (g — ip)iee/a
Fr(t, 7) = __g( . E) (u— i)\,)_le/a Ze—2ﬂcu)n/0 — _7g< — ;) %.
n=1

That is the right-propagating photon is emitted into the mode which has the form
Fr(u) = N(u — ir)~"e/®),
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where N is the normalization factor. It is known as the Unruh-Minkowski mode. The normalization factor is chosen such that
the Unruh-Minkowski modes and the Rindler-modes (5) and (6) have the same normalization.
Similar calculations yield for the left-moving mode,

Fi(v) = N(v — ir)/®),
where

v=t+z/c.

APPENDIX C: COMMUTATOR OF THE ELECTRIC-FIELD OPERATORS IN ONE DIMENSION

Using expression for the electric-field operator (21) in terms of plane-wave mode functions (22),

~ . \}k N . e b .
E(t, I') — Z IE(ake ivet+ikr al'(e”)"’ lkl‘)’
k

and vy = ck, we obtain the following expression for the commutator of the electric-field operators in one dimension,

(EW,z1), E(t", )] = 3 Z (e K =) o oy
k

o0
_ % dk k(iR =1 Hik@ =) | pmicklt—)—ik@—2) _ ¢ o
0
ic 9 > —ick(t'—t")+ik(z1 —22) —ick(t'—t")—ik(z1—22)
= E£ dk(e —=e ), (Cl)
2 J—o0

where we set the photon length to be equal to 1. Taking into account that

/ dk e*@—2) — 28(z1 — 20),

o0

we find

. . ic 0
[E(,z2), E(", 22)] = ga—ZZ{B[C(t' —t")+ 22—zl =8l —1t") +z — 21} (e2))

APPENDIX D: SIMULTANEOUS EXCITATION OF TWO ATOMS ACCELERATED IN THE OPPOSITE RINDLER WEDGES

Here we consider two electrically neutral two-level (a and b) atoms with transition angular frequencies w; and w,. We assume
that atom 1 accelerates in the right Rindler wedge along the trajectory,

2
t(t) = ¢ sinh (E), z1(t) = < cosh <E>,
a C a C

whereas atom 2 accelerates in the left Rindler wedge along the trajectory (see Fig. 5),

2
t(t) = Esinh (ﬂ), 2(t) = _< cosh (ﬂ)
a c a c

The acceleration of the atoms has the same magnitude but opposite sign.
The interaction Hamiltonian between the atoms and the field is

V(r) = Vi(r) + Va(2), (DD
where

Ad[t(1), z1(7)]

Vi(r) = g(G1e7™" + 6 e) P (D2)
T

. . o ad[t(n),

Vz(f) — g(a,zefla)zf + 6,2'*'6114)2!)%’ (D3)
T

7 is the proper time of atoms 1 and 2, 6 is the atomic lowering operator, and g is the atom-field coupling constant. We write the
field operator @ in terms of the right- and left-propagating Rindler modes,

d(t,2) = r(t, 2) + Prt, 2), (D4)
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where the field operators for the right- R and left- L propagating modes in the Minkowski coordinates are given by
o0
CIA>R(I, Z) — / d_v[I;Rlvei(vc/a)ln[(a/cz)(zfct)Jg(Z _ Ct) + BRZvefi(Uc/a)ln[(a/cz)(ctfz)Je(Ct _ Z)
0o AV

+ g;lve—i(uc/a) ln[(a/cz)(z—ct)]e(Z _ Ct) + E;‘uvei(uc/a)ln[(a/cz)(ct—z)]g(ct _ Z)],
F Fdv . —i )In[(a/c? ! i i( YIn[(a/c*)(—z—ct)]
Srt.0)= | —lbraye IR @ o 1) by I (et —2)
0 Vv

+l’;zzvei(vc/a)ln[(a/cz)(z+ct)]9(z +ct) + l’;zlUefi(vc/a)ln[(a/cz)(fzfct)]e(_ct — 2l

b, and BI are annihilation and creation operators of the Rindler photons. Along the atomic trajectories we have

c? c? ‘
a(r) —et(v) = —e 0 zi(v) +et(r) = =€,
a a

C2 C2 .
22(t) —ct(r) = —Ze(m/c), 2(t) +ct(r) = —Ze_(mm-
Therefore, along the atomic trajectories,

* dv
brlt(2), 21(2)] = f T(le e Bl v,

& [1(2), 21(1)] = / f(bL we T+ by, e,
drlt(1), 22(1)] —/ f(szu e T +bR2u v,

OLlt(1), 22(7)] = / (bu e+ by

We assume that initially (at f) = —o0) both atoms are in the ground-state b and the field is in Minkowski vacuum |0,,). That
is, the initial-state vector of the system is

[Yo) = 1b1b20p).

We will use representation (26) for the evolution operator which is valid in the second order in the interaction V. We are
interested in the probability that at f = 400 both atoms become excited and the field remains in Minkowski vacuum state |0y;).
Since atoms 1 and 2 move in the causally disconnected regions the second term on the right-hand side of Eq. (26) yields no
contribution.

In the first term one can take

. t
N i .
Ut)~1— —f dt'Via(t)).
hJ,

Thus, the probability that both atoms become excited and the field is in Minkowski vacuum state is given by
2

(a1a:0u] / 4TV () / a7 Va(x")b1baOur)| (D3)
—00 —00

1
P(l](lzo = %

Plugging V| (t) and V5(t), and taking into account that

o i APLT, 21 (T))]
/ dt'e' T/l —27i/@1 (bR, + br20, )
*© 1wt aCD[T” Zz(T”)]
dt"e'? T 27”\/(1)2(17R2a)2 +bL1w2)
—00
we obtain
l6m*g* w1 A A A oA
Poyar0 = TIHOMW?RM)l braw, + bLZwlbLlwz)loMHZ-

One can calculate the matrix element using relations (14) between operators for the Rindler-modes b, and the Unruh-
Minkowski modes a, [18],

—mcv ~ —mev/ant
2 ariy + € gy, b lray + "l

Rlv = /1 — e—2mcv/a ’ R2v = /1 — e—27cv/a

~ —mwev/anT ~
ary te / aL2v l’; arzv

ble = /1 _ 672ncv/a ’ L2v = /1 _ 6727rcv/a
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As a result, we obtain
(OMl(ElelgRsz + 5L2w11;L1w2)|0M) = .8#,
sinh(wcw;/a)
and, therefore,
16714g4a)1a)28w]w2
i sinh?(wcw, Ja)”

On the other hand, the probability that atom 1 emits a photon into the right-moving Unruh-Minkowski mode with frequency
) and becomes excited is given by

Pa| a0 = (D6)

g2 * ! iw 1/8&)[1”,11(-(’)] ? 27‘[2820)167”“)1/0
2 <1UMw1R| dt'e'™ —/|OM> S S
¢ e 9t I* sinh (7 cw, /a)
The probability of photon emission into the left-moving Unruh-Minkowski mode is given by the same expression. Thus, we find
p - 47T2g2a)16_776'w1/a

“ " W sinh(rcw; /a)

Similarly, for the excitation probability of atom 2 we obtain

Por = D7)

47.[2g2w2€—ﬂcw2/a

Poy=Ppr+Pypr=—F5—"—""—"—.
2T R T Ral T Gnh(rews Ja)
Comparing this with Eq. (D6) we find that for w; = w»,
Pya0 = €7 VP, P, (D8)

That i, Paya,0 > Pa, P,

APPENDIX E: BOGOLIUBOV TRANSFORMATION AND VACUUM STATE
Consider the following Bogoliubov transformation:
a=ab— Beé,
where 4, b, and &' are annihilation and creation operators of photons in modes a, b, and c; operator ¢ commutes with b and
b é?vg deli;)te as |0,) and |0p) vacuum states for the operators @ and b, respectively, that is @|0,) = 0 and b|0p) = 0. Here we
show that relation between |0,) and |0p) is

10) = Ne® P j0,) =N Y~ (ﬁ) In. n), (E1)
n=0 o

where N is a normalization factor and |n, n) is a state with n photons in modes b and c¢. The value of N is fixed by normalization

(04104) = 1 which yields
2
N = ;2 _ i (ﬁ) .
VI, ()" *

betB1eob'e" — o(B/eb'e! (13 + éé*>, (E2)
o

Using the identity,

we obtain
a10,) = (b — BeNI0,) = N(ah — peh)e®/P'¢'|0,) = aNe®/*P ¢ pjo,) = 0.

That is, state (E1) is the vacuum state for the operator a provided |0p) is the vacuum state for operator b.
To prove the identity (E2), or

_yhtat~ o ptat A n
eV pert’ — f 4 yél,
where y = /o, we consider an operator,

A(y) = e perbe
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Operator A(y) obeys the differential equation,

dA

= ¢te —ybet [b bT] ybtef —¢f
dy

-1—

subject to the initial condition A(y = 0) = b. The solution of the differential equation is A = b +

APPENDIX F: §-FUNCTION DETECTOR

Here we consider a pair of two-level (a and b) atoms with transition angular frequencies w; and w,. We assume that atom 2
is fixed at a coordinate z, and the other atom is moving along the z axis. Atom 2 serves as a detector which is suddenly switched
on and off at time ¢ = 7. We will model this process as a §-function coupling in the interaction Hamiltonian between atom 2
and the field.

We are interested in the probability that both atoms become excited as a function of the position of detector atom z, and time
T. The interaction Hamiltonian between the atoms and the field is given by Egs. (18)—(21) in which f(¢) = (¢t — T'). We assume
that at the initial moment of time #) < T both atoms are in the ground-state b and the field is in the Minkowski vacuum [0y;).
That is, the initial-state vector of the system is

[V (10)) = |b1520).

If the interaction is weak, the state vector of the system at time ¢ can be found using the perturbation theory. In the second
order, we obtain

W) ~ 1)) — - / di'V (Y (10) — / ar / A"V (W @ 1)). F1)

fo

The contribution to the probability amplitude that both atoms become excited and the field is in Minkowski vacuum
(a1ax0]vyr (t)) come from the cross terms. Plugging Egs. (F1) and (18) into the probability amplitude gives

1 ! / 2 Yy 7y ’ 7y Y
(@@0y () ~ ~ = @0 / dr / dt" L Wae") + Vot Wh ()] 1B15:20).
T fo
Taking into account Eqs. (19) and (20) we obtain forr > T,
(@1a:01y (1)) ~ —=5 0| / dt' e T B vy (t0)]E(T, 12)]0) — 0| / dt" e T B (T p)E[t”, 11 (17)]10). (F2)

One can disregard the first term on the right-hand side of Eq. (F2) if t = T, that is, if we calculate the excitation probability at
the moment of time when the §-function detector makes the measurement. Plugging Eqgs. (21) and (22) gives fort = T,

<d1a20|¢(T) hz ka/ dl/ iwit' +ios T ll)kl —ik-r(t) —1va+1k Loy

For the one-dimensional problem replacing the sum over k by an integral,
1 o0
P / dk,
27 J_wo
where we set the photon quantization length to be equal to 1, we obtain
<a1a20|1ﬂ(T)> ~ _ hz dk|k| / dt/ iwt' +iwn T lL\k|t —ikzy (1)) —lL|k\T+lkZo .

Since atom 1 is accelerated, the integration over ¢’ should be replaced with the integration over the atom’s proper time t.
Separating contributions from the right- and the left-propagating modes one can write the probability amplitude as

o) T
(a1a0 |y (T)) ~ — g e"”zT(/ dv ve_“’(T_ZZ/C)/ dt MO/ ot
0 —00

47 ch?

0 T
4 f dU ve*iU(T‘FZz/C) f dT eiv[t(r)+21(f)/6]eiwlr> . (Fs)
0 —00

We calculate the integrals in Eq. (F3) for a uniformly accelerated atom 1. The atom’s trajectory is given by Eq. (10). We
assume that coupling between the field and atom 1 is switched on and off adiabatically before the measurement time 7'. Then
expressions under the integral over dt in Eq. (F3) must be multiplied by a function g(tr) which is equal to 1 when the interaction
is on and zero otherwise.
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Next we calculate the integral describing the contribution from the right-propagating photons,

T T
Ix = / dr g(r)e" @/ gt — / dt g(r)e),

[ee] o0

where
d(t) = vi(r) —vzi(t)/c + wiT.

Integrating by parts, one can write Iz as

. T . .
I _g(r)e?™ ! d dg(z) ™) ! d 9% g(r)e ™) F4
S R A L T )
T - at - l(ﬁ)

If the interaction is switched on and off adiabatically, one can disregard the first two terms on the right-hand side of Eq. (F4), and
in the last term extend the integration over 7 to +00. Atomic excitation can occur only from a nonadiabatic change in d¢/dt.
Inserting Eq. (10) into ¢(7) we obtain
¢ — _Eefar/c + w1, % =w + vefaf/c 82_¢ — _a_Ve,m—/C
a ot T3t c '

and, therefore,

iav [ - efi(vc/a)e"”/"eiwlr
[ = v / 480

c 0 (Ue—ur/Zc +wle‘”/2")2.

The contribution to the integral comes from the region —c/a < © < ¢/a. Assuming that g(t) = 1 in this region one can take

g(t) out of the integral. Then, performing the change in the integration variable to x = ile_‘”/ ¢ yields

w

i v (icwy)/a oo e*i(cwlx)/axf(icw])/a
IR = —\|— dx 3 .
W) \ W 0 (x+1)

The dependence on frequency v is only present in the factor v/  The integral over x can be expressed in terms of the y

function. Namely,
oo e*i(cwlx)/axf(icwl/a) ] iCC()] (icwy)/a cw) ica)1
dx 5 = —i —TI| - ,
0 x+1) a a a

c {ive ) een/a icw;
=S8 r - <2,
a\ a a

Next we calculate the integral over v and obtain

and, therefore,

*© .
/ dv ve_i"(T—Zz/C)v(icwl)/a _ —Tl
0

icw — 2
A l—i—Tl e~ (rew)/2a, Z?Z—T>0
sinh (ncawl) F(—%)kz/c‘ _ T|2+icw|/a

elmew)/2a T—-2>0.

As a result, for the right-propagating modes,

o T 7 (i_C)[(icwl)/aHl
/ dv ve VT —2/0) / dr eMlOmam/clgiont - Tcwr o)
0 —00 sinh ( a ) |Z2/C - T|2+T

If we disregard the left-propagating modes [the second term in Eq. (F3)] then the probability that both atoms are excited at
time 7 and the field is in Minkowski vacuum is

&
etmeon/a T _2 5,

¢ 1+ () elercon/ab/e=T)

a

P, a; T,22)= .
0T 22) 16i*a? sinh® (T<2) (/¢ — T)*

, (F5)

where we used |i®|> = e~"%, Equation (F5) shows that the conditional probability P,,,,0(7, z2) is in the factor exp (27 cw; /a)
larger in the region z5/c — T < 0, which is causally disconnected from the accelerated atom 1.
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