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The asymptotically sharp geometric rigidity

interpolation estimate in thin bi-Lipschitz domains

D. Harutyunyan

Abstract

This work is part of a program of development of asymptotically sharp geometric
rigidity estimates for thin domains. A thin domain in three dimensional Euclidean space
is roughly a small neighborhood of regular enough two dimensional compact surface.
We prove an asymptotically sharp geometric rigidity interpolation inequality for thin
domains with little regularity. In contrast to that celebrated Friesecke-James-Müller
rigidity estimate [Comm. Pure Appl. Math., 55(11):1461-1506, 2002] for plates, our
estimate holds for any proper rotations R ∈ SO(3). Namely, the estimate bounds the
Lp distance of the gradient of any y ∈ W 1,p(Ω,R3) field from any constant proper rota-
tion R ∈ SO(3), in terms of the average Lp distance (nonlinear strain) of the gradient
∇y from the rotation group SO(3), and the average Lp distance of the field itself from
the set of rigid motions corresponding to the rotation R. There are several remark-
able facts about the estimate: 1. The constants in the estimate are sharp in terms of
the domain thickness scaling for any thin domains with the required regularity. 2. In
the special cases when the domain has positive or negative Gaussian curvature, the in-
equality reduces the problem of estimating the gradient ∇y in terms of the prototypical
nonlinear strain

∫

Ω distp(∇y(x), SO(3))dx to the easier problem of estimating only the
vector field y in terms of the nonlinear strain without any loss in the constant scalings
as the Ansätze suggest. The later will be a geometric rigidity Korn-Poincaré type esti-
mate. This passage is major progress in the thin domain rigidity problem. 3. For the
borderline energy scaling (bending-to-stretching), the estimate implies improved strong
compactness on the vector fields for free. Finally, this being said, our new interpolation
inequality reduces the problem of proving "any" geometric one well rigidity problem in
thin domains to estimating the vector field itself instead of the gradient, thus reducing
the complexity of the problem.

1 Introduction

Let S ⊂ R
3 be a connected and compact surface that has a normal a.e. (one may assume

for instance that S is Lipschitz). Given a small parameter h > 0, recall that a shell Sh of
thickness h is the h/2 neighborhood of S in the normal direction, i.e., Sh = {x + tn(x) :
x ∈ S, t ∈ (−h/2, h/2)}, where for any point x ∈ S, the vector n(x) is the unit normal to S
at x. Thin spatial domains are roughly shells with non-constant thickness. Namely, assume
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the functions gh1 (x), g
h
2 (x) : S → (0,∞) are of order h Lipschitz functions, i.e., they fulfill the

uniform conditions

h ≤ gh1 (x), g
h
2 (x) ≤ c1h, and |∇gh1 (x)|+ |∇gh2 (x)| ≤ c2h, for a.e. x ∈ S, (1.1)

for some fixed constants c1, c2 > 0. Then the set Ω given by

Ω = {x+ tn(x) : x ∈ S, t ∈ (−gh1 (x), g
h
2 (x))}, (1.2)

will be a thin domain if the normal n(x) exists for all x ∈ S. If n(x) exists only a.e. in S,
then instead of Ω we can consider the interior of the closure Ω̄◦, which will have no holes for
any x ∈ S◦. This being said we can assume without loss of generality that S has a normal
at every point x ∈ S and that gh1 and gh2 are differentiable at every x ∈ S. The problem of
determination of the geometric rigidity (which will be defined below) of thin domains is a
central task in nonlinear elasticity. The geometric rigidity of a thin domain can be defined
through the celebrated geometric rigidity estimate of Friesecke, James and Müller [2], which
reads as follows: Assume Ω ⊂ R

3 is open bounded connected and Lipschitz. Then there exists
a constant C = C(Ω) depending only on Ω, such that for every vector field y ∈ H1(Ω), there
exists a constant proper rotation R ∈ SO(3) such that

‖∇y −R‖2L2(Ω) ≤ C

∫

Ω

dist2(∇y(x), SO(3))dx. (1.3)

It is known that for thin domains Ω, the constant C in (1.3) blows up as h goes to zero
[2,3,4,5,6,7,8,9,10,11,12,13,21,22,23], and it typically has the asymptotic form C = chα for
some c > 0 and α < 0. The geometric rigidity of Ω is then the exponent α in C = chα

provided it exists as h → 0; the bigger α is, the more rigid the domain is. A large amount
of evidence in the literature suggests the yet unproven fact that α should depend only on
the domain mid-surface S, while the constant c will depends also on the constants c1 and
c2 in (1.1). In particular, for the case when S has positive or negative Gaussian curvature
the author has proven in [10] that α = 1 or α = 4/3 respectively for the around identity
linearized analogue of (1.3). Let us provide somewhat more details on the later. If one rotates
the field u by the rotation R in (1.3), then the resulting estimate shows that one can assume
without loss of generality that R = I. Recall that the field y − x is the displacement in
nonlinear elasticity, thus for small enough deformations, one has the equality ∇y = I +∇u,
where the quantity ∇u is small. Thus we have the linearization

dist(∇u(x) + I, SO(3)) = (∇u+∇uT ) = 2e(u),

where e(u) is the linear strain in the linear elasticity theory. Hence, upon this linearization
one arrives at a new inequality, called Korn’s first inequality

‖∇u‖2L2(Ω) ≤ C‖e(u)‖2L2(Ω). (1.4)

The inequality (1.4) has been introduced by Korn [21,22] to prove coerciveness of the linear
elastic energy, see also [1,16,19,20] for more details. Certainly (1.4) follows from (1.3) with the
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same constant C by taking y = x+ ǫu and letting ǫ go to zero. The problem of determining
the rigidity of a given thin domain (the asymptotics of C in terms of the thickness parameter
h in (1.3)) has been solved for plates1 by Friesecke, James and Müller [2], yielding the result
C = ch−2. That is when Ω = ω × (−h/2, h/2) for some connected compact Lipschitz set
ω ⊂ R

2. Also, it has been shown in [4] that in fact the estimate (1.3) holds with α = −2 for
any shells Sh, i.e., there exist constant C, h0 > 0 depending only on S such that

‖∇y −R‖2L2(Sh) ≤
C

h2

∫

Sh

dist2(∇y(x), SO(3))dx. (1.5)

for all h ∈ (0, h0). Among others, very significant applications of the inequality (1.3) are
that it allows one to derive shell theories from three dimensional elasticity for certain scaling
regimes of the elastic energy in terms of the thickness h, [2,3,4,14,15], as well as it allows
one to calculate the critical buckling load in shell buckling problems [7,8]. In both problems
knowing the the asymptotics of the optimal constant in (1.3) is crucial. In this work we are
concerned with studying (1.3) for thin domains Ω ⊂ R

3. We prove an interpolation version
of (1.3) which reduces the problem to the estimation of the deviation of the vector field u

itself (not the gradient) from the group of rigid motions. Despite the fact that the proof of
the inequality is surprisingly elementary and easy, this is apparently a significant reduction
of the complexity of the problem, taking into account the fact that in the case of uniformly
positive or negative Gaussian curvature thin domains (this refers to the Gaussian curvature
of the mid-surface S), no loss of the constant in terms of the asymptotics in h is expected as
the lower bounds and the Ansätze in [10] suggest. We provide a more detailed observation
on this in the next section after the formulation of the main result.

2 Main result

For the mid-surface S to have a normal a.e. and the main result to hold, we will impose some
mild regularity condition on S. While in the literature a usual assumption on the mid-surface
S would be C2, we will assume that S is compact connected and bi-Lipschitz, i.e., it has
a finite atlas with bi-Lipschitz patches. This will imply the following geometric condition:
There exist σ, δ ∈ (0, 1) such that for every r ∈ (0, δ) and every x ∈ S one has

H2(Br(x) ∩ S)

H2(B2r(x) ∩ S)
≤ σ, (2.1)

where H2 is the two-dimensional Hausdorff measure (surface measure in this case). Condi-
tion (2.1) roughly means that there can be no infinitesimal local concentrations of the surface
S.

Theorem 2.1. Let the surface S ⊂ R
3 be compact connected and bi-Lipschitz, and let h > 0

be a small parameter. Assume the family of functions gh1 , g
h
2 : S → (0,∞) fulfills the uniform

conditions

h ≤ gh1 (x), g
h
2 (x) ≤ c1h, and |∇gh1 (x)|+ |∇gh2 (x)| ≤ c2h, for all x ∈ S, (2.2)

1Or for shells that have a flat part
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for some constants c1, c2 > 0, and denote the thin domains

Ωh = {x+ tn(x) : x ∈ S, t ∈ (−gh1 (x), g
h
2 (x))}.

Let 1 < p < ∞ and let ‖·‖p denote the Lp(Ωh) norm. Then there exists a constants C, h0 > 0,
depending only on S and the constants c1, c2 > 0 such that for any vector field y ∈ W 1,p(Ωh),
any proper rotation R ∈ SO(3), and any constant vector b ∈ R

3 one has the estimate

‖∇y−R‖2p ≤ C

(

‖y −Rx− b‖p‖dist(∇y, SO(3))‖p
h

+ ‖y −Rx− b‖2p + ‖dist(∇y, SO(3))‖2p

)

,

(2.3)
for all h ∈ (0, h0). Moreover, if in addition S has a C2 piece that admits a local chart in
terms of the principal coordinates, then the exponent of h in the inequality (2.2) is optimal
for Ωh, i.e., there exists a deformation y ∈ W 1,p(Ωh,R3) realizing the asymptotics of h in
(2.2).

Some remarks are in order.

1. Note first that for any given displacement u ∈ W 1,p(Ωh,R3), taking the sequence of
deformations yǫ = x+ǫu and then letting ǫ go to zero we derive from (2.3) the estimate

‖∇u‖2p ≤ C

(

‖u‖p‖e(u)‖p
h

+ ‖u‖2p + ‖e(u)‖2p

)

, (2.4)

where u = 1
2
(∇u +∇uT ) is the linear strain. The estimate (2.4) is the linear version

of (2.3). A stronger version of (2.4) has been proven in [11,12] for the L2 norm and
in [13] for every 1 < p < ∞, where in place of the product ‖u‖2‖e(u)‖2 one has
‖n ·u‖2‖e(u)‖2, i.e., only the out-of-plane component of the field enters the estimate.

2. Next denote the Gaussian curvature of S by K. Tovstik and Smirnov have constructed
an Ansatz [24] that realizes the asymptotics α = −4/3 in the constant C = chα in
(1.3) in the case K < 0. Also the author has constructed an Ansatz [10] that gives the
asymptotics α = −1 in (1.3) in the case K > 0. Furthermore, it has been proven in
[10] that if zero boundary condition is imposed on the vector field u on the thin face
of the thin domain Ωh, then in the linear version (1.4) one indeed has α = −4/3 and
α = −1 in the cases K < 0 and K < 0 respectively. Also, it has been shown [10] that

‖u‖2L2(Ωh) ≤ Chβ‖e(u)‖2L2(Ω),

where β = −1/3 for K < 0 and β = 0 for K > 0. This implies that the estimate (2.3)
indeed does not suffer an asymptotic loss of constants at least in the cases K >< 0,
and thus from this point on, the interpolation estimate (2.3) may be utilized for the
purpose of proving asymptotically optimal rigidity estimates on gradient fields.

3. In the derivation of shell theories from nonlinear elasticity by Γ−convergence, one
usually assumes that the elastic energy density has a quadratic growth at the group of
proper rotations (which is the elastic energy well) [2,3,14,15,23], i.e.,

W (∇y) ≥ C · dist2(∇y, SO(3))
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for some fixed constant C > 0 and all vector fields y ∈ W 1,2(Ω,R3). Then one considers
different scaling regimes of the elastic energy

∫ h

Ω
W (∇y(x))dx in terms of the thickness

h. A critical energy scaling is Eel ∼ h3, which corresponds to bending. It is then worth
mentioning that while Friesecke-James-Müller estimate (1.3) for α = −2 implies weak
relative compactness in L2 for the sequence of the rescaled (in the normal variable)
gradients2 ∇yh and strong compactness in L2 for the sequence of rescaled fields yh (as
h → 0), our estimate (2.3) then will clearly yield strong compactness of the rescaled
gradients ∇yh immediately.

3 Proof of the main result

Proof of Theorem 2.1. We divide the proof into several steps for the convenience of the
reader.
1. We first somewhat simplify the estimate (2.3). First of all a translation by a fixed vector
y = v + b does not change the gradient, thus we can assume without loss of generality that
b = 0. Next, denoting v = Rw, the left hand side of (2.3) will become ‖w − I‖2p, and the
right hand side of (2.3) will remain the same expression written out for w in place of v. This
being said we can assume without loss of generality that R = I and b = 0 in (2.3). Finally,
making a change of variables y = w+x will transform the new form of (2.3) to the estimate

‖∇w‖2p ≤ C

(

‖w‖p‖dist(∇w + I, SO(3))‖p
h

+ ‖w‖2p + ‖dist(∇w + I, SO(3))‖2p

)

, (3.1)

to be now proven.
2. In the second step we prove the following statement: Under the conditions of Theorem 2.1,
the estimate (3.1) holds if and inly if one has for any field v ∈ W 1,p(Ωh,R3) the estimate

‖∇v‖2p ≤ C1

(

‖v‖2p
ht

+
‖dist(∇v + I, SO(3))‖2p

h2−t

)

, (3.2)

for any t ∈ [0, 2]. Here C1 > 0, and C and C1 in (3.1) and (3.2) are of the same order,
namely, 1/2 ≤ C1

C
≤ 2.

Evidently as h > 0 is small, we have ht, h2−t ≤ 1 for t ∈ [0, 2] and (3.1) implies (3.2) by the
arithmetic-geometric mean inequality with C1 = 3

2
C. Assume now (3.2) holds. Given the

fixed vector field w ∈ W 1,p(Ωh,R3), if

‖w‖2p
ht0

=
‖dist(∇w + I, SO(3))‖2p

h2−t0
for some t0 ∈ [0, 2],

then we choose t = t0 in (3.2) and get the estimate

‖∇w‖2p ≤ 2C1
‖w‖p‖dist(∇w + I, SO(3))‖p

h
.

2However there are tools to deduce strong convergence of the gradients
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If
‖w‖2p
ht

<
‖dist(∇w + I, SO(3))‖2p

h2−t
for all t ∈ [0, 2],

then (3.2) implies
‖∇w‖2p ≤ 2C1dist(∇w + I, SO(3))‖2p,

which in tern yields (3.1) with C = 2C1. The case

‖w‖2p
ht

<
‖dist(∇w + I, SO(3))‖2p

h2−t
for all t ∈ [0, 2]

is analogous.
3. Now we focus our attention to the simplified estimate (3.2) with no product terms. We
will first prove it on the shell Sh = {x+ tn(x) : x ∈ S, t ∈ (−h/2, h/2)} with thickness h
around S and then pass to the thin domain Ωh employing a localization argument originated
in [18] and successfully employed in the derivation of the estimate (1.5), as well as in [11] to
pass from shells to thin domains. Fix γ ∈ [0, 1] and divide the shell Sh into small compact
shells with in-plane size of order hγ . Denoting m = [1/hγ ], we have N = O(m2) shells
Sh
1 , S

h
2 , . . . , S

h
N , with thickness h and in-plane size roughly hγ . It is known that the estimate

(1.5) holds in Lp for all 1 < p < ∞, thus if we scale each Sh
i by hγ to get a new shell 1

hγS
h
i

with in-plane size of order one and thickness h1−γ , and apply the estimate (1.5) to the fields
hγ(v + x), we obtain for the vector field v + x the estimate

‖∇v + I −Ri‖Lp(Sh
i )

≤
C

h1−γ
‖dist(∇v + I, SO(3))‖Lp(Sh

i )
, i = 1, 2, . . . , N, (3.3)

for some local rotations Ri ∈ SO(3) and some uniform constant C > 0 that depends only
on S. Consequently we obtain from (3.3) the bound

‖∇v‖Lp(Sh
i )

≤ ‖I −Ri‖Lp(Sh
i )
+

C

h1−γ
‖dist(∇v + I, SO(3))‖Lp(Sh

i )
, i = 1, 2, . . . , N. (3.4)

For the average fields bi = −
∫

Sh
i
(v(x) + (I −Ri)x)dx we have by the Poincaré inequality and

(3.3) that

‖v + (I −Ri)x− bi‖Lp(Sh
i )

≤ Chγ‖∇v + I −Ri‖Lp(Sh
i )

(3.5)

≤ Ch2γ−1‖dist(∇v + I, SO(3))‖Lp(Sh
i )
,

which gives the bound

‖(I −Ri)x− bi‖Lp(Sh
i )

≤ ‖v‖Lp(Sh
i )
+ Ch2γ−1‖dist(∇v + I, SO(3))‖Lp(Sh

i )
, i = 1, 2, . . . , N.

(3.6)
Next we claim that

‖(I −Ri)x− bi‖Lp(Sh
i )

≥ Chγ‖I −Ri‖Lp(Sh
i )
, (3.7)

for some C > 0 uniformly in i = 1, 2, . . . , N. Indeed, on one hand we have the obvious
equality

‖I −Ri‖
p

Lp(Sh
i )

= |I −Ri|
p|Sh

i |, i = 1, 2, . . . , N. (3.8)
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To estimate the other term we interpret it geometrically. Each local rotation Ri rotates
around a unit vector ni ∈ R

3, which means that the operator Rix − bi : R
3 → R

3 projects
onto the plane πi orthogonal to ni, then rotates by Ri inside πi, and then translates by the
vector −bi. Assume the plane πi is applied at the tip of the vector bi. Note that as each shell
Sh
i has in-plane size of order hγ , then invoking condition (2.1) (first uncsaling each piece by

hγ) we have that for some fixed τ ∈ (0, 1) (uniform in i and independent on h), at most half
of Sh

i (in terms of the measure) gets projected into the disc Di, which is centered at bi, lies in
πi and has radius τhγ . As in two dimensions one always has |(I −R)x| = |I −R||x| for any
rotation R ∈ SO(2) and any vector x ∈ R

2, then taking into account the above observation,
we can write the obvious estimate

‖(I −Ri)x− bi‖
p

Lp(Sh
i )

≥
(τhγ)p|I −Ri|

p|Sh
i |

2
, i = 1, 2, . . . , N. (3.9)

The estimate (3.7) immediately follows from (3.8) and (3.9). Finally putting together (3.4),
(3.6) and (3.7) and summing up the obtained estimates in i, we discover the bound

‖∇v‖Lp(Sh) ≤ C

(

1

hγ
‖v‖Lp(Sh) +

1

h1−γ
‖dist(∇v + I, SO(3))‖Lp(Sh)

)

, (3.10)

which is equivalent to (3.2) and finishes the Ansatz-free lower bound part of the Theorem for
shells Sh. Now we pass from Sh to the thin domain Ωh by a localization argument. Fix any
h > 0 small enough divide the mid-surface S into N small parts that are of order h in two
in-plane orthogonal directions, where N is roughly 1/h2. We can do the division so that all
the small pieces of surface have uniformly bounded Lipschitz constants for all small enough
h > 0. Then denote the h neighborhood in the normal direction of each small piece of surface
by shi and the part bounded between the functions gh1 and gh2 in the normal direction by ωh

i

for i = 1, 2, . . . , N. For any i = 1, 2, . . . , N , the domains shi and ωh
i have uniformly bounded

Lipschitz constants, thus we have by the estimate (1.3)

‖∇v + I −R1
i ‖Lp(shi )

≤ C‖dist(∇v + I, SO(3))‖Lp(shi )
, (3.11)

‖∇v + I −R2
i ‖Lp(ωh

i )
≤ C‖dist(∇v + I, SO(3))‖Lp(ωh

i )
,

for some uniform constant C > 0 and constant rotations R1
i and R2

i . As (2.2) suggests shi is
a subset of ωh

i thus we have by the triangle inequality and from (3.11) that

‖R1
i −R2

i ‖Lp(shi )
≤ C‖dist(∇v + I, SO(3))‖Lp(ωh

i )
. (3.12)

Recalling the fact that shi and ωh
i have uniformly bounded Lipschitz constants, the condition

(2.2) implies that they have uniformly comparable volumes too, thus we get from (3.11),
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(3.12) and the triangle inequality:

‖∇v‖Lp(ωh
i )

≤ ‖∇v + I −R2
i ‖Lp(ωh

i )
+ ‖I −R2

i ‖Lp(ωh
i )

≤ C‖dist(∇v + I, SO(3))‖Lp(ωh
i )
+ C‖I −R2

i ‖Lp(shi )

≤ C‖dist(∇v + I, SO(3))‖Lp(ωh
i )
+ C‖I −R1

i ‖Lp(shi )
+ ‖R1

i −R2
i ‖Lp(shi )

≤ C‖dist(∇v + I, SO(3))‖Lp(ωh
i
) + C‖∇v + I −R1

i ‖Lp(sh
i
) + C‖∇v‖Lp(sh

i
)

≤ C‖dist(∇v + I, SO(3))‖Lp(ωh
i )
+ C‖∇v‖Lp(shi )

.

Consequently summing up in 1, 2, . . . , N we arrive at

‖∇v‖Lp(Ωh) ≤ C‖dist(∇v + I, SO(3))‖Lp(Ωh) + ‖∇v‖Lp(Sh), (3.13)

coupling which with (3.10) we discover (3.2), i.e., the estimate for the thin domain Ωh. This
completes the Ansatz-free lower bound part of the proof.

Recall that in the case when S has patch that is C2, then an Ansatz realizing the asymp-
totics of h in Korn’s first inequality for shells with positive Gaussian curvature has been
constructed in [10]. It turns out that the same Ansatz also works for (2.3). For the sake of
completeness and convenience of the reader we recall the Ansatz construction here. Assume
S is C2 and has a single patch given by the parametrization r = r(θ, z) in the principal coor-
dinates θ and z. Then, introducing the normal coordinate t, we obtain the set of orthogonal
curvilinear coordinates (t, θ, z) on the patch given by

R(t, θ, z) = r(z, θ) + tn(z, θ),

where n is the outward unit normal. We choose a part S0 ⊂ S of the patch that is given by
S0 = {(θ, z) : θ ∈ [0, δ], z ∈ [0, δ]}. Denote next

Az =

∣

∣

∣

∣

∂r

∂z

∣

∣

∣

∣

, Aθ =

∣

∣

∣

∣

∂r

∂θ

∣

∣

∣

∣

,

the two nonzero components of the metric tensor of S0 and the two principal curvatures by
κz and κθ. The signs of κz and κθ are chosen such that κz and κθ are positive for a sphere.
Then the gradient of a vector field y = (yt, yθ, yz) ∈ W 1,p(Sh

0 ,R
3) has the form

∇y =





















yt,t
yt,θ −Aθκθyθ
Aθ(1 + tκθ)

yt,z −Azκzyz
Az(1 + tκz)

yθ,t
Azyθ,θ + AzAθκθyt + Aθ,zyz

AzAθ(1 + tκθ)

Aθyθ,z − Az,θyz
AzAθ(1 + tκz)

yz,t
Azyz,θ − Aθ,zyθ
AzAθ(1 + tκθ)

Aθyz,z + AzAθκzyt + Az,θyθ
AzAθ(1 + tκz)





















(3.14)

in the orthonormal basis et, eθ, ez, where f, x = ∂xf. We choose y = I + ǫu, where


















ut = W ( θ√
h
, z)

uθ = −
t·W,θ

(

θ
√

h
,z
)

Aθ

√
h

uz = −
t·W,z

(

θ
√

h
,z
)

Az
,

(3.15)
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where w is a smooth function compactly supported on the mid-surface S0. For the rotation
R = I and the vector field b = 0, this choice will give equality in (2.3) for every fixed h > 0
by choosing ǫ > 0 small enough.
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