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1 Introduction

According to our current understanding of AdS/CFT [1], perturbative reconstruction of
bulk field operators from the point of view of the CFT proceeds in two stages. First one
obtains the leading-order expression in 1/N, which we label $(®) [2]. Tt behaves as a free
field in AdS. It can be found by solving the intersecting modular Hamiltonian equations [3]
(see also [4, 5]) and can sometimes be deduced from symmetry considerations [6, 7]. Then
one corrects this expression at subleading orders in 1/N by adding multi-trace operators
and demanding that the corrected bulk operator have well-defined correlators [8]. This
approach is reviewed in section 2.

In this note we are interested in the structure of the CFT operators that are needed
to represent bulk scalar fields in the presence of massless spin n > 1 bulk fields, including



bulk gauge fields and gravity. From previous studies for gauge fields and gravity we know
some of the properties of the operators involved, especially when inserted in correlation
functions with the boundary field strength F),, or the boundary Weyl tensor [9]. However
a full classification of the required CF'T operators is still lacking, and the way that the
expected dressing singularities arise in correlation functions with a boundary current or
energy-momentum tensor remains unclear. From the bulk point of view these dressing
singularities indicate where the gauge or gravitational Wilson line that dresses the bulk
field operator ends on the boundary. For a recent discussion of dressing from the bulk
point of view see [10, 11].

Here we study the situation in AdS3/CFTs where the work of [12-14] for the cases n =
1,2 uncovered a beautiful and simple structure to the CFT operators involved. However
this structure was phrased in terms of properties and variables that are special to the
Virasoro symmetry of 2-D CFT. We therefore reconsider this case using techniques that
could be extended to higher dimensions, and we allow for currents of arbitrary spin n. Our
goal is to better understand the structure of the operators involved and the origin of the
dressing singularities that are present in correlation functions.

We want to study what types of CF'T operators are needed to represent a bulk field as a
well-defined CF'T operator — meaning an operator with well-defined correlation functions
— when inserted in correlators with CFT operators that include conserved higher-spin
primaries. To this end consider a 3-point function

(6(Z,21)0(2) O 1y (w3)) (1.1)

Here ¢ = ¢ + %gb(l), where ¢(© is the lowest-order field written as a smearing of a primary
operator O and the correction ¢(!) is an operator that remains to be determined. As needed
O denotes the complex conjugate of O, and O,y is some other primary operator with
(right, left) conformal dimensions (h, h).

The reason the correction ¢(!) is necessary is that ¢(©) by itself does not have a well-
defined 3-point function [8]. As long as O(h,ﬁ) does not obey a conservation equation we
know how to fix this problem [15-17]. In the absence of a conservation law we can build a
tower of primary scalars of the form (9)'0(9)’ On,p)» and we can assemble (1) as a sum of
these smeared primaries. The coefficients can be determined by requiring that the output
is a CFT operator ¢ whose 3-point function (1.1) is well-defined in a manner described
in section 2. It turns out this procedure generates a 3-point function that is non-singular
at bulk space-like separation. In this sense bulk microcausality is a consequence of the
reconstruction procedure.

If O(h,ﬁ) obeys a conservation equation one cannot in general build primary! scalars
from expressions of the form (9)'O(9)’ Oy, ). This has important consequences. It will
turn out that we can still build a well-defined CFT operator, but its 3-point function will
be singular at bulk spacelike separation. This singularity is a manifestation of the bulk
dressing that must end somewhere on the boundary, and in this sense bulk dressing is a

'Here and in the rest of the paper primary means (even in d = 2) primary with respect to the global
SO(d, 2) conformal group.



consequence of the reconstruction procedure. The goal of this paper is to better understand
the origin of these dressing singularities from the point of view of the CFT.

To further illustrate the role of the operators we construct, consider a correlator with
some number of insertions of a conserved primary spin-one current j— = j1 o).

(p(Z, a7, 27)O0(x3 ,25)j—(x3) -~ 5 (2)) (1.2)

We can use the OPE between the currents to convert this into an infinite sum of 3-point
functions of the form (1.1), as was done for scalars in [18]. In the process new operators
will appear, for instance the multi-trace operator (j,)k_z. To leading order in 1/N this
operator has dimension k£ — 2 and spin & — 2 and is therefore a conserved higher-spin
current. At subleading orders in 1/N this operator will acquire an anomalous dimension
and will no longer be conserved. But working order-by-order in the 1/N expansion it
seems the bulk scalar field in (1.2) will have to be corrected by adding non-primary scalars
built from (j_)kd. So it seems the corrections we study in this paper will be relevant for
understanding multi-point correlators, even if the bulk theory only has fields with spin one.

2 The i€ issue

As discussed above, our guiding principle is to construct a well-defined CFT operator whose
leading term in the 1/N expansion obeys the intersecting modular Hamiltonian equations.
For scalar interactions in the bulk this was studied in [8]. Here we’d like to extend the
analysis to a bulk theory with gauge symmetry. To do this we work in the simplest setting
of a massless complex scalar field in AdSs coupled to a Chern-Simons gauge field. Thus
in the CFT we consider a complex scalar primary O with dimension A = 2 that’s charged
under a right-moving chiral current j_(z~). The 2-point correlators are

— 1
(O(z1)O(22)) = 2 (2.1)
(13712)
N 1
J-(a1)i-(23)) = —— (2.2)
(712)
and the 3-point correlator is
— , Al 1 1
(0@ (w2)i-(23)) =~ 53 (— ; > (2.3)
(215) T3 T3
Here 2+ =t + = and Tij = T — Tj.
The solution of the intersecting modular Hamiltonian equations is [3]
1
0Ot,2,2) = 5 / ' dy Ot + 2 + iy)). (2.4)
T

(t/)2+(y/)2<22

Using this to move the first operator in (2.3) into the bulk, the resulting 3-point correlator is

_ 1 o 1
) (21, 2)0 _ / r§ ad <— >
(@7 (@1, 2)0(@2)5 -  4mi o A a (x5 —I—roz) (axpy +7)2\ azyy +r i Lo3
(2.5)




Figure 1. O and j_ define a causal diamond on the boundary. As expected, the 3-point func-
tion (2.7) has a light-cone singularity when the bulk point is null separated from O. But it also
has an ill-defined singularity when the bulk point is null separated from the bottom corner of the
causal diamond.

where

t' =rcosb, y = rsind, o= (2.6)
Performing the contour integral and then the r integral we find

VA 1

(0) Vo) ; - _
(¢ @1, 2)0(z2)j-(25)) 4 (—afhay + 22 (—ahay + Z2)1y

This correlator only has poles.

1. There’s a pole at xfzacl_g = 72, when the bulk operator is at null bulk separation from

0.

2. There’s a pole at xﬁxfg = Z2. If O and j_ are spacelike separated on the boundary,
with O to the left, then this singularity is at null bulk separation from the bottom
corner of the boundary causal diamond illustrated in figure 1.

3. There’s a pole at x453 = 0, when O and j_ are null separated along the xz* direction
on the boundary.

To define the CFT correlator (2.3) we use a Wightman ie prescription, namely
t, > t; — 1€ (28)

with operators ordered from left to right in the correlator by decreasing values of ¢;. The
question is whether this prescription in the CFT is sufficient to make the bulk correla-
tor (2.7) well-defined. We find that the first and third poles acquire sensible ie prescrip-
tions, but the ie prescription for the second pole is ambiguous if €12 and €13 have different
signs — that is, if the bulk operator is in the middle of the correlator. In that case it’s
ambiguous whether the pole is displaced into the upper or lower half plane (for further dis-
cussion of this point see [8]). This means that $(*) — although it behaves sensibly inside
a 2-point function — is not a well-defined operator once one considers its behavior inside
3-point correlators.
In the rest of this paper we will see how to cure this problem.



3 CFT computation of the corrected bulk operator

As explained in the introduction our procedure for bulk reconstruction is to build a CFT
operator whose leading term in the 1/N expansion obeys the intersecting modular Hamil-
tonian equations, with 1/N corrections that are chosen so the full bulk operator gives
unambiguous results when inserted in correlation functions. Here we use this procedure to
build a bulk scalar field in AdSs.

We start with the CFT three-point function of a pair of primary scalars with a con-
served spin-n primary current.

i, 27)0(xd, z5)j T )) = i .
(021, 2)O0(23, 73 )j(n,0) (3)) (3U1_2)A_”(xfg)A(xl_g)"(%_g)n (3.1)

Here O is a primary scalar with conformal dimension A and O denotes its complex conju-
gate as needed.? J(n,0)(x7) is a conformal primary of dimension (n,0) and 7, is an OPE
coefficient.

The zeroth-order expression for the bulk field is [2]

6O (Z,1,2) = / Ay Ka O+ 1,2+ i) (3.2)

)2 +(y')?<2?

where

2 N2 o2\ A-2
KA:217T<Z (t)Z (y>> (3.3)

This provides a solution to the intersecting modular Hamiltonian equations for the CFT
vacuum [3], normalized so that

A
8O (Za) = oo

~ oA T 20(56) as Z =0 (3.4)

Using this representation to move the first operator in (3.1) into the bulk we find (see
appendix A)

e ?Z)A—n oo 69

where 7, = v,/(2A — 2) and where we've introduced the two kinematic invariants?

+ .- + .-
+ _ _ _ T19%y9 _ T19T3

The problem with the result (3.5) is the pole at y2 = 1, since this pole suffers from the
ambiguous i€ prescription described in section 2 for the case n = 1. The other singularities

20 needs to be complex when n is odd.
3Invariant under the bulk lift of Poincaré and scale transformations in the CFT, but not under the bulk
lift of special conformal transformations.



in (3.8) do not suffer from any ambiguity and hence are not an obstacle to thinking of »©
as a well-defined CFT operator. It will be useful to introduce the combination
X2 — X1 -7 2«732_3

v — _ 3.7
x2(1 = x1) xl_s(xfﬂl_z - Z?) (3.7

and re-write the correlator as

B -1)" v
(@02, 0Ot 55 ) (7)) = <X

n
1
— N N > T (3.8)
(x3)"Z2(1 = x1) x2/) (Y —1)
In this form the problematic pole is at Y = 1; despite appearances there is no pole at
x2 = 0.
To cure this problem we correct our CFT definition of the bulk field to

_ 0 Lo
6 =00+ o (3.9)

We expect that ¢(1) should be a double-trace operator built from @ and J(n,0), chosen to
make the corrected correlation function (¢ O ji, o)) well-defined. There is a huge freedom
in the choice of 1), corresponding to the freedom to choose a gauge and a dressing for the
bulk field (as well as to make bulk field redefinitions). Although it would be interesting
to proceed in full generality, by searching for the most general correction ¢(!) that makes
the bulk field well-defined, as a practical matter it is convenient to restrict the space of
CFT operators we consider.* We will attempt to build ¢V out of CFT operators A that
are Lorentz scalars and have definite scaling dimensions. However we will not require that
A transform as a conformal primary, for the simple reason that it’s not possible to build
a scalar primary out of O and a conserved current. Instead we will require that under a
special conformal transformation with parameter b

OpA ~ (primary scalar result) +0---9(b*j,..)0 - - 00 (3.10)

That is, we require that b* be contracted with an index on the current and we forbid
contractions between b* and a derivative operator. In a 2-D CFT with only j_ present
this condition means the transformation of A under L; is that of a primary scalar but the
transformation under L; is not.

One motivation for the condition (3.10) is just that it will allow us to obtain simple and
explicit expressions for the corrected bulk operator. In fact operators obeying (3.10) have
been used before to cancel unwanted singularities in correlation functions involving a bulk
scalar field and a boundary field strength F,, = 0,7, — 0,j, [9, 16]. As further motivation
we recall that for spin-1 currents operators obeying (3.10) in the CFT are expected to
appear when fixing holographic gauge Az = 0 in the bulk [9, 16]. To see this recall that
holographic gauge Az = 0 is preserved by Poincaré and scale transformations in the CFT,
but under an infinitesimal special conformal transformation [19]

SyAy = 27b- A (3.11)
WA, =2x,b- A—2bx-A—-2b-2A,

“General dressings have been considered in AdS3 in [14].



Thus we need a compensating gauge transformation with
0Ay =072 = —-27Zb- A (3.12)

to restore holographic gauge, and as a result a charged bulk scalar field acquires an anoma-
lous transformation law [9]

dp¢ = (scalar result) — %)\d). (3.13)

At leading order in the 1/N expansion A, ~ 0---0j, and »© ~ 9---90, which means
that (3.12) involves the combination b - j and (3.13) has the form

dp¢ ~ (scalar result) + %8- - 0(V'j,)0---00 (3.14)

This bulk result has the same form as (3.10). So to O(1/N) we anticipate that the CFT
condition (3.10) corresponds to fixing holographic gauge in the bulk.” Below by explicit
construction we will see that this is indeed the case.

In searching for CFT operators obeying (3.10) a convenient starting point is to note
that from O, j,0) and [ 0- derivatives one can build a unique double-trace spinning

conformal primary J( xt,z7). Asindicated the (right, left) conformal dimensions

12 4,8 (

of J are (I+% +n, 5 ). This operator has a scalar descendant 8f”J(l +A4n A
2 ’2

check that under a special conformal transformation this scalar descendant obeys (3.10).

, and one can

These properties are checked explicitly in appendix B.
To show that these operators can be used to construct a well-defined bulk field — that
is, that they can be used to cancel the ambiguous singularities in (3.8) — we define

A2t o) = [ B Koo 220 T (&) (319

The relevant 3-point function is calculated in appendix A.

(AP (Z, 21, 27)O0(23, 23 ) jnoy(23)) (3.16)
~('n,) n n
Y
- )”Zil(l s (;i) <Y_1) (~YV)F(I+A1+n,204+2n+A,Y)
23

Then we can set -
oM =" A" (3.17)

=0

and try to find coefficients a; so that the combination ¢(©) + %gf)(l) is a well-defined CFT
operator.

To make the bulk field well-defined we need to cancel the pole at ¥ = 1 in (3.8)
without introducing any new trouble. Note that (3.16) has a branch cut at 1 <Y < oo
which inherits an ambiguous ‘e prescription from the CFT. So what we need to do is find

5Similar expressions are available for metric perturbations in Fefferman-Graham gauge [19] and were
extended to the full Virasoro algebra in [12].



coefficients a; in (3.17) such that the branch cuts cancel after summing over [ while a
surviving pole at Y = 1 cancels the problematic pole in (3.8). It is indeed possible to do
this, as we show explicitly for the case n = 1 in appendix C. Another approach is to use
the bulk equations of motion to compute the corrected bulk operator, and we take this
approach in appendix D. Both methods give the same result. However the first approach
becomes more and more algebraically involved for larger values of n, while for the second
approach one needs to know the bulk theory. So we will instead follow a different path.

The approach we take amounts to making a minimal ansatz for the analytic properties
of correlators. Combining (3.16) and (3.17) we have

e .. _ 1 x1\" Yy \"
00(2,7.97)0(6F. 53 )iiwn (55} = =rza—a () () »m
(3.18)
where -
Fo V)= @@ (~Y) P+ AL+ 0,20+ 20+ AY) (3.19)
=0

Comparing to (3.8) we see that it is useful to parametrize f,(Y) as

flY) = 3 (H)nﬂ N (Y - 1)n gn<Y>) (3.20)

yn Y

so that the corrected 3-point function is

~ n
20 )0 i 53) = s () w0 (@2
Now let’s consider analyticity. The branch cuts in the sum (3.19) are supposed to
cancel, so a minimal assumption is that f,(Y’) is an entire function of Y. As the simplest
possibility, we take f,(Y") to be a polynomial.® To close a potential loophole, in appendix E
we show that any polynomial f,, can be obtained by appropriately choosing the coefficients
a; in (3.19). This takes care of the cuts. But still, to avoid an ambiguous pole, the corrected
correlator (3.21) should not be singular at Y = 1. Generically if f,, is a polynomial then
from (3.20) g,, will have a singularity at Y = 1. However these two properties — that f,
is a polynomial and that g, has no singularity at Y = 1 — can both be satisfied provided
gn(Y) is a special polynomial of at least degree n — 1. To analyze the simplest possibility
(a polynomial of degree n — 1) we set

n—1
gn(Y) = ¢;Y7 (3.22)
7=0

The requirement that f,,(Y") is a polynomial gives conditions on the coefficients c¢;, namely
that cg = 1 and

S (e (?) —0 forl<m<n-—1 (3.23)

J=0

5 Any polynomial will do, so there are infinitely many solutions to the requirement that the cuts cancel.



We solve this system in appendix F to find

o = (n_+f__1> (3.24)

This is the simplest possibility that gives a well-defined correlator. There is of course the
freedom to make a non-minimal choice and add higher powers of Y to g,(Y); we will see
what this freedom means later.

We illustrate these results with a few examples. For n = 1 the minimal choice for ¢, (Y")
is g1(Y) = 1. This gives the known bulk-boundary 3-point function with a conserved
vector [14]. For n = 2 the minimal polynomial is go(Y) = 1 + 2Y. Again this agrees
with the known result for a 3-point function with the stress tensor [12]. For n = 3 the
minimal polynomial is g3(Y) = 1 + 3Y + 6Y2 and for n = 4 the minimal polynomial is
g4(Y) =1+ 4Y +10Y?2 + 20Y3. We give a bulk computation reproducing these results in
section 4, where we show that for all n the general result obeys the expected bulk equation
of motion.

It’s worth stressing that the corrected 3-point function (3.21) is singular when 273 = 0,
while the uncorrected correlator (3.8) did not have such a singularity.” To see this it’s
convenient to rewrite the corrected correlator (3.21) as

o An 28 " — 2%y
(62,200 (@) 0 (3)) = ( I R (3.25)
0) @Exlz - ZQ)A L13T23 3713(3759512 — Z?)

Since we found that g,(Y') must be entire (in fact a polynomial) the only singularities are
at 21,2, = Z2, 213 = 0 and 253 = 0.

The singularity at z;; = 0 has a physical interpretation. Since the singularity of
the bulk field with the current is at x5 = x| and is independent of xg,f, we see that
the corrected bulk field ¢(Z,z],x]) produces a right-moving charge on the boundary at
x~ = x7 . This is consistent with the interpretation that the corrected bulk field is dressed
by a generalized Wilson line that runs radially (purely in the Z direction) to the boundary.
The CFT operators (3.15) we used to construct ¢) made this behavior inevitable since
they led to polynomial g,. By allowing more general operators (i.e. not restricting to
operators satisfying (3.10)) we could have obtained more general dressings for the bulk
field [14].

3.1 Non-minimal choices for g,(Y)

Finally let’s examine the freedom to make non-minimal choices for g, (Y) by adding higher

powers of Y to the minimal polynomial. For simplicity we look at the case n = 1. Instead

of the minimal choice ¢g1(Y) = 1, suppose we extend the sum in (3.22) and take ¢;(Y) =

1+ Y. From (3.21) the change in the 3-point function due to the term linear in Y is
am X1 C1V1T 19

_ My _ _ (3.26)
x23ZA(1 —x1)2 X2 ZA(1 - XI)A+1(3313)2

"This can be seen explicitly in (3.5), where the only singularities are at x1 = 1, x2 = 1, 53 = 0.



One might suspect that this freedom is related to a field redefinition, as was discussed for
scalar interactions in [17]. Indeed if we re-define the bulk field as

oA
b=+ %A&O)V“qb(o) (3.27)

then the second term inside a 3-point function with O and j_ will reproduce (3.26).

4 Bulk computation of the 3-point function

Here we present some bulk computations that reproduce the CFT result (3.21) for the
3-point function. We do this in the context of a bulk higher-spin gauge field A dual to
a totally symmetric, traceless, conserved rank-n tensor primary current j(”) in the CFT.
In particular ™ obeys

0”5 =0 G =0. (4.1)
For a 2-D CFT this means there are only two non-zero components j, o)(*~) and j(o ) ().
In holographic gauge we set A(Zn) = 0 and the higher-spin field can be represented as a
smearing of the current [20].%

n I"n_’_d_l Z2_ t/2_ 2\ "n—2 n

A,(“)...Mn(Z,t,x) = % / dt’ddly’< ( )Z Yl > j,gl?..un(t+t’,x+iy’)
m2l(n—1)Z"

(t/)2+|y/‘2<Z2

(4.2)
The bulk field inherits the properties
"AT) L =0 ATy =0 (4.3)

from the current. In AdSs this means that in holographic gauge the only non-zero compo-
n)

nents are A(_n_?,_(Z, x~) and ASr ,,+(Z, x"). In AdS3 by evaluating the smearing integral in
polar coordinates we have

A" (Zat ey = jae@),  AVLL(Z2T27) = (@) (4.4)

The coupling of A™ to a bulk scalar (a complex scalar if n is odd) is through a conserved
current made out of the scalar field. For AdSs in holographic gauge the bulk interaction
can be put in the form (after integration by parts)

~ 2 AY 1o, (4.5)
That is, the equation of motion for the bulk scalar has the form
1 n
(V2 - A(A-2)¢ ~ - 2"A")_ato (4.6)

With this bulk description in hand we can test the CFT result (3.21) by showing that
the equation of motion for the bulk field (4.6) holds inside a 3-point function. That is, we
should have

(V301 = A = D)(6(Z.0)0(w2)jn (7)) ~ 3 22 (AL D 0(Z,0)0(w2)n ) 57)

(4.7)

8We follow the normalizations used in [20].

~10 -



Using (3.21) to evaluate the left-hand side, we show that this equation of motion is indeed
satisfied in appendix F.2.
As an alternate way of verifying (3.21), let us evaluate a tree-level Witten diagram for

(0(Z,21)0(2)j(n0)(w35)) (4.8)

We denote the bulk-bulk scalar Feynman propagator by G4, the bulk-boundary scalar prop-
agator by K4 and the bulk-boundary higher-spin propagator by K4. With X representing
a bulk point the latter is given by

1

}(A(}(,aﬂ A/zsz:fiigzjag

(4.9)
The bulk-boundary 3-point function is then given by
(6(X1)O(2)j") _(x73)) ~ /d?’X'\/ﬁ(Z')Q”G(Xh XN (0 Kp(X,22)) Ka(X',23). (4.10)

We follow [12, 14] and evaluate the integral in the approximation that the conformal di-
mension of the scalar operator is large. This gives

1 < (25— ) (22 =2~ 2])

Ty n—1
(612.0,0)0(w3)00 (1) ~ (X0 () | ety

0 (27 —3)?

This will agree with the CFT result (3.21) provided

/Om de~ e 1 ((932 x_)(ZQx_x{))yll N } <%>n9n(Y) (4.12)

~—23)2 \(25 — 2 )2(22 — 2, 23 (233)"

where )
/Rt 2

Y = — —
T3 (55;932 - Z?)

(4.13)

We know this is true for n = 1,2 from [12, 14] and we have checked explicitly that it also
holds for n = 3,4. It must hold for all n since the bulk equations of motion (4.7) are
satisfied, but we have not found a direct proof of this fact. Curiously the result (4.11)
matches the exact answer, as was already noted for n = 1,2 in [12, 14], which means the
geodesic or large-A approximation is actually exact.

5 Conclusions

In this paper we have taken steps towards understanding the classification of operators
needed to reconstruct bulk scalar fields in the presence of conserved currents in the CF'T.
The structure is directly relevant for higher-spin currents, but we expect it also plays a
role in constructing higher-point correlators involving gauge fields and gravity. We showed
that in AdSs one can build a bulk field as in (3.15), by smearing operators of the form

O Jushiny (@t a7) (5.1)

- 11 -



where J(;4 44, are primary fields with spin n + [ and twist A = 2h. The coefficients
of these operators can be determined by requiring that the bulk field has well-defined
correlators. It seems possible to bypass determining these coefficients and instead obtain
correlators directly from the CFT by making a simple polynomial ansatz for their analytic
structure. Working with the space of operators (5.1) means the resulting correlators neces-
sarily have singularities which can be interpreted as generalized Wilson line dressings that
run radially to the boundary.

This simple structure of CFT operators does not persist in higher dimensions. Working
in a derivative expansion, from [16] we know the leading (one derivative) CFT operator
one needs to correct a bulk scalar field is the non-primary scalar j,0/O. This is indeed the
derivative of a primary spin-one current j,O of twist A +d — 2. At the next level (with
three derivatives) one needs the non-primary scalar

Azév%ﬁ%%% OPV2O — 0,090, (5.2)

d :
2A 2 d’”
However this is not a descendant of a twist A + d — 2 spin-two primary. At leading order
in 1/N the only twist A 4+ d — 2 spin-two symmetric traceless primary is

) ) A ) ) 2 Ay
Jup = (Gp0u0 + §u0,0) — E(a;t]po + 053 0) — gnupjva o (5.3)

and

A 0P T, (5.4)

So additional conformal families are required to build a bulk field in higher-dimensional
AdS. We leave the classification of these operators to future work.
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A Computing 3-point correlators

In this appendix we derive the CFT correlators given in (3.5) and (3.16).

Al (390j40)

For A > n we start with

— - . N ’yn
(O, 27)0(x3, 33 )jno)(23)) = — Y 2 Ay
1 1 2 2 )J(n,0)\:t3 ($12)A7n($E)A($13)n(x23)n
A—n—19A—1qn—1
In af; 81; ax?: 1

B (23)" T'(n)T(A)L(A = n) 951_237;5951_3

Thus the expression we will eventually have to evaluate is some derivatives acting on

A—-2
j/ dﬂdy'<£32“y”2—'f2) 1 (A.2)
vy <22 z (2 — iy + 1) (2fy + iy’ + 1) (213 — i/ + )
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To evaluate this integral we change variables to ¢/ = rcos#, v’ = rsinf, a = € to get

Z 2 2\ A-2
AR d
0 Z laj=1 t(axy + 1) (27 + ra)(axy; +7)
The integration contour encloses the poles at a = —x% and o = —x%,g giving
12 13
Z 2 2\ A—-2 +
AR 2
[ra(555) (A

0 Z (r? — 2 wpp) (r? — xi23)

Using this, the correlator of interest is

(02,27, 27)0(F, 23 ) o) (€3)) (A.5)
8A n— 18A 1871 1

A 2 A—2 +
_ Tn ) 952 T3 / rdr (Z > L12
(293)" T'(n)L(A)L(A —n) Jo Z (r? — 955371_2)(7“2 - $T2331_3)

Doing the derivatives with respect to z7, and z7; we get

A—
A
T 8x2+ /Z rdr<Z2 _ ) i (xm)A : (A.6)
(233)" T(A) Jo Z (r? — ahap) A7 (r? — ahayy)"
Changing variables to s = 5 -~ and taking the derivative with respect to $f2 we get
ZA
n (A7)

(2A — 2)(9523) (22 - $129512)A "Z2% — $f2951_3)”

Defining ¥, = 5325 gives (3.5). For A < n one can make a similar computation resulting

in the same answer.

A2 <AlA’n6j(n70)>
We start with

v (e 20) O 23 Vo (7)) = )" (v, (A8)
((+5+n,5)\ 1501 2542 )J(n,0)\3 ($12)A+l(x12)A($I3)l+2n )

aA—f—l laA 18l+2n 1

= o (o)'

Lo 952 T3 1

[+ 2n)T (AL + A) apaha,

This gives the 3-point function

An — N - _

(AB(Z, 2t a7)O(F 43 im0y (3)) (A.9)
" lal+A 1al+n+A lal+2n 1 7 722 2A+2n+A—2 :L‘;rz

=" 2 i ’I“dT< ) — —
0 2) T T FATT 4 A) Z (P 2y, (P~ o)

9This is true in the boundary limit 7 — 0. By analytic continuation we take it to be true everywhere.
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We first take the derivatives with respect to x; and x5 , then change the integration variable

2 .
from r to s = - to obtain
12

A (n), —\; z2 20+2n+A—2
(=12 (w33) gtn+A-1 /rﬁ ds (22 - 1’?23) " 1
2I'(A) 2 0 Z (s — 2pp)! TR (s — wp)HH2n
(A.10)
Next we take the derivative with respect to :1:2+ and change the integration variable to

t =

which gives

Z2 )
o VTR0 420+ A = 1)(xa —xa)!(ag)" 1 AL gl
A I+A it2n dt I+A 1+2n (A.11)
DAL (L+ n)ZAT2 X, 0 ( _ L) (1 _ L)
X1 X2
where Lo .
_ T12%19 _ Tia%y3
X1 = ZQ ) X2 = Z2 (A12)
The integral over t is
1 (I4+n+A) Y2 — X1
B(n+l,l+n+A)(1—> <l—|—n+Al+A 204 2n+ A, > (A.13)
X2 "xi(xz2 — 1)
(n) _
Defining &l(n) = A F(2l+2glf(ﬁrnl)¥fg+l’l+n+& and X = %, the 3-point function can
be written as
A—n
~(n) (xIZ)nXQ XlF l Al A
: 20420+ A X A.l4
& 7B A (g~ )A T (l+n+A 1+ +2n + ) (A.14)
Using the hypergeometric identity
F(a,b,c,z) = (1—2)7"F (b, c—a,c, Zl), (A.15)
Z —_—

and defining Y = this can be written as equation (3.16).

X T
B Higher spin primaries

Here we show how to construct higher spin primary'? operators from a scalar and a con-
served current. We start with CFTs. It is easy to build operators that transform correctly
under dilatations and Lorentz transformations, the problem is with special conformal trans-

formations. A primary J, ) (with [ > 0) of conformal weights (I + 2 +n, %) trans-

+5+n,2
forms under Ly and Ly as

A 2
+ — _ — —
Blsgint) ) =2 (145 00) 0 gng) + 07 0 gmy

_ _ A 2
LlJ(l+%+n,%) (z7,27) =2 <2> $+J(l+%+n,%) +(27) 8+J(l+%+n,%)' (B.1)

10Under global conformal transformations.
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Using the transformation (where O has dimension (h, h), with h = A/2)

L0 = 2ha= O + (z7)*0_0O
T,0 = 20zt O + (¢)20,0
Lijin0) = 202 jno) + (27)*0—j(n0)
Lijno) = (@7)044(m0) (B.2)

it is simple to show that one can write (to leading order in 1/N) a spin [ 4+ n primary

operator with conformal dimensions (I + % +n, %) as

l
k l—k
J14840,8) = > dpotjiotRo
k=0
5 - (—1)F
T T+ DI —k+ Dk +2n)T(1 — k + A)

(B.3)

To see that these operators play a role in bulk reconstruction, note that they have scalar
descendants E?f"J(

48 4,8 which behave under special conformal transformations as
2 ’2
(0", a . a)) ~ (primary result) + "1, A, a
+ (54 3) + (+5+n,3)
l+n ~ : .
Ly (0 J(H%Jrn’%)) (primary result) (B.4)

where (primary result) is the appropriate transformation for a primary scalar of dimension
(I+2+nl+5+n).

This matches expectations for building corrections to a bulk scalar field interacting
with a gauge field [9]. In that paper it was shown that in holographic gauge under a
special conformal transformation with parameter b, the non-primary scalars needed to
correct the bulk scalar field transform as

9O ~ (primary scalar result) + b0 - -- 95,0 - - 00. (B.5)

In 2-d CFT with only j_ present this means the transformation of O under L; is that of
a scalar, but under L; is not.

A similar construction is available in higher dimensions. For instance given a primary
scalar of dimension A and a conserved current j,, in a d-dimensional CFT the combination

) ) A ) ) 2 C an
Jop = (Jp0u O + 5,0,0) — E(aujp(’) +0,7,0) — g(nup]aa 0) (B.6)

is a primary spin-2 symmetric traceless operator at leading order in 1/N.

C Determining operator coefficients for n = 1

The double-trace operators should not introduce any additional branch cuts and should
cancel the ill-defined pole which is present in the zeroth-order correlator. In this section we
show — in the simplest setting of n = 1 — how this requirement can be used to determine
the coefficients of the double-trace operators.
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We start with the sum (3.18) of the correlators of the double-trace operators .AlA’n
weighted by coefficients a;.

00 ~(n) n n
a|q, X1 Y !
lz{;(%)nzA(le)A (X2> <Y1> (V) FI+Al+n,2l+2n+AY) (C.1)

The hypergeometric function has a branch cut for Y > 1 whose ie prescription is ill-defined
due to its dependence on 1 — x3. So we need to make sure that after summing the tower
of double-trace operators the branch cuts cancel. To do this we look at the discontinuity
across the cut of (C.1). Using

2mil'(c)(z — 1)¢7o~?
F(a)I'(b)I'(1+c—a—0)

F(a,b,c,z)=(1—2)"F (b, c—a,c, Zl> (C.2)
-

F(a,b,c,z+ie) — F(a,b,c, z—i€e) = F(c—a,c—b,1+c—a—b,1—2)

the requirement that the sum of the discontinuities across the cut vanishes becomes the
requirement that

1y F(2l + A+ 2n)
Zal

F(l+A 1—-1l—-mn,1 = 0. .

(n=1)

As an example, we solve this for the case n = 1. We are looking for coefficients a;¢,
such that

— (m=1), iy FRI+A+2) B _
Z:alal (—1) F(Z+A)F(l+1)F(l+A+1, 1,2,2) =0. (C.4)

We start with the identity (taken from equation (277) of [17])

= FZ+A)(2Z+A+1)
F(A1,2, 1)! F(l+A+1,-1,2 C.5
and act on both sides with the differential operator
faa(-9L to-(at2)d A (C.6)
d?z dz ’
The hypergeometric functions appearing in (C.5) are all eigenfunctions of this operator
and we get
(e}
F(1+A+ DERI+A+1)
0=>) (-1) F(l+A+1,-1,2,2). C.7

1=0
Comparing to (C.4) we see that

=) TU+ATI+A+1)

“h T AT IR AT ) (C8)

for some constant c¢;. It is important to remember that these coefficients are not unique.
For instance acting again with LA will give a different set of coefficients. All of these
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choices will cancel the branch cut (at least formally) but won’t necessarily suffice to cancel
the ill-defined pole in the ¢(© correlator.

To proceed we use these coefficients to sum the contribution of the double-trace op-
erators. This will give us an expression for the correction to the correlator (3.18) for a
particular choice of f1(Y). We know it won’t have branch cuts, but we still have to check
whether it will cancel the ill-defined pole in the zeroth-order correlator (3.8). With the
coefficients (C.8) the expression for f,—1(Y) is

l—i—A Z+A—|—1
12 )

“YVF(+ A 1,204+ A+2Y .
T2+ AT 1) (=Y)F(I+Al+1,2l+A+2Y) (C.9)

fn 1
We can evaluate this using ([21], see page 428)!!

gmmkF(a+k,b+k,c+2k+1,—x) = 1. (C.10)
This gives
fo=1(Y) = al'(A) (C.11)
So if we choose ¢; = 71 /T'(A) then we recover (3.21) with g,—1(Y) = 1. For n = 1 this was
the minimal choice for g,(Y") that made the corrected bulk correlator well-defined.

D ¢® from bulk equations of motion

In the section we show how to obtain the bulk operator by solving bulk equations of motion.
We do this for a massless bulk scalar coupled to a Chern-Simons gauge field. Thus in the
CFT we have a A = 2 primary scalar O and chiral spin-one primary current j_(z~). Our
starting point is the zeroth-order 3-point function (2.7).

To cancel the ambiguous singularities in the correlator (2.7) we have to add a tower of
higher-dimension double-trace operators to our definition of the bulk scalar. The available
ingredients are the operators

Opm = " j_(x7) 0" ™ Oz 27) n,m=0,1,2,...
These operators are Lorentz scalars on the boundary, and they have scaling dimension

Apm = 2n + 2m + 4, but we have not imposed any kind of conformal primary condition.
We will write the correction to the bulk field as'?

¢(t,, Z) Z anm/Kannm (D.1)
n,m=0
o0 9 2 Z2 _ 2 (2N 2nt2m+2

=0 ()24 (y)2<2?

where we’ve written the smearing integral explicitly in the second line.
To determine the coefficients a,,, we will use the bulk equations of motion.!® For a

1This formula is true for < 1 which is fine for us and a < % which we will ignore.

211 this appendix Ky, is normalized slightly differently from Ka, Knm = (2Anm — 2)Ka,,,,. Sorry
about that.

13This approach was originally used in [15, 22].
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massless scalar of charge g ~ 1/N these read

1
——Duv=99""Dy¢ =0 D.2
Ve (b2
where Dy; = 9y + igAy."* Expanding in powers of ¢ we write the fields as ¢ = ¢(© +
W 4o Ay = AS&) + Ag\}f) + ---. At lowest order the scalar field obeys

1
= 0uv=99"" ¢ =0 (D-3)

which is already satisfied by (2.4). At lowest order the gauge field is given by
AV =0 A9=j @) aAV=0 (D.4)

That is, the light-cone components of the bulk gauge field are equal to the current on the
boundary — a property special to Chern-Simons — while the Z component is set to zero
by our gauge choice. It follows that the divergence of A©®) vanishes,

Vo AMO) — L@M\/TQAM © —p (D.5)
v—9

which simplifies the scalar equation of motion. At first order we just have to solve

. Z?
——0mv _ggMNaN¢(1) = 42617214(_0)(%-(25(0) (D.ﬁ)

/—g R
First let’s evaluate the left hand side of (D.6). We plug in our ansatz (D.1) and use
the fact that the free fields ¢$321 = [ KpmOnm are eigenfunctions of the Laplacian,

V=99 N o), = m?2,, 60 (D.7)

W

where the (mass)? is m2,, = Apm(Apm — 2). Thus we have

\FaM\/ ggMN o) = Z anml(2n+2m+2)(2n—|—2m+3)(2n+2m—|—4) (D.8)

n,m=0

Z2 . (t/)2 - (y ) 2n+2m+2
dt'dy'< 7 ) O j_(x~ +w) 0" Oz +w, 2 W)
()2 +(y')2< 22
where w =t/ + 4y, w = t' — iy’. Next we Taylor expand the operators about the point
(xz*,27) and do the smearing integral. This ends up producing an expansion of the left

hand side in powers of z. Introducing new variables for the sums N, M that correspond
to fixed numbers of derivative operators we find

VMol = Z 3" ena NN (27) oM N TMHLO (et 2T) (D)

=0 M=0
2(n+m+1)T'(2n+2m+5)
= D.10
A Zomzoam WM — ) TN 4 M g mtd) O

M QOur notation is that D is a gauge covariant but not AdS covariant derivative. That is, it has the gauge
connection but not the Christoffel connection. Below Vs will denote a derivative that is AdS covariant
but not gauge covariant.
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On the right hand side of (D.6) we perform an analogous expansion. Plugging (2.4)
and (D.4) into the right hand side of (D.6) gives
. Z2 . f— 1 ! / + — J—
4zqﬁj,(x )@Jr; dt'dy’ O(z™ +w,z~ +w) (D.11)
(tl)2+(y/)2<Z2

Again we Taylor expand the operator about the point (™, 27 ) and do the smearing integral.

This gives
4iq o~ onta 1 o NAM AMA1
— Z —_— D.12
R MZ:O MTr @)= 9y ol e (D-12)

Comparing (D.9) and (D.12), with ¢y s defined in (D.10), the bulk equations of motion
give us the following system of equations to determine @, .

dig 1

29 L for N=0

eyy =4 REMIL+1)1 (D.13)
0 for N =123, ..

After a bit of guesswork the solution to this system is

S iq (=D)™"(n+m)! (n+m+1)!
" R2 plml (n D) (m 4 1)1(2n + 2m + 2)!

(D.14)

D.1 Computing (¢(VOj_)

Now let’s calculate the correlator <¢(1)(’) j—) where the expression for #) as a sum of double-

trace operators is given in (D.1) and the coefficients ay,, are given in (D.14). Unlike the

body of the paper, where we determined correlators using analyticity, here we will obtain

the corrected correlator by directly summing the contribution of the double-trace operators.
First note that by large-N factorization

((O(21)j-(21)) O(22)j—(3)) = (O(21)O(22))(j—(21)j~(w3)) (D.15)
1

($f2)2(55f2)2(95f3)2

Using this the correlator of ¢(!) with @ and j_ is

> on + 2
<¢(1) (,5[717 Z)O(QEQ)]? (:E3)> = Z anm%ma;l;m+28;z_+la;1;1 (D16)
n,m=0
2 (N2 (2N 2nt2mA2
Z (212 + w)(21, + W) (273 + W)

(t/)2+(y/)2<22
where w =t +t' + 14y, w = t' — iy’ and we’ve pulled out some derivatives so the integrand
has simple poles. We set ¢ = rcosf, y = rsinf and let a = €% so that w = ra, W = r/a

Z
d
dt'dy = / rdr 7{ o (D.17)
0

(163
()2 +(y)2 <22 jo=1

and the integration measure becomes
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The contour integral over « leads to

, > M +2m+3 o
@D05) = Y awn g g (D.18)
n,m=0

2n+2m+2
—_— Z p 52 _ p2 n+2m+ 1
T2 rar z (r?2 — xlx,)(r? — olrs,)
0 12412 12413

Next we act with the x; and z3 derivatives, and after that we rearrange the sums by

introducing N = n + m. That is, we rearrange the sums using

00 oo N
Z S(n,m) = Z Z S(N —m,m) (D.19)

n,m=0 N=0m=0

The sum over m is a simple binomial and leads to the following expression for (¢ Oj_).

. 2N 42 _
W i (N + DIEN + 3)8N+2 /ZQT’dT <Z2_T2> ()N 3 (w5) Y
R? frart (2N + 2)! o/ Z (r2—zfa ) Nt2(r2 — afha)N+2
(D.20)
Next it’s convenient to set 72 = xfzs to obtain
iq i (N + DV2N +3) v /z%g i <22 - m1+23>2N+2 (235)Y
R? = (2N +2)! w3 o zZ (s — )N FT2(s — xpy)VH2
(D.21)
Then we act with the 23 derivatives'® and rescale s = Z?t/z], to obtain
. + o0 1 N
Yq Tyg N+2 N (2 —x1)
——= N+ 1)(2N +3 dtt 1—t D.22
R2 4 NZO( + )( + )/0 ( ) (t_Xl)N+2(t_X2)N+2 ( )
where we’ve introduced the translation-, Lorentz- and scale-invariant combinations'®
+ = + .=
Tk 0%
X1 = 71;212 X2 = 71%213 (D.23)

Summing over N and integrating over ¢ we are left with the surprisingly simple result

1q 9312 1
R Z4 (= 1)2(x2 — Dxo

Let’s combine this with our lowest-order result (2.7), which can be written in the form

(0 (@1, Z)O(22)j—(23)) =

(D.24)

)\x12 1
2 7% (x1 — D(x2 — D — x2)

5There’s no contribution from the z3 derivative acting on the upper limit of integration since the

(¢ (21, 2)O(w2)j - (x3)) = (D.25)

integrand vanishes there.

16 A little parameter counting: the correlator (¢(1>Oj,> depends on one bulk point and two boundary
points, so naively has 7 parameters. The current j_(x7) is chiral which reduces the count to 6. Translation
invariance in the CFT reduces it to the 4 combinations z1,, #1,, 213, Z, Lorentz invariance further restricts
to the 3 combinations 2],%7,, 75213, Z and finally imposing scale invariance leaves the two combinations
X1, X2. Note that we haven’t imposed invariance under special conformal transformations.
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A _ g

With the normalization 5 = — 7z we get
P
O L sMW)Oi_ ) = _ Y Ty X1
<<¢ ¢ ) i) R? Z* (xa — 1)?(a — x2)xz
iq Zx, 1

= 4.2 712 (D.26)
R2 w33 (i, — 22)°

This final result has the expected form. It agrees with (3.25) for n = 1 with ¢;(Y) = 1.
There’s a singularity at xﬁxfz = 72, where the bulk operator ¢ = ¢ + ¢() is null
separated from the boundary operator O. There are also poles when 2] = x5 and z, = 5.
These poles give d-function commutators with the current and show that charge is located
on the boundary at = = 2] and 27 = x5 .

E Building general polynomial f,(Y)

We wish to show that we can choose coefficients a; so that
Zal F(l+A,1+n,2l4+A+2n,Y) (E.1)

is equal to any polynomial we desire. A useful starting point is the identity

— ()r(B)k(k ok

s Do " T+ kBt 2k +1,-2) =1 (E.2)

This formula is true for x < 1 which is fine for us and a < % which we will ignore. Let us

label
(087) _ M
BT T+ D (E:3)

Clearly getting f,(Y) = 1 is possible simply by picking
a; = al(A n2n+A-1) for 1 > 0. (E.4)

Now suppose we are looking for coefficients a; such that

Y a(-YV)FI+Al+n2+A+2nY)=Y (E.5)
=0

If we take ag = 0 then this becomes
Zal V)TTE(+ AL+ 0,204+ A +2n,Y) = (E.6)

which can be satisfied by setting
B FELITATY g > (E.7)

Clearly this procedure can be repeated to obtain any positive power of Y we want.
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F Minimal solution for g,(Y)

Here we solve the system of equations (3.23) to find the minimal polynomial g,(Y) and we
show that the resulting correlator satisfies the bulk equations of motion (4.7).

F.1 Obtaining g,(Y)

We wish to solve

S (1 em (”) =0 (F.1)
= J
with ¢p = 1. To find a solution we use the Chu-Vandermonde identity

HIENE G

together with (2) = dgr. We see that by setting

ns=C07(, ") (F.3

m—j

the equation will be obeyed. This can be rewritten using the negated upper index binomial

(-1

i1
em_j = <”+:_j ) (F.5)

coefficient identity

to obtain

F.2 Checking bulk equations of motion

To check the equation of motion (4.7) we first compute (remember [ =0...n — 1)

_ zA X1\"™ )
V2, —AA-2 - ) vt F.6
( 1,2 ( )) <(3323) (22 — :L‘l_QJSIFQ)A (Xz) (F.6)
After some algebra this is given by
ZA+2l (:L’_f )l—n(x— )n
4(A+1-1) — 20 Y A+ 1) (A +1)

(722 — apmy)AF (wpg)ttn
ZATaT2 (33) " (ay)"

x _ . (F.7)
(2% — wpaiy) AL (apy)Hnt!

Note the two terms are related up to a coefficient by [ — [ + 1. The right-hand side of the
equation of motion (4.7) is

ZA+2n (xl_g)n

(2% — xppwp) AT (27) 2

We see that this is just the second term in (F.7) for [ = n — 1. So all other terms must

(F.8)

cancel. Since ¢,(Y) = 7:_01 c;Y'! this means that the ¢; should obey
n+1
= F.9
Q1 = 774 (F.9)

which is indeed obeyed by ¢; = ("+ll_1).
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