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Abstract

Let f(x), x € R?, be a piecewise smooth function with a jump discontinuity
across a smooth surface S. Let f,, denote the Lambda tomography (LT) recon-
struction of f from its discrete Radon data f (a, pj). The sampling rate along
each variable is ~e. First, we compute the limit fp(¥) = lim,o €fac(x¢ + €X)
for a generic xo € S. Once the limiting function f((X) is known (which we call
the discrete transition behavior, or DTB for short), the resolution of reconstruc-
tion can be easily found. Next, we show that straight segments of S lead to
non-local artifacts in f,., and that these artifacts are of the same strength as
the useful singularities of f, .. We also show that f, (x) does not converge
to its continuous analogue f, = (—A)!/2f as ¢ — 0 even if x ¢ S. Results of
numerical experiments presented in the paper confirm these conclusions. We
also consider a class of Fourier integral operators B with the same canonical
relation as the classical Radon transform adjoint, and a class of distributions
g € E'(Z), Z,:=S5"" x R, and obtain easy to use formulas for the DTB when
Bg is computed from discrete data g(oy, pj). Exact and LT reconstructions are
particular cases of this more general theory.
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1. Introduction

Analysis of the resolution of tomographic reconstruction of a function f from its discrete Radon
transform data f (oy., p ;) is a practically important problem. Usually, it is solved in the setting of
the sampling theory, which assumes that f is essentially bandlimited [3, 20, 22]. An extension
of this theory allows f to have at most semiclassical singularities [26]. Frequently, one would
like to know how accurately and with what resolution the classical singularities of f (e.g., a
jump discontinuity across a smooth surface §) are reconstructed. Let f, denote the function
reconstructed from discrete data, where € represents the data sampling rate. In [14—16] the
author initiated the analysis of reconstruction by focusing specifically on the behavior of f.
near a jump discontinuity of f. One of the main results of these papers is the computation of
the limit

Jo(®) = 1lim f(xo + %) (1.1)

for a generic point xp € S. In (1.1) it is assumed that X is confined to a bounded set. It is
important to emphasize that both the size of the neighborhood around x( and the data sampling
rate go to zero simultaneously in (1.1). Once the limiting function f(X) is known (which we
call the discrete transition behavior, or DTB for short), the resolution of reconstruction can be
easily computed. For simplicity, the dependence of fy(X) on x is omitted from notation. In [14]
we find fo(X) for the Radon transform in R? in two cases: f is static and f changes during the
scan (dynamic tomography). In [15] we find f,(X) for the classical Radon transform in R?, and
in [16]—for a wide family of generalized Radon transforms in R*. A common thread through
these calculations is that the well-behaved DTB (i.e., the limit in (1.1)) is guaranteed to exist
only if xy € S is generic. Derivation of this property is closely connected with the uniform
distribution theory [18]. Roughly, a point is generic (or, locally generic, to be more precise) if
the available data is in general position relative to the local patch of S containing xo.

In this paper we extend our results by considering more general reconstruction operators 13,
whose canonical relation coincides with that of the classical Radon transform adjoint. The first
step is to apply a differential or pseudodifferential operator along the affine variable p (which
we denote Bj,), and the second step is to backproject to the image domain. The operators B
can preserve the degree of smoothness of f (as is the case with exact reconstruction), and they
can enhance the singularities of f. A common example of the latter is Lambda (also known as
local) tomography [4, 23, 28]. We also assume that 53 acts on more general f , where f may
have singularities other than jump discontinuities.

Let ¢ be an interpolation kernel, which is applied to the data with respect to p. The discrete
version of B, which is denoted 8., consists of applying 3, to the interpolated data (the filter-
ing step), and then approximating the integral with respect to « (the backprojection step) by
summing over the available directions .

The paper is organized as follows. In section 2 we consider Lambda tomography (or, LT for
short) in R? in the case when f has a jump discontinuity across a smooth and convex surface S.
Let f, := (—A)'/2f denote the LT reconstruction from continuous data, and f,,—LT recon-
struction from discrete data. In this case, B;; = Bﬁ. At the beginning of section 2 we introduce
necessary notations, key formulas, and give the definition of a generic point. In subsection 2.2
we obtain the DTB (more precisely, the edge response since f has a jump discontinuity) of LT.
We show that if xy € S is generic, then the limit

fo®):= lim efac(xo + e¥) (1.2)



Inverse Problems 36 (2020) 124008 A Katsevich

exists. Since LT enhances singularities by 1 in the Sobolev scale, i.e., fa € H~'(R?) if
f € H(R?), we have to multiply f, by € when computing fy. Additionally, it turns out that f;
equals to the convolution of the leading singularity of f, at xo and ¢ (see lemma 2.1). By anal-
ogy, the leading singularity of a distribution across its singular support (e.g., of f, across S)
will be called continuous transition behavior, or CTB for short.

In subsection 2.3 we show that if f has a jump discontinuity along a flat piece of S, then
Jfae has a non-local artifact along a line containing the flat piece. Moreover, the strength of
the artifact is of the same order of magnitude O(1/¢) as the useful singularity (cf (1.2)), and
the artifact does not go to zero as € — 0. In subsection 2.4 we show that the effect of remote
singularities is quite dramatic. If fhas a jump singularity across a smooth and convex surface S,
then, generally, f,.(x) / fA(x) as € — O even for x ¢ S. The nature of finite sampling artifacts
in the conventional tomographic reconstruction in R? is well-known (see e.g., section 12.3 in
[2] and references therein). Here we use a completely different approach, and discretization
artifacts in LT are more severe than in the exact reconstruction.

In sections 3—5 we extend the computation of the DTB to more general reconstruction oper-
ators and distributions. In section 3 we start with a sufficiently regular conormal distribution
f € &'(R™), which is non-smooth across a smooth, convex surface S of codimension one. More
precisely, the wave front set of f is contained in the conormal bundle of S. We also intro-
duce a class of Fourier Integral Operators (FIO) B: £'(Z,) — D'(R"), where Z, = S"~! x R.
To describe the leading singular behavior at a point of a distribution we use the definition of
expansion in smoothness introduced in [13]. This notion is closely related to the asymptotics
at infinity of the principal symbol of a conormal distribution with a polyhomogeneous symbol
(see e.g. the proof of proposition 18.2.2 in [10] for a related argument). However, the expansion
in smoothness is more convenient for the purposes of this paper as it fits well with the idea of
transition behavior.

In the rest of section 3, we compute the leading singularities of f, Bf (or, CTB), and f‘
given the asymptotics of the Fourier transform of f at infinity. See lemmas 3.3, 3.5, and 3.6,
respectively. Even though these calculations are fairly straightforward, the obtained formulas
are needed in what follows and make the paper self-contained. The leading singularity of Bf
is used in a generalization of lemma 2.1 (see theorem 5.4, where the CTB is denoted ;). The
leading singularity of f is used as a starting point when deriving the DTB of the reconstruction
B, f (see (4.3)). More general calculations relating the singularities of f and f arein[1,24,25].
Our approach is simpler, and it is convenient to have all the necessary formulas in one
place.

In section 4.1 we introduce a more general class of distributions g € £'(Z,), whose singular-
ities resemble those of / obtained in section 3. The singular support of g is a subset of a smooth,
convex, codimension one surface in Z,. The generalization is along two directions. First, we
relax the requirement that g be in the range of the Radon transform. Second, we impose a fairly
weak assumption about the behavior of g near its singular support. Then we introduce a more
general interpolating kernel and the definition of a generic point. In the remainder of section 4
we compute the DTB of B.g by retaining only the leading order terms in 3 and g (see theorems
4.5 and 4.6). In the spirit of (1.1) and (1.2), the DTB is computed using the formula

Jo(@) = lim “(Beg)(xo + €X) (1.3)

for some a > 0. The value of a depends on how singular Bg is at xo. In the case of exact
reconstruction, if, for example, f = BB f hasa jump discontinuity, then a = 0 and we get (1.1).
In the case of LT, if f has a jump across S, then f (xo + h©g) ~ 1/handa = 1 (cf (1.2)). Here
Oy is a vector normal to S at x.
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In section 5 we show that if either B or g is missing the leading term, then B.g does not
exhibit transition behavior. At the end of section 5 we state our main result, which describes
the DTB of B.g for the classes of operators 53 and distributions g introduced in sections 3 and
4.1, respectively.

As mentioned above, the DTB of f,_ across a smooth and strictly convex segment of S
equals to the convolution of the interpolation kernel ¢ with the CTB of f, across S. The same
pattern holds more generally: the DTB of B.g is the convolution of the interpolation kernel and
the CTB of Bg. Our formulas can be used for easy calculation of the resolution for a variety
of tomographic type reconstructions from discrete data. In turn, this can be used for optimiz-
ing both the data collection protocol and the reconstruction algorithm. For example, if one is
interested in locating a faint jump in a reconstructed image, one can design an edge-enhancing
reconstruction algorithm (e.g., of LT type) and interpolation kernel, so that the jump stands
out most clearly. The choice of the reconstruction operator B (and its discrete counterpart 3,)
affects the CTB (respectively, DTB), and that affects the detectability of the jump. Besides LT,
another example of edge enhancing reconstruction to which our theory applies is computing
the derivatives of f directly from the data [7, 19].

In section 6 we show that if the data are the discrete values of g convolved with some detector
aperture function, then the DTB remains qualitatively the same. It is obtained by convolving the
CTB of Bg with ¢ and with the aperture function. This is consistent with [26], where a similar
phenomenon was observed for semiclassical singularities. Nevertheless, smoothing the data
over intervals of length ~ e does not allow one to relax the requirement that x, be generic. If xg
is not generic, the behavior of reconstruction may differ significantly from the predicted one,
and this is confirmed by numerical experiments. Thus, the requirement that x¢ be generic is
a phenomenon associated with classical singularities, as it does not arise in the semiclassical
case. Results of numerical experiments are in section 7. They are in agreement with all the
conclusions regarding the behavior of LT obtained in section 2. In particular, we show that the
behavior of f,, is much more sensitive to whether x is generic or not than in the case of exact
reconstruction (see [15]). For the convenience of the reader, most of the proofs are moved from
the main text to the appendices.

Besides linear algorithms, there exist a variety of other approaches to reconstruction from
discrete tomographic data [12]. Many of them, for example, iterative algorithms, do not fall
under the theory developed in this paper. Some iterative algorithms, e.g. those that use total
variation (or any other edge-preserving prior) as a regularizer, enhance edges. As a result, they
may provide resolution higher than that predicted by the linear theory. Nevertheless, our results
are valuable because of several reasons. (a) The linear theory provides a baseline of practically
achievable resolution that a nonlinear algorithm can be compared with. (b) Our linear theory
describes the resolution as a function of the location of the singularity and its orientation. There
is no general theory for nonlinear algorithms, and one has to conduct extensive numerical
experiments to study their resolution. For example, to obtain resolution measurements in R>,
one generally has to sample the five-dimensional space R? x $? of point-direction pairs. Here
52 denotes the unit sphere in R?. Given that iterative algorithms are computationally intensive,
such a comprehensive analysis can be prohibitive. (c) The resolution of nonlinear methods
is contrast dependent (e.g., lower contrast features are reconstructed with lower resolution),
which makes their resolution analysis even more computationally demanding.

Note also that there exist many imaging modalities, and some of them may have their
own ways to quantify resolution. One example is Fourier shell correlation (FSC), which is
commonly used in microscopy (see, e.g. [8, 29]). To compute the FSC, two independently
determined three-dimensional volumes that represent the same object are required. Resolution
analysis of such unrelated methods is beyond the scope of this paper.

4
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Finally, our analysis is practically important because filtered back-projection (FBP) algo-
rithms, which are linear, are still widely used in cases where the amount of data is high (as
is the case in micro CT) or when a simple and easy to use reconstruction algorithm is pre-
ferred. For example, see a recent book [21], where applications of micro CT in areas such
as bone morphometry and densitometry, osteoporosis research, cardiovascular engineering
and bio-inspired design, materials science and aerospace engineering, and many others are
described. As is stated on p 29 of [21], ‘the FBP method is the most common method used in
the reconstruction’. Another important application of (linear) FBP algorithms is where high
throughput is essential (e.g., in wood mills [6] and airport security scanning [17, 27]).

2. Analysis of Lambda tomography reconstruction

2.1. Preliminary material

In this section we consider functions, which can be represented as a finite sum

£ = xp,fix). @.1)

J

where xp; is the characteristic function of the domain D; C [R?. For each j:
(f1) Djis bounded,
(f2) The boundary of D is piecewise C™,
(f3) fjis C™ in a domain containing the closure of D).
By construction, singsupp(f) C S :=U;0D;.
The Lambda (or, local) tomography (LT) reconstruction is given by [4, 23, 28]

/2

1 .
Ja(x)=(Af)x) = "), f(a,a - x)da, 2.2

where f = Rf. As is well known [23], Af = F~'(|¢|f(€)), where f is the Fourier transform
of f. In this paper, the Fourier transform and its inverse are defined as follows:

- ‘ - 1 - ‘
f©=FNE = / f@Edx, )= (F )= anr / f(©edg, (23)
where n is the dimension of the space.
Suppose f(«, p) is known at the points
ax = Aalqa + k), pj = jAp, Ap=e, Aa = ke, 2.4)

for some fixed x > 0 and g, € R. All our results are asymptotic as € — O.
Let ¢ be a function, which satisfies the following assumptions:

(IK1) ¢ is exact up to the degree 2, i.e.
S Met—j=1" 0<m<2 teR; (2.5)
JEZ

(IK2) ¢ is compactly supported;

(IK3) One has oY € L*(R), 0 < j < 3;and

(IK4) ¢ is normalized, i.e. [p(y)dy = 1.
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The interpolated in p version of f becomes

Flowp) = Flon ey (?) : 2.6)
J

Pick a point xo € S such that the curvature of S at xy is not zero. Let ©y =
(cos By, sin 0y) be the normal, which points from x, towards the center of curvature of S at
xo. We will call the side of S where O points ‘positive’, and the opposite side— ‘negative’.

Definition 2.1. The point xy € S is generic if the quantity (@é - Xo)K 18 irrational.

Let x(«) be a smooth cut-off supported in a small neighborhood of 6y, 6y € supp(x) C
(—m/2,7/2), such that x(6p) = 1. If 6y € {£m/2}, we can shift the interval of integration in
(2.2) so that 6 is in its interior. By linearity and in view of the partition of unity-type arguments,
without loss of generality we insert the cut-off in (2.2) and define the reconstruction from
discrete data using (2.2), (2.4), and (2.6):

1 " X — €]\
Frex)= — W;Z]:%’ (aki”) 0w px(e)Aa. Q.7)

2.2. Edge response

Pick a generic xg € S. By linearity, we may suppose that (i) f(x) = 0 outside a small neigh-
borhood of xg, and (ii) f(x) = 0 on the negative side of S. In this case, near singsupp(f) we
have [1, 24, 25]

F(@.p) = 2f+(@/2R@)(p — H@){* + 0 ((p— H@)Y?). 28)

where the big-O term can be differentiated with respect to p. The function H : supp(x) — R
is defined by the condition that {x € R?: x - a = H(a)}, o € supp(Y), is a family of lines
tangent to S near xo, f, (o) is the limiting value of f from the positive side at the point of
tangency, and R(«) is the radius of curvature of S at the point of tangency. Substitute (2.4) and
(2.8) into (2.7):

1 cx—e€i\
fAE(X) = — ﬁZZ‘p” (M) f(ak’ pj)X(ak)KE
ko

1 Sx =
=52 > ¢ (@) [p(ae) — Hew)?
ko j

_ f+(@)V2R@)
™

+0 ((ej = Hewy?) | xtaowe,  pla):= 2.9)

In what follows, the quantities p(6y), f1(0o), and R(6y) are denoted by p, f;, and R, respectively.
Set

Xe:=xp+€ex, h=0y-% pla)=a-x)— H), (2.10)
where X is confined to a bounded set. We have

H(a) = a - xo — (R/2)(ac — 0p)* + O((a — 6p)?). (2.11)

6
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With a slight abuse of notation, here and in a few other places below we use « (and o) both as
a vector and as a scalar. We believe that the meaning of the variable is clear from the context
in each particular case.

In view of (2.9), define

wie.p)=Y @'t — pii—p). (2.12)
J

The following statements are immediate:
Y(t,p) =0 ift — p < cforsomec <0,
U(t.p) = Ot = p) ), 1= p— oo, (2.13)
Y, p) =Pt —m,p—m), mec L.

The leading order term in f, ., which is obtained by dropping the big-O term in (2.9), is given
by

_ o xo H(ag)

gD xo) :=61—F}2§kjp<ak>w (ak-x+ — )x(ao

- ézp(ak)w (ak F Oéke'.x()’ QX P(?k)) (ke 2, 2.14)
k

€

Pick a sufficiently large A > 0, and introduce two sets:

Q= {a € supp(x) : |a — o] < Ae'/?}, Q= {a € supp(x) : |a — Bp| > Ae'/?}.

(2.15)
The sum in (2.14) splits into two:
gPx)=> (=D O+ > ) =:5""x)+g"x). (2.16)
k OzkEQa OszQ},
We have
ap-x=h+ 0,
Qg - Xo _ Oy - xo n Oy - xo(ke(ga + k) — o) O - xo(ay — 60)* + 0@
€ € € 2e
O - — 6p)?
— A +ak— W +O0E?), o € U ai=(OF - xo)k. (2.17)
€
From (2.12) and the property (IK3) of ¢ it follows that
Pt + € p) = (t, p) = O(e), P(t, p+€) — (1, p) = O(e'/?) (2.18)

when ¢ — pis bounded. By (2.11) and the third line in (2.13), this gives

Oy - xo(ax — bp)*

g = Y (p+ O (h +Ac + ak — 5 + 0,
(lkEQa €
. _ 2
A +ak— BF O );)Xak 6 0(61/2)> el
€
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_ B0 - xo(ax — bo)” (R+ O - xo)ax — 0\ 1
_pzw<h+rk— e , e — e K€

€€y
+ O™, rno={A, +ak}, (2.19)
where we have used that the sums in (2.19) are bounded as ¢ — 0. Here and in what fol-
lows, @é = (—sin 6, cos bp), and {¢}, r € R, denotes the fractional part of a number. Set
&y = (ag — 0p)/€'/?. Clearly, Gy — du = re'/?.If xo is generic, i.e. a is irrational, then r; are

uniformly distributed mod 1 (see [14, 15, 18]). Taking the limit as ¢ — 0 and arguing similarly
to [14-16] gives:

lim eg('(xc)

1 A2 R
p/ /w<h+r—(®0 Xo)a’r_(R+®o xO)a)drdd
lal<aJo 2

2

AVE . .
e R R e (e 1) L S CE
T Jo 0 R R

Next, consider g!?). Since p/(6p) = 0, p/"(6p) > 0, and supp(x) is sufficiently small, there
exists ¢; > 0 such that p(a) > ¢j(a — 0y)*> when o € . Hence, it follows from (2.13) that

{(Oé — 6p)*
)| ——F

€

<

/

‘¢<a'x+a~xo - X _p(a))‘

-3/2
} , aef)y, 221)
€ € €

for some ¢, > 0. Here we use that X is confined to a bounded set. Therefore g!!¥ admits the
bound

o(1/e) 27 -3/2
{(Gk)] = 0(1/A%), (2.22)

|Eg£1b)(x6)| _ 0(61/2) Z

k=A/el/?

and the last big-O is uniform in e.
Finally, we estimate the contribution to f,, that comes from the big-O term in (2.9). As is
easily seen,

pf X —€j . 32 o), a € Q,
SN o(ej-H = 223
zj:(p ( ¢ ) () {0(62)|a —0|"",  aeq, 229

For example, the top case follows because the number of nonzero terms in the sum is finite, and
a - x, — H(o) = O(e) when o € €. Hence the big-O term on the left and the sum are O(e%/?).
See (E.1) and (E.2) in appendix E for more general estimates of this kind.

Substituting (2.23) into (2.9) shows that this remaining contribution is

o 1/2) o
D] 0@+ > ok | = oandl/e)). (2.24)
k=1 k:0(671/2)

Combining (2.20), (2.22), and (2.24) and using that A > 0 can be arbitrarily large gives

00 1 . .
lim efac(x.) = —ﬁ/ / ¥ <h+ ro 02, (1 4+ So x°> t2> dr dr. (2.25)
e—0 0 0 R R

™

8
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By (2.12) and (2.25), the unit edge response equals

4 0 1 . .
<I>(h)::——/ /¢<h+r—mt2,r—<l+m>tz>drdt
m™Jo 0 R R
_ 4 / / ¢ (h+ @ — n'dr dr. (2.26)
T™Jo Jr

The integral in (2.26) can be significantly simplified. Skipping the prefactor and integrating by
parts once gives

- 1 [~ B
/ / " (h+ @ —ndrdi = / / & (h+ @ — ), dr de
0 R 2 0 R

1 Y A 5 12
_ L. / N
= Ahm/_ o (h+ r)/rl/2 (t r) dr dr

1 At 1
— _ lim O (h+r) <log((A2 — "2+ A)— Zlog |r> dr
2A~>oo — 00 2
1 dr
= - / o(h+r)—. (2.27)
4 R r

When evaluating the limit as A — oo in (2.27) we used that ¢ is compactly supported. Com-
bining (2.25)—(2.27) and using that a smooth part of f leads to a bounded contribution to f,,
proves the following result.

Lemma 2.1. Let f be given by (2.1) and satisfy conditions (fI)—(f3). Suppose xo € S is
generic, and the line {x € R*: (x — xo) - ©g = 0} is not tangent to S anywhere except at x.
If supp(x) is contained in a small neighborhood of 0o, x(00) = 1, and f,, is given by (2.7),
one has

h _
lim efacx) = (F+ () — £ (x0) / Ph=Dg, (228)
€ R iva

where f(xo) are the limiting values of f at xo from the positive and negative sides of S,
respectively.

Note that (2.28) is consistent with theorem 5.4.1 in [23], i.e. the edge response is just a
smoothed version of the ideal response (or, CTB) given in (5.4.4) of [23]. In [23], smoothing is
due to a smoothing kernel, and here smoothing is due to finite data sampling. This is consistent
with the general situation, see theorems 4.5 and 4.6 below. In these theorems, p is the ideal
transition behavior of the reconstruction from continuous data, or CTB (cf lemma 3.5).

2.3. Line artifact

In this subsection we consider the effect of a straight line edge in f on f, .. We show that a line
edge may create a global artifact along the line containing the edge. The goal here is not to
investigate the most general situation, but to understand the artifact qualitatively. Hence we
consider a simple f, which vanishes outside some domain D with convex boundary, and equals
1 close to a flat side of D. Assume 6y = 0 (i.e., ©9 = (1,0)) and

xo = (H, by), Py = (H,by), P, = (H,by), b1 <by adl|bi,bl, (2.29)

see figure 1.
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y D |
b, EPz
D =1 af /=0
by Py
b xo\ ®
7

Figure 1. Illustration of f with jump discontinuity along a line segment.

Similarly to (2.15), split supp(y) into two sets:
Q,:={a € supp(x) : |a] < Ae}, Qp:={a € supp(x) : |a| > A€}, (2.30)

for some sufficiently large A > 0. We can select A > 0 so large that no line {x € R?: (x —
(x0 + €X)) - @ = 0}, a € €y, intersects the line segment [Py, P,] forall e > 0 sufficiently small.
Recall that x is confined to a bounded set. From (2.4), the number of oy € €, is uniformly
bounded as € — 0.

Let g and g denote the contributions to f,, coming from «a; € Q, and oy € €,
respectively. To compute g, introduce the function

by — by, p < min(ty, )
max(ty, 1) — .
G(pitis1) = { (by — bl)‘t‘ii"’, min(ry, 1) < p < max(ty, 1) (2.31)
2 — 41
0, p = max(ty, ).

This function models the leading singular behavior of f (o, p) near (o, p) = (0, H):
flap)=d(pia- Proac- Py + 0(e), € p—H=0(e). (2.32)
As is easily checked,
d(piti, 1) = ¢(rp; iy, rr), 1> 0,
dp—rih—rh—r) =¢pn.n), rek, (2.33)
d(p+ O(e);t1 + O(e), 1 + O(€)) = Pp(ps 11, 12) + O(e)  if [ty =1 > 6

for some 6 > 0. Thus,

1 X —€j .
gl == 5> ¢ <W> (d(ejs - Pr, - Py) + O(e)) re
j

2me?

OékGQa €
K ,,( Qg+ X0 ; Lo Proag Py
LI o h+—+0(e)—])¢<1,—,—>
27r6”k69a 7 € € €
+ O(1). (2.34)

10
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Suppose, for simplicity, that none of the angles oy = ke(q, + k) equals zero, i.e. g, ¢ Z
(cf (2.4)). In this case, (i - (P> — P1))/€, is bounded away from zero, and the last equation
in (2.33) applies. Using the second and third lines in (2.33) we find from (2.34):

egl(x) = —% SN @ (= Do — ri (b — bo)i(qa + k),

€y J

H
(by — bo)H(QQ + k) + O(e), ry:= {6 + boK(Qa + k)} . (2.35)

The remaining term is

2me?
(lkGQb

Pey=-3 = > (%) (e ppAa. (2.36)
J
By construction, f(oz, p) is smooth and bounded with all derivatives in a O(¢)-size neighbor-
hood of any (ay, p;) such that oy € € and (o - xc — p;) /€ € supp(yp). Hence it is easy to see
that g?) () approaches a finite limit as ¢ — 0 independently of . This limit depends on where
Xo is located relative to the segment [P, P,]. For example, if by < b, as shown in figure 1,
then f(a, a-xg) =0ifa € Qp, a <0, and we have

) 1 /2 N
lim g(x) = — 5~ /0 . @ xo)x(@da. (2.37)

Thus, g?(x.) = O(1). Since fr. = g9 + g?, (2.35) shows that straight edges of f create non-
local artifacts in f,, that are of the same order of magnitude as useful singularities (see (2.25)),
i.e. of order O(1)/e. The O(1) term has a fairly weak (and irregular) e-dependence (via ry).

2.4. Effect of remote singularities

Let ©¢ be the direction such that the line (x — xg) - ©9 = 0 is tangent to S at some zy # xo
and 0y € (—m/2,7/2). Suppose that the curvature of S at zj is not zero. The main formula is
(2.14), where still p(fy) = 0, but p'(8y) # 0, i.e. p(«) is no longer quadratic near o = . As
before, we suppose that supp() is sufficiently small and x(6p) = 1. Additionally, p’(«) # 0 on
supp(). Represent fa, = g + g@, where g’ and g correspond to the leading and big-O
terms in (2.8), respectively. Thus,

g - xo H(ay)

§P(x) = El%zkjpmkw (ak R ) (). (2.38)

From the properties a - zg — H(a) = O((o — 0p)?) and Oy - (xo — z0) = O it follows that there
exists ¢ > Osuch that |a - xg — H(«)| > c|ae — 0|, &« € supp(x). Together with the second line
in (2.13) this implies that the sum in (2.38) is uniformly bounded as ¢ — 0. From (IK1)—(IK3),
it follows similarly to (2.13) and (2.18) that

lel/lt =2t = pl > e

(2.39)
Jel'72, t—pl <o

[U(t, p+€) — U, p)| < ¢ {
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for some c¢;» > 0. Representing H(«) in the form
H(ow) = ai - 20 + O((ci — 00)*) = e - x0 + e - (20 — Xo) + O — 6p))
= g - X0 + Of - (20 — x0)(cu — 0o) + O((axx — p)?), (2.40)

and combining this with (2.39) implies that replacing H(cy) with the linear part on the right
in (2.40), and noticing that @é - (zo — x0) # 0, changes the value of the sum in (2.38) by
O(e'/?). Indeed, the error term is an expression of the kind O(I)Z,?SI/ 9 (ek?) /K512 = O(e'/).
In this calculation we assume that supp(y) is sufficiently small and |H(a) — « - xo| < 0.5|0p -
(z0 — x0)|le = o], o € supp(x).

The second line in (2.13) implies that replacing p(ay) and y(ax) with p = p(©y) and
x(©0) = 1, respectively, changes the value of the sum by O(¢'/?). Hence,

. . J_ . —_— —_—
2 0(x) = rp> (90 g QX0 Gk Xo Op - (20 — xo)( 90))
€
x

€ €
+ 0('/?). (2.41)

Similarly to (2.23), it is easy to show that

1 g Q- Xc—€] . 3/2 c
- it 0( —H ) < 2.42
2 ;@ ( . ) (ej — H(a))Y A2 4 Ja-x, — H@)|' (2.42)
for some ¢ > 0. This gives g?(x.) = O(1), ¢ — 0. Combining the results produces
Face) = 2250 (14 e+ 05 - o — 20 [wqa + 0 — 2| ) + o)
AelXe) = 2 : Tis Tk o (Zo — Xo) | KlGa p )
(2.43)

o - X0
Fe. = .
€

As was mentioned, the sum in (2.43) is uniformly bounded, and there is no reason why it
should identically equal zero. Thus, even convex pieces of S = singsupp(f) may create non-
local artifacts when reconstructing from discrete data, and their strength grows like /2 as
€ — 0. These artifacts are expected to be of irregular, ripple-like shape due to the irregular
behavior of the terms r; and 6y /€. This also implies that f,, does not generally converge to f,
pointwise as € — 0 if fhas jump discontinuities.

3. Computation of leading singularities in the continuous data case

Here we derive convenient formulas that are used for resolution analysis in all dimensions
n > 2 and for a variety of singularities and reconstruction operators. The latter can be
preserving the degree of smoothness or singularity-enhancing.

Suppose f € E'(R") is a compactly supported distribution, and (xo, &) € WF(f). For
convenience of the reader we remind the definition of the wave front set (see [9], section 8.1).

Definition 3.1. Let f € D'(R") be a distribution. The wave front set of f is the comple-
ment of all pairs (xg, ) € R” x (R"\0) such that there exists ¢ € Cg°(R") with ¢(x¢) # 0 and
an open cone Z 3 &, so that |F(¢f)(€)] < en(1 + |€])™V for some ¢y > 0 and all £ € = and
N > 1.

12
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Let Q C $" ! be a small neighborhood of O := &, /|¢,|. We assume that f is given by

fx) =

(zi)n / D(E)HOENdE, b e CXR), H(E) € CX[R™0), (3.1)
R}’l

is sufficiently regular, and its Radon transform exists in the usual sense of functions. Here H
is real valued and homogeneous of degree one, H'(£,) = xo, and

D(Aa) ~ w(@)» A T0Ha), A= 4003
=0

So=(m+1)/2, so<s1<..., s§;—00, j—00;

(3.2)
U, € C(QU(=Q), j=0;

N de:tlvfl(oz)\1/267%r senfl' (@)

w(a) : (27‘-)(n—1)/2 ’

a € QU(=N).

The expansion in (3.2) can be differentiated with respect to «v and A any number of times, and
all the resulting expansions are uniform with respect to o € §"~'. More specifically, for any
JeN,[=0,1,2,..., and any multiindex v, there exists ay, € C;°(©2 U (—£2)) so that

J-1
K0! | D0@) — w(@)> A D) || Sam(@A Y, A>1, aes (3.3)

J=0

In (3.2) and everywhere below, J24 /(a), a € 8!, denotes the Hessian matrix of H()
restricted to the plane tangent to S" ! at o, £ - o = 1, and evaluated at £ = «.. For example,
ifa=1(0,...,0,1), then

OPH(E, ... &1, 1)

H'(a))j = ’
(H () jx D08, €= =, =0

1<jk<n—1. (34

In particular, H '(a) isa (n— 1) x (n— 1) square matrix. Also, sgn H ,(a) is the number of
positive eigenvalues of H /(a) minus the number of negative eigenvalues of H /(a). As is seen,
H(&) is the homogeneous of degree one extension of H(a) used in section 2 from §" ! to R
H() = |£|H(E/)E]). An additional assumption is

H '(a) is negative definite on (2. 3.5)

Clearly, H /(—oz) S /(a), so H /(a) is positive definite on —¢). Therefore, sgn J24 /(ia) =
Fn—1),a € Q, and

w(—a)=e " Diy@), ac. (3.6)
Remark 3.1. Associated with H, there is a smooth surface of codimension one
S={xeR": x=H(x), «ac} (3.7)

Recall that H'(v) is the derivative H'(§) evaluated at § = o € 5" 1 (as opposed to the derivative
on the unit sphere). By proposition 25.1.3 in [11], fis a conormal distribution. In particular, its
wave front set is contained in the conormal bundle of S: WF(f) C {(x,&) € R" x (R"\0):
x = H'(§), £&/|&| € Q}. See also section 18.2 and definition 18.2.6 in [10] for a formal
definition and in-depth discussion of conormal distributions.

13



Inverse Problems 36 (2020) 124008 A Katsevich

We want to reconstruct some image of f from its Radon transform f (v, p) in aneighborhood
of x( using an operator B of the form

(Bf)(x):= / / B(a, o x — p)f (a, p)dp dav, B(av, p) = % / B(a, Ve ™PdA\.  (3.8)
si=1JR

We assume that B € C(S" ! x R) and
B(—0a, =) =B, M) Bla, ) ~ Y NBj(a), A— +oc;
j20 (3.9)
Bo>B1>...; Bj——00, j—00; Bja)€ C*(ES"), j=0,
where the expansion can be differentiated with respect to o and A term by term any number of

times, and it remains uniform with respect to o € §"~'. Thus, B : £'(Z,) — D'(R") is an FIO
with the same canonical relation as the adjoint Radon transform. Using that B is even implies

Blaw ) ~ Y (\VBja) + NUBj(—a)). A . (3.10)
=0
The standing assumptions are

1 -3
n—; >0, flezﬁo—so—n

>0. (3.11)

K1 =80 — =
2

An additional condition is
Oo(—a)Bo(—a) = —0p()By(a), a € QU (=), ifry = 0. (3.12)

See the text following (3.25) for the meaning of this condition.

To simplify notations, in what follows we write 8 and s for 5, and sy, respectively. The goal
is to determine what the distribution B looks like in a neighborhood of xy. The first step is to
determine what f looks like near x,. We are not interested in a complete description of f, but
only in its leading order singularity near xo, which is denoted fj.

Definition 3.2 ([13]). Given a distribution f € D'(R") and a point xo € R", suppose there
exists a distribution fo € D'(R") so that for some m > 0 and some a € R the following
equality holds

}i_%l " f, Pu(00)we) = (fo, Pu(O)w1),  we(x) =€ "w((x — xp)/e), (3.13)

for any any w € C;°(R"), any homogeneous polynomial P, (x) of degree m, and any m > my.
Then we say that fj is the leading order singularity of f at x;, and the corresponding notation
is f(xp + €x) ~ € fo(X), where X is confined to a bounded set.

Let [-] denote the ceiling function: [¢t]:=n+1 if 7 € (n,n+ 1) for some n € Z, and
[t] :=n+ 1if r = n for some n € Z. The following lemma is proven in appendix A.

Lemma 3.2. Foranym > my:= [k], one has
1
lim € " (f, Pu(O)we) = 5= /Pm(—iAGO)@(—AGO)ﬁ(A)dA, (3.14)
e—0 2

where W = Fw, and the distribution [i € S'(R) is given by
A = 2m) " Do ALY 4o AT = y(£0y). (3.15)

14
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See [5] regarding the distributions A9 . Let w := Rw be the Radon transform of w. From
(3.14) and (3.15),

lim "1 (f, Pu(@we) = (fo(p) Pu(©0)9w(Oo, p)), folp) = F ),
- (3.16)

fx 4 ex) ~ € fo(x - Og) = foleX - Op).

From (3.14), (3.15), and equations 21, 24 and 18 in [5], p 360 (see also appendix G), we
compute fj:

Lemma 3.3. Iffis given by (3.1)—(3.5) and (3.11) holds, then the leading singularity of f
at xo is given by (3.16), where

-1 : v_ : vy
= . Wqivy + —)+ pqiv- + )|,
R T2 T e N T L TR S TR R TS
q1 = exp(ir1(7/2)), k1 #0,1,2,...,
and
folp) = =t sgn(p), = 0,1,2,.., v = (=11, (3.18)

202my 1M g

Remark 3.4. Ifx; =0,1,2,...,and the second condition in (3.18) does not hold, then fy(p)
can be computed using equations (18), (27), and (28) in [5], pp 360, 361. In this case, fo(p)
may involve logarithms for some values of v .

If f is real-valued, then ¥y(—a) = vo(«), and (3.17) simplifies slightly

—1 ] i1 T
folp) = Qm)=1 sin(rk)C(k + 1) [AiRe(qiey) + P2 Re@i)] (3.19)

K1 750,1,2,....

As is seen from (3.14)—(3.16), fp is defined nonuniquely. Indeed, ji()\) can be modified by

adding Q,,y—1(9))6(N), where Q,,,—1 is any polynomial of degree not exceeding my — 1, and

(3.14) will still hold. Hence, fy(x) is defined up to polynomials of degree not exceeding | |.
In a similar fashion, to investigate B consider the leading asymptotics of

(Bf s Pu(D)w,)

1 [ . .
B / / Pu(—ida)w(—era)B(a, N o \a)e @~ )\ do (3.20)
T 0 sn—1

as e — 0.1In (3.20) we used that B is even. We give only an outline of the derivation. A rigorous
argument follows the lines of the proof of lemma 3.2. After changing variables n = e\, we
compute similarly to (A.1) and (A.2):

/ P, (—ia)i(—na)B(a, n/€)i((n] )ar)e ™ OH@=ax0) g
Snfl

_ <f) S Pu(—iyi(—na)B(a,n/e

U ae{+0}

o((n/e)e)

L O@ET), e—0. 321)
w(a)

15
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Combining (3.2), (3.9), (3.20), (3.21), and using A as the Fourier variable gives

lim €2 (BF, P(@w) = — 3 Bo(@)ig(e) / " Pu—ida)i(— AN dA
e—0 0

i
ac{£06¢}
= (1(p), Pu(©0)0i(O0, p)),  m+ Ky >0, (3.22)
where
p(y = F~! (uMiﬁ + u_Xif‘) . i = 2Bo(£00)To(£6)). (3.23)

This leads to the following result

Lemma 3.5. Iffand B are as in (3.1)—(3.12), then the leading singularity ofo at xq is

given by
(Bf)(xo + €X) ~ ¢ " (k- ©p) = pulex - Oy), (3.24)
where
r ; , o .
u(ty = U o — 0y 4 Pt low} S p=ewp (i) ). >0,
m 92 2 (3.25)
w(t) = p4(—i) sgn(s), k2 = 0.
Note that (3.12) and (3.23) yield u_ = —p if K = 0. Condition (3.12) is not strictly neces-

sary. We impose it for simplicity to avoid dealing with logarithmic terms in the leading singular
behavior of Bf [1, 5,24, 25].

The distribution p obtained in lemma 3.5 is the CTB of B f , 1.e. of the reconstruction from
continuous data.

The singular behavior of f (e, p) near p = H(a), a € QU (=) is obtained analogously.
Consider

. N 1
(f, Ojwe) = /f(a,p)azlwg(p — H(a))dp = 2 /(—i)x)mzb(—e)\)ﬁ()\a)d)\, (3.26)

where w € C°(R). Following the lines of the proof of lemma 3.2 (but without using the
stationary phase lemma) leads to

- 1
lim " H(F, w) = — / (=N (= NANN, m > s — 1,
e—0 27

w(@)vo(@)A* 4+ w(—a)vo(—a)A ", s#£2,3,..., (3.27)
) = € w(@)g(a)A ™, §=2,3,...,

and 9g(—a) = e 150 ().

The condition on the last line in the equation for /i is analogous to the one in (3.18). When the
second case in fi occurs, (3.6) implies w(—a)vg(—a) = (—1)°w(a)vo(a). The following result
is now immediate.

16
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Lemma 3.6. Iffis as in (3.1)—(3.5), then the leading singularity off(oz, p) at p = H(w),
a € QU (—), is given by

fla,H(@) +ep) ~ € fola, p) = Fola, ep),

fola, p) = as (P + a_(a)p~,

! ~ is—1)5% ~ is—)T
ase) = 5o (@@n(@e eV 4o VE) g g
s#2,3,...,
Folanp) = 2OV ot onp), 5= 2.3 . and o(—a) = e ().
20 (s — 1))

The condition on vo(£«) in (3.27) and (3.28) guarantees that f o = F~'[i does not contain
logarithms when s is an integer. Clearly, a4 (o) = a_(—a), so f o(a, p) is even. The above for-
mulas are precisely what one gets by (1) retaining only the leading term in (3.2), (2) computing
the Radon transform of the resulting function (say, f;) by using the Fourier slice theorem, and
(3) using the results on the asymptotics of the Fourier transform at the origin (see [30], section
VLS).

Example. Consider 2D LT for a function with jump discontinuity, i.e. k| = 0. For the purpose
of normalization, multiply f by a constant so that v, = i(27)"~!. In this case fi(p) = sgn(p)/2
has a unit jump. Thus, we have

n—3 |
2 ’ (3.29)
vy =2m, v.=-—vy, Bo(©y)=1/@n),  q=1/i, ps=rvy/dn).

n=2, p=2, k=0, s=3/2, kKo=0—5—

Substitution into (3.25) gives that /1(p) = 1/(7p), which coincides with the leading term in the
formula (5.4.4) in [23].

4. Computing the DTB

4.1. Main assumptions

In this section we use the results of section 3 to compute the DTB of 5.g, where B is the same
asin (3.8)-(3.12), B, is the discrete version of B, and g € £'(Z,) is a distribution with similar
singularities as f (cf (3.28)). More precisely, we assume the following.
Assumptions about H:
(a) H(a) € C*(Q U (—9)), H is real-valued and odd: H(o) = —H(—a);
(b) HAa) = AH(a), A > 0, a € QU (—);
() H'(§p) = xo,
(d) H ,(a) is negative definite on €2;
Recall that H defines the surface S, see (3.7).
Assumptions about g:

(a) g is smooth away from the surface p = H(«):

geC*({(aap €Z,: a e QUD), p#H)Y}); 4.1

17
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(b) g is compactly supported:
gla,p)=0 if|p| >coraé¢ QU (—Q); 4.2)
(c) giseven: g(a, p) = g(—a, —p);
(d) g can be written in the form
g(a, H(a) + p) = ag(e)p™ ' + O(p" ™), p— 40,0 € QU (-, 3
ap € Cy*(QU (=), 50 < 51,

whichis uniformin «, and can be differentiated Lz + 1 times (see (4.7) below) with respect
to p.
To be precise, the assumption that (4.3) and its derivatives are uniform means that for any
[=0,1,2,...,Lg + 1, there exists A; € C;°(£2U (—£2)) so that

10!, (g(c, H(r) + p) — aola)p® ") | < Aa)p" ™, p— 40, a € QU (-Q). (4.4)

Remark 4.1. The Radon transform of f defined in (3.1)—(3.5) is a conormal distribution.
The class of distributions described above is more general. For example, we do not require the
differentiability of (4.3) with respect to « (see the discussion in section 18.2 leading up to the
definition 18.2.6 in [10]).

Since g is even, similarly to (3.10), we have

gla, H(a) + p) = ap(@)p? " + ag(—a)p® ' + 0 (|pI"™"), p—0, a € QU-.

4.5)
An additional assumption is
B _ —i%so _ i%so e—i(ﬁo—so)w’ = Q,
o) (aolode 0 + ool —e)en) _ fe it =0 (46
Bo(a) (ao(@)e' 7 + ag(—a)e 12%) elPo—som, a € -9,

Here and in similar fractions below, we assume tacitly that either the denominator is not zero
or both the denominator and numerator are zero. The meaning of (4.6) is discussed following
equation (4.18) below. It is easy to see that if (4.6) holds for a € 2, then it automatically holds
for a € —2 as well.

Define
s e N,
Ly= {5 0 Po 4.7
[Bol,  Bo¢ N
Assumptions about the kernel :
(IK1") ¢ is exact up to the degree Lg, i.e.
Y —jy=1" 0<m< Ly t€R; (4.8)
jez
(IK2') ¢ is compactly supported;
(IK3') One has
0<j<p+1, if By € N,
P e 12y, 0SS " 4.9)
0<j< Bl if 5o ¢ N;

and

18
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(IK4') ¢ is normalized, i.e. (ndr = 1.
¥ RrRY

The discrete data are given by
glapp), pi=ej, jeL, ke (4.10)
Assume that there exist smooth diffeomorphisms 7'+ («) : U — £ such that
a; = Tu(e(k + up) foranya; € £, (4.11)

where U C R"! is some domain, and u, € [0, 1)"~!. The point . may depend on €. Without
loss of generality, we may suppose 0 € U and 71.(0) = +0,.

The operator of reconstruction from discrete data (i.e., the discrete version of (3.8)) is
defined similarly to (2.7):

€

Bgx):=>_> / Blag, ag - x — p)p (”‘”’) dp glag pplAcy]. (4.12)
ko

Here Aoy is the elementary domain on gt per each ay, and \Aa,;\ is its volume. From (4.11),
|Aag| = ! \det(Ti_L(e(lg—k u )| (1 4+ O(e)).

Definition 4.1. Let T+ (u) : U — £ be the functions that specify the available directions
(cf (4.11)), and 60y = T+(0) be the unit vectors normal to S at xy. A point xy € S is locally
generic if each of the vectors O(T4 (1) - x)/0ul,_, has at least one irrational component.

There is also the notion of a globally generic point, see [16]. Here we do not investigate
global aspects of reconstruction from discrete data, so the word ‘local’ is omitted, and x is
called generic.

For simplicity, in what follows we ignore the data corresponding to a; € —¢2 (and drop the
subscript ‘+’ from 71) using that B and g are even, and the analysis is the same in both cases
ap € +0.

4.2. Preliminary construction

In view of (3.8)—(3.10), (4.5), and (4.10) define the functions:

Biap=F '(BOVGN), b =b N, +b N3 Ay =a 7' +a 7l

4.13
Wt p)= D Biap)t — DAG— p). V()= / (Bia)(t — NAM)r. 19
J

Thus, b, correspond to Bj(:lza) in (3.10) for some j > 0, and a. correspond to ap(£a) in (4.5).

If By4 is a local operator (i.e., Big = cd)), then 3 € 0UNand b_ = (—1)°b.. If By4 is not
local, but 8 € 0 UN, then all this means is that b_ # (—1)5b+. Any such 5, can be written
as a linear combination of the operators 85 and 7—[35 , where H is the Hilbert transform. In the
latter case, b_ = (— 1)3+‘b+. Therefore, if 5 € 0 U N, in what follows we will consider only
the two cases: Big = ¢} and Biq = ¢H0).

Recall that 3(= f3)) and s(= s¢) satisfy (3.11). In particular, s > 3/2 and 5 > 1. As is easy
to see, (Brap)(t) = O(|t|~*D), t — co. By assumption, 8 — s+ 1 > (n — 1)/2 > 0, and the
series in (4.13) converges absolutely. The function W(z — p) is the continuous analogue of
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(¢, p), and the integral with respect to r in (4.13) is absolutely convergentbecause 5§ — s + 1 >
0. Also, easy computations show that

1
/ Yt +r,r+p)dr =V —p); U, p) =Yt —m,p—m), m € Z; (4.14)
0
and

W =F " (500 (DAL + DN,

‘ _ (4.15)
D =T(s)bs (a+ei‘(”/ D5 4 q_eFim/ 2”) .
If a. are such that A(p) coincides with f o(a, p) in (3.28) for some «, then
P = By(:ayw(+a)to(£a). (4.16)

4.3. Computation of the leading term of the DTB

In this section we consider only the leading terms of 3 and g. More precisely, we assume that
(cf (3.9)):

B(a, \) =) ’By(a), A\ >0, By(a) € CZ(S"1),
. : (4.17)
B(—a,—\) = B(a,)), NeR, aecs,

and replace g(«, p) with its leading term (cf section 4.1):
go(a, H(a) + p)i=ao(a)p’" + ap(—a)p”™",  ag € CF(QUU(—Q),  (4.18)

where H() is the same as in section 4.1. The fact that B(c, \) is not smooth at A = 0 is irrel-
evant. We use the notation g, instead of g, because g, does not satisfy one of the requirements
in section 4.1: g, is not compactly supported.

Comparing (3.9), (4.17), and (4.18) with (4.13), we see that BB,, represents the highest order
term of BB, which acts with respect to the affine variable for any fixed a. Likewise, A is the
leading singular term of g for any fixed a.

Now we can discuss the meaning of condition (4.6). By (4.15), the ratio in (4.6) equals to
the ratio ¢'"'(@)/c'(@). Condition (4.6) holds, in particular, if go = f and, therefore, c{’(c)
are the same as in (4.16). Indeed, suppose that o € ). By (3.6) and (3.12),

033(0‘) _ BoC)0(=0) g _ _gmin-3 _ gi-om (4.19)
Pla) — Bo(@io(a)
The case when a € —(2 can be considered similarly. Thus, we can view (4.6) as a generaliza-
tion of (3.12) to the case when g,(a, p) is the leading singular term of a function that is not
necessarily in the range of the Radon transform.

Similarly to (2.10), set

Xe =X + €X, h:=X- 0. (4.20)
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We assume throughout that X is confined to a bounded set. Using (4.12) (with g = g,) and
(4.13), we obtain similarly to (2.14):

“4.21)

ap-xo H(op)\ |Aoy]
€ €

gN(0) = €2 (Bgo)(x) = Y _tha, (a,; X+ , TR
K

If go = fo, then v, used in (4.21) is defined using (4.13), where by = Bo(+a), and a,. are
givenin (3.28). Since B(«, p) and gy(c, p) are even, the sum in (4.21) can be confined to oy €
), and a prefactor 2 appears. Strictly speaking, the set of all directions « is not necessarily
symmetric. However, our main results are asymptotic as € — 0, and we obtain the same limits
in both cases: when o, € Q and oy, € —2.

Analogously to (2.15), introduce

Qu={a e Q: |at| < A2, O ={a e Q: |at| > A2}, (4.22)

where o' is the projection of o onto the plane O . Define also the functions g!'9(x), g'” ()
by restricting the summation in (4.21) to o € €2, and o € €2, respectively.
Similarly to (2.18), we have the following result, which is proven in appendix B.

Lemma 4.2. Pick any bounded set V. C R. One has

O(e), Biais local,
Vot +€,p) — Palt, p) = < O 1, Bigisnotlocal, (¢ N, 13
O(e In(1/e)), Biaisnotlocal, B3 € N, (4.23)
Yalt,p+6) — Ya(t,p) = OE™™ID), acQ, t—peV,
where all the big-O terms are uniform in o, t, and p confined to the indicated sets.
Using that H'(§) = xo, it is easy to show that
aZ(H(a) — - Xp) 74
= o), 4.24
(@al) L (©0) (4.24)

where the directions a € € are parametrized by a*. Expanding the function o - xo: $"~! — R
in the Taylor series around o = O (i.e. o~ = 0) and using that H(c) — « - X is quadratic in
at, we find using (4.23) and (4.24) (cf (2.19)):

1 1
gl @) =2 v, (h +rt EP(ag) + O, 1+ gP(ag)

QEEQG

H'(©p)at - at |Aay|
7 Boog ap 12 12 7
+ > +0E ) ) (1 o)
=1
1 1, H'(©)at ol
=2 Z e, (h +rp+ ZP(O‘E ).+ EP(O‘/?) + —
QEGQ“
|Aay] Q- x0 .
6(,,,1)16/2 +o(l), rg= . +d-u ) +d-k (4.25)
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Here P is some homogenous polynomial of degree 2, @ = (T'(0))'xo, and u, is defined in
(4.11). The factor 1+ O(e'/?) on the third line in (4.25) appears, because we replace ¥y,
with 1e,. This means that we set &« = O in (4.17) and (4.18) when computing b, a4 in
the definition of v (cf (4.13)). A more accurate estimate than o(1) can be obtained in (4.25)
using (4.23) and that the sum is uniformly bounded as € — 0 (recall that A > 0 in the defini-
tions of €2, is fixed when we consider the limit as ¢ — 0). However, a more precise estimate is
not necessary for our purposes. The assumption that xp is generic implies that the sequence r;;
is uniformly distributed mod 1. This is easy to see by extending the arguments in theorem 2.9
and example 2.9 of [18] from double sequences to (n — 1)-dimensional sequences. Arguing
similarly to [14—16] gives

I:I//(@o)u 7

1
lim g09() = 2 / / Voo [ h+ 1+ P, r+ Py +
e—0 lul<AJO 2

) dr du, (4.26)

where the integral with respect to u is over a disk in the hyperplane Oy-.

4.4. Estimation of g{"?)(x)
Define

|t\s’2’ﬁ, if Bygislocal or B,isnotlocaland 5 — s € 7Z,
Ry (1) = (4.27)

lt| 1=+ if Bygisnotlocaland 8 — s ¢ Z.

We need the following two lemmas, which are proven in appendices C and D, respectively.

Lemma 4.3. IfBy,islocal, ie. B €N, then

U(t) = by (i0)  A() + ORy (1), t— oc. (4.28)
If B is not local, then

V() =F! (c;”Ai*s + c&‘u‘i*) + O(Ry (1), t— oo. (4.29)
Moreover,

r— —oo if C(_l) _ C(J'l_)ei([ffs)ﬂ" B—s ¢ 7.,
V() = O(Ry(t)) as §t— +oo if D = cg)e_i(ﬁ_“')”, B—s¢Z, (4.30)
t—+o0 if D=1, B-se

Lemma 4.4. One has

W(t,p) — V(I —p) = ORA(—p), t—p— o0, (4.31)
where
RA(H) = W,_z_ﬂ " 1, Biais local or By is notlocaland 8 ¢ N, 432)
log |1, Bigisnotlocal, 3 € N.
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Similarly to (2.21) and (2.22), using lemmas 4.3 and 4.4 and the fact that |« - xo — H(a)| >
ci|at?, a € Q, for some ¢; > 0, we get

) H 129 —(B=s+1)
%(oz-fwr%,g)’éq{a?'] , o€y,
1 —(B=s+1) (4.33)
(b 1l (e[k|)> Y
Pm<oET) > — =0 (A7),
o@/eMLIk|<oa /e

where the very last big-O term is independent of €. As before, the reason why we can select a
single ¢; > 0 forall a € €, in the first line of (4.33) follows from the fact that By(c) € C*(Q)
and ap(a) € C°(9) (cf (4.17) and (4.18)). Also, we used here that X is confined to a bounded
set. Therefore,

lim lim sup|g!'”(%)| = 0 (4.34)
A=00 c0

provided that s, > 0. The boundary case x> = 0 is considered separately (see section 4.6
below). Since we never proved that lim,_,y g!”(X) exists, we instead used ‘ lim sup * in (4.34).

4.5. DTB in the case ko> > 0
Combining (4.26), (4.34), and (4.21) and using that A can be arbitrarily large, we get

1 24 )
lim €"2(B.go)(x.) = 2/ / Yo, (h +rr+ m) dr du
e—0 RrRe—1.J0 2

2(n+1)/2 n—2
= S ‘/ /weo (h+r.r—2)dr " dr. (4.35)
‘detH”(@ )’

We used here that H'(Qy) is negative definite and that P(u) drops out from both arguments due
to (4.14). In view of (4.13), (4.14), and (4.35) (compare with (2.26)), we introduce

1 "
Ji=s / U(h+ 077 dr. (4.36)
Essentially, J is a convolution of three distributions. The fact that the integral with respect to

t is absolutely convergent follows from the assumption s, > 0 and lemma 4.3. Hence, (4.13)
and (4.15) yield

r 1)/2
7 ((n )/ )/ SOV + DAY I E (L — j0) e M d
1 I'((n—1)/2 . o .
- _7((” )/2) / GNP 4 PN he M d), (4.37)
2T 2
T l 20,

By assumption, s, > 0, so the above multiplication of distributions is well-defined and leads
to a function cf))\ff_l + @ 27! e Ll (R). Combining the prefactors in (4.35) and (4.37)
and applying the inverse Fourier transform (see also appendix G) gives the distribution z such
that the right-hand side of (4.35) equals o * p (cf (4.41) and (4.42) below).
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Let us simplify (4.37) in the case go = f o- From (4.16),
@ =77 By(£O00)w(EO)T0(Op). (4.38)
Consequently,

TS = B0l — 1)/2) 2@ EG.  (439)

Multiply (4.39) with the prefactor on the right in (4.35) to obtain

0o(£O0)

202me-D2 2Bo(£00)00(+60), (4.40)

Bo(£0p)2" V28" 2T ((n — 1)/2)

which leads to the same distribution as in (3.23) and (3.24).
Thus, we have proven the following result.

Theorem 4.5. Suppose B is given by (3.8), where

(@) Ba, \) = MBy(a), A > 0, a € S,
(b) B(aw, \) is even, and
(¢) Bo(a) € C®(S" 1.
Suppose also that go(cv, H(a) + p) = ag(@)py ' + ag(=a)p™!, where s > (n+1)/2, and
(@) ap € CF(QU (),
(b) H(E) € C¥(R"\{0}) is real-valued, homogeneous of degree 1, and
(c) I:I//(a) is negative definite on §2, © € .

Ifkp=0—s— % > 0, and x is generic, then

lim €2 (Bgo)(x) = (p#70)(h), (441
where
2m)e=b/2 T . .
(o = —27 ) (Pemi—i0) + Pe(r+i0) ), (4.42)

’detff(@o)’l/z i

and cf) are defined in (4.37). If go(cv, p) = fo(oz, p), which is defined in (3.28), then (i is given
by (3.23) and (3.25).

Example. Return now to the 2D LT example at the end of section 3. Substituting p(p) =
1/(wp) into (4.41), which was computed following (3.29), we recover the formula (2.28) with

fi=1

oh—r)
mr

lim e(Bgf)(xF) = lim efp(xc) = / dr. (4.43)
e—0 —0 R
4.6. DTB in the case ko =0

From (4.6), (4.15), and lemmas 4.3, 4.4 it follows that 1z, p) = O((t — p)* ' ") ast — p —
~+o00 for some ¢, 0 < ¢ < 1. This s the correct limit to consider (i.e.,nott — p — —o0), because
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H'(©y) is negative definite. Computing similarly to (4.33) gives

) H 12 s—1-p—c
qpa(a.ﬂu,ﬂ)‘éc{a_] Cacq,
€ € €

PCN Rt ilchnd (4.44)
1g!"(x)| < 0(6%1) Z l@} —0 (A—Zc) .

o@/eMLIk<oa /e

Hence limy o limsup, ,,|g!'"”(x)| = 0, and we obtain the same integrals as in (4.35) and
(4.36).

Applying (4.6), (4.15), and lemma 4.3 one more time we conclude that WU(¢) decays suffi-
ciently fast as t — 400, and the integral in (4.36) is absolutely convergent. Hence the above
derivation holds in the case xk, = 0 as well. The only modification is that now the analogue of
(4.37) becomes

I T((n—1)/2) n=3

J=3 fc(j)(—i) / SN —i0) e M dy, P i=eTT 2, (4.45)
IS

When deriving (4.45), we used that c(j) = ¢, which follows from (4.6) and (4.15). Now, u(p)
can be found by applying the inverse Fourier transform.

To prove the assertion in more detail, suppose first that 5 — s ¢ Z. By (4.6) and (4.15) (cf
(4.19)),

k(1)

(1
(h) :Czi / GO — i0)7% e M gy = LS+ / (=N GOVIN — 10)"! =M d)
T 27
iB-97 o1
=ﬁ (h— ="M (p)dp, (4.46)

where k = [ — 5], v = { — s}. Replacing h with &+ ¢, substituting (4.46) into (4.36),
changing the order of the p and ¢ integrations (the double integral is absolutely convergent,
because the domain of integration is a bounded set), and integrating with respect to 7, we get
(4.45) written as a convolution. This argument is similar to the one in (2.27).

If 3—s € 0UN, then (4.6), (4.15), and (4.29), imply that ¥ = ¢x”"~9 for some ¢. Upon
integrating by parts, we again get (4.45) written as a convolution.

If g(cv, p) = fola, 1), we find

w(p) = 2us F (A —i0)") = 2B(O0)t(Op)ip” . (4.47)

This proves the following result.

Theorem 4.6. Suppose B and g, are the same as in theorem 4.5, and x is generic. Suppose
ky = 0 and condition (4.6) is satisfied. One has

lim(B.go)(x.) = (pp)(h), (4.48)

where
2027)mn=1/2
Jut) = Ll/zcﬁ)zﬁ : (4.49)
=1
’det i (@o)‘
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and c(j) is given in (4.45). In particular, if go(a, p) = fo(a, p), which is defined in (3.28), then
(v is given by (4.47).

The difference between (3.25) and (4.47) is that the result in (3.25) is non-unique (i.e.,
defined up to a constant if k, = 0), and the result in (4.47) is unique. There is no contradiction
between the two formulas, because they do match up to a constant.

Example. In the case of 3D exact reconstruction for a function with one-sided jump
discontinuity, we have

n—3 B
2 | (4.50)

n=3, pB=2, k=0, s=2, Ky=0—s5—
vy =i2m)°,  Bo(©p) = 1/(877).

Substituting (4.50) into (4.47), (4.48), we recover the formula (2.15) of [15]:

my&buaz—/mwmm. 4.51)
e h

5. Lower order terms

In the previous section we computed the DTB of B.g by retaining the leading order terms
(corresponding to 3, in B, and to so—in g, cf (3.9) and (4.3), respectively). The goal of this
section is to prove that lower order terms do not contribute to the DTB. Let B; denote the
operator, which is obtained by retaining only the jth term of the expansion in (3.9). Select
a smooth function y that satisfies y(p) =0, |p| < ¢, and x(p) = 1, |p| = 2c¢, for some ¢ > 0
sufficiently large. Then

Bg=Bogo+ | > Big+Bog—(1—x8)| — Boxgo)+ [ B— > Bj|g (5.1)
J>1.8;0 21,820

In the previous section we computed the DTB corresponding to the first term on the right in
(5.1). Here we prove that all the other terms do not contribute to the DTB. The first result of
this section is that the terms in brackets do not contribute to the DTB.

Lemma 5.1. Let xg € S be generic. Suppose B and g are the same as in (3.8)—(3.12) and
(4.1)—(4.4), respectively, ki,ky = 0, and all the assumptions in section 4.1 hold. Suppose,
additionally, that

(a) Either B has a homogeneous symbol given by the jth term in the expansion (3.9), where
j= land B j >0,

(b) Or B =By (i.e. j =0), and the leading term in (4.3) identically equals zero (i.e., ap(c)
=0).

Then

li%l €?2(B.g)(x) =0, Ky >0,
7 (5.2)
lgg [(Bg)(xd) — (Beg)(xo)] =0, Ky = 0.

Proof of lemma 5.1. Let 8 =/ ; denote the order of the term that makes up 3, and s’
denote the order of the first term in (4.3) that is not identically zero (i.e., s’ = s or s1). By
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assumption 8’ — 5’ < 3, — so. By (4.1)—(4.4),
g, H(@) + p)| < colp” ™", (a,p) € QX R;
gla,p) =0, a ¢ QU(=Q) or [p=c (5.3)
0Lg(a, H(@) + p)| < allpl ™™, 0<I<Ly+1, p#£0, a €,

for some ¢; > 0. The above inequalities hold even if s’ is an integer. By lemma 4.3, rescaling
the affine variable 1 — 1 /¢ gives

|Biape(e, 1) < |B‘(Oé)|ﬂ a €, pdt):=p(t/e) (5.4)
1dF e\ X,y X J 1+|t/6‘5l+1’ s Pe . . .
Set
Ge(@) =Y (Bup)(a - x. —epglosep),  d=s—1-4. (5.5)

In what follows, X in the definition of x. is fixed and is omitted from notations. First we estimate
G(a), a € Q. By (5.4) and (5.3) with [ = 0

' H((l)|s’71
Ga) =0 > w
<0 /0 /
+( E)S 1
—oeh 3 +’|’/|g,+1 . p=pla)=a-x,—H@).  (56)
ljl<o/e

The condition o € €, implies that |p(a)| /€ is bounded, so
G(e) = 0(1) + O(e”), € Q,. (5.7

To estimate the sum Zak ca, Glar)|Aag], integrate over the (n — 1)-dimensional ball of radius
O(€'/?) to obtain the factor O(e"~1/2), Therefore

S Glap|Aag = 0" V) + o+ 92, (5.8)
QEGQG

For convenience, define

pﬂ, ¥ <0,
Y(p):= < In(1/p), v=0 p>0. (5.9)
1, ¥ >0,

An estimate of G(«), o € €, is contained in the following lemma, which is proven in
appendix E.

Lemma5.2. Suppose all the assumptions of lemma 5.1 are satisfied. Let G be defined as in
(5.5). If By, is local, then

G(a) = O(p(@)"), € Q. (5.10)
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If By, is non-local, then

G(a) = O(¥(p(a))), « € Q. (5.11)

As p(a), a € €, is bounded, the essence of estimates (5.10) and (5.11) is to control the
behavior of G(«) for « close to @y, i.e. when p(«v) is small.

Since (1) H '(@o) is negative definite, (2) {2, can be as small as we like (but of finite size),
and (3) |x. — xo| = O(e), there exists ¢ > 0 such that p(a) > c|at|?, a € . Recall that o is
the orthogonal projection of o onto @é. In particular, we can assume that p(«r) > 0 in lemma
5.2, and not use absolute value bars inside the big-O terms in (5.10) and (5.11).

Suppose first that 1 < 0. To estimate the contribution of directions oy € €, to (B.g)(xc),
replace the sum over oy, € €2, by the integral over €2, replace p(a) by cr?, where r is the radial
variable in the plane @é, and use (5.10), (5.11) to get

om /4 n— /
D Glop|Aag] = / 02 dr = O(1) + (¢ =), (5.12)
QEEQb 0(61/2)
Combining (5.8) and (5.12) gives
/o n=3_pf
Bxd =Y Glap|Aag| = 0(1) + 0T ). (5.13)
("EGQaUQb
Therefore,
€2(B.g)(xe) = O(€™?) + O(ePo—50-F =D 0 €0, (5.14)

if ko, > 0. The other two cases, ) = 0 and ¥ > 0, can be considered similarly, and the result is
that €"2(B.g)(x.) — 0 if ky > 0 holds there as well.
The proof of lemma 5.1 in the case x, = 0 is more involved and is given in appendix F. [J
The final result of this section is that the last two terms on the right in (5.1) do not contribute
to the DTB.

Lemma 5.3. Suppose all the assumptions of lemma 5.1 are satisfied, and g is as in (4.18).
The last two terms on the right in (5.1) do not contribute to the DTB, i.e. the result of computing
these terms from discrete data satisfies relations analogous to (5.2).

Proof. By the argument following (4.13), the series

Gi(a) =Y (B a - xc = p)x(p))gole, pj) (5.15)

J

converges absolutely and uniformly in « € ). Moreover,

lim Gi(a) = [ Ba.a-x0 ~ ppigota. pidp (5.16)

because B(a, a - xc — p)x(p) is smooth, and ¢ is exact to the degree Lg. This implies that
lim,,0(B(xgo0))(x,) exists, is independent of X, and bounded, i.e. xg, does not contribute to
the DTB.

The final term to consider is B.g, where g may have a non-zero leading term in (4.3), but
B is such that (1) all the terms in the expansion (3.9) with 3; > 0 are identically zero, and (2)
we do not assume that E(a, A) is a homogeneous function of A. In this case, the operator B, is
smoothing of finite degree. With g being continuous (recall that sy > 1 in (4.3), cf (3.11)), the
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function B;,g is continuous. By an easy calculation we get that lim.,,(B.g)(x.) = (Bg)(xo),
so B.g does not contribute to the DTB as well. O
Combining theorems 4.5, 4.6 and lemmas 5.1, 5.3 proves our main result.

Theorem 5.4. Let xg € S be generic. Suppose B and g are the same as in (3.8)—(3.12) and
(4.1)—-(4.4), (4.6), respectively, ki, ky = 0, and all the assumptions in section 4.1 hold. One
has

lim 2(B.g)(x) = (px () if K2 >0, (5.17)
where p is given by (4.42). Also, for some c,
lim [(B.g)(x) — el = (o (k) if 52 =0, (5.18)

where (1 is given by (4.49). The quantity c. depends on €, but is independent of X.

If there exists a function f € L'(R") such that its Radon transform f (o, p) satisfies
(4.1)—(4.4), (4.6) and the leading terms of the expansions of f and g coincide, then (i is given
by (3.23) and (3.25) if ko > 0, and by (4.47)—if ko = 0.

To put it simply, theorem 5.4 asserts that the DTB of a reconstruction equals to a suitably
rescaled convolution of the interpolation kernel ¢ and the corresponding CTB .

6. Accounting for finite detector pixel size

In the idealized model of a tomographic experiment the conventional assumption is that data
represents discrete values of the Radon transform f (ax, pj), where p; is the center of the jth
detector pixel. A more accurate model is that the data are the values of f(a, p) averaged over
the area of each pixel:

X 1 o\ .
fulag, pj)) = /EV (p,e p) f(ag, p)dp. (6.1)

Here v is a sufficiently smooth compactly supported function, which models the detector
response. This function is normalized, i.e. [ v(p)dp = 1. Similarly, in a more general case we
can assume that the data are g, = v * g, where the convolution s in p. Fortunately, all the main
results and conclusions obtained in the previous sections still apply. More precisely, theorem
5.4 (and lemma 2.1 as a particular case of theorem 5.4) still holds after a simple modification.
The only difference is that ¢ is replaced by ¢ * v in (4.41) and (4.48).

Indeed, a simple calculation shows that the analogues of ¥ and W in (4.13) become

Dt p) = / Qg — pda, T —p)= / W(i — g — pig. 62)

Lemmas 4.3 and 4.4 apply to ¥, and ¢),, without changes. Indeed, in the proof of lemma 4.3
the properties of ¢ that we used were that ¢ is sufficiently smooth, compactly supported, and
»(0) = 1. Clearly, ¢ * v has all of these properties. To prove the statement about v, we follow
the proof of lemma 4.4, but replace A with A x v. Hence the derivation (4.21)—(4.36) works
with 1) replaced by 1,,. The analogue of (4.36) becomes

1 -
=3 / U, (h+ iV dr. (6.3)
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Thus, the only modification to (4.37) is to insert the factor 7(\) = Fuv in the integrand, and the
desired assertion is obvious. Similar modifications are done in the case x, = 0.

Since smoothing the data increases smoothness of the reconstruction, it is clear that theorem
5.4 holds when f is smoothed as well.

In a more specific case of 2D LT, the conclusions in sections 2.3 and 2.4 hold also. In (2.34)
and (2.35), we replace

(b(t’ K ) — ¢l/(t’ y ) = / V(t - P)QS(P’ N )dP (64)

In (2.43), we replace 1 with 1), (cf (6.2)). Qualitatively, everything remains the same. The line
artifact from a straight edge in singsupp(f) is of strength O(1/¢), and the oscillations in f,,
away from singsupp(f) are of magnitude O(e'/?) even with data smoothing. To change the
conclusions qualitatively, the smoothing should be on a scale ¢ such that 6 /e — oo, € — 0.

7. Numerical experiments

In all the experiments below that use a 2D reconstruction grid, the latter is of size 1001 x 1001
and covers the square [—L, L] x [—L, L] with L = 5. The Radon data are given at the points

ar = Aak +V2), Aa= 27 /ng;
(7.1)
Pj = —Pmax T JAp, Ap=e= 2pmax/n0a Pmax = 1~1L\/§~

The shift v/2 in the formula for y is introduced to avoid any special angles. The coefficient
1.1 when computing p,,. is introduced to ensure that the data cover a region slightly larger
than the selected reconstruction area.

As the kernel ¢ that satisfies conditions (IK1)—(IK4) in section 2 we used the function (cf
[15]):

(1) = 0.5(B3(1) + B3(t — 2)) + 4B3(t — 1) — 2(Ba(t) + Ba(t — 1)). (71.2)

Here B,, denotes the cardinal B-spline of degree n supported on [0, 7 + 1].

The first group of experiments uses a disk phantom with center x, = (2, 1.5), radius R = 1,
and uniform density 1. The reconstructed f,, are shown in figures 2—4. They correspond to
ny = 1000, 2500, and 5000, respectively. Left panels show reconstructions from the discrete
values of the Radon transform (as described in section 2), while right panels show reconstruc-
tions from the Radon transform averaged over detector pixels, cf (6.1). For each pixel the
window function v is constant inside the interval of length Ap, its support is centered at Dj»
and it is normalized so that [ v(p)dp = 1. As expected, no qualitative difference is visible
between the left and right panels corresponding to the same value of ny.

To verify that the predicted edge response (cf lemma 2.1) is accurate, we compute ef (xc)
(i.e., with a factor of €) on a fine grid along two radial lines through the boundary of the disk.
The intersection points with the boundary are xy = x. + ROy, ©¢ = (cosay, sinagy), where
oy = 0.737 for the first line, and g = /27 for the second line. The reconstruction grid cov-
ers the region x, = xo + he©y, |h| < 4. The predicted and actual edge responses are shown in
figures 5 and 6. The value of & is shown on the x-axis of each of the plots. We also compute
the value of the parameter a .= (@é - xo)k for each oy (cf (2.17)). In (2.17) we assume that ©
is an interior normal, while in this section © is an exterior normal, so the values of a here and
in (2.17) have opposite signs. Note that according to (7.1), K = Aa,/Ap is independent of ny.

In figure 5 the match between the predicted and actual edge responses is bad, while in
figure 6 it is quite accurate. Recall that the edge response is derived under the assumption that
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Figure 2. Reconstructed f, ., nop = 1000. Left panel: without data smoothing, right
panel: with data smoothing.

Figure 3. Reconstructed f,,., np = 2500. Left panel: without data smoothing, right
panel: with data smoothing.

Figure 4. Reconstructed fy ., ngp = 5000. Left panel: without data smoothing, right
panel: with data smoothing. The rectangle on the left panel is used for computing the
standard deviation in a region of the image.

Xo 18 generic, i.e. a is irrational. We have a = —1.006592 in figure 5, and a = 0.617327 in
figure 6. In the first case, a can be accurately approximated by a rational number of the form
J/m, where j € Z, m € N, and m is small. In the second case, to accurately approximate a by
a rational number requires a larger denominator m. Consequently, xy is almost non-generic
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Figure 5. Reconstructed and predicted edge response, ag = 0.737. a = —1.006 592.
Top to bottom: ny = 1000, 2500, 5000. Left panels: without smoothing, right panels:

with smoothing.

in the first case, and generic—in the second case. This experiment demonstrates that local
tomography is sensitive to whether a is close to a rational number with a small denominator.
This is in contrast with exact reconstruction (see [15]), which is much less sensitive to how
non-generic a point xo € singsupp(f) is.

To demonstrate non-local artifacts (cf (2.35)), we simulate a square with center x, = (2, 1.5),
side length 1, and uniform density 1. To avoid irrelevant complications related to f(a, p) being
discontinuous, we only show the results with f averaged over detector pixels, see figure 7.
The nonlocal artifacts are clearly visible. They extend far from the square itself, and exhibit a

complicated pattern.

Finally, we verify that away from singsupp(f), the reconstructed f,, does not converge
pointwise as € — 0, nyp — oo (cf (2.43)). We select an identical rectangle (a total of 84036
pixels) in all six images and compute the standard deviation of f,. within each rectangle.
The obtained values are as follows: without smoothing—1.2751, 2.0912, 3.0335, and with
smoothing—0.8639, 1.4079, 2.0881. The values are given in the order ny = 1000, 2500,
and 5000. The rectangle is shown in figure 4, left panel. The observed values of standard
deviation are in qualitative agreement with the ~e 12 (or, Nn(l,/ 2) dependence in (2.43).
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Figure 6. Reconstructed and predicted edge response, g = v/27. a = 0.617 327. Top
to bottom: ng = 1000, 2500, 5000. Left panels: without smoothing, right panels: with
smoothing.

Figure 7. Reconstructed f, . Left to right: nyp = 1000, 2500, 5000. The phantom is a
square, all reconstructions are with smoothing.

The ratios 2.0912/1.2751 = 1.6400, 3.0335/1.2751 = 2.3790 in the no smoothing case, and
1.4079/0.8639 = 1.6297,2.0881,/0.8639 = 2.4171 in the data smoothing case are fairly close
to the expected values 2.5'/% ~ 1.5811, 5'/% ~ 2.2361.
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Appendix A

Proof of lemma 3.2. By (3.13) and (3.1), we compute the asymptotics of the integral

m—ry; 0O
R, Po(@)w) = © / NNV
@) Jo
l o0 n—
:(27r)n/ S "Dy, €0, (A
0

T = / Py (—ia)ib(—na)((n/e)a)e HHO =0 dq,
sn—1

where w = Fuw.

Due to v; € C°(Q2U (—£2)), j = 0 (cf (3.2)), integration on the last line in (A.1) can
be restricted to 2 U (—£2). By construction, on this set the exponent in (A.1) has two sta-
tionary points: o = +0©,. At these points H'(+0,) = xo, and the Hessians j24 /(i(ao) are
nondegenerate. Clearly, j24 /(—@o) =-H /(@o).

When working with the integral that defines J.(n) it is convenient to parametrize o € 2
in terms of . The expansion in (3.2) is uniform and can be differentiated with respect to «
(cf (3.3)), therefore the stationary phase method (see equation (7.7.13) in [9]) and (4.24) imply
for each n > 0:

T = (/m'T Y Pu—ia)i(—na)i(m/aa)fwi@) + 0T, =0, (A2
IS E=CIY

where w(«) is defined in (3.2), and
—1 K
Tl < Wap(e/m™ 2, Wai=ed_ (14m)* y max [9;d(=7a)l, (A3)
k=0 |v|=k"

for some K € N and ¢ > 0 independent of 7. Consequently,
e—<s0+%>Je(n)nm+<"—‘>‘ <" W), n> 0. (A4

Recall that w(na) and, therefore, W(n), are rapidly decreasing functions. Thus, the integrand
on the second line in (A.1) admits a uniform as € — 0 bound in L'(R, ) if m > [r;]. In this
case we can envoke the dominated convergence theorem and take the limit as € — 0 inside the
integral in (A.1). Clearly, lim.y 0((n/€)a)e 0 = w(a)o(a)/n* for any > 0. Combining
(A.1) and (A.2) now gives

N _ 1 . B B A A~ E1HD
i P00 = G 3 o | Puidayiran e vay
= %/Pm(—iA@())ﬁ)(—)\@o)ﬁ()\)dA, (A.5)

where the distribution i € S’'(R) is the same as in (3.15), and the lemma is proven. A somewhat
related argument is in the proof of proposition 18.2.2 in [10].
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Appendix B

Proof of lemma 4.2. Due to (4.14), we may assume that both ¢ and p are bounded, e.g.
7], |p| < a < oo for some a. This is assumed in all of the proof. We begin by considering the
first equation in (4.23).

Case L. By is local. In this case, By = cBy(a)¢?. By (IK2'), the sum in (4.13) contains
finitely many terms, and the desired assertion follows from the assumption @1 € L>*(R)
(cf (IK3))

Case II. By, is notlocal, 8 ¢ N. Setk:=[3],v:={8},0 < v < 1. Then (B,,0)(r) is a linear
combination of the following terms:

/ ¢ (g)(q — ri"dq, (B.1)

and the coefficients are C*(2) functions of «. Since |¢f| < a, we can find N so that |j| > N
implies r =t — j ¢ supp(yp). Integrating by parts k times and differentiating with respect to r
in (B.1) gives (B14¢) (r) = O(|r|~#*2), r — co. Together with s — 1 — 3 < 0 this yields

D 1Bup)t + € — j) = Buap)t — DIAG — p) = O(e). (B.2)

ljI=N

In the remaining terms, j is bounded (together with 7 and p). To estimate the remainder, we
look at the integrals

Jo() = / 9@ [t + 5" — (g - 07" dg. (B3)

By (IK3"), ¥ (g) € L*(R). Each version of the expression in brackets (with ‘4’ and with ‘—")
changes sign only once: when g = ¢ + € or ¢ = t. Therefore, by (IK2'),

()] < 0(1>sup [((g+ 0" —4y"] = 0™, (B.4)

and the assertion is proven.

Case IIL B is not local, 5 € N. In this case, Biyp = cBy(a)Hp', where H is the Hilbert
transform and By(a) € C>(f2). Choose N as in case II. Clearly, (B.2) still holds. Similarly to
(B.3), to estimate the remainder, we look at the integral

J(0) = / %dq, 6@ =g+ — dP(g). (B.5)

By (IK3'), g(q) = O(e) and g'(q) = O(1). Writing

t+e _
I = ( / / ) g(q)t / g(q) — g(1) aa. B.6)
—a t+e - 1—e q—1

where a, 0 < a < oo is sufficiently large, and applying elementary estimates we obtain the
desired result.

The proof of the second estimate in (4.23) is fairly similar. In case I, the result immediately
follows by noticing that

sup [A(p + €) — A(p)| = O(e™"¢~1D). (B.7)

|p|<a
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In cases II and III, we find N so that |j| > N implies j — p is bounded away from zero. Then,
similarly to (B.2),

> Bt = PLAG = (p+ ) — A — Pl = O(e). (B.8)

ljI=N

The required estimate of the remainder then follows from (B.7).

The fact that all the estimates are uniform with respect to ¢ and p is obvious. The uniformity
with respect to a € €2 follows from the assumption a.(a) € C°(€2) (cf (4.18)).

The proofs of cases I and III go through if 1 € L>°(IR). The proof of case II goes through
if oD € L°(R). In the remaining proofs, we will be keeping track of the degree of exactness
of ¢ (denoted by £,) and the highest order derivative of ¢ (denoted by D,,) that is required at
each step. The maximum values of £, and D,, are then stated in (IK1") and (IK3'), respectively.

Appendix C

Proof of lemma 4.3. In what follows we assume 7 — +00. The proof when t — —oc is
completely analogous. We begin by computing F.A using (4.13) and (G.1):

a\) = (FAN) =T(s) {M@ +i0)™ + (@ /@)X —i0) ™, s¢ 7,
g+ (@ /@] A7+ [a(i/q) —a-ig] 8“7V, s €N, (1)
g:= elm/2)s.

Therefore (cf (4.15)):
1 [- _ 1 , , _
v =5 / BOVENaNe ™ A\ = — / BN (c%i” + c(,”xiﬂ) e M dN (C2)
s i

To prove the lemma consider two cases.
Case L. 6 —s ¢ Z. Set k:=[f — s+ 1]. Since @(0) = 1, theorem 1 in section IV.2 of [30]
gives

V(@) =F"! (&ui“" + c(_l)Xi_‘Y) + o / ‘(|>\\3“"(g5(/\) - 1))(")‘ dA. (C.3)
The following condition ensures that the last integral in (C.3) is finite:

FPN =0(A 19, A= o0, 0K i< [B—s+1], (C.4)

for some ¢ > 0.
Case II. 5 — s € 0UN. The assumption 8 > s + (n — 3)/2 implies that if 8 — s € Z, then
B — s > 0. The asymptotics of W is obtained integrating by parts in (C.2):

(o) = F (DAL 4+ N + 0 [ / (V2 0) 4
0

+ [T oeen o ol ©3)
0

The following condition ensures that (C.5) holds (including that all the boundary terms of order
less than O(#~'~#) vanish):

GPN) =O0(A 1), A—=o00, 0K j<B—5+2, (C.6)
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for some ¢ > 0.
To complete the proof, it remains to show that if ¢
of the asymptotics disappears. From (G.1),

- ci) e #=97 then the leading term

s—1—03
7 (J”X’H + c(,”x'ff) _Jar . Bos¢ L (C.7)
o 26994, B—s€cOUN,

for some ¢ », and the assertion follows.

Condition (IK3') guarantees that (C.4) and (C.6) hold. Since ¢ is compactly supported,
o e LI(R) implies that @P(\) = O(|A\|™!), A — oo, for any j > 0. Therefore, we have to
make sure that the following inequality is satisfied

{5“’ ﬁeN}ﬂ-ﬁ-l—Fc—s (C.8)

8. B¢N

for some ¢ > 0. The above inequality holds if s > 1 + ¢ for some ¢ > 0. This is clearly true,
since we assume that s > (n + 1)/2 > 3/2.

Appendix D

Proof of lemma 4.4. Inviewof (¢, p) = ¥(t — m, p — m), m € 7, we may assume without
loss of generality that p € [0, 1]. Define

F0):=> ot = DAG—p), Fi())= / @t = r)A(r — pydr. (.1
j

The subscripts ‘s’ and ‘i’ stand for the ‘sum’ and ‘integral’, respectively. To simplify notations,
the dependence of F and Fj on p is ignored. First, we have

FO@) = AP0 + 0t~ *!), t— 00, 0< 1< Ly,
(D.2)
FO@ =03t ", t—oo, I=Ls+1, BEN,

where * = s, 1, and the big-O terms are uniform with respect to p € [0, 1]. The statement for F;

is trivial in view of (IK4"). The statement for F'; follows easily too by using that ¢ is exact for

polynomials of degree up to Lg, representing .A(j — p) as the sum of the Taylor polynomial of

degree L centered at ¢ and the remainder, and differentiating F's the required number of times.
Denote

AF(D)=Fy(n) — Fi(), Ap@) =1 p) — ¥ - p). (D.3)

The p-dependence of AF, A1), and various other quantities below is omitted for simplicity.
Clearly, Ay (f) = BgAF. From (D.2),

o), 0<1<Lg,
AFO () = (I 1 [) # t— 0. (D.4)
o(t)~ ™, l=Lg+1, BeN,

For (D.4) to hold when / < L, ¢ should be exact to the degree [ so that the leading terms
in the asymptotics of FO(r) and F’(r) cancel each other. Thus, (D.4) for any 0 < [ < Lg
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requires &, = [, D, = [. When [ = Lg + 1 in (D.4), no cancellation is needed, and in this case
E,=1-1,D, =1

In what follows we assume ¢t — 4-00. The proof when t — —oc is completely analogous. To
prove the lemma we consider three cases, which correspond to the three lines in (4.32). Denote
¥ :=s —2 — (. The condition r, > 0 implies ¥ < —3/2.
Case I. By, islocal, 3 € N. By (D.4) with [ = 3 (£, = 3, D, = ),

AY(t) = by (i0,)’ AF(t) = O("). (D.5)

Case II. By, is not local, 8 ¢ N. Set k:=[5], v:={8}, 0 < v < 1. Then At (?) is a linear
combination of the following terms:

Jo() = / AFO(g)q — 07" dg. (D.6)

By (D.4) with [ = k = [B] (£, = [B]. D, = [B]):

Ji(t) = / ARV -1 dg = / 0(g" (g — 1" dg = 0", (D.7)

t

where we have used that s — 1 —k — v = 9 < 0. The term J_(¢) is estimated by splitting it
into two integrals:

/2 t
IO = / AFOQ— gy dg, TV = / AFY ()t — ) dg.
— /2
(D.8)
Integrating by parts and using (D.4) withall L0 <[ <k—1(E, = [B] —1,D, = [B] — 1),
gives

t/2 )
@] = o) / |AF(q)|(t — )" Pdg + 01"

s—2 1 1
— 0(1)/ i = — L ___dg+ 0(1)/1 de + 0"y = 0(1"), (D.9)

where we have used that k1 > 0,i.e.s — 1 > 1/2. The term J(,z)(t) is estimated analogously to
(D.7), and we get the same estimate as in (D.7). Therefore, Ay (r) = o).
Case I11. By, is not local, 5 € N. Now we have to look at only one expression

J(@t) = / AF(k)(q)ﬁdq, B =k, (D.10)

which is split into five integrals:

—t /2 —1 +1 00 1
T+ ...+ T5() = / +/ +/ +/ +/ AF®(g)——dg. (D.11)
—0 —t /2 —1 +1 q—1

By (D.4) with [ = k (£, = 3, D, = ), we immediately get J,(¢) = o).

Integrating by parts in the definition of J, and using that all the boundary terms are of order
o’y (£, =B —1,D, =B — 1), we get similarly to (D.9) that J>(t) = O(#”). Using (D.4)
with [ = k (£, = B, D, = ) in J3 and Js gives J35(7) = O(t"log?).
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Consider now J4. By (D.4) with I = Lg + 1 (£, = 8, D, = 8+ 1):

HUAF® () — AF®(f
J4(t):/ (@) ()dq
I3

1 q—t
t+1 k) (k) (k) (k)
F — FP0] - [F, — F(t
:/ (A~ FOO1 - IFY@ = FY Ol 0
-1 q—1
Combining all the results we finish the proof.
Appendix E
Proof of lemma 5.2. Define
Fo(t) = Z%((H(a) + 1) —epgla,e)). (E.1)
J
We begin by showing that there exists ¢ > 0 so that:
0, || > ¢, Bot1 it 5o € N
! 9 e b
FO@r) = { o1, 1| < ce. o<i< ™t PEE T (E.2)
[Bols if Bo ¢ N.

o', ce<li| <,

In (E.2), O(¢*’~'~!) is uniform with respect to ¢ provided that [t| < ce, and O(#*'~!~!) is uniform
with respect to e provided that ce < |7| < ¢. Additionally, each of these big-O terms is uniform
with respect to o € 2. For this property to hold the requirement (4.4) is essential. The essence
of the estimate (E.2) is to control the behavior of F(¢) for small .

Let us prove (E.2) for a given /. The top case in (E.2) follows because ¢ and g are compactly
supported. The middle case follows from the top line in (5.3) and the fact that the number of
terms in the sum in (E.1) is uniformly bounded for all o € €2 and all € > 0 sufficiently small.
We also use that o € L. To prove the bottom case, assume that ¢ > 0 is sufficiently large
and ¢, (1) = 0 when |¢| > ce. The rest of the argument follows by representing g(«, €) as the
Taylor polynomial of degree / — 1 centered at 7 plus the remainder, differentiating / times, and
then using (5.3). The degree of the Taylor polynomial is / — 1 instead of / as in appendix D,
because no cancellation is needed now. In other words, in (E.2) the precise knowledge of the
leading order term of the asymptotics of F¥(z), t — 0, is not required, we only need its order
of magnitude. Therefore, using (E.2) for some / requires £, =/ — 1 and D, = [.

The rest of the proof of the lemma is largely very similar to (D.5)—(D.12). The difference
between the proofs is due to the fact that s’ can be large, and s’ — 1 — /3’ is no longer necessarily
negative. In particular, the integrals over infinite intervals may diverge, and we need to use that
F, is compactly supported. Also, we need to use that all our estimates are uniform with respect
to v € Q.

In what follows the standing assumption is « € €, and we introduce the notation p =
pla) = a - x. — H(a). Since 24 (©yp) is negative definite, and x is confined to a bounded set,
we have p(a) > c¢(A)e, a € Oy, and c(A) — 00 as A — 0o. Denote ¥ :=s" — 1 — .

Case L. B is local. Here ' € 0 U N. By the bottom case in (E.2) with [ = 8" (£, = ' — 1,
’Dp = 5,)a

Gle) =Y (Buap)(a - x. — ejglen ) = OMF (p(a)) = O(p(@)”), (E.3)

J
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where O(1) is a C3°(£2) function of . Here we assume that A > 0 in the definitions of €, €2,
(cf (4.22)) is sufficiently large, so that p(«) > ce for any a € €0, and X, and the bottom case in
(E.2) indeed applies. Similar assumptions are made in cases II and III below.

Case II. B is not local, 3’ ¢ Z. Set k:=[3'], v:i={8'}, 0 < v < 1. Then G(«) is a linear
combination of the following terms:

Ji(p) = / FO0(—pi”dt,  p=pa). (E.4)

The coefficients of the linear combination are Ci°(€2) functions of . The dependence of J+
on « is omitted for simplicity. We begin by estimating J (p) (with ¢ the same as in (E.2)):

Ji(p) = / FO@)(t—p) ™ dt = / o~ )t — p)™ dr = O(¥(p)), (E.5)
14 14

where W is defined in (5.9). Similarly to (E.3), in (E.5) we assumed that A > 0 is sufficiently
large, so p = p(a) > ce, and the bottom case in (E.2) with [ = k = [3'] applies (£, = [5'] —
1,D, = [B'].

The term J_(p) is estimated by splitting it into two expressions:

/2
JV(p) = / ! FOmp—n7" dr, JD(p) = / ! FR@(p—17" du. (E.6)

p/2
Integrating by parts, using that F,,(f) = 0, t < —c, and appealing to the bottom case in (E.2)
with0 <I<k—1(E,=[p"1—-2,D,=1[87—1)gives

) < 0(1)/ F0l(p— 0P dr + 0()

/2
<o) (/ / /p ) ‘F"()IB)LI dr + o(p")

p/2 WLI e
/ (p—py i 4t

—C

=0(1) +o(p™). (E.7)

Considering the same three cases as in (5.9) and using that e = O(p(«)), it is easy to see that
I (p) = 0¥ (p)).

To estimate J(,z)(p), assume as before that A > 0 is sufficiently large, 0.5p(«r) > ce, and the
bottom case in (E.2) with [ = kapplies (£, = [5'] — 1,D, = [3']). Then (E.6) gives J(_z)(p) =
O(p"). Combining with the estimate for J(p) this yields J_(p) = O(¥(p)). Therefore,

G(a) = O(¥(p())). (E.8)

Case III. B is not local, 5/ € 0 U N. In this case we look at only one expression
FO(t
J(p) = / t“—()dt, B =k (E.9)
-p

Then

L5p k) gy _ gk
Ji(p) ;:/ pwdt (E.10)
0

Sp t—p
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By the bottom line in (E.2) withl = k+ 1 (£, = ', D, = ' + 1), upon assuming 0.5p(c) >
ce,

Ji(p) = 0p° "= Do (p) = 0(p). (E.11)

The other two terms:

0.5p

¢ 1
Jr(p) = / FO@O——dr,  J(p) = /
1 r—p

1
FO(1)——dt, (E.12)
Sp —c t—p

are estimated similarly to (E.5) and (E.7), respectively (£, = 8' — 1, D, = '):

¢ / 1
_ s —1—k _
Ja(p) = /1 0 (1) = i = 0w,

o (E.13)
0.5p 1 9
/3(p)| < 0(1)[6 |Fa(f)|mdt +0(p") = O(¥(p)).
Combining (E.11) and (E.13) yields
G(a) = O()J(p(@)) = O(¥(p())). (E.14)

Appendix F

Proof of lemma 5.1 in the case x; = 0. The goal is to show that lower order terms
contribute a constant to the DTB at xo, i.e.

}i_{g [(Beg)(xe) — (Beg)(xo)] = 0, (E.1)
so the DTB is independent of X confined to bounded sets. From (5.8),

lim > Gilap|Aag| =0. (F2)

QEGQH
In what follows we introduce notations like these

AFo(p):=Fo(p+ he) — Fo(p), AJy(p)=J4(p+he) = T4 (p),..., (E.3)

where h = « - X. From (E.2),

AFD() = { o', < ce, E4
R R Gl-1 WA gN.

0, 7| >, ¢ N

oglg{ﬁo’ if By € N,

O]’ 2,  ce<|f| <o,

The estimate of AF(f) in (F.4) is based on the estimate of FUTD(¢) in (E.2), and the latter
requires £, = land D, = [ + 1.
Analogously to (5.9), define

?, ¥ <0,
Uy (p):= ¢ In(1/p), 9=0 p>0,0:=5—-2-0" (E.5)
1, 9 >0,
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To estimate the contribution of oy € €, we replace F,(f) with AF,(¢) in cases I-III in
appendix E. Case I is the easiest. By the bottom line in (F4) with [ = ' (£, = ', D, =
B’ + 1), the analogue of (E.3) becomes

Gi() — Go() = O(HAFP (p) = O(ep”),  p = pla). (F.6)

In case I, we need to estimate AJ+(p) (cf (E.4)). Asusual, setk:=[3'],v:={F},0 <v < 1.
Then

AJi(p) = / ) FO@(& — (p+ he)) Vdr — / C FO0(@ — p)yrde

— / ' AFP @)t — p)ide, (E7)

where we assumed that ¢ > 0 is sufficiently large. First, consider AJ 1 (p):

2p
AT, (p) = ( / /2 )F“‘)(r) () ——p) ] de
P

= AJP(p) + ATD (). (F.8)

After simple transformations,

2p rte gk
8P = [ Fwfe- et - - [ S
pte p (t—p)

= AV (p) — AP (p). (F9)

Using (E2) with I =k (€, =[] — 1, D, = [F']) gives

\AJ“”(p)\-O(l)/ PRt - p) ] de

2p
— o’ " ")/ [(t=(p+e) ™" —@—p]dt=0E"p"™h,  (F10)

and
(12) _ 1—v ' —1-k
AJ 7 (p) =0 "p ). (E.11)
Combining (F.9)—(F.11) gives
AP (p) = OV p k. (F.12)

Estimation of AJf)(p) also is based on (E.2) with [ =k (€, = [B'] — 1, D, = [5']):
AP (p)| =0(1) i FE = (e =t —p) 7] dr
P

=0(e) [ 14 = O(eWs(p)). (E.13)
2p

Therefore, from (F.12) and (F.13)
AJ(p) = O™ P18+ O(eWs(p)). (F.14)
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Next, we investigate AJ_(p):
p/2
AJ_(p) = / / AFP@(p— 07 dr = ATV (p) + AJP(p). (F.15)
p/2

Estimation of AJ(,”(p) is analogous to (E.7):

p/2 /
IATD(p)| < 0(1)/ |AF.(0)|(p— 0~ P HV dt + O(ep”)

p/2 AF,,
<o) ( [+ ) L8P ar+ o)

p/2 WLZ 51
_ A
=0() 6/_6 (p— pf i dr + Gpﬁ 11 | T 0ep”) = Oe¥2(p)). (F.16)
By assumption, s’ > (n+ 1)/2. Therefore, s' — 2 > —1/2, and the first integral on the

last line is absolutely convergent at t = 0. When integrating by parts, (F.4) is used for [ =
k—1,k—2,...,0.Hence &, = [f'] — 1, D, = [B'].

Estimation of AJ(,Z)(p) is analogous to that of AJSP(p). Hence AJ_(p) also satisfies (F.12),
and combining with (F.16) and (F.14) gives

Gi(a) — Go(a) = O " p" 15y + O(eWa(p)),  p= ple). (F.17)
In case III, k = /', we have

AJ(p) = / AF@(x)éd:, (E.18)

which is analogous to (E.9). Similarly to (E.10),

+e [ k) — F®) — [FP iy — F
AJ(p) = /” [F0U+ho — FOp 1 ho) = [FO0 = FOW)] 1o
P

—e t—p

Estimating each of the two terms in (F.19) separately using the bottom case in (F.4) with/ = k
(€, =p',D, = + 1) and adding the two estimates yields

AJi(p) = O(ep”). (F.20)

The two remaining terms, AJ,(p) and AJ3(p), are as follows

p—¢€ 1 c 1
Al (p) = / AFO@)——dt, AJ3(p) = / AF®@)——dr. (F21)
—c r— )4 pte r— )4

To estimate AJ,, we write
p/2 1 p—e 1
Aln(p) = / AFYG L ar Adn(p) = / AFY@) - ar, (F22)
—c t—p p/2 I—p

Integrating by parts in AJ,; and using (F4) with I=k—1,k—2,...,0 (£, =08 —1,
D, = ') gives similarly to (F.16)
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p/2 1 (
Ay (p) = 0(1)/ \ |AFa(f)|Wdf + O(ep”)

/

p/2 |l“s/_2 ce e 1 9
=0(1) 6/_(‘ (p— Ft dr + T dr | + O(ep”)

= 00 (Wa(p) + €1 p ) 4 0@ = Oela(p). (E23)

By (F4) with i =k (£, =8,D, =8 +1)

p—€ ' —2—k
Alx(p) = O(e) dr = eIn(p/e)O(p"),
p2 P—1
¢ ' 2k (F24)
AJ3(p) = O(e) dt = O(e)(In(p/e)p” + a(p)).
pte - P
Combining (F.20) and (F.23), (F.24) gives
Gx(@) — Go(a) = € [In(p/)0(p") + O(Xa(p)] . p = pla). (F.25)

Now we prove (F.1). Suppose ¥ < 0. Comparing (F.6), (F.17), and (F.25), it is clear that we
have to consider only the last two cases. In case II, the analogue of (5.12) becomes:

1 1
Y (Galap) — Golap)|Aay| = O ™) / LTI R+ 06 / L

OLEEQ;,

=0 (M) S0, 0. (F.26)
In case III, the computation is

> (Gelap) — Golag))| Aay]

QEEQb

! 1
= 0(6)/ ln(rz/e)rw“”’z)dr — 0(6)/ 1H(r/6)r19+("73)/2dr
) )
= 0(9)+ 0 (In(1 /)"0 ) 0, ¢ 0. )

Combining with (F.2) finishes the proof. The other two cases ¢ =0 and ¥ > 0 can be
considered analogously.

Appendix G

Useful formulas. For convenience, we state here the key formulas used in the paper
extensively (see [5]):
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Fxy) = e 2@ + A £i0) @Y, a#£—-1,-2,...,

2 +iarm/2
F((x £i0)) = %A;W“L a#0,1,2,...,

: (G.1)
(x £i0)* = x4 +e7x, a#—1,-2,...,
ir(—1)y"!

T 8" V), n=12,....
n— !

x+i0)"=x"F

Also, the n — 1 dimensional area of the sphere S"' in R” is |$"~!| = 27"/2/T'(n/2). Another
useful identity is T'(s)['(1 — s) = 7/sin(7s).
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