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Abstract. Given a compact topological dynamical system (X, f) with positive en-
tropy and upper semicontinuous entropy map, and any closed invariant subset Y C X
with positive entropy, we show that there exists a continuous roof function such that the
set of measures of maximal entropy for the suspension semiflow over (X, f) consists pre-
cisely of the lifts of measures which maximize entropy on Y. This result has a number of
implications for the possible size of the set of measures of maximal entropy for topological
suspension flows. In particular, for a suspension flow on the full shift on a finite alphabet,
the set of ergodic measures of maximal entropy may be countable, uncountable, or have
any finite cardinality.

1. Introduction. We investigate which measures can achieve maximal
entropy in the class of topological suspension semiflows. Our result is a kind
of universality result for measures of maximal entropy (MMEs) for suspen-
sion semiflows. We show in Theorem [3.1] that for any positive entropy com-
pact topological dynamical system (X, f) with upper semicontinuous entropy
map, and any closed invariant subset Y C X with positive entropy, we can
find a suspension semiflow over (X, f) whose MMEs are exactly the lifts of
the MME for the subsystem (Y, f|y). The assumption that the entropy map
is upper semicontinuous is needed for existence of the MME and is thought
of as a very weak expansivity condition. The condition that the subsystem
has positive entropy is essential since any suspension flow over X has posi-
tive entropy, so only positive entropy measures in the base can possibly lift
to MMEs for the flow.

Universality and structure results for suspension flows are well known in
the measure-theoretic category. For example, Rudolph [18] proved the famous
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result that every measure-preserving flow is isomorphic to a suspension flow
whose roof takes only two values. Quas and Soo [17] proved the following
measure-theoretic universality result for Holder suspension flows over the
full shift: any measure of smaller entropy than the flow can be embedded
isomorphically into the suspension flow. The main result of our paper can
be interpreted as a universality phenomenon in the topological category.

After our main result is proved, it can be used as a machine for produc-
ing examples of suspension flows with various different prescribed behaviors
through careful choices for the subsystem Y. When the base is the full shift
(X, 0), by choosing Y C X appropriately, we can build topological suspen-
sion flows over the shift (X,0) with any of the following properties: the
MME is unique but not fully supported; there are multiple MMEs with the
same support; the MMESs (unique or not) are supported on a minimal sub-
system; there is any prescribed finite number of ergodic MMEs; the set of
ergodic MMEs is countably infinite; the set of ergodic MMEs is uncount-
able. These statements contrast sharply with the well-known situation of a
suspension flow over the full shift on a finite alphabet with Hélder contin-
uous roof function in which case the MME is unique and fully supported.
Note that every continuous suspension flow over a full shift with a fixed
alphabet size is orbit equivalent. Thus, our results show that a continuous
orbit equivalence does not preserve finiteness, or even countability, of the set
of MME.

We discuss previous results in this direction and our approach. We ex-
tensively generalize our previous work [I12] in which we proved that for the
full shift (¥, o) and any positive entropy subshift of finite type Y C X, there
exists a roof function such that the MMEs for the suspension flow over the
full shift are exactly the lifts of the MMEs for the subshift. In the current
paper, we remove the restriction that the subset Y is a shift of finite type,
and we remove the need for the ambient space to be symbolic, allowing any
topological dynamical system with upper semicontinuous entropy map.

The proof in [12] was based on an explicit combinatorial description of
the roof function, and hands-on pressure estimates. That argument has the
advantage of giving explicit and constructive examples for which uniqueness
of the MME fails in the class of topological suspension flows. However, that
argument relied heavily on the structure of subshifts of finite type, and did
not provide examples with multiple MMEs on a single transitive component.
Our explicit construction does not seem to carry over even to sofic subshifts
of the full shift, much less to general subshifts or topological dynamical
systems.

We note that Iommi and Velozo [9] have recently given an independent
proof that suspension flows over the full shift on a finite alphabet can have
an uncountable set of ergodic MMEs. They show that this phenomenon is
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dense in the sense that for any continuous roof function over a compact shift
of finite type, there is a small continuous time change such that the resulting
flow has an uncountable collection of ergodic MMEs.

The approach of this paper is a generalization and refinement of a result
by Markley and Paul [14], and is based on the theory of tangent function-
als. The MMEs for the flow are described in terms of equilibrium states
of the base system (see . We show that for systems with upper semi-
continuous entropy map, we can find a function 7 whose equilibrium states
are the MMEs on a given subsystem, and in addition that the function is
non-positive and vanishes only on the subsystem. Markley and Paul proved a
version of this result under the hypothesis that the ambient space is the full
shift, and without obtaining the key conclusion needed for the application to
suspension flows, which is that the function is non-positive. The desired roof
function, which must be strictly positive, is obtained by adding a suitable
normalization constant to —r.

The paper is structured as follows. In we collect our preliminaries.
In §3] we state and prove our main result. In §4) we apply it to questions
about the set of possible MMEs for suspensions over the full shift.

2. Preliminaries

2.1. The pressure function and tangent functionals. We consider
a continuous function f : X — X on a compact metric space X. We call
the pair (X, f) a topological dynamical system. We denote by C(X) the
Banach space of all continuous real-valued functions of X with the supremum
norm. The dual space C*(X) consists of all Radon measures on X. Let
M(f) € C*(X) be the subspace of f-invariant probability measures.

For ¢ € C(X), the topological pressure can be defined by the Variational
Principle to be the quantity
(2.1) P(¢) = sup {h(f)+]odu},

peM(S)

where h,(f) is the measure-theoretic entropy of p. The topological pres-
sure can also be defined using (n, )-separated or spanning sets; see [20] for
a detailed treatment. The number P(0) = sup,caqp){hu(f)} is called the
topological entropy of f and is denoted by htop(f). If there exists a measure
€ M(f) at which the supremum in is attained, it is called an equi-
librium state of ¢. The set of all equilibrium states of ¢ is a convex subset
of M(f) which is compact with respect to the weak*-topology. However,
in general it may be empty [7]. If the entropy map p — h,(f) is upper
semicontinuous on M(f) then for any ¢ € C(X) the topological pressure
satisfies P(¢) < oo and the set of equilibrium states is not empty. The upper
semicontinuity of the entropy map will be a hypothesis of our main result.
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The pressure function (with respect to f) is the map P : C(X) — RU{oo}
which sends ¢ to P(¢). The pressure function is continuous, convex and
satisfies the following properties [20]:

(1) P is Lipschitz, i.e. |P(¢) — P(¢)| < ||¢ — 9| for any ¢, ¢ € C(X);
(2) P is increasing, i.e. P(¢) < P()) whenever ¢ < 1;
(3) Pt+¢+vof—1)=t+ P(¢p) for any t € R and ¢,y € C(X).

If f has finite topological entropy, then P is real-valued. This is the
case for us since we assume upper semicontinuity of the entropy map. If
f has infinite topological entropy, then P(¢) = oo for all ¢ € C(X). We
will make use of the following facts from the theory of tangent functionals
for convex functions. For a continuous convex function @ : C(X) — R,
a measure v € C*(X) is called Q-bounded if there is C' € R such that for
any ¢ € C(X) we have

(2:2) {pdv<Q)+C.

We say that v € C*(X) is a tangent to Q at ¢ € C(X) if for any ¢ € C(X)
we have

(2.3) Vwdv < Qo+ v) - Q6).

A simple application of the Hahn—-Banach theorem shows that the set of tan-
gents is non-empty at any ¢ € C(X). We can approximate any @Q-bounded
measures by tangents using the following result which is a special case of
Israel’s theorem [I0]. For purposes of exposition and to make the paper
self-contained, we include a short proof.

PROPOSITION 2.1 (Special case of Israel’s theorem). Let ¢ > 0, p €
C*(X) be a Q-bounded measure, and V- C C(X) be a closed linear subspace.
Then there exists a function ¢ € V and a tangent v to Q at ¢ such that

Il —vlc vy <e.

Proof. Since p is Q-bounded, there is C' € R such that {&dp < Q(€)+C
for all £ € C(X). We may assume that both = 0 and C' = 0 by replacing
the function Q(§) with Q(§) — {&dp — C. For ¢ € V, we define

(2.4) SW) ={£eV:Q) - Q&) = el — £}

Since ¥ € S(¢) and @Q is continuous, S(v) is a non-empty closed subset of V.
Moreover, it is easy to see that S(£) C S(¢) whenever £ € S(¢).

We pick any starting point ¢9 € V' and build a sequence (ty,),>1 such
that 1, € S(¢p—1) and

€

(2:5) Qa) < _inf QO+ 5
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Note that S(vy,) is a sequence of nested closed sets whose diameters tend to
zero. Indeed, for £ € S(¢,,) we have
€

. 9
(26)  elln — €l S QW) ~ QO < inf @+ 5 QO < 5.

where the last inequality follows from the fact that £ is also in S(¢,—1). In

particular, (1) is Cauchy and hence ¢ = lim1), exists. Furthermore,

implies that S(¢) contains only one point ¢, since S(¢) C S(1y,) for all n.
Now we define two subsets in C'(X) x R by

A={(y):£eV,y<Q(d) —¢ll{—9¢ll} and B={(&y):y>Q&)}
It follows from the continuity and convexity of Q) that A and B are open
and convex. If (£,y) € AN B then £ € S(¢) and we must have £ = ¢. Since
(¢,y) cannot lie in both A and B, we conclude that AN B is empty. By the
Hahn-Banach theorem there exists a linear functional A on C(X) x R and
t € R such that A(a) <t < A(b) for all a € A and b € B. With a suitable
choice of t € R and v € C*(X), after a possible rescaling of A by a positive
constant we can write A(§,y) = y — {£dv. Then for any £ € V we have
y—{&dv <taslong as y < Q(¢) — £|¢ — ¢||. This gives

(2.7) Q(¢) —ell¢ — ¢l - \¢dv <t.

On the other hand, for any { € C(X) we have t < y — {£dv as long as
y > Q(&). In that case we arrive at

(2.8) t< Q&) —\Eav.
Taking £ = ¢ in both inequalities above we see that ¢t = Q(¢) — | ¢ dv. With
1) = € — ¢ this allows us to rewrite and as

SwdugeHwH for any ¢ € V,

fodv <Q+¢)—Q(9) for anyy € C(X).

The first inequality provides the required norm estimate |v|[c«yy < € and
the second one shows that v is a tangent to @ at ¢. =

Since the pressure function P is continuous and convex, there exists a
tangent to the pressure at every ¢ € C(X). From properties (1) and (3)
of the pressure one can deduce that any tangent to P must be a positive
f-invariant probability measure on X. On the other hand, if © € M(f) is an
equilibrium state of ¢, then by the Variational Principle for any ¢ € C(X)
we have

P(¢+ ) = P(¢) > hu(f) + (¢ + ) dp — hu(f) = [ dp = [ v du,

and hence p is tangent to P at ¢. It follows that the set of equilibrium states
for ¢ is a subset of tangents to P at ¢. It was proved in [20, Theorem 9.15|
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that the opposite inclusion holds if the entropy map g +— hy(f) is upper
semicontinuous on the set of tangents to P at ¢. In |21, Theorem 5|, it was
shown that this statement is an ‘if and only if’.

2.2. Suspension semiflows. We recall some basic facts about suspen-
sion semiflows. Given a topological dynamical system (X, f) and a continu-
ous function p: X — (0, 00) consider the quotient space

(2.9) X, ={(z,s):2€X,0<s<px)}/~

obtained by the equivalence relation (z, p(z)) ~ (f(z),0) for every z € X.
We refer to X as the base, to p as the roof function and to X, as the
suspension space relative to p. The suspension semiflow ® = (¢4)i>0 on X,

associated to (f, X, p) is defined locally by ¢¢(z,s) = (z,s + t). We extend
this definition to all ¢ € [0, 00) by setting

n—1
(2.10) iz, 8) = (f"(:c),t +s— Zp(fk(x))>,
k=0

where n € N is uniquely determined by
n—1 n
D p(ff@) <t+s <> p(ff(x)).
k=0 k=0

We call a flow of this type a topological suspension semiflow to emphasize
that we are working with topological dynamical systems and continuous roof
functions.

Since p is bounded away from zero, there is a natural identification be-
tween the space M(®P) of P-invariant probability measures on X, and the
space M(f) of f-invariant probability measures on X. If m denotes the
Lebesgue measure on R then the map

(1 x m)|x,
{x pdu
is a bijection from M(f) to M(®P). We say that [ is the lift of the measure p.

Abramov [1] established a relation between the entropies of the measure p
and the lifted measure i, namely

(2.12) haler) =

(2.11) s i =

t hu(f )

Sx pdp

Therefore, the entropy h;(®) of the measure fi with respect to the flow,
which is defined as the entropy of the time-one map ¢, satisfies

(2.13) ha (D) = mﬁ

We remark that if f : X — X is a homeomorphism then the expression
(2.10) with n € Z defines a flow (¢¢)ter on X,. In this case the bijec-



Measures of maximal entropy for suspension semiflows 235

tion (2.11)) between the measure spaces remains the same and Abramov’s
formula is valid with ¢ replaced by |t|.

The measures of maximal entropy for the semiflow (X,,®) can be de-
scribed in terms of equilibrium states of a constant multiple of the roof
function on the base space [3, [15]. Precisely, for ¢ € R consider the func-
tion ¢ — P(—cp). It follows from that this function is real-valued and
strictly decreasing, and hence there exists ¢ with P(—cp) = 0. Suppose —cp
has an equilibrium state u. Denote by i the image of u given by . We
claim that f is a measure of maximal entropy for the flow @. Indeed, let © be
any other @-invariant measure on X, and v be the corresponding f-invariant
measure on the base. By the Variational Principle we have

0=h, +S—cpdu > hy —f—S—cpdV
with equality if and only if v is an equilibrium state for —cp. From ([2.13) it
follows that h h
Spdp — {pdv
and [ is a measure of maximal entropy for the flow. Conversely, any measure

of maximal entropy for (X,,®) corresponds to an equilibrium state of —cp
on the base transformation (X, f) with ¢ = hyop(P).

3. Main result. We state and prove our main theorem.

THEOREM 3.1. Let (X, f) be a compact topological dynamical system such
that hiop(f) > 0 and the entropy map p — h,(f) is upper semicontinuous.
LetY C X be a closed f-invariant subset with hiop(f|y) > 0. There exists a
continuous roof function p: X — (0,00) such that the measures of maximal
entropy for the suspension semiflow (X,, @) (or suspension flow if f is a
homeomorphism) are exactly the lifts of the measures of mazximal entropy

forY.

The assumption hiop(fly) > 0 is essential. If YV satisfies hiop(f|y) = 0,
then by Abramov’s formula, the lift of a measure of maximal entropy on Y
has entropy 0. Since hiop(P) > 0 for any continuous roof function p, such

a measure can never be an MME for any topological suspension semiflow
over (X, f).

Proof of Theorem[3.1. We denote by V' the set of all continuous functions
which vanish on Y, i.e.
(3.1) V={¢yeCX):¢(x)=0 whenever z € Y}.

Then V is a closed linear subspace of C(X). Consider u € M(f) such that
w1(Y) = 1. The Variational Principle (2.1 implies that any f-invariant prob-
ability measure is P-bounded. Hence, we can apply Proposition to the
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subspace V' and measure p with € = 1/2. We obtain the existence of ¢ € V
and a tangent v to P at ¢ such that for any ¥ € V we have

(3.2) o dv—§wdu] < L.

From our assumption that the entropy map p + h,(f) is upper semicon-
tinuous, and the discussion in it follows that v is an equilibrium state
for ¢. Note that since p is supported on Y and v vanishes on Y, the second
integral in is zero, and thus | {¢ dv| < 3|

First we show that Y has positive v-measure. Assume to the contrary
that v(Y) = 0. Then the complement of Y is open and has full v-measure.
Since v is regular, we can approximate the complement of Y by closed sets
from below. Let ' C X \'Y be a closed set such that v(F) > 1/2. The
sets Y and F' are closed and disjoint, thus by Urysohn’s lemma they can be
separated via continuous functions. More precisely, there exists a continuous
Yo : X — [0, 1] such that ¢p(x) = 0 for any € Y and o(z) = 1 for any
x € F. We deduce that 1y € V and

Vo dv > ;wodu—y(F) > %

which contradicts .

The set of all equilibrium states for ¢ is a compact and convex subset of
M(f) whose extreme points are the ergodic measures. Therefore, the ergodic
decomposition of ¥ must contain at least one ergodic equilibrium state vg
with vg(Y) > 0. The ergodicity of vg and f-invariance of Y imply that, in
fact, vg(Y') = 1. Since ¢|y = 0, we obtain

P(§) = b (f) + b dve = huy, (f).

Moreover, for any other invariant measure m supported on Y we have hy,(f)
= h(f) + §odm < P(¢) = hy,(f). We conclude that P(¢) = hiop(f]y)
and hence every measure of maximal entropy of f|y is an equilibrium state
of ¢.

However, a priori the function ¢ might have some other equilibrium states
which are not supported on Y. To eliminate this possibility, we make use of
a continuous function which satisfies {(x) = 0 for x € Y and £(z) > 0 for
z € X \Y. We define 7 = min{0, ¢} — &. Then 7 is continuous, 7(z) = 0
whenever z € Y and 7(z) < 0 whenever z ¢ Y. In addition, 7 < ¢, which
implies that P(7) < P(¢). For m € M(f) which is an MME for f|y, we
have P(1) > hp(f) + {7dm = hp(f) = hiop(fly) = P(¢). We conclude
that P(r) = P(¢). Thus, P(7) = hyop(f|y) and any MME for fly is an
equilibrium state for 7. A measure supported on Y which is not an MME
for fly is clearly not an equilibrium state for 7. For a measure A € M(f)
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with A(X \ 'Y) > 0, note that {£dX > 0, and thus we have
ha(f) + {7 dx < ha(f) + [ dr = €dx < ha(f) + [gdr < P(9).

Hence A is not an equilibrium state for 7. We conclude that the set of equi-
librium states of 7 is exactly the set of measures of maximal entropy for Y.
We have constructed a continuous 7 : X — R satisfying

(1) 7(z) =0 for any z € Y and 7(z) < 0 for any x ¢ Y;

(2) P(7) = htop(fly);

(3) the set of equilibrium states for 7 is exactly the set of measures of max-
imal entropy for Y.

We define p : X — (0,00) by p = P(7) — 7. The function p is positive
because T — P(7) = 7 — hiop(f]y) < 0. The function —p has the same set of
equilibrium states as 7, and P(—p) = P(7 — P(7)) = 0. It follows from the
discussion in §2.2] that the measures of maximal entropy for the suspension
semiflow with roof function p are exactly the lifts of the measures of maximal
entropy for Y. m

4. MMEs for suspensions over the full shift. We now apply our
main result, mainly in the case of suspension flows over the full shift on a
finite alphabet.

4.1. Support for unique MME. Theorem allows for much flex-
ibility in specifying the support of a unique measure of maximal entropy.
Recall that a system is intrinsically ergodic if it has a unique MME.

COROLLARY 4.1. Let (X, f) be a compact topological dynamical system
such that hiop(f) > 0 and the entropy map p — h,(f) is upper semicontinu-
ous. Let Y be a closed f-invariant subset such that hiop(f|y) > 0 and fly is
intrinsically ergodic. There exists a continuous p : X — (0,00) such that the
suspension semiflow (X,, @) is intrinsically ergodic and its unique measure
of maximal entropy is supported on the lift of Y to X,,.

This follows immediately from Theorem [3.1] Examples of suitable Y C X
include expansive subsystems with specification (see [2]). For example,
Y could be a transitive horseshoe inside a smooth non-uniformly hyperbolic
system (X, f). Corollary can be applied to the full shift and a positive
entropy uniquely ergodic subsystem to give an example of a unique MME
supported on a minimal set. Explicit examples of such subsystems were pro-
vided by Grillenberger [6]. Another example, where the structure of YV is
more complex, is to let (X, f) be the full shift on {0,1,...,n}, and ¥ = X3
be the S-shift for some 8 € (1,n). The S-shift is intrinsically ergodic, but
typically does not have the specification property.
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4.2. Two ergodic MMEs on a transitive component. We now turn
to the phenomenon of non-uniqueness of MME. Examples of suspension flows
over the full shift with non-unique MME were given in [12], however each
MME was supported on a different transitive component. Theorem gives
us the following corollary.

COROLLARY 4.2. There are examples of suspension flows over the full
shift on a finite alphabet which have two distinct ergodic measures of mazrimal
entropy with the same support.

This can be achieved by letting X be the full shift on four symbols, and
taking the subshift Y to be the Dyck shift. We recall the simple description
of this shift, given in terms of parentheses and brackets. We split the alpha-
bet of X into two pairs of matching left and right symbols and denote them
by (, ), [, |. The Dyck shift consists of all sequences where every opening
parenthesis ( must be closed by ) and every opening bracket [ must be closed
by |. Krieger [II] showed that the Dyck shift has topological entropy log3
and admits exactly two ergodic measures of maximal entropy, both fully
supported and Bernoulli. An application of Theorem [3.1] gives a suspension
flow over the full shift on four symbols with two measures of maximal en-
tropy which have the same support. Furthermore, both of these measures
are isomorphic to the product of a Bernoulli flow and a rotational flow (see
Ledrappier, Lima, and Sarig [13, Lemma 4.8]).

There exist minimal subshifts with positive entropy which are not unique-
ly ergodic. These examples are commented on in, for example, [5, p. 157],
and [16]. Explicit examples can be constructed by modifying Grillenberger’s
arguments for uniquely ergodic positive entropy subshifts. These are more
difficult to construct than the Dyck example. However, they allow us to
strengthen the conclusion of Corollary 4.2 from ‘the same support’ to ‘both
supported on the same minimal set’.

4.3. Cardinality for the set of MMEs. In [11], Krieger extends the
Dyck shift construction described above to get examples of transitive sub-
shifts on a finite alphabet with positive entropy and multiple Bernoulli mea-
sures as maximal measures. This construction shows that there is no upper
bound on the number of possible measures of maximal entropy for a suspen-
sion flow over a full shift, and we can ensure that these MME all have the
same support and are isomorphic to the product of a Bernoulli flow and a
rotational flow.

The first example of a transitive positive entropy subshift with any pre-
scribed finite number of ergodic measures of maximal entropy was given by
Shtilman [19]. An elegant construction was given by Haydn [8], who showed
that for any L € N there is a topologically mixing subshift on 2L+ 1 symbols
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with positive topological entropy and L distinct ergodic entropy maximizing
measures.

It is also possible for a transitive subshift on a finite alphabet to have
infinitely many maximizing measures. In [4, Lemma 8|, Buzzi constructed
a subshift on three symbols with topological entropy log2 which supports
countably many ergodic measures with entropy log2. A simple explicit ex-
ample of a transitive shift with uncountably many ergodic MMEs is also
given in Buzzi [4, proof of Lemma 17|. Applying Theorem to the full
shift and the subshifts described above, we obtain the following result.

COROLLARY 4.3. For suspension flows over the full shift on a finite al-
phabet, the set of ergodic measures of mazximal entropy can have any finite
cardinality, be countably infinite, or be uncountably infinite.

We remark that the existence of suspension flows in the above class for
which the set of ergodic MMEs is uncountable has been independently ob-
tained in a paper by Iommi and Velozo [9].
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