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Analytical Harmonic Method for Modeling
High-Frequency Oscillation With Applications to
Aircraft Piston Pump Vibration Analysis

Lei Li"?, Kok-Meng Lee

Abstract—Undesired oscillations are often encountered
in controlled systems at steady state due to high-frequency
(HF) periodic disturbance and/or feedback noises. This arti-
cle presents a computationally efficient alternative to derive
an analytical harmonic model (AHM) that expresses the os-
cillatory variable as a series of harmonic kernel vectors and
a position-independent harmonic amplitude vector for iden-
tifying the dominant harmonic components of the unde-
sired effects on the manipulated variables. lllustrated in the
context of an aircraft pressure-controlled piston pump (PC-
PP) where the pressure feedback pulsations and the torque
disturbances from the piston/slipper assemblies lead to
HF swash-plate (SP) oscillation at steady state, the AHM
and its significance were investigated experimentally on
a PC-PP test-rig capable of simultaneously measuring the
HF feedback pressure and SP-angle. Good agreements be-
tween the experimental and numerical results validate the
AHM, and reveal that the HF SP-oscillation is dominated by
its fundamental harmonic component, and primarily con-
tributed by the disturbance torque.

Index Terms—Analytical harmonic model (AHM), feed-
back noises, piston pump, swash-plate oscillation, vibra-
tion analysis.

|. INTRODUCTION

USTAINED steady-state high-frequency (HF) oscillations
S that occur in controlled systems are undesired as they
cause increased vibration and wear/tear leading to device dam-
age. Repetitive time-varying excitations and/or disturbances are
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commonly encountered in continuous operations [1]-[6] of me-
chanical and electrical devices; for example, electromagnetic
actuators excited by current harmonics [3], [4], [6], piston-
pumps where chamber pressures are subjected to repetitive
transitions between high discharge and low suction pressures
[7], to name a few. The repetitive excitation and disturbances
along with their accompanying periodic oscillations offer rich
structured information for inspecting the underlying dynamics
and for evaluating the performance of these industrial devices.
To provide a basis for performance monitoring and/or ripple
suppression [1]-[6], the periodic oscillations and their effects on
the involved dynamic systems must be analyzed and identified
in a computationally efficient manner by properly accounting
for the structured information, especially for safety-critical ap-
plications (like aircraft piston pumps or other devices requiring
uninterruptable operations).

In aircraft piston-pumps, the discharge pressure is regulated
by an efficient swash-plate (SP) angle manipulation [8], [9]
through a pressure-controlled (PC) system; and once appropri-
ately manipulated, the SP-angle (as a manipulated variable) is
expected to maintain at a steady-state value. However, repeti-
tive transitions between high and low pressures of the piston
chamber result in HF oscillations. Furthermore, the inherent
HF feedback (discharge-pressure) ripples [10], [11] in the PC
system, along with the pulsating torque disturbances [12]-[14],
cause the SP-angle to oscillate at HF about its steady-state
position [15], [16], which incur larger structural-borne noises
[17], poor efficiency [18], and even device damage. Due to
the complex and/or nonlinear dynamics involved in the PC
system of the aircraft pressure-controlled piston pump (PC-PP),
it is difficult to relate the resulting SP oscillations explicitly to
the periodic torque disturbance and feedback pressure ripples.
Motivated by the needs to analyze/predict SP oscillations of
an aircraft PC-PP, this article presents an analytical method to
derive computationally efficient models that directly relate the
HF vibration characteristics as a function of feedback ripples
and pulsating disturbances by actively utilizing the periodic
information and properly formulating the dynamic model; both
time- and frequency-domain formulations are discussed.

Noting that early models assuming a constant SP-angle and/or
an averaged disturbance torque may be inaccurate, Dobchuk [19]
modeled the internal dynamics of the pump at the subcomponent
level and computed the SP-angle variations; however, due to
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limited angle-sensor resolution, the measured SP-angle was a
sequence of discrete signals with a step size larger than the
SP oscillation amplitude. In [20], the vibration of a constant
power-regulated PP was analyzed numerically; simulations
showed that the SP-angle and its control-valve displacement
oscillated periodically at steady state. In [15] and [21], the HF
behaviors of a floating-cup pump were investigated with the
SP-angle measured by an inductive sensor. Their experimental
results revealed that the periodic SP oscillation has a funda-
mental frequency equaling to the product of pump speed and
piston-number (with its amplitude increasing with the discharge
pressure and decreasing with the pump speed up to 3000 r/min),
and that the pump volumetric discharge has no impact on the
swash plate oscillation. Similar investigation was conducted in
[13] for a variable displacement-PP numerically demonstrating
the effects of the valve-plate design and pump speed (up to 3000
r/min) on SP oscillations. More recently, a frequency-domain
model for numerical investigating the effects of PC parameters
on the HF SP oscillations was experimentally validated with
measured SP-angle and discharge pressure in [16].

Due to the complexity and nonlinearity involved in the PC-PP
dynamics, analytical characterization of the HF oscillations
under various pump speeds at steady state remains a challenge.
Conventional time-domain models (TDMs) [19]-[21] are com-
monly formulated as a set of nonlinear differential equations
(that require highly repetitive time-consuming integrations) to
calculate the point-by-point HF oscillations, whereas complex
calculations are necessary to convert frequency-domain results
into time-domain counterparts in the recently developed fre-
quency model [16]. These existing (time and frequency) meth-
ods, in general, focus on describing the complex (high-order)
and/or nonlinear system dynamics without exploiting the struc-
tured information in periodic oscillations. Although periodici-
ties of HF discharge-pressure ripples [10], [11] and pulsating
torque disturbances [12]-[14] as well as their resulting effects
on the SP-angle [15], [16], [20], are well known in the field
of fluid-power, there has been scarcely any published work
that exploits their harmonics in the modeling of piston pumps.
This article offers a novel method, referred to here as analytical
harmonic model (AHM), to derive explicit relationships among
the harmonics of key performance variables. Specifically, AHM
simultaneously offers both time- and frequency-domain infor-
mation for analyses, and explicitly characterizes the harmonics
of the periodic oscillations as a function of feedback pressure
ripples and pulsating external disturbance. As a result, time-
consuming calculations that are required in existing (time- and
frequency domain) methods are avoided in the rest offered here
as a computationally efficient alternative. The remainder of this
article is organized as follows.

1) Section II begins with the derivation of AHM that ex-
presses the oscillatory variable as a series of harmonic
kernel vectors and a position-independent harmonic am-
plitude vector. Its significances as a computationally
efficient alternative to identify the dominant harmonic
components of the undesired effects on the manipulated
variables are then illustrated in the context of a high-order
stable controlled PC-PP system.

2) Section III presents the investigations conducted on an
aircraft PC-PP, both in time and frequency domain under
typical operating speeds, which illustrate and validate the
AHM, and provide physical insights into the characteris-
tics of the HF SP oscillations under various speeds.

Il. ANALYTICAL HARMONIC MODEL

For a noisy control system suffered from HF periodic external
disturbances and/or feedback signal noises, the controlled or
manipulated variable may oscillate periodically at steady state.
As an illustration, consider a rotational dynamic system, where
x represents a function of its angular position 6(f) = 6(t = 0)
+ wt; and w is the operating frequency. The periodic position-
dependent variable x is an incremental change from its steady-
state value xq; and its first and second time-derivatives can be
expressed as a series of harmonic kernel vectors h(£6), where
{=0,1,2,..., and a position-independent harmonic amplitude
vector (HAV) x, with amplitude z, and phase angle ¢,

> h()x

(1a)
0=12...
i (0) =w Z (h (£0)Sx, (1b)
0=1,2.
. 7 2 2
i(0) = dt2 =—w Z h (¢ (1c)
0=12.
where

h() = [sin () cos ()]s 2 = [ 27| anas = |17

e Sin @ 10
(1d-f)

The trigonometric functions in (1d) obey the orthogonal prop-
erty [22]

Nh((N6)) k=(N
0 others.
(1g)
As defined in (1a—g), the dominant harmonic components of
the periodic pulsating variables and their effects on the noisy
dynamic system can be fully characterized by the position-
independent HAVs in terms of the operating frequency w.
Given a physics-based dynamic model, the HAVs can be
derived for its periodic external disturbance Dy, feedback noise
Y, and the controlled variable ripples C; using the harmonic
formulation (1a—c)

C,=Gw)D;,—H (w) Y,. 2)

Zh (0 + 27 (n—1)/N)] = {

In (2), where the minus sign originates from the negative feed-
back, G(w) and H(w) account for the dynamics of the disturbance
and feedback, respectively. Equation (2) is referred to here as
the position-independent AHM, which offers an efficient means
to analyze the dynamic effects of the disturbance D, on the
controlled variable C, based on the measured Y. The time- and
frequency-domain dynamics are simultaneously accounted for
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Fig. 1. PC-PP system. (a) CAD model. (b) SP adjustment mechanism.
(c) Piston/slipper (P/S) assembly and coordinate systems. (d) PC sys-
tem. (e) SP angle as the system output.

using (1a) and the AHM (2), which go beyond the conventional
analytical methods based on Laplace-transform or numerical
integration operations. AHM can be applied to a broad range of
applications where periodic disturbances and/or feedback noises
on the controlled variable are major concerns. As illustrated in
Appendix B, where a noisy speed control system is formulated,
AHM once derived can be used as constraints to design an
appropriate controller to suppress ripples.

A. Pressure Controlled Piston Pump

The method to derive an AHM in terms of the HAVs ( Dy
and Cy) of a high-order stable controlled system at steady state
is illustrated in the context of a PC-PP system (see Fig. 1). In
a PC-PP, the rotation of the shaft/cylinder-block (driven by an
electric motor operating at speed w,,, ) is converted into the recip-
rocating displacement of the piston-slipper assemblies pressing
against an inclined SP. As schematically shown in Fig. 1(a), the
inclined SP of a typical PC-PP is subjected to the torques from
the vertical actuator [23] [see Fig. 1(b)], and N evenly distributed
piston/slipper (P/S) assemblies [see Fig. 1(c)]. The two block
diagrams in Fig. 1(d) and (e) describe the PC system, where 7,
is the disturbance torque from the P/S assemblies. Fig. 1(d) is
commonly used to describe the closed-loop control of the pump
discharge pressure p, for a given reference f,., whereas Fig. 1(e)

focuses on analyzing the noise/disturbance effects on the control
of the SP-angle S for a reference pg;.

As illustrated in Fig. 1(b) and (d), where the functional block
“external loading mechanism” represents the dynamics from
the SP-angle 3 to the resulting pgg in terms of a discharge
flowrate as an intermediate variable not explicitly shown, the
SP inclination (characterized by its primary angle $ around the
SP bearing axis) is adjusted by a mechanism where the pump
discharge pressure p is fedback to the PC valve (sectional area
A,) and compared against the preload (or reference) force f,. of
the valve spring (stiffness, k,,). The comparison error determines
the valve displacement z,, to control the flowrate ¢, and pressure
P, of the control actuator chamber. Combined with the torque
from the SP bias-spring (preload force f3 and stiffness k), the
pressure p, acted on the sectional area A, generates a torque 7,
to counteract the disturbance torque 7, and adjust /3 to regulate
the pump discharge flow and pressure p,. The feedback pressure
pq and disturbance torque 7, oscillate (period 27/N) around
their respective steady-state values (pqo, Tp0) [10], [11], [13],
[14], [21] due to the inherent pumping dynamics. Consequently,
the SP-angle 3 also vibrates about its steady-state value 3¢ as
demonstrated numerically and/or experimentally in [15], [16],
and [20]. Caused by the SP ripples 3, an additional pulsating
pressure component pg3 (with a zero-average value) is superim-
posed on the inherent pressure component pg; (corresponding to
Bo) to generate the feedback pressure p,. In the following discus-
sion, the variables (8, p4, Tp, Pa, T») Tepresent the incremental
changes from their respective steady-state values (8o, pao, Tpos
Pa0,> T0) for the specified reference f,.. For completeness, the
calculations of the relevant steady-state values are given in
Appendix A.

Fig. 1(e) provides insights into the AHM (3) for analyzing a
noisy PC system, where the SP oscillation 3 (or ripple) is the
variable of interest while the pulsating variables (pgq, 7;,) are
characterized by (Y, Dy)

BZ =G (w) Tpe — H (w) Par- (3)

By excluding the complex external loading mechanism dy-
namics from the forward path, 3 can be effectively characterized
as a function of (pg, 7,) in terms of the speed-dependent transfer
matrices G(w) and H(w) to be derived. The significance and
formulation of (3) are detailed in the following sections; time-
domain PC-PP dynamic model (see Section II-B) and derivation
of the AHM (see Section II-C).

B. Time-Domain Dynamic Model for the PC-PP

The dynamics of the PC-PP system [see Fig. 1(a)] are con-
tributed by two primary subsystems; swash-plate [see Fig. 1(c)],
PC-valve controlled actuator [see Fig. 1(b)].

1) Swash-Plate Dynamics: Fig. 1(c) shows the coordinate
systems and parameters, where the reference XYZ is at the SP
pivot O (with X along its bearing axis and Z parallel to the
pump shaft); and the moving xyz is attached to the SP (with
z perpendicular to its surface). The coordinate transformation
from XYZ to xyz is accomplished by two successive rotations,
I'x(53) and T'y(¢), in (4c), where the secondary SP-angle
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(small fixed angle around the Y-axis) is often designed to reduce
the discharge flow ripple and SP overall control effort [24], [25]

1o 0 ]
I'x(8) = |0 cosB sinfB| and
|0 —sinf  cosf]
[cos ¢ 0 —sin qﬁ_
Ly(—¢)=1] 0 1 0 (4a-b)
[sing 0 cos¢ |
tan ¢ = tan-y cos . (4¢)

The position coordinates [z,,, ¥n, a]’ of the nth P/S assembly
(n=1,2, ..., N) are transformed to r,,, from xyz to XYZ by (5a)
with (4a—c). In (5a), (1, 0,,) are the (distribution radius, angular
position) of the nth P/S assembly from the X-axis [see Fig. 1(a)];
e is an offset between the Z-axis and pump shaft centerline; and
a is an offset of the P/S ball-joint [see Fig. 1(c)] from the xy
plane

rpcosly, Tp

Ip, = | 7psing, —e | = 1";(1 (8) 1";1 (=9) | yn | (5a)
Zn, a

where 0, =010 + wyut+ 27 (n—1)/N (5b)
Zy, =1p (sinf, tan § — tanycosb,,) — etan 3

+ a/(cos¢cosf). (5¢)

In (5a), the rotation matrices (I'x and I'y) defined in (4a, b)
are nonsingular since det[I" x| = det[I',] = 1; thus, their inverse
matrices exist. In (5b), 61 is the initial position of first P/S
assembly. Similarly, the local force vector [0, 0, f,,]7 of the
nth P/S assembly is transformed to f,,,, in the XYZ frame by (6a,
b), where m,,, is the mass of the P/S assembly, and the pressure
Py, of the nth piston chamber is enclosed by the cylindrical-bore
and applied on the piston area A,

0 tan y
fon =Tx (B)T,' (=¢) | 0 | =fzn | —tanf|. (6a)
fZVL 1
where fz,, = pnAp mpSZn (6b)

When rotating, the nth piston chamber is alternatively con-
nected with the low- and high-pressure kidney of the valve-plate
[see Fig. 1(a)], where the transitions between high and low pres-
sures are characterized by the angles (¢ys, ¥re) and (¢ s, @re).
The first subscript (7 or f) denotes the rise or fall of the pressure,
while the second subscript (s or e) represents the start or end of
the pressure transition. The pressure transients within the angles
(¢rs, @re) and (@rs, @ye) are related to the complex pumping
dynamics and must be solved numerically [26].

Derived from the Newton second law, the SP dynamics (with
moment of inertia /; and viscous damping coefficient by) is given
in (7a), where the pulsating torque 7, from the N P/S assemblies
[see Fig. 1(c)] is a function of /3, and the PC control actuating
7, [see Fig. 1(b)] depends on py

ISB + bsﬁ + kbliﬁ =Tp (6) — Ta (pd) (7a)

Area Pipe 3+ Pipe 3—

Ay Chamber2| [+A Chamber 4+  Chamber 4- | — +x,

’I‘ T = ‘p4+;|/ =it - F,
D,

d,

7, A

i [N - '—Valve Openmg 5
Chamber 6 Pel—S (Pap)
Pipe 7

-

‘Sectional
view A-A

dj
Pipe 1

Discharge Control actuator

Damping Orifice 9

~N

Fig. 2. Connecting hydraulic circuit that links the control actuator with
the PC valve and feedback pressure.

N
where 7, = ZTpn = Z (rpn X fpn) @ ux| — Tpos
n=1
Ta — Aalapa' (7b-C)

In (7b, ¢), I, is an actuation arm [see Fig. 1(a)]; 7y, is the X-
component of the torque ripple acting on the SP calculated from
(rpn X f,,) @ ux (Where ux is the unit vector of the X-axis).

2) Control Actuator Dynamics: Different from 7, that is di-
rectly related to S, the actuation torque 7, or pressure p, (7¢)
that counteracts the pulsating 7, (7b) is implicitly related to
the feedback pressure ripples py through the PC valve, control
actuator, and connecting hydraulic (pipe/chamber) circuit as
illustrated in Fig. 2. The PC valve that controls the flowrate ¢,
switches between positive and negative displacements to stroke
or destroke the control actuator. For clarity, g, through the PC
valve at displacement z,, is formulated in terms of ¢,+ and -,
where (qy+, ¢,—) are defined as the flowrate through the PC
valve when the displacement is (positive x, 4, negative x,—)

_ _ .Ter,SUv,:OLEUZO
mu B xv-i,— + xv— o {.’L‘v, x'u-i,— = 0 -r'u < 0 (83)
Qv = Qv+ (xv-i-) + qu— (xv—) . (Sb)

In other words,

1) a positive flowrate g, (from the discharge at p,) that
strokes the control actuator, flows through Pipe 1, Cham-
ber 2, Pipe 3 + , Chamber 4 + , Valve opening 5 at x,,
Chamber 6, Pipe 7, Chamber 8 and Damping Pipe 9 into
the actuator chamber V;

2) anegative rate q, that destrokes the control flows through
Pipe 9, Chamber 8, Pipe 7, Chamber 6, Valve opening
5 at x,,—, Chamber 4— and Pipe 3— and returns to the
reservoir.

For ease of manufacturing, the valve-spool end-surfaces were
flattened with Pipe 3+ (same cross section but different aspect-
ratio k = [34/l3) connecting Chamber 4+ to (Chamber 2, pump
reservoir) as shown in Fig. 2 (top-left), where A,; and A,
(= A,—A,) are the effective cross-sectional areas. The dy-
namics of the PC valve displacement is governed by (9), where

Authorized licensed use limited to: Georgia Institute of Technology. Downloaded on June 22,2021 at 21:33:55 UTC from IEEE Xplore. Restrictions apply.



922

IEEE/ASME TRANSACTIONS ON MECHATRONICS, VOL. 26, NO. 2, APRIL 2021

(my, b,) are the (valve and 1/3 spring mass, viscous damping
coefficient) respectively

(€))

The dependence of p, on ¢, is defined by (10) cqnsidering
the effect of fluid capacitance C,, the flowrate A,l, 5 induced
by the actuator movement and the leakage flow to the reservoir

Moy + bydy + koo = prApi + (Pay — Da—) A

Capa + ClaPa = qa + Aalaﬁ.~ (10)

In (10),Cy = (Voo — Aulafo)/ Ke, where Vi is the actuator
chamber volume at zero plate angle (8g = 0); K. is the oil bulk
modulus; and ¢y, is the actuator leakage coefficient.

The pressures (p2 and p4- ) and flowrate g, can be determined
from the hydraulic circuit, where the flow dynamics of the pipes
(length I; and diameter d; with i = 1, 34, 7, 9) are modeled
by their respective (inertance [;, resistance R;) in the following
equation:

I; dq Pi-1 — Pi+1 =179
ﬁ?;+ % = 7 | P2~ Pat i =3+ (1
(] (] p47 Z.: 3_
) d?
where £ = 533 Ry = 234 po = pas pio = pai and (v, p1)

are the (kinematic, dynamlc) viscosity of the hydraulic oil.
Similarly, the fluid dynamics of the chambers (volume V; where j
= 2,44, 6, 8) characterized by their capacitance C; are modeled
in the following equation:

_ (Qj—l —Qj+1)/0j
(:l:Q3i + qvi) /CJ

J=2,6,8
j =4+

dp;
— 12
a (12)
where C; = V;/K.; ¢s = ¢, and g9 = ¢,. The flowrate g+
through the orifice (PC-valve opening) can be derived as follows:

Qo Epax F Do _EPar Fps
=Assgn |14 ———
Ty P+ F p60 ip(4i)o F Peo
(13a)
and hx = Cawi\/2 (£ 7 po) /p- (13b)

In (13b) where Cy is the PC-valve discharge coefficient
and w, are the circumferential opening lengths correspond-
ing to X+, (£pss F pe) are normalized to their steady-state
values (£p+)0 F Peo), Where p (44)0 >peo>p(a—)o and hence
Ay > 0.

C. Derivation of Analytical Harmonic Model for a PC-PP

The PC-PP system [see Fig. 1(e)] governed by (9) to (12)
is a 15th order system with nonlinear switching defined by
(8a, b) and (13a), where the solutions require time-consuming
numerical computations. As an alternative to investigate the (7,
pq) effects on 3 under different operating speed w,,,, the AHM
(3) that relates the SP-ripple B, to 1,,(8o) and pg, is derived
from the dynamic models of the SP and control actuator.

1) Swash-Plate Oscillations Linked to Disturbance: For a
PC-PP (mys, 7p, 7, a, e, Ap) operated at a steady-state condition
(Pdo» Wm» Po), the disturbance torque ripple 7, (7b) depends
on the nth piston pressure p,, (6b). With the pressure in the
transitions [(¢,s, ©re); (Prs, Pre)l approximated by a sinu-
soidal waveform [see Fig. 1(a)], p,, is formulated as a harmonic
function of the angular position 6,, (period 27) in (14a—c),

where pg is the pump suction pressure, @, = .. — @sand
Pf = Pfe — Pfs

> h(kb) pu (14a)

k=12....
Pnk Ty [ 1 1 ]T

h —_— 2 A ~ 14b

where Do —pe 2k LRI T (k/7) 2 (14b)

and T, — cos kors + cos kpre — cos koss — cos kofe .

—sinky,s —sinkyre sinkess +sinkeye

(14c)

In (14¢), (©rs» Pre> Prs» Pre) can be determined from the p,,
curve obtained numerically and experimentally. By substituting
rp, from (5a) and f,,, from (6a), where p,, is given by (14a)
into (7b) and by using the orthogonality (1g), the disturbance
dynamics (7b) is expressed explicitly in terms of t,, and B, to
account for the steady-state variation 7,0(5) caused by the SP
oscillation

drpo (B)

Tp (B) = a8

h (¢ENO) B,

‘ o0
B=Bo p—1

30 N6 10 (o)) — (L + b
=1
(1)

The steady-state parameters in (15), 7,0, T,¢, the incremental
moment of inertia [,, and the (quadratic, viscous) damping
coefficients (csq, bsq) Of the SP rotational system, are given in
(A.2a—e). In (15), the T, term is measured from the first piston
angular position 01, while the B, term is formulated in terms of
the operating position 6 of the PP. The phase difference between
the 1,, and B, terms can be accounted for by a transformation
matrix T (¢N«), where o« = §—6, with which (7a) is rewritten
in harmonic form (16a) after substituting 7, from (15), express-
ing p, and 3 (and its time derivatives) in the form of (1a—c) and
neglecting the quadratic terms of HAVs

i h (¢NO) [ermBssm — ((Nwpy) LI 134
l=1...

= > h(¢NO) [Terp (Bo) —
(=1.

where I, = I, + I, (Bo) ;bs = bs + bsa (Bo)

cos({Na) sin(/Na)

—sin(¢{Na) cos(!/Na)
(16d-¢)

AglaPar] (16a)

GBE

(16b-c)

dr, 0

ke = kyl2 — =22
g Bo

; Te({Na)= {
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""""""""""""""" -1 _
PC-valve— (8a,b), (13a) 947, ] where Z_, = ;o1 + (lw) C,S (20a)
w PLH .
qv a1l lpe Pi-ne —Pavye =179
Zip(wW)dir = { P2t — P(at)e i= 3+
P-)e 1 =3—
where Z(w) = RiI + (w) I;S (20b)
Fig. 3. Impedance representation of the hydraulic connecting circuit. j=2,6,8

Expressed in terms of an impedance matrix Z, that describes
the (th torque harmonics of the SP, (16a) is compactly written
as follows:

Zg (w) Bl = Tfrpé (60) - Aalapaf (17a)
where Z(w) = kI + (fw) bsS — (fw)* LI and
w = Nwy,. (17b-¢)

2) Swash-Plate Oscillations Linked to PC-Feedback Noises:
To derive the AHM (3) that relates B, to pae, the relationship
between the HAV p,¢ of the control-actuator pressure p, (17a)
and pgy can be derived similarly from the dynamic model of the
PC-valve controlled actuator, (8)—(13).

a) PC-valve displacement: For investigating the effects of
the PC-valve displacement x,, on SP ripples, the valve flowrate
(13a) is linearized and its HAV is formulated in (18a), where the
positive steady-state value x, is given in (A.3f) and x(,+), are
the HAVs of x4

Q(v+)e
e

Zyo TP@x)e F Por
2 Epusy Freo
From (8a), Xu¢ = X(y4)¢ + X(y—)¢ along with (18a), where
A+ > 0 as defined in (13b)

Av+)e | dv-)e
Ay A

~ X(vt) + (18a)

Xot =

L B0 (PM —P@-)¢  P+)r — Per

> . (18b)
2 \ P60 —P@-)0  P@d+)0 — P60

From (9), the HAV x,,, corresponding to the PC-valve dis-
placement z,, is derived in (19a), where (pa¢, pass) are the
respective HAVs of (p2, pa+)

ZorXor = AviP2e + Ay [Patye — Pa—ye)  (192)

where Z; (w) = koI 4 (fw) byS — (fw)*my, 1 (19b)

b) Hydraulic circuit: To help visualize the interrelations
among the hydraulic components modeled as impedances, Fig. 3
schematically shows an equivalent circuit of the PC-valve
controlled actuator (see Fig. 2), where the flowrates satisfy
the Kirchhof’s current law: ¢ = ¢ + ¢34+ @3+ = £qv+ £ qQus;
Qv = g6 + q7; and g7 = gg + qq-

With Fig. 3, the impedance matrices Z;, of the hydraulic pipes
and chambers, (10)—(12), are formulated in (20a—c), where the
admittance Z;/,l in (20a) is written as a reciprocal of impedance
to avoid introducing additional symbols

qa¢ + (&U) AalaSBZ = Z:w} Par

Zjo(w) [ag-ne — dgne]
pje=Zj(w)gje =1 .’ LT
’ ! ! {Zﬂ(w) [aGey F ey J=4+

where Zj¢(w) = —(twC;)"'S. (20c¢)

Unlike the (B,, t,¢) relationship characterized by a single
mechanical impedance (17b), pgs and p, are implicitly related
by the HAVSs (P(44)¢, Por and q(,4)¢) in the PC-valve (18a,b)
and (19a,b). These implicit relations are derived from (20a—c),
which are the defined impedances and the continuity equations
at the nodal pressures (p2, p4y, ps, and py).

1) From qi; = q2¢ + q(34)¢ with the flowrates defined in
(20b) with i = 1 and (20c) with j = 2 and 4 +

Pde = P12P2¢ + P1aPa+)e + Lot )e

where pi, =1+ ZyZy) and pyy = ZuZy,), ), (21a)

2) From q@31)¢ = 9(u1)¢ + 9at)e With the flowrates ex-
pressed in terms of pressures using (20b) with i = 3 +
and (20c) withj =4 +

P20 = P3P+t T L1y vt

where pyy =1+ ZiyZy, ), (21b)

3) From q7; = qg¢ + qq¢ With the flowrates given by (20b)
with i =7 and 9 and (20c) withj = 8

Po¢ = PrgPat + ZriGas
where pyg = (I+ Z7,Zg,) and Zry = Zog

+ ZyiZg) Loy + Ziyg. (21c)

4) The flowrate qu¢ = q(v4)¢ + ()¢ can be expressed in
terms of (Pe¢, Pars Qare) using (20b) with i = (7, 9) and
(20c) with j = 8

que = Zs}l Pee + Zgzl Pa¢ + P39Qar

where pgo = I+ Zg,' Zoy. (21d)

5) From Fig. 3, we have (21e) where the minus sign before
q (v )¢ is used to negate flowrate g,— defined in (13a)

Q) = Z;elp@,)g where Z;él = Z@lf)e + Z(El,)g-

(21e)

The admittances Z;él = —twC} S~! wherein (21a—e), which

are written as a reciprocal of the impedance defined in (20c),

are nonsingular since det[S] = 1, where S is defined in (1f).

Similarly, the inverse matrix of a pipe, for example, Z(}l_ Y in

(21e) exists because of nonzero flow resistance in real pipes. The

same argument can be made for the existence of the admittance

Z;él for the network composed of chamber Z4_ and pipe Zs_ in
parallel as shown in Figs. 2 and 3.
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3) Procedure for Deriving the PC-PP AHM: To derive the
AHM (3) that directly relates B, to pge and t,, the intermediate
HAVs variables [(Pas, Qar), (P26, Xve) and p4+)¢] are eliminated
from the hydraulic circuit equations so that the remaining two
variables (pes¢, qu¢) are only functions of pg, and t,,. The
procedure involves the following steps.

Step 1: Eliminate (pg¢, Qq¢) from (pes, qy¢) by substituting
(17a) and (20a) into (21c¢) and (21d)

(Aala) Per = phTZTpZ - Zmﬁf
where Zy, = pyZse + (wA2 12 ZpyS

and p;, = pys + ZriZyy; (22a)
(Aala) Avr = Z5, " TTp0 — Prmbe
where Z,,t = Z) py + Zg,) + psoZ,,;
and pp, = Z Zoo + (wALLL (pgo + Zgy Zre) S. (22b)

In (22a, b), (ps¢, qu¢) are derived as a function of B, and t,;
and Z,, lis the admittance of the network formed by the chambers
(Z¢,Zs) and the pipe (Z7, Zo) as shown in Figs. 2 and 3.

Step 2: Eliminate py, (that relates x,, and pg¢), X,¢ and
P(4+)¢- Given that the pressure (p44.) effect on the valve displace-
ment can be accounted for in (19a), the pressure across the valve
opening is neglected (or pgs = P(4+)¢) in computing q,¢ (18b);
in other words, q, is controlled by the valve displacement X .
To begin with, substitute py, (21b) and (21e) into (19a) leading
to (23a), whereps = A2/ A, and A, # 0

A Zypxoe = (pag + pal) Por + Z(31)0Que
+(ZoiZyl = pal) Py (230)
Then, eliminate x,,, from the above using (18b) resulting in
iy Pt = (Api Ay Zop — Zg1) Que + Py_Pra—ye
where py, = (p3g + pal) — CoZyy;
p— xvo .
2441 (pso — Pa—y0)’

andp, = A, (A =27 ZoZ )

Co

— (Za01 2} = pal) = CoZun.

Next, substitute (21b, e) into (21a) leading to (23c)

(23b)

Par = (P12P3a + P1s) Per

+ (P1zz(3+)e + Zw) (qu + Z;}p(4_)g) . (230)

After eliminating p(4—), from the above pair of (23b, c), we
have (23d) relating (Pes, Que) tO Pae

PaPde = ZvQue + Py Poe

where pg = py_ [(P12Z(3+)z +Zyy) Z;gl] ;
Py = Pa (P12P3s + Pra) + Payt

and Zy = py_Zypo + Z34y0 — Ayl 21 Lo (23d)

Step 3: Derive (G, H) in (3) which account for all the elements
from the pump discharge port to the SP. By substituting (pey,
Q) from (22a, b) into (23d)

(ZyPpom + PvZm) B, = (szﬂl + pvph) Tytpe
— (Aalapg) Pac- 24)

Rewriting (24) in the form suggested by (3), (G, H) are
deduced in (25a, b) with T, defined in (16e), the equivalent
impedances in (26a—e) and the pressure ratios in (27a—e)

G (W) = (ZyPpm+PyZm) " (ZvZ, +pupn) T

(25a)
H () = Aala(Zypum TPy Zm) ' Pa (25b)
Zm(w) = pp [—(Ew)zfsl + (fw) S + /‘csl}
+ lw(Aala) ZreS; (26a)
Z, () = — A7} [—(Ew)zmvl + I+ &uva]
+ Pa—Zpe + Lz (26b)
and Z' = Zg,'pp, + Zg, + PsoZiy; (26¢)
where Zry = Zop + Z70Zg; Zov + Zr; (26d)
Z, = Z@{ )Z+z(;{ o and w = Nuwy, (26e-f)
- Al (- );jl) ZMZ;;— ]
(PAI - Z3E+Zpg) — Coliyy
% [(pnZooy +210) 20| (27a)
Pn = P + Z1iZ,, (27b)

Pom = Zn Zse + lw(Auls)” (pgo + Zg) Zre) S

(27¢)
Pv = Pa (P12P3s + P1s) + (P3s + pal) — CoZiyy
27d)
and p;; =1+ Z;/'Zy; (27e)
Av2 Ty0
where py = — and C, = . (27f-g)
Ay 2441 (Pe0 — P(a—0)

The parameters (inertia, damping coefficient, and stiffness)
in (26a, b) of Z,, and Z. are defined in (16b—c) and (19b).
For a stable-controlled system, it is always possible to derive
nonsingular transfer functions, G(w) and H(w) as defined in
(25a, b) describing the dynamics of periodic torque disturbance
and feedback noises on the manipulated variables, respectively.
In general, the poles that can be derived from the characteristic
equation det[Zy ppm TPy Zm] = 0 are on the left-half complex
plane for the stable-controlled system, which account for the
coupling between the mechanical and hydraulic subsystems.

4) Computing Steps for Analyzing Swash-Plate Oscillation:
The transfer matrices (G, H) derived in (25a, b) provide a basis to
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TABLE |
NOMENCLATURE AND PARAMETRIC VALUES OF THE PC-PP

Items Parameter Unit Value
Piston Pump

Case pressure De MPa 0.5

Piston number N 9

Piston pitch radius p mm 13.6

Piston cross-sectional area A, mm? 46.1

Mass of P/S assembly My g 9.3

Offsets (a, e) mm (1.7,-2)
Oil bulk modulus K., MPa 1100
Operating speed n, rpm 2400~4200
Secondary swash-plate angle vy ° -3
Swash-Plate Control Mechanism

Control actuator area A, m? 50.15
Moment of inertia I kg.mm? 40.57
Actuation force arm 1, mm 21.15
Spring preload and stifness (3, ks) N, N/m (8,22000)
PC Valve

Spring preload and stiffness  (f,, &,) N, N/m (90, 48000)
Cross-sectional areas (4w, Ay)  mm? (4.16,0.36)
Mass and damping coefficient m,, b, g, Ns/m (1.93,0.1)
Hydraulic Circuit

Pipe 1 (Iength, diameter) L, d mm (38,2)
Chambers (2, 4+) volume Vi, Vi mm? (122.7,3.56)
Pipe 3+ (length, diameter) b, d3 mm (8, 5),0.68
Chambers (6, 8) Volume Ve, Vs mm® (31.7, 1414)
Pipe 7 (length, diameter) b, dq mm (30,2)
Pipe 9 (length. Diameter) 1y, dy mm (2,2)

analyze the SP oscillation from measured HF discharge pressure
pa4, where the computation involves the following three stages.

1) For a given piston pump with known geometric/operating
parameters (pqo, 5o, Wm ), determine the steady-state val-
ues (7,0, Pa0> da0> P60s P(4+)0> Tv0> P20) according to
Appendix A.

2) Formulate (G, H) according to (25a, b), along with the
equivalent impedances (26a—e), pressure ratios (27a—g),
and hydraulic impedances (see Figs. 2 and 3) defined in
(20a—c).

3) Compute B, (and hence 3 of the SP) from (3) with 1,
derived in (A.2b) and pg4¢ determined from the measured
discharge pressure p,. With calculated B,, the (amplitude,
phase) of the ¢th harmonic of /5 can be obtained in the
form of (la, d, e). Note that the angle « in Ty(«) can
be identified from the comparison between the measured
and computed S at the initial stage of the pump opera-
tions. Once determined, o keeps constant during every
operations of the pump.

[ll. RESULTS AND DISCUSSIONS

An investigation was conducted on an aircraft PC-PP (see
Fig. 1) to illustrate and validate the AHM, and analyze the
HF oscillation characteristics of the SP under various operating
speeds. The parametric values of the PC-PP used in the inves-
tigation are listed in Table I. Fig. 4 illustrates the test rig and
setup used in the experiments, where the pump was driven by
a variable-frequency electric motor; and an adjustable throttle
valve was connected to its discharge port as a load as shown
in Fig. 4(a). An HF pressure sensor was installed to measure
the discharge pressure py. The SP-angle 3 was measured by
a high-precision potentiometric angle sensor (P6500 series @

24 someor
(N

Throttling
Valve

(@)
i
i Angle sensor
[ ] ' L ]
I% = — Framc

Coupling
Mid-shaft §

Pump

End-cap

2 Gasket
First-shaft
Bearing

Swash plate

(b)

Fig. 4. Test rig. (a) Schematic diagram. (b) Swash-plate angle mea-
surement device installed on the aircraft pump case.

= 2 =04 -
E 2400 rpm E 360 Hz  <',02
E 209 MVMVM\/‘M\/,WVMVMVM E 0.2 04 40 80 120 160,
20 (a) 0k l A A 8
= 2 =02 e
& 3000 rpm = 450Hz - foor
= = 22 A A
< 0.9 S AN A A < ,
3 20.9 i W W\[\W\,‘\;N wy vf\f\w\‘r\wr\ EO‘] . J I 501100 150 ,
20 (b) 0# - .
s 22 - 04 - . —
E 3600 rpm = 540Hz . 832
E 20.9 ANJ\WMWM - W’MWJM ‘2:0‘2 o 60 120
= 1 1 L1
20 (C) 0
5 2 4200i‘pm ‘ , ’:?0‘4 ‘ ', 1005, —
s o 630 Hz 7 10.03
=) N [L\ AN AN 2o ‘ ”%
= 209 3 W v = i ;
B 20 = 0 l J_ | AL
0 80 160 240 360 1 2 3 4 5
Angular position € (°) @ Harmonic order ¢
Fig. 5. Discharge pressure. (a) 2400 r/min. (b) 3000 r/min. (c) 3600

r/min. (d) 4200 r/min. Left: Time domain. Right: Frequency domain.

Novotechnik) mounted on the pump case through a frame [see
Fig. 4(b)]; and the SP rotation was transmitted to its input shaft
via the mid-shaft/ coupling.

Due to stringent lubrication conditions of the friction pairs,
mechanical dynamics, and oil cavitation, hydraulic piston pumps
are often operated within an upper limit beyond which the
sharply increased wear and vibrations of the overall pump will
greatly influence the swash-plate angle measurements. Equa-
tions (25)—(27) reveal that 3y has little effect on G(w) and
H(w) and hence the swash-plate HF oscillation characteristics,
which is consistent with that reported in [15] and [21]. Thus, the
following discussions are based on four typical pump speeds
Ny = 60w, /27 (= 2400, 3000, 3600, 4200) r/min operated at
the same steady-state discharge pressure pgo at 20.9MPa, while
the SP was kept at the mid-position (89 = 8°-10°). During
experiments, py and S were simultaneously sampled at a rate of
20 kHz. The results are summarized in Figs. 5 -7, and Tables II
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Fig. 6. Disturbance torque. (a) 2400 r/min. (b) 3000 r/min. (c) 3600

r/min. (d) 4200 r/min. Left: Time domain. Right: Frequency domain.
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Fig. 7. Swash-plate HF oscillations; Comparisons between proposed
AHM and conventional TDM. (a) 2400 r/min. (b) 3000 r/min. (c) 3600
r/min. (d) 4200 r/min. Left: Time domain. Right: Frequency domain.

and III. To validate the AHM and demonstrate its potential
advantages for real-time applications, the 3 calculated by the
AHM (see Section II-C) and the conventional TDM described
in Section II-B and their required computation times (based on
laptop with 2.3 GHz CPU and 16G memory) are compared with
that measured experimentally in Fig. 7 and in Table III (last row),
respectively.

TABLE Il
HAVS OF THE DISCHARGE PRESSURE AND DISTURBANCE TORQUE
=1,2,3 | n,=2400 rpm 3000 rpm 3600 rpm 4200 rpm

1| [-2.450 0.056]' | [-2.08 0.55]" | [-2.28 —0.032]' |[-2.31 —0.076]"
ot 2| [-1.190 0.850]" | [-1.14 0.79]" | [-1.150.77]" | [-1.18 0.77]"
Nm

3| [0.007 —0.290]" | [0.01 -0.23]" | [-0.013 -0.21]" [[-0.004 —0.22]"

1| [-0.272 0.023]" | [0.014 0.182] | [-0.250.13]' | [-0.26 —0.17]'
Pac 5| [-0.065 0.089]" |[~0.15 —0.034]" | [0.011 —0.044]" | [0.045 0.093]"
MPa

3| [0.012 -0.038]" | [0.047 0.024]" |[-0.053 —0.008]" | [0.11 —0.021]"
7,0 (Nm) 8.76 871 8.7 9.1
Lo (°) 9.9 9 8.45 9.95

TABLE IlI
HAV OF THE SWASH-PLATE ANGLE AND COMPUTATION TIME
KO G(@) pur H(o) 7 B,

1 |[-[0.0044 0.145]] [8.6 —7]"x107 | —[0.013 0.138]
24005 | o046 —031]" | —[49 83 x10* [0.046 —0.03]"
rpm

3| —[45 4]'x107] [26 -14]'x10°| —[46 3.7] x107

1| [-0.077 0.096]" —[4 3]'x10%| [-0.073 0.099]"
30005 | [-0.009 0.037]"| -[1.3 0.88]' x10°| [-0.009 0.037]
rpm

3 -[1.3 3]'x10° 1 2]'x10°| —[1.3 2.9] x107

1 [-[0.104 0.043]" | —[0.067 4]'x10° | —[0.104 0.039]
36005 | _[0.015 0024 | [1.6 -125] x10°| —[0.015 0.024]
rpm

3 ([0077 2]'x10° | —[73 62]'x10°| [0.08 22] x107

1 | —[0.101 0.019]" [3 2]'x10%| —[0.104 0.017]
42005 | [0014 0017]" | [-0.5 3.6'x10°| —[0.014 0017]
rpm

3| [013 2] x107 [10 7.7]"x10°| [0.12 1.6] x107
Computation Time 90ms (AHM) 19s (TDM)

Fig. 5 depicts the measured discharge pressures (left column)
as a function of the angular position 6(¢) in time domain and
their /th harmonics pge (right column), where £ =1, ..., 5 for
the four operating speeds. The disturbance torque 7, (/5) and
their corresponding ¢th harmonics (¢ =1, ..., 5) computed from
(A.2a) and (A2.b) are presented in the left and right columns of
Fig. 6, respectively. For completeness, the steady-state values
(Bo, Tp0) and (1,¢, Pa¢) at each operating speed are listed in
Table II; only ¢ = 1, 2, 3 components are included because the
amplitudes of the higher order harmonics (¢ =4, 5) are negligibly
smaller than their fundamental components.

With known (7, pg) in terms of their steady-state values (7,
pao) and HAV's (1,,¢, P4¢), the computed 5 are compared with that
experimentally measured in Fig. 7, both in time and frequency
domains. The effects of the disturbance torque and feedback
pressure on the HF SP oscillation are illustrated in Table III
that compares their contributions characterized by (Gt,¢, Hp )
defined in (25a, b) for the four pump speeds.

The followings summarize the findings from the results.
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1) As shown in Figs. 5 and 6, the measured discharge
pressure pg and computed disturbance torque 7, (/)
periodically fluctuate (with a period 27/N) about their
steady-state values (pqo, Tp0) for all four speeds. As a
result, the /th (¢ = 1, 2, 3) harmonics can be seen at the
frequency ¢{Nn,./60.

2) As compared in Fig. 6 and Table II (for identical pg4y and
similar (), the waveforms (left) and harmonic ampli-
tudes (right) of 7, are almost the same under the four
pump speeds, but those of the measured p; vary with
pump speeds.

3) As compared in Fig. 7 and Table III (last row), although
both AHM and TDM predictions closely agree with that
measured, the AHM took only 90ms to calculate the HF
oscillations of a piston pump during one cycle, represent-
ing three orders less computation time than (or less than
0.5% of 19 s) that taken by the TDM. Some discrepancies
are due to the neglected quadratic terms when deriving
the AHM. The above results demonstrate that the AHM,
which avoids highly repetitive integrations (required in
TDM) in predicting the HF SP oscillations, is a compu-
tationally efficient model for real-time applications.

4) As shown in Fig. 7, the SP oscillates around its steady-
state position 3 (left column); and its HF oscillation is
dominated by the fundamental component (right column).
From the comparison between Gt,, and Hp,, in Ta-
ble III, the HF oscillation is primarily contributed by the
disturbance torque.

5) As shown in the zoom-in subplots of Figs. 5 and 6, there
are low-frequency components in the discharge pressure
and disturbance torque (at ¢n, /60 where { = 1, 2, 3
and n, is the pump operational speed), which vary with
operating conditions. Their magnitudes are much smaller
than that of the dominant HF components at {Nn,. /60
(N =9 is the piston number) but these low-frequency
harmonics (unmodeled in AHM) contribute to some fre-
quency shifts in the SP-angle oscillations; the discrepancy
between predictions and measurements can be observed
in Fig. 7 (left side), especially for the cases n,, = (3600,
4200) r/min.

[V. CONCLUSION

A computationally efficient method to derive an AHM has
been presented, where the AHM explicitly characterizes the
harmonics of SP oscillations as a function of the feedback
pressure ripples and pulsating external disturbance. Illustrated
in the context of a PC system in an aircraft PC-PP, both the
TDM and the AHM have been derived to characterize the
SP oscillations under various operating speeds. The AHM has
been evaluated by comparing its numerical solutions with ex-
perimental results; good agreements between simulations and
experimental measurements validate the AHM method, and
demonstrate its remarkable advantage for real time applications
over conventional TDM methods. It is concluded that the HF SP
oscillations under different operating speeds are dominated by
their fundamental components; and that the disturbance torque

is the main contributor on the HF SP oscillations. AHM provides
a time-efficient alternative for modeling a noisy control system:
Once the HAVs and 2 x 2 transfer matrices are derived; it can be
used as a basis to analyze the periodic disturbance and/or feed-
back noises effects and design controllers to suppress undesired
oscillations as illustrated in Appendix B.

APPENDIX

A. Calculations of Steady-State Values

For the PC-PP shown in Fig. 1 (where the parameters are
defined in Table I), the equilibrium torques acting on the swash-
plate at any steady-state operating point (8o, Pdo, Wm) can be
expressed as (A.1), where 3, is the maximum SP-angle

Tp0 (60) + fbla + kbli (ﬁm - 60) - paOAala =0.

From (5a—c), (6a, b), (7b), and (lg), the steady-state
value 7, of the disturbance torque 7, along with the
HAV 1,, and (Isq, Csa, bsq) In (16) are derived in (A.2a-
e) whereTjs, = tan fp tan~,55, = sin fy, C" = (cos By)™™
and C;' = (cos ¢) !

(A.1)

70 (Bo) _ tanfp -2 2
Nmypgr2w?, 2 <Cﬁ° +tan 7)
Appoa -2 1€ -2 Prn(k=1)
MypsT2W2, [CBU (S’BOC¢ a a) + [Cay —Tis ] Poa
(A.2a)
NA _
T (Bo) = 2 Ly Z (iCBOZS - Tﬁ'yIZXZ) Pr(k=¢N+1)+
x
-2 -1 €
aNA,C2 (85,05 = =) Parin) (A.2b)
Isq (BO) C[;o4 a? 1 e e
ZsalP0) _ Th |y 4 . _ <
NmpsrfO 2 + rz% (SB°C¢ a) (SBO a)
(A.2¢)
Csa (50) _ -5
Nmyr2 = S50
2
a ., e . 2e
x [1 o (SnC5' - 5) (sﬁo =+ 550)]
(A.2d)
bsa (Bo) 2
W = _meBWCBU s (AZe)

In (A.2a), p,i has been defined in (15b), the steady-state
value pg of the nth piston chamber pressure p,, can be directly
obtained from the Fourier Transform of the pressure profile [see
Fig. 1(a)] as given in the following equation:

Po = Ps + (de - ps) (Spfe + Pfs — Prs — @re) /471— (A2f)

As indicated in (A.2a, b), the reciprocating inertial force of
the piston/slipper assemblies increases with w?, contributing to
a growing average torque 7,0(03), while t,,(3) is independent
of w,,, with given p,.
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Fig. 8. Speed control system with noisy load and back emf [27].

Given (8o, pao, wm) and the pump parameters, the steady-
state value p,o determined from (A.1l) provides a basis to cal-
culate the remaining steady-state values in the hydraulic circuit
(see Fig. 2)

(A.3a)
(A.3b-c)

q10 = 4(3-)0 = 4v0 = G710 = Ga0 = Cla(Pa0 — Pe)
P20 = pdo — q10R1; Pa—yo = Pe

Pa4)0 = P20 — 434031560 = Pao + (R7 4 R9) qao
(A.3d-e)

koo = (P20 — Pe) Avt + (Pa+)0 — Pa—y0) Avz — fr-
(A3f)

Note that the valve displacement x,( is positive introduc-
ing the oil from the discharge port to compensate the leakage
flowrate g, to the reservoir p.. Thus, g3y = o in (A.3a),
and the steady state p(4—yo = Ppe.

B. lllustrative AHM Applications

Consider the noisy speed control system in Fig. 8, where
(J, b) are the (moment of inertia, viscous damping coefficient)
of the rotating system; (L, I?,) are the (inductance, resistance)
of the motor windings with current 7, and input voltage v;; and
km (= Tm/ia) of the motor-torque constant. AHM is used to
identify periodic disturbance torque 74 and back electromotive-
force (back emf v, = kyw,, as internal feedback) for designing
the speed and current controllers, G, (s) and G;(s), to suppress
speed ripple w,,, with respect to the reference w,,, [27]. Using
the definitions (1a—c), the HAV's (v;¢, Viz, 1ae, Tae, @mye) of the
incremental variables (v;, vp, 14, T4, W) can be derived

Vie = _G1 (vamZ + iaf) )
Vie — Vpp = (&/JLQS + RaI) ig¢ (B.1a-b)
(&UJS +b0I) O = kniar + Tae- (B.1c)

In (B.1a), (G, G;) are the 2 x2 transfer-function matrices of
the speed and current controllers respectively. Consider the com-
monly used proportional-integral-differential controller with
parameters (K, T;, T) as an illustrative example in (B.2a),
its transfer-function matrix G.. has the form in (B.2b)

Ge(s) =K, (1+1/T;s + Tys)
G. =K, (S7'/twT;) [(1 = Cw*T,T,) I+ wT;S] . (B.2b)

(B.2a)

Eliminating v;¢ and i,¢ from (B.1a—c), the AHM for the noisy
speed control system (see Fig. 8) can be derived as follows:

One =H ' (Grtar — ki vie) (B.3a)

where G, = G; + ¢wL,S + R,I; and
H=k,GG, + G, (fwJS+0bI).

(B.3b)
(B.3¢)

With known operating frequencies fw and parameters (J, b,
L., R,), AHM (B.3a—c) with the 2 x 2 transfer matrices (H, G )
can be used as constraints to design (G,,, G;) to suppress ripples
(for example, proportion-integral-resonant controller [27]), and
estimate the effects of the unknown disturbance torque in real-
time if the back emf v, and speed ripple w,, can be monitored.
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