
IQW. J. MechaQiVPV aQd RRbRWic S\VWePV, 9RO. 5, NRV. 1/2, 2021 39

0eWhodV foU mapping mechaniVmV Wo deYelopable
VXUfaceV

LaQce P. H\att*, JacRb R. GreeQZRRd,
Jared J. Butler, SSeQcer P. Magleb\ aQd
Larr\ L. HRZell
DHSDUWPHQW RI MHFKDQLFDO EQJLQHHULQJ,
BULJKDP YRXQJ UQLYHUVLW\,
350 EB, PURYR UT 84602,
UWDK, USA
EPDLO: ODQFH.K\DWW@E\X.HGX
EPDLO: MDFREJZRRG@JPDLO.FRP
EPDLO: EXWOHU@SVX.HGX
EPDLO: PDJOHE\@E\X.HGX
EPDLO: OKRZHOO@E\X.HGX
*CRUUHVSRQGLQJ DXWKRU

Abstract: PODQDU DQG VSKHULFDO PHFKDQLVPV FDQ EH PDSSHG WR UHJXODU 
F\OLQGULFDO DQG FLUFXODU FRQLFDO GHYHORSDEOH VXUIDFHV XVLQJ F\FOLF 
TXDGULODWHUDOV. TKH OLQN OHQJWKV DQG OLQN DQJOHV FDQ EH XVHG LQ HTXDWLRQV 
WR FDOFXODWH WKH FLUFXPFLUFOH RI D F\FOLF TXDGULODWHUDO WR ILQG WKH UDGLXV RU 
FRQH DQJOH RI D GHYHORSDEOH VXUIDFH. TZR RWKHU QXPHULFDO DQG JUDSKLFDO 
PHWKRGV WR PDS PHFKDQLVPV WR WKHVH VXUIDFHV DUH GLVFXVVHG DQG H[SDQGHG. 
UVHIXO SURSHUWLHV RI GHYHORSDEOH PHFKDQLVPV DUH DOVR LGHQWLILHG XVLQJ F\FOLF 
TXDGULODWHUDOV. WKLOH GUDVKRI PHFKDQLVPV FDQ EH PDSSHG WR GHYHORSDEOH 
VXUIDFHV LQ HLWKHU WKHLU RSHQ RU FURVVHG FRQILJXUDWLRQV, WKH RQO\ ZD\ WR PDS 
D QRQ-GUDVKRI PHFKDQLVP WR D F\OLQGULFDO RU FRQLFDO VXUIDFH LV LQ LWV RSHQ 
FRQILJXUDWLRQ. E[WUDPRELOH DQG LQWUDPRELOH EHKDYLRXU FDQ EH SUHGLFWHG EDVHG 
WKH F\FOLF TXDGULODWHUDO¶V SRVLWLRQ ZLWKLQ WKH FLUFXPFLUFOH DQG WKH PHFKDQLVP¶V 
JURXQGHG OLQN. TKH SRVVLEOH FRQILJXUDWLRQV DUH WDEXODWHG DQG DQDO\VHG.
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JDUHG J. BXWOHU LV FXUUHQWO\ DQ AVVLVWDQW PURIHVVRU DW WKH PHQQ SWDWH UQLYHUVLW\.
HLV UHVHDUFK IRFXVHV LQFOXGH FRPSOLDQW DQG GHSOR\DEOH PHFKDQLVPV.

SSHQFHU P. MDJOHE\ LV WKH DLUHFWRU RI WKH UQLYHUVLW\ HRQRUV PURJUDP DQG
D PURIHVVRU DW WKH BULJKDP YRXQJ UQLYHUVLW\. HLV UHVHDUFK LV DLPHG DW
LPSURYLQJ WKH SURFHVVHV DQG WRROV RI HQJLQHHULQJ GHVLJQ DQG WHFKQRORJ\
GHYHORSPHQW ZLWK D IRFXV RQ PHFKDQLFDO V\VWHPV, FRPSOLDQW PHFKDQLVPV,
SURGXFW GHVLJQ DQG FROODERUDWLRQ.

LDUU\ L. HRZHOO LV DQ AVVRFLDWH AFDGHPLF VLFH PUHVLGHQW DQG D PURIHVVRU
DW WKH BULJKDP YRXQJ UQLYHUVLW\. HLV UHVHDUFK IRFXVHV RQ FRPSOLDQW
PHFKDQLVPV, LQFOXGLQJ RULJDPL-LQVSLUHG PHFKDQLVPV, VSDFH PHFKDQLVPV,
PLFURHOHFWURPHFKDQLFDO V\VWHPV, DQG PHGLFDO GHYLFHV.

TKLV SDSHU LV D UHYLVHG DQG H[SDQGHG YHUVLRQ RI D SDSHU HQWLWOHG ‘UVLQJ
F\FOLF TXDGULODWHUDOV WR GHVLJQ F\OLQGULFDO GHYHORSDEOH PHFKDQLVPV¶ SUHVHQWHG
DW PURFHHGLQJV RI WKH 2020 USCTRMM MHFKDQLFDO S\VWHPV DQG RRERWLFV
S\PSRVLXP, RDSLG CLW\, SRXWK DDNRWD, 14–16 MD\ 2020.

1 Introduction

DHYHORSDEOH VXUIDFHV (H.J., JHQHUDOLVHG F\OLQGHUV, JHQHUDOLVHG FRQHV, DQG WDQJHQW
GHYHORSHG VXUIDFHV) DUH FRPPRQ LQ PDQ\ HQJLQHHULQJ DSSOLFDWLRQV (LDZUHQFH, 2011;
LLX HW DO., 2011; MDUWíQ-PDVWRU, 2019; LLP DQG EUGPDQ, 2003; GDYULLO HW DO., 2019;
CD\PD] HW DO., 2018). DHYHORSDEOH PHFKDQLVPV DUH PHFKDQLVPV WKDW FRQIRUP WR WKH
VKDSH RI GHYHORSDEOH VXUIDFHV (NHOVRQ HW DO., 2019). TKHVH PHFKDQLVPV DUH DGYDQWDJHRXV
EHFDXVH WKH\ FDQ EH LQFRUSRUDWHG LQWR WKH VXUIDFH RI DQ REMHFW, DOORZLQJ IRU FRPSDFW
VWRUDJH DQG SUHFLVH GHSOR\HG PRWLRQ. FRU H[DPSOH, SH\PRXU HW DO. (2019) RXWOLQHG
VHYHUDO DSSOLFDWLRQV LQ PLQLPDOO\ LQYDVLYH VXUJHU\ ZKHUH D FRPSOH[ PHFKDQLVP FDQ EH
HPEHGGHG LQ WKH F\OLQGULFDO VKDIW RI VXUJLFDO WRROV. WKHQ WKH WRRO LV LQVHUWHG LQWR D
VPDOO LQFLVLRQ, WKH FRPSDFW PHFKDQLVP FDQ H[SDQG WR SHUIRUP DGGLWLRQDO IXQFWLRQV.

WKLOH GHYHORSDEOH PHFKDQLVPV SURYLGH XQLTXH DGYDQWDJHV, WKH\ FDQ EH GLIILFXOW WR
GHVLJQ. TR FRQIRUP WR D GHYHORSDEOH VXUIDFH, WKH MRLQW D[HV PXVW DOLJQ ZLWK WKH UXOLQJ
OLQHV, DQG WKH OLQNV PXVW EH VKDSHG WR ILW ZLWKLQ WKH VXUIDFH (NHOVRQ HW DO., 2019).
MHWKRGV KDYH EHHQ SURSRVHG IRU GHVLJQLQJ DQG DQDO\VLQJ GHYHORSDEOH PHFKDQLVPV RQ
UHJXODU F\OLQGULFDO (GUHHQZRRG HW DO., 2019) DQG FLUFXODU FRQLFDO (H\DWW HW DO., 2020)
VXUIDFHV.

OQH VSHFLILF GLIILFXOW\ WR GHVLJQLQJ GHYHORSDEOH PHFKDQLVPV LV NQRZLQJ KRZ WR PDS
D JLYHQ PHFKDQLVP RQWR D GHYHORSDEOH VXUIDFH WR FUHDWH D GHYHORSDEOH PHFKDQLVP. FRU
F\OLQGULFDO DQG FRQLFDO GHYHORSDEOH PHFKDQLVPV, WKLV PHDQV ILQGLQJ WKH JHRPHWU\ RI WKH
VXUIDFH (WKH UDGLXV RI D F\OLQGULFDO VXUIDFH RU FRQH DQJOH RI D FRQLFDO VXUIDFH) ZKHUH
D PHFKDQLVP ZLOO ILW DQG WKH FRQILJXUDWLRQ RI WKH PHFKDQLVP ZKHQ FRQIRUPHG WR WKH
VXUIDFH.

TKLV SDSHU LQWURGXFHV WKUHH PHWKRGV IRU PDSSLQJ IRXU-EDU OLQNDJHV WR F\OLQGULFDO
DQG FRQLFDO GHYHORSDEOH VXUIDFHV DQG LV RUJDQLVHG DV IROORZV. FLUVW, D PDSSLQJ
PHWKRG EDVHG RQ F\FOLF TXDGULODWHUDOV LV SUHVHQWHG. SHFRQG, WZR DGGLWLRQDO PDSSLQJ
PHWKRGV DUH LQWURGXFHG, ERWK RI ZKLFK DUH H[SDQVLRQV RI SUHYLRXV ZRUN LQ WKH ILHOG.
TKHVH PHWKRGV DUH H[SDQGHG WR DSSO\ WR ERWK F\OLQGHUV DQG FRQHV. NH[W, WKH F\FOLF
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TXDGULODWHUDOV PDSSLQJ PHWKRG LV DSSOLHG WR DQDO\VH WKH EHKDYLRXU RI F\OLQGULFDO DQG
FRQLFDO GHYHORSDEOH PHFKDQLVPV. TKH ILQDO VHFWLRQ LQFOXGHV D GLVFXVVLRQ RI WKH UHVXOWV.

2 Background

2.1 DeYeORSabOe PechaQiVPV

DHYHORSDEOH PHFKDQLVPV DUH PHFKDQLVPV WKDW DUH FRQWDLQHG ZLWKLQ RU FRQIRUP WR
GHYHORSDEOH VXUIDFHV (NHOVRQ HW DO., 2019). TKHLU GHVLJQ FDQ EH PRUH FRPSOH[ WKDQ
WUDGLWLRQDO PHFKDQLVPV EHFDXVH WKH\ QHHG WR WDNH LQWR DFFRXQW WKH VKDSH DQG SRVLWLRQ
RI WKH GHYHORSDEOH VXUIDFH (NHOVRQ HW DO., 2019; GUHHQZRRG HW DO., 2019). MHFKDQLVPV
FDQ EH PDSSHG WR WKHVH GLIIHUHQW VXUIDFHV E\ DOLJQLQJ WKH MRLQWV RI D PHFKDQLVP WR
WKH VXUIDFH¶V UXOLQJ OLQHV. SSHFLILFDOO\, SODQDU PHFKDQLVPV FDQ EH PDSSHG WR F\OLQGULFDO
VXUIDFHV DV DOO RI WKH MRLQW D[HV DUH SDUDOOHO, DQG D VSKHULFDO PHFKDQLVPV FDQ EH PDSSHG
WR FRQLFDO VXUIDFHV DV DOO RI WKH MRLQW D[HV LQWHUVHFW DW D VLQJOH SRLQW. TKH OLQNV DUH
VKDSHG VR WKDW WKH PHFKDQLVP FRQIRUPV WR WKH VXUIDFH.

Figure 1 AQ H[DPSOH RI D, (D) F\OLQGULFDO (E) FRQLFDO GHYHORSDEOH PHFKDQLVP WKDW VKRZ ERWK
LQWUDPRELOH DQG H[WUDPRELOH EHKDYLRXU (VHH RQOLQH YHUVLRQ IRU FRORXUV)

(D)

(E)

NRWHV: TKH OHIW VKRZV WKH PHFKDQLVPV LQ WKHLU FRQIRUPHG SRVLWLRQ,
WKH FHQWUH VKRZV DOO RI WKH OLQNV PRYLQJ ZLWKLQ WKH VXUIDFH (LQWUDPRELOH), DQG
WKH ULJKW VKRZV DOO RI WKH OLQNV PRYLQJ RXWVLGH WKH VXUIDFH (H[WUDPRELOH).

GUHHQZRRG HW DO. (2019) GHILQHG WKUHH W\SHV RI EHKDYLRXUV WKDW GHYHORSDEOH PHFKDQLVPV
FDQ H[KLELW DV WKH\ PRYH IURP WKHLU FRQIRUPHG SRVLWLRQ: H[WUDPRELOH (DOO SDUWV RI WKH
OLQNDJH PRYH RXWVLGH WKH UHIHUHQFH VXUIDFH), LQWUDPRELOH (DOO SDUWV RI WKH OLQNDJH PRYH
LQVLGH WKH UHIHUHQFH VXUIDFH), DQG WUDQVPRELOH (WKH OLQNDJH KDV SDUWV WKDW PRYH ERWK
LQVLGH DQG RXWVLGH WKH UHIHUHQFH VXUIDFH). E[WUDPRELOH DQG LQWUDPRELOH EHKDYLRXUV DUH
RI SDUWLFXODU LQWHUHVW DV WKH\ SUHVHQW PRWLRQ WKDW DOORZV IRU PHFKDQLVPV WKDW PRYH
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SXUHO\ LQWR RU DZD\ IURP WKH VXUIDFH. FLJXUH 1 VKRZV H[DPSOHV RI D F\OLQGULFDO DQG D
FRQLFDO GHYHORSDEOH PHFKDQLVP, HDFK RI ZKLFK H[KLELW ERWK H[WUDPRELOH DQG LQWUDPRELOH
EHKDYLRXU. OWKHU ZRUN KDV DOVR H[SORUHG WKH OLPLWV RI LQWUDPRELOH DQG H[WUDPRELOH
PRWLRQ IRU F\OLQGULFDO GHYHORSDEOH PHFKDQLVPV BXWOHU HW DO. (2020).

2.2 GUaVhRf cRQdiWiRQ

TKH GUDVKRI FULWHULRQ FODVVLILHV WKH UHODWLYH PRWLRQ RI OLQNV LQ D IRXU-EDU PHFKDQLVP. FRU
D GUDVKRI PHFKDQLVP, DW OHDVW RQH OLQN RI D IRXU-EDU PHFKDQLVP FDQ URWDWH FRPSOHWHO\
ZLWK UHVSHFW WR WKH RWKHU OLQNV (GUDVKRI, 1883). TKH WUDGLWLRQDO HTXDWLRQV DUH VKRZQ
EHORZ LQ TDEOH 1, ZKHUH WKH VKRUWHVW DQG ORQJHVW OLQNV DUH ODEHOHG DV s DQG l, UHVSHFWLYHO\
DQG WKH RWKHU WZR OLQNV DUH p DQG q.

7able 1 TZR DQDO\WLFDO PHWKRGV IRU GHWHUPLQLQJ WKH GUDVKRI FRQGLWLRQ RI IRXU-EDU
PHFKDQLVPV

TUadiWiRQaO eT. McCaUWh\¶V eT. GUaVhRf cUiWeUia

s+ l ≤ p+ q T1T2T3 ≥ 0 GUDVKRI PHFKDQLVP
s+ l > p+ q T1T2T3 < 0 QRQ-GUDVKRI PHFKDQLVP
s+ l = p+ q T1T2T3 = 0 IROGLQJ PHFKDQLVP (VSHFLDO FDVH GUDVKRI)

MFCDUWK\ DQG SRK (2010) XVHG WKUHH GLIIHUHQW SDUDPHWHUV WR GHWHUPLQH WKH GUDVKRI
FRQGLWLRQ IRU SODQDU PHFKDQLVPV. GLYHQ D PHFKDQLVP ZLWK OLQNV (a, b, c, d), WKH
SDUDPHWHUV T1, T2, DQG T3 DUH GHILQHG EHORZ. TKH SURGXFW RI WKHVH WKUHH SDUDPHWHUV FDQ
GHWHUPLQH WKH GUDVKRI FRQGLWLRQ, DV VKRZQ LQ TDEOH 1.

T1 = a+ b− c− d (1)
T2 = a− b+ c− d (2)
T3 = −a+ b+ c− d (3)

MFCDUWK\ DOVR SUHVHQWHG VLPLODU SDUDPHWHUV WR GHWHUPLQH WKH GUDVKRI FRQGLWLRQ IRU
VSKHULFDO PHFKDQLVPV XVLQJ WKH OLQN DQJOHV LQVWHDG RI OLQN OHQJWKV.

2.3 C\cOic TXadUiOaWeUaOV

A F\FOLF TXDGULODWHUDO LV D TXDGULODWHUDO ZKRVH IRXU YHUWLFHV DOO OLH RQ D VLQJOH FLUFOH,
FDOOHG WKH FLUFXPFLUFOH (UVLVNLQ, 2008; AQGUHHVFX DQG EQHVFX, 2011). TKH SURSHUWLHV RI
WKHVH TXDGULODWHUDOV FRQWLQXH WR EH VWXGLHG H[WHQVLYHO\ LQ PDWKHPDWLFDO UHVHDUFK (FUDLYHUW
HW DO., 2019; JRVHIVVRQ, 2019). BRWK FRQYH[ DQG FURVVHG F\FOLF TXDGULODWHUDOV DUH SRVVLEOH
(JRVHIVVRQ, 2017), DV VKRZQ LQ FLJXUH 2.

GXSWD (1977) VKRZHG WKDW DQ\ VHW RI IRXU OLQHV (a, b, c, d) FDQ IRUP D FRQYH[ F\FOLF
TXDGULODWHUDO RI UDGLXV R DV ORQJ DV WKH ORQJHVW OLQH LV VKRUWHU WKDQ WKH VXP RI WKH RWKHU
WKUHH OLQHV, ZKHUH R LV

R =
1

4

√
(ab+ cd)(ac+ bd)(ad+ bc)

(s− a)(s− b)(s− c)(s− d)
(4)
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ZKHUH

s =
a+ b+ c+ d

2

JRVHIVVRQ (2017) SURYLGHG D VLPLODU HTXDWLRQ IRU FURVVHG F\FOLF TXDGULODWHUDOV, XVLQJ

R =

√
(ab− cd)(ac− bd)(ad− bc)

(−a+ b+ c− d)(a− b+ c− d)(a+ b− c− d)(a+ b+ c+ d)
(5)

Figure 2 (D) (E) E[DPSOHV RI FRQYH[ F\FOLF TXDGULODWHUDOV (F) (G) E[DPSOHV RI FURVVHG F\FOLF
TXDGULODWHUDOV

(D) (E)

(F) (G)

2.4 E[iVWiQg PeWhRdV WR PaS fRXU-baU PechaQiVPV WR deYeORSabOe VXUfaceV

TZR PHWKRGV KDYH EHHQ SUHVHQWHG LQ WKH OLWHUDWXUH IRU PDSSLQJ IRXU-EDU PHFKDQLVPV WR
GHYHORSDEOH VXUIDFHV. TKHVH DUH EULHIO\ UHYLHZHG KHUH DQG DUH ODWHU H[SDQGHG WR FRYHU
ERWK F\OLQGULFDO DQG FRQLFDO VXUIDFHV.

2.4.1 CRRUdiQaWe PeWhRd fRU c\OiQdUicaO deYeORSabOe PechaQiVPV

MXUUD\ DQG MFCDUWK\ (2020) SUHVHQWHG DQ DQDO\WLFDO PHWKRG XVLQJ QRUPDOLVHG
FRRUGLQDWH SRVLWLRQV IRU PDSSLQJ D SODQDU OLQNDJH WR D F\OLQGULFDO VXUIDFH. TKH PHWKRG,
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XVHG IRU F\OLQGULFDO GHYHORSDEOH PHFKDQLVPV, QRUPDOLVHV WKH OLQN OHQJWKV VR WKDW WKH
JURXQGHG OLQN KDV D YDOXH RI 1. TKHQ, E\ DVVLJQLQJ FRRUGLQDWH YDOXHV WR HDFK MRLQW
ORFDWLRQ, WKH FRQVWUDLQW RI HDFK SRLQW EHLQJ ORFDWHG RQ D FLUFOH LV DSSOLHG. TKLV UHVXOWV
LQ D V\VWHP RI VL[ HTXDWLRQV, DV VKRZQ EHORZ, ZKHUH (g, a, h, b) DUH QRUPDOLVHG OLQN
OHQJWKV RI D JLYHQ IRXU-EDU PHFKDQLVP DQG g = 1.

x1y2 + x2y1 + b2y1 − a2y2 = 0

1 + x2 − x1 − x3 = 0

y2 − y1 − y3 = 0

x21 + y21 − a2 = 0

x22 + y22 − b2 = 0

x23 + y23 − h2 = 0

(6)

TKH SDUDPHWHUV (x1, y1, x2, y2, x3, y2) DUH WKH VL[ XQNQRZQ FRRUGLQDWHV WKDW FDQ EH
IRXQG ZLWK D QXPHULFDO VROYHU WKHQ XVHG ILQG WKH FHQWUH RI WKH FLUFOH K DQG WKH UDGLXV
R.

K =
b2 + x2
2y2

(7)

R2 = (1/2)2 +K2 (8)

2.4.2 LRRS VXP PeWhRd fRU cRQicaO deYeORSabOe PechaQiVPV

H\DWW HW DO. (2020) SUHVHQWHG WKH ORRS VXP PHWKRG IRU GHWHUPLQLQJ WKH FRQH DQJOH
QHHGHG WR PDS D JLYHQ VSKHULFDO PHFKDQLVP WR D FRQLFDO VXUIDFH. TKLV PHWKRG XVHV WKH
SURSHUWLHV RI WKH SODQDU SURMHFWLRQ RI WKH OLQN DQJOHV RI D FRQLFDO PHFKDQLVP WR GHYHORS
D VHW RI 16 HTXDWLRQV DV IXQFWLRQV RI DQ XQNQRZQ FRQH DQJOH. TKURXJK QXPHULFDO RU
JUDSKLFDO DQDO\VLV, WKH FRUUHFW FRQH DQJOH FDQ EH IRXQG, DV VKRZQ EHORZ.

CRQLFDO GHYHORSDEOH PHFKDQLVPV FDQ EH UHSUHVHQWHG E\ D SURMHFWLQJ WKH FXUYHG OLQNV
RQWR D SODQDU FURVV-VHFWLRQ RI WKH FRQLFDO VXUIDFH. FRU WKLV PHWKRG, WKH SURMHFWHG DQJOHV
[WKH DQJOHV RI URWDWLRQ EHWZHHQ WKH YHUWLFHV DV VHHQ LQ FLJXUH 3(D)] DUH XVHG WR ILQG WKH
XQNQRZQ FRQH DQJOH. FRU D VSKHULFDO OLQN DQJOH ϕ, WKH SURMHFWHG DQJOH ϕ0 IRU D FRQLFDO
VXUIDFH ZLWK D FRQH DQJOH RI λ LV

ϕ0 = FRV−1

(
FRVα− VLQ2(λ)

FRV2(λ)

)
(9)

TKH SURMHFWHG DQJOHV ZLOO DOZD\V VXP WR DQ LQWHJHU PXOWLSOH RI 360◦. NRWH WKDW WKH
SURMHFWHG DQJOH LQ HTXDWLRQ (9) FDQ EH HLWKHU SRVLWLYH RU QHJDWLYH. TKHUHIRUH, IRU D
VSKHULFDO PHFKDQLVP ZLWK OLQN DQJOHV (γ, α, η, β) DQG SURMHFWHG DQJOHV (γ0, α0, η0, β0)
WKH IROORZLQJ UHODWLRQVKLS LV IRXQG.

±γ0 ± α0 ± η0 ± β0 = 360k (10)
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ZKHUH k LV DQ LQWHJHU.
ETXDWLRQ (10) \LHOGV 16 GLIIHUHQW FRPELQDWLRQV RI GLIIHUHQW VLJQV RI DQJOHV WKDW FDQ

EH SORWWHG DV IXQFWLRQV RI λ. II, DW VRPH FRQH DQJOH, RQH RI WKH HTXDWLRQV LV HTXDO WR D
PXOWLSOH RI 360, WKDW LQGLFDWHV WKH DQJOH RI WKH FRQLFDO VXUIDFH WR ZKLFK WKH VSKHULFDO
PHFKDQLVP FDQ EH PDSSHG. TKLV LV GHPRQVWUDWHG IRU D VSKHULFDO PHFKDQLVP ZLWK OLQN
DQJOHV (70◦, 80◦, 120◦, 40◦). FLJXUH 3(E) VKRZV HLJKW RI WKH FRPELQDWLRQV, DQG LQ WKLV
H[DPSOH RQO\ WKH FRPELQDWLRQ ZLWK WKH VLJQV (++++) FURVVHV WKH YDOXH 360 LQGLFDWLQJ
D FRQH DQJOH RI DERXW 25.21◦. TKH HLJKW H[FOXGHG HTXDWLRQV DUH PLUURUHG DERXW WKH
KRUL]RQWDO D[LV.

Figure 3 (D) PURMHFWHG DQJOHV RQ D FURVV-VHFWLRQ RI D FRQLFDO GHYHORSDEOH PHFKDQLVP
(E) ELJKW FRPELQDWLRQV RI SURMHFWHG DQJOHV IRU D QRQ-GUDVKRI PHFKDQLVP
(VHH RQOLQH YHUVLRQ IRU FRORXUV)

(D) (E)

NRWH: OQH FRPELQDWLRQ FURVVHV D PXOWLSOH RI 360 LQGLFDWLQJ D YDOLG FRQH DQJOH.

3 Mapping method using c\clic quadrilaterals

TKLV VHFWLRQ LQWURGXFHV KRZ F\FOLF TXDGULODWHUDOV FDQ EH XVHG WR PDS SODQDU DQG
VSKHULFDO OLQNDJHV WR F\OLQGULFDO DQG FRQLFDO GHYHORSDEOH VXUIDFHV. UVLQJ F\FOLF
TXDGULODWHUDOV WR UHSUHVHQW D IRXU-EDU PHFKDQLVP ZKRVH MRLQWV OLH RQ D FLUFOH \LHOGV XVHIXO
LQVLJKWV WR ERWK F\OLQGULFDO DQG FRQLFDO GHYHORSDEOH PHFKDQLVP GHVLJQ.

3.1 C\OiQdUicaO deYeORSabOe PechaQiVPV

TKH OLQNV RI F\OLQGULFDO GHYHORSDEOH PHFKDQLVPV KDYH WKH VDPH FXUYDWXUH DV WKH
F\OLQGULFDO UHIHUHQFH VXUIDFH. HRZHYHU, WKH VKDSH RI WKH OLQNV GRHV QRW DIIHFW WKH
NLQHPDWLF DQDO\VLV, ZKLFK RQO\ UHOLHV RQ WKH UHODWLYH SRVLWLRQ RI WKH MRLQWV (GXSWD, 1977).
TKHUHIRUH, ZKHQ SHUIRUPLQJ NLQHPDWLF DQDO\VLV, WKH FXUYHG OLQNV FDQ EH UHSUHVHQWHG E\
D VNHOHWRQ GLDJUDP, VWUDLJKW OLQHV FRQQHFWLQJ WKH MRLQW D[HV.

FRU D IRXU-EDU GHYHORSDEOH PHFKDQLVP RQ D UHJXODU F\OLQGULFDO VXUIDFH, WKH VNHOHWRQ
GLDJUDP ZLOO EH D F\FOLF TXDGULODWHUDO. TKH VLGHV RI WKH TXDGULODWHUDO DUH WKH OLQNV RI
WKH PHFKDQLVP, WKH YHUWLFHV DUH WKH MRLQWV, DQG WKH FLUFXPFLUFOH LV D FURVV-VHFWLRQ RI
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WKH F\OLQGULFDO UHIHUHQFH FLUFOH. HHQFH, IRXU-EDU F\OLQGULFDO GHYHORSDEOH PHFKDQLVPV FDQ
EH UHSUHVHQWHG E\ F\FOLF TXDGULODWHUDOV, HLWKHU FRQYH[ RU FURVVHG. FLJXUH 4 VKRZV DQ
H[DPSOH RI WKLV UHODWLRQVKLS.

Figure 4 (D) TZR F\OLQGULFDO GHYHORSDEOH PHFKDQLVPV (E) WLWK D FURVV-VHFWLRQ (F) SNHOHWRQ
GLDJUDP (VHH RQOLQH YHUVLRQ IRU FRORXUV)

(D) (E) (F)

NRWHV: TKH PHFKDQLVP RQ WKH WRS LV LQ LWV RSHQ FRQILJXUDWLRQ, DQG
WKH ERWWRP PHFKDQLVP LV LQ D FURVVHG FRQILJXUDWLRQ.
TKH GDVKHG OLQH LQGLFDWHV WKH JURXQGHG OLQN.

TKLV VHFWLRQ ZLOO GLVFXVV F\FOLF TXDGULODWHUDOV DQG WKHLU DSSOLFDWLRQ WR IRXU-EDU F\OLQGULFDO
GHYHORSDEOH PHFKDQLVPV. TKH FRQYH[ FDVH ZLOO EH GLVFXVVHG ILUVW, IROORZHG E\ WKH
FURVVHG FDVH, DQG WKH VSHFLDO FDVH RI D IROGLQJ PHFKDQLVP. TKHVH UHVXOWV OHDG WR D
JHQHUDOLVHG HTXDWLRQ WKDW UHODWHV WKH OLQN OHQJWKV DQG F\FOLF TXDGULODWHUDO FRQILJXUDWLRQ
WR WKH UDGLXV RI WKH F\OLQGULFDO UHIHUHQFH VXUIDFH.

3.1.1 CRQYe[ c\cOic TXadUiOaWeUaOV

TKH FRQYH[ F\FOLF SRVLWLRQ UHSUHVHQWV WKH PHFKDQLVP¶V RSHQ FLUFXLW. PDUDPHVYDUD¶V
HTXDWLRQ [HTXDWLRQ (4)] VKRZV WKDW DQ\ VHW RI IRXU OLQN OHQJWKV FDQ IRUP D FRQYH[ F\FOLF
TXDGULODWHUDO (SURYLGHG WKH\ FDQ EH DVVHPEOHG). TKLV FRQILUPV ZKDW BRZPDQ (1952)
IRXQG, WKDW DOO IRXU-EDU OLQNDJHV KDYH D SRVVLEOH FRQYH[ F\FOLF SRVLWLRQ. IQWHUHVWLQJO\,
WKH RUGHU LQ ZKLFK WKH OLQNV DUH DUUDQJHG (abcd RU abdc RU adbc) GRHV QRW DIIHFW WKH
UDGLXV RI WKH UHIHUHQFH FLUFOH (BRZPDQ, 1952), DV ORQJ DV WKH PHFKDQLVPV DUH LQ WKH
RSHQ FLUFXLW.
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3.1.2 CURVVed c\cOic TXadUiOaWeUaOV

TKH FURVVHG F\FOLF SRVLWLRQ UHSUHVHQWV WKH PHFKDQLVP¶V FURVVHG FLUFXLW. CURVVHG F\FOLF
TXDGULODWHUDOV DUH SRVVLEOH DQG JRVHIVVRQ SURYLGHG DQ HTXDWLRQ IRU WKHLU FLUFXPFLUFOH
[HTXDWLRQ (5)]. WKLOH DQ\ IRXU-EDU PHFKDQLVP FDQ EH LQ WKH FRQYH[ F\FOLF SRVLWLRQ, RQO\
GUDVKRI PHFKDQLVPV FDQ EH LQ WKH FURVVHG F\FOLF SRVLWLRQ, DV VKRZQ EHORZ.

BUDKPDJXSWD GHYHORSHG D ZHOO-NQRZQ HTXDWLRQ IRU WKH DUHD RI D FRQYH[ F\FOLF
TXDGULODWHUDO (AW]HPD, 2015) DQG JRVHIVVRQ (2017) GHULYHG D VLPLODU HTXDWLRQ IRU WKH
DUHD RI D FURVVHG F\FOLF TXDGULODWHUDO JLYHQ E\

K =
1

4

√
(P1)(P2)(P3)(P4) (11)

ZKHUH

P1 = −a+ b+ c− d

P2 = a− b+ c− d

P3 = a+ b− c− d

P4 = a+ b+ c+ d

TKH SDUDPHWHUV P1, P2, DQG P3 DUH HTXLYDOHQW WR WKH SDUDPHWHUV T3, T2, DQG T1 XVHG
E\ MFCDUWK\ DQG SRK (2010) WR GHWHUPLQH WKH GUDVKRI FRQGLWLRQ (VHH SXEVHFWLRQ 2.2).
LLQNV FDQQRW KDYH D QHJDWLYH OHQJWK, VR SDUDPHWHU P4 LV DOZD\V SRVLWLYH.

AVVXPLQJ WKDW D QRQ-GUDVKRI PHFKDQLVP (P1P2P3 < 0) FDQ EH LQ WKH FURVVHG F\FOLF
SRVLWLRQ, WKH SURGXFW P1P2P3P4 PXVW EH QHJDWLYH. WKHQ DSSOLHG WR HTXDWLRQ (11), WKH
UHVXOWLQJ DUHD LV D FRPSOH[ QXPEHU, ZKLFK LV LPSRVVLEOH WR SK\VLFDOO\ PDNH. TKHUHIRUH,
D QRQ-GUDVKRI PHFKDQLVP GRHV QRW KDYH D FURVVHG F\FOLF FRQILJXUDWLRQ.

3.1.3 SSeciaO caVe: fROdiQg PechaQiVP

A IROGLQJ, RU FKDQJH SRLQW PHFKDQLVP (T1T2T3 = 0) LV D PHFKDQLVP ZKHUH DOO OLQNV FDQ
EH VLPXOWDQHRXVO\ FROLQHDU. IW LV D VSHFLDO-FDVH GUDVKRI PHFKDQLVP DQG FDQ WKHUHIRUH
KDYH SRVLWLRQV LQ ERWK WKH RSHQ DQG FURVVHG FLUFXLWV ZLWKRXW GLVDVVHPEO\.

ETXDWLRQ (4) FDQ EH XVHG WR ILQG WKH UDGLXV RI WKH FLUFXPFLUFOH IRU WKH VHW RI OLQNV
ZKHQ LQ DQ RSHQ FLUFXLW. HRZHYHU, ZKHQ WKH PHFKDQLVP LV LQ LWV FURVVHG FRQILJXUDWLRQ,
HTXDWLRQ (11), VKRZV WKDW P1P2P3 = 0, UHVXOWLQJ LQ DQ DUHD RI ]HUR. TKLV VXJJHVWV WKDW
IROGLQJ PHFKDQLVPV LQ WKH FURVVHG FRQILJXUDWLRQ FDQ RQO\ FRQIRUP WR D FLUFXPFLUFOH RI
LQILQLWH UDGLXV (L.H., DOO WKH OLQNV OLH LQ D VLQJOH OLQH).

TKHUH DUH RQO\ WZR NQRZQ FDVHV ZKHUH D FURVVHG FRQILJXUDWLRQ RI IROGLQJ PHFKDQLVP
KDV D QRQ-LQILQLWH UDGLXV. TKH ILUVW FDVH LV D SDUDOOHORJUDP IROGLQJ PHFKDQLVP ZKHUH
RSSRVLWH OLQNV KDYH HTXDO OHQJWK. PDUDOOHORJUDP PHFKDQLVPV LQ WKH FURVVHG FRQILJXUDWLRQ
FDQ H[LVW RQ D ZLGH UDQJH RI FLUFXPFLUFOH UDGLL. TKH UDQJH LV IURP KDOI WKH OHQJWK RI WKH
ORQJHVW OLQN, l, WR LQILQLW\ (l/2 ≤ R <∞). AQ H[DPSOH RI D SDUDOOHORJUDP PHFKDQLVP
LQ VHYHUDO FURVVHG F\FOLF FRQILJXUDWLRQV LV VKRZQ LQ FLJXUH 5. TKH VHFRQG FDVH LV D NLWH
PHFKDQLVP ZLWK WZR VHWV RI DGMDFHQW OLQNV ZLWK HTXDO OHQJWK. TKH FURVVHG FRQILJXUDWLRQ
RI D NLWH PHFKDQLVP LV D VSHFLDO FDVH ZKHUH WKH HTXDO DGMDFHQW OLQNV DUH VWDFNHG. TKH
UHVXOWLQJ VNHOHWRQ GLDJUDP DSSHDUV DV WZR OLQH VHJPHQWV EHFDXVH WKH OLQNV ZLWK HTXDO
OHQJWK DUH FRLQFLGHQW. TKLV FURVVHG RU VWDFNHG FRQILJXUDWLRQ KDV WKH VDPH UDQJH RI
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UDGLL DV WKH SDUDOOHORJUDP PHFKDQLVP. TKH RSHQ DQG VWDFNHG FRQILJXUDWLRQV RI D NLWH
PHFKDQLVP DUH VKRZQ LQ FLJXUH 6.

Figure 5 A IROGLQJ PHFKDQLVP ZLWK WKH JUHHQ OLQNV HTXDO DQG WKH UHG OLQNV HTXDO
(VHH RQOLQH YHUVLRQ IRU FRORXUV)

NRWHV: AV D SDUDOOHORJUDP PHFKDQLVP, WKH VDPH VHW RI OLQNV FDQ EH FLUFXPVFULEHG
E\ FLUFOHV RI LQFUHDVLQJ UDGLXV DV WKH PHFKDQLVP DSSURDFKHV LWV IROGHG SRVLWLRQ.

Figure 6 A NLWH PHFKDQLVP ZLWK WKH JUHHQ OLQNV HTXDO DQG WKH UHG OLQNV HTXDO
(VHH RQOLQH YHUVLRQ IRU FRORXUV)

NRWHV: TKH PHFKDQLVP LV VKRZQ LQ LWV RSHQ FRQILJXUDWLRQ (OHIW) DQG
WZR H[DPSOHV RI LWV VWDFNHG FRQILJXUDWLRQ.

3.1.4 GeQeUaOiVed eTXaWiRQ fRU Whe UadiXV Rf Whe ciUcXPciUcOe

ETXDWLRQV (4) DQG (5) DUH YHU\ VLPLODU, ZLWK WKH RQO\ FKDQJHV GHDOLQJ ZLWK WKH VLJQ
FKDQJHV IRU d (JRVHIVVRQ, 2017). HHQFH, WKHVH HTXDWLRQV FDQ EH FRPELQHG WR GHVLJQ
IRXU-EDU F\OLQGULFDO GHYHORSDEOH PHFKDQLVPV LQ ERWK RSHQ DQG FURVVHG FRQILJXUDWLRQV.
TKLV FRPELQDWLRQ LQWURGXFHV D YDULDEOH (µ) WKDW WDNHV LQWR DFFRXQW WKLV VLJQ FKDQJH
DQG FRUUHVSRQGV WR WKH FLUFXLW RI WKH PHFKDQLVP. TKH HTXDWLRQ IRU WKH UDGLXV RI WKH
F\OLQGULFDO UHIHUHQFH VXUIDFH R LV

R =
1

4

√
(ab+ µcd)(ac+ µbd)(µad+ bc)

(p− a)(p− b)(p− c)(p− µd)
(12)

ZKHUH

p =
a+ b+ c+ µd

2
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µ =

{
1 IRU DQ RSHQ FRQILJXUDWLRQ
−1 IRU D FURVVHG FRQILJXUDWLRQ

TKLV HTXDWLRQ LV YDOLG IRU DQ\ GUDVKRI PHFKDQLVP, UHJDUGOHVV RI LWV FLUFXLW. HRZHYHU,
DV GLVFXVVHG DERYH, LW LV QRW YDOLG IRU QRQ-GUDVKRI PHFKDQLVPV LQ WKH FURVVHG FLUFXLW.
FRU IROGLQJ PHFKDQLVPV, HTXDWLRQ (12) PD\ \LHOG PLVOHDGLQJ UHVXOWV IRU WKH FURVVHG
FRQILJXUDWLRQ. TKH HTXDWLRQ ZLOO FRUUHFWO\ LGHQWLI\ D VROXWLRQ ZLWK DQ LQILQLWH UDGLXV (D
VWUDLJKW OLQH), EXW DV GLVFXVVHG LQ SXEVHFWLRQ 3.1.3, VRPH PHFKDQLVPV PD\ KDYH PXOWLSOH
VROXWLRQV.

3.2 CRQicaO deYeORSabOe PechaQiVPV

CRQLFDO GHYHORSDEOH PHFKDQLVPV DUH VSKHULFDO PHFKDQLVPV ZKRVH MRLQW D[HV DUH DOLJQHG
ZLWK WKH UXOLQJ OLQHV RI D FRQLFDO VXUIDFH DQG LQWHUVHFW DW WKH DSH[ RI WKH FRQH. IQVWHDG
RI OLQN OHQJWKV, VSKHULFDO PHFKDQLVPV DUH GHILQHG E\ OLQN DQJOHV EHWZHHQ DGMDFHQW MRLQW
D[HV. TKH OLQNV RI FRQLFDO GHYHORSDEOH PHFKDQLVPV DUH FXUYHG WR PDWFK WKH FRQLFDO
UHIHUHQFH VXUIDFH LQ WKH FRQIRUPHG SRVLWLRQ.

Figure 7 TZR H[DPSOHV RI FRQLFDO PHFKDQLVPV ZLWK DQ LQWHUVHFWLQJ SODQH QRUPDO WR WKH FRQH
D[LV (VHH RQOLQH YHUVLRQ IRU FRORXUV)

NRWHV: II WKH SRLQWV ZKHUH WKH MRLQW D[HV LQWHUVHFW ZLWK WKH SODQH DUH FRQQHFWHG,
D FURVVHG (WRS) RU RSHQ (ERWWRP) F\FOLF TXDGULODWHUDO FDQ EH IRUPHG.
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SLPLODU WR ZKDW ZDV GLVFXVVHG LQ SXEVHFWLRQ 3.1 RQ F\OLQGULFDO GHYHORSDEOH PHFKDQLVPV,
VWUDLJKW OLQHV PD\ EH XVHG WR UHSUHVHQW WKH NLQHPDWLF EHKDYLRXU RI WKHVH FXUYHG OLQNV.
PUHYLRXV ZRUN KDV VKRZQ WKDW D GHYHORSDEOH PHFKDQLVP RQ D FLUFXODU FRQLFDO VXUIDFH
FDQ EH UHSUHVHQWHG E\ D WZR-GLPHQVLRQDO FURVV-VHFWLRQ (H\DWW HW DO., 2020). II D SODQH
QRUPDO WR WKH FRQH D[LV RI D FLUFXODU FRQH LQWHUVHFWV ZLWK WKH VXUIDFH, WKH UHVXOWLQJ
FURVV-VHFWLRQ LV D FLUFOH. FRU D IRXU-EDU GHYHORSDEOH PHFKDQLVP RQ WKDW VXUIDFH, WKH MRLQW
D[HV LQWHUVHFW WKH UHVXOWLQJ FLUFOH DW IRXU SRLQWV HTXLGLVWDQW IURP WKH DSH[ RI WKH FRQH.
B\ FRQQHFWLQJ WKHVH IRXU SRLQWV LQ WKH VDPH PDQQHU WKH OLQNV FRQQHFW WKH MRLQW D[HV,
D F\FOLF TXDGULODWHUDO LV IRUPHG. TKH VDPH SURFHVV FDQ EH FRPSOHWHG IRU DQ\ IRXU-EDU
GHYHORSDEOH PHFKDQLVP RQ D FLUFXODU FRQLFDO VXUIDFH. FLJXUH 7 VKRZV H[DPSOHV RI WZR
FRQLFDO PHFKDQLVPV DQG WKH F\FOLF TXDGULODWHUDO IRUPHG IURP WKH FURVV-VHFWLRQ.

TKLV VHFWLRQ H[SORUHV KRZ F\FOLF TXDGULODWHUDOV FDQ EH XVHG WR GHWHUPLQH WKH
JHRPHWU\ RI D UHIHUHQFH FRQH WR ZKLFK D VSKHULFDO PHFKDQLVP FDQ EH PDSSHG. IW LV
LPSRUWDQW WR QRWH WKDW ZKLOH WKH SODQDU IRXU-EDU UHSUHVHQWDWLRQ FDQ EH XVHIXO WR GHWHUPLQH
KRZ D FRQLFDO GHYHORSDEOH PHFKDQLVP EHKDYHV ZKHQ PRYLQJ IURP WKH FRQIRUPHG
SRVLWLRQ, LW GRHV QRW UHSUHVHQW WKH IXOO WKUHH-GLPHQVLRQDO PRWLRQ. TKLV LV H[SORUHG PRUH
LQ SXEVHFWLRQ 3.2.3.

3.2.1 9iVXaOiViQg VSheUicaO PechaQiVPV XViQg a XQiW VSheUe

TKH MRLQW D[HV RI D VSKHULFDO PHFKDQLVP DOO LQWHUVHFW DW D VLQJOH SRLQW ZKLFK FDXVHV WKH
PHFKDQLVP WR PRYH FRPSOHWHO\ ZLWKLQ D VSKHULFDO VXUIDFH (CKLDQJ, 2000). II WKH UHODWLYH
DQJOHV EHWZHHQ WKH MRLQW D[HV GR QRW FKDQJH, WKH GLVWDQFH DZD\ IURP WKH FHQWUH RI WKH
VSKHUH DORQJ WKH D[HV ZLOO QRW FKDQJH WKH EHKDYLRXU RI WKH PHFKDQLVP. TKHUHIRUH, LW
LV FRPPRQ WR XVH D XQLW VSKHUH WR YLVXDOLVH DQG DQDO\VH PHFKDQLVPV. UVLQJ WKH XQLW
VSKHUH DOVR VLPSOLILHV WKH IROORZLQJ H[SUHVVLRQV.

Figure 8 A IRXU-EDU VSKHULFDO PHFKDQLVP DQG WKH XQLW VSKHUH (VHH RQOLQH YHUVLRQ IRU FRORXUV)

NRWHV: B\ FRQQHFWLQJ WKH SRLQWV ZKHUH WKH MRLQW D[HV LQWHUVHFW WKH VSKHUH,
D WKUHH-GLPHQVLRQDO TXDGULODWHUDO LV IRUPHG.

WLWK WKH IRXU OLQN DQJOHV RI D VSKHULFDO IRXU-EDU PHFKDQLVP, D WKUHH-GLPHQVLRQDO
TXDGULODWHUDO FDQ EH JHQHUDWHG E\ FRQQHFWLQJ HDFK MRLQW D[LV ZLWK D VWUDLJKW OLQH DW
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WKH SRLQW WKH D[LV LQWHUVHFWV ZLWK WKH XQLW UHIHUHQFH VSKHUH. FLJXUH 8 VKRZV D IRXU-EDU
VSKHULFDO PHFKDQLVP DQG WKH UHVXOWLQJ WKUHH-GLPHQVLRQDO TXDGULODWHUDO. GLYHQ D OLQN
DQJOH α, WKH OHQJWK RI RQH VLGH RI WKH TXDGULODWHUDO rα LV

rα =
√
2− 2FRV(α) (13)

3.2.2 CaOcXOaWiQg Whe c\cOic TXadUiOaWeUaO geRPeWU\

TR FRQIRUP WR D FLUFXODU FRQH, WKHUH PXVW EH D FRQILJXUDWLRQ RI WKH WKUHH-GLPHQVLRQDO
TXDGULODWHUDO WKDW OLHV RQ D VLQJOH SODQH FUHDWLQJ D F\FOLF TXDGULODWHUDO. GXSWD (1977)
SURYHG WKDW LI QR RQH OLQN LV JUHDWHU WKDQ WKH VXP RI WKH RWKHU OLQNV, D F\FOLF TXDGULODWHUDO
FDQ EH IRUPHG. II WKH OHQJWKV RI WKH WKUHH-GLPHQVLRQDO TXDGULODWHUDO VDWLVI\ WKDW FRQGLWLRQ,
HTXDWLRQ (12) FDQ EH XVHG WR ILQG WKH UDGLXV RI WKH FLUFXPFLUFOH RI WKH FRQYH[ RU FURVVHG
F\FOLF TXDGULODWHUDO. TKH UHVXOWLQJ FLUFXPFLUFOH FDQ EH FRQVLGHUHG DV D FURVV-VHFWLRQ RI
D FLUFXODU FRQH. TKH YHUWLFHV RI WKH TXDGULODWHUDO OLH RQ D FRQLFDO VXUIDFH ZKRVH DSH[
FRLQFLGHV ZLWK WKH FHQWUH RI WKH XQLW VSKHUH. TKH FRQH DQJOH RI WKH FRQLFDO VXUIDFH, λ,
LV WKH LQYHUVH FRVLQH RI WKH UDGLXV RI WKH SODQDU FLUFXPFLUFOH R VKRZQ KHUH

λ = FRV−1(R) (14)

TKH FRQH DQJOH LV GHILQHG DV WKH DQJOH IURP WKH EDVH WR WKH VXUIDFH RI WKH FRQH. WLWK
WKLV GHILQLWLRQ, D FLUFXODU FRQH ZLOO DOZD\V KDYH D FRQH DQJOH EHWZHHQ 0 DQG π/2 UDGLDQV
ZKLFK PDWFKHV WKH UDQJH RI WKH DUFFRV IXQFWLRQ LQ HTXDWLRQ (14) IRU YDOXHV RI R EHWZHHQ
0 DQG 1.

3.2.3 GUaVhRf cRQicaO deYeORSabOe PechaQiVPV

SLPLODU WR F\OLQGULFDO GHYHORSDEOH PHFKDQLVPV, QRW DOO VSKHULFDO PHFKDQLVPV FDQ EH
PDSSHG WR D FRQLFDO VXUIDFH LQ ERWK RSHQ DQG FURVVHG FRQILJXUDWLRQV. TKH PHWKRG WR
GHWHUPLQH WKH SRWHQWLDO FRQILJXUDWLRQ DOVR XVHV WKH GUDVKRI FRQGLWLRQ, EXW DGGLWLRQDO
FRQVLGHUDWLRQV DUH UHTXLUHG.

7able 2 A QRQ-GUDVKRI VSKHULFDO PHFKDQLVP ZKRVH WKUHH-GLPHQVLRQDO TXDGULODWHUDO VDWLVILHV
WKH GUDVKRI FRQGLWLRQ

LiQN aQgOeV SSheUicaO GUaVhRf 3D TXad POaQaU GUaVhRf
Ropen Rcrossed(deg) cRQdiWiRQ Oeg OeQgWhV cRQd.

70 NRQ-GUDVKRI 1.147 GUDVKRI 0.90476 2.3064
80 1.286
120 1.732
40 0.684

NRWHV: TKDW WKH UDGLXV RI WKH FLUFXPFLUFOH RI WKH FURVVHG F\FOLF TXDGULODWHUDO LV JUHDWHU WKDQ 1.

TKH SUHYLRXV VHFWLRQ RXWOLQHG KRZ D SODQDU FURVV-VHFWLRQ FDQ UHSUHVHQW D FRQLFDO
GHYHORSDEOH PHFKDQLVP. HRZHYHU, WKH UHVXOWLQJ F\FOLF TXDGULODWHUDO ZLOO QRW QHFHVVDULO\
KDYH WKH VDPH GUDVKRI FRQGLWLRQ DV WKH VSKHULFDO PHFKDQLVP LW UHSUHVHQWV. FRU H[DPSOH,
D QRQ-GUDVKRI VSKHULFDO PHFKDQLVP PD\ JHQHUDWH D VHW RI OLQN OHQJWKV WKDW VDWLVI\ WKH
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GUDVKRI FRQGLWLRQ. FURP SXEVHFWLRQ 3.1.2, LW ZDV VKRZQ WKDW D VHW RI OLQNV WKDW VDWLVI\
WKH GUDVKRI FRQGLWLRQ ZLOO KDYH DQ RSHQ DQG FURVVHG F\FOLF FRQILJXUDWLRQ.

WLWK WKH SUHVHQWHG FDVH RI D VHW RI OLQNV IURP D QRQ-GUDVKRI VSKHULFDO PHFKDQLVP
WKDW VDWLVI\ WKH SODQDU GUDVKRI FRQGLWLRQ, WKH UDGLXV RI WKH FURVVHG F\FOLF TXDGULODWHUDO
ZLOO EH JUHDWHU WKDQ RQH. TKLV R YDOXH LV RXWVLGH RI WKH GRPDLQ RI HTXDWLRQ (14), DQG
QR FRQH DQJOH FDQ EH IRXQG. TKLV LV IXUWKHU YHULILHG E\ WKH IDFW WKDW WKH YHUWLFHV DUH
DOO FRQVWUDLQHG RQ D XQLW VSKHUH ZLWK UDGLXV RI RQH, VR LW LV QRW SRVVLEOH WR PDNH D
F\FOLF TXDGULODWHUDO ZKRVH FLUFXPFLUFOH KDV D UDGLXV JUHDWHU WKDQ RQH. TKHUHIRUH, MXVW DV
WKH FDVH IRU SODQDU IRXU-EDU PHFKDQLVPV, D QRQ-GUDVKRI VSKHULFDO PHFKDQLVP FDQ RQO\
FRQIRUP WR D FRQLFDO VXUIDFH ZLWK DQ RSHQ FRQILJXUDWLRQ. AQ H[DPSOH FDOFXODWLRQ LV
SUHVHQWHG LQ TDEOH 2.

FRU VSKHULFDO GUDVKRI PHFKDQLVPV, WKH UHVXOWV DUH VLPLODU WR SODQDU GUDVKRI
PHFKDQLVPV. FRU D QRQ-IROGLQJ VSKHULFDO PHFKDQLVP, WKHUH DUH WZR FLUFXODU FRQHV WR
ZKLFK LW FDQ EH PDSSHG LQ DQ RSHQ RU FURVVHG FRQILJXUDWLRQ.

FRU D IROGLQJ VSKHULFDO PHFKDQLVP, WKHUH ZLOO EH RQH FRQH WR ZKLFK WKH PHFKDQLVP
FDQ EH PDSSHG LQ DQ RSHQ FRQILJXUDWLRQ. II WKHUH DUH QRW WZR VHWV RI HTXDO OLQN DQJOHV,
WKH UDGLXV RI WKH FURVVHG F\FOLF TXDGULODWHUDO ZLOO EH RQH. UVLQJ HTXDWLRQ (14), WKH
UHVXOWLQJ FRQH DQJOH LV ]HUR ZKLFK FRUUHVSRQGV WR D IODW FRQH, RU D VLQJOH SODQH. A
PHFKDQLVP ZLWK WZR VHWV RI HTXDO OLQN DQJOHV ZLOO QRW UHWXUQ D YDOLG UDGLXV IRU D
FURVVHG FRQILJXUDWLRQ. HRZHYHU, MXVW DV LQ WKH FDVH RI WKH SODQDU SDUDOOHORJUDP DQG
NLWH PHFKDQLVPV, WKHUH H[LVW D UDQJH RI UDGLL IRU FURVVHG F\FOLF TXDGULODWHUDOV. IQVWHDG
RI DSSURDFKLQJ LQILQLW\, WKH XSSHU OLPLW RPD[ IRU WKH UDGLXV RI WKLV PHFKDQLVP LV RQH.
TKH ORZHU OLPLW, RPLQ LV KDOI WKH OHQJWK RI WKH VLGH JHQHUDWHG IURP WKH ODUJHVW OLQN
DQJOH, ϕPD[. TKLV PHDQV WKDW WKH UDQJH IRU FRQH DQJOHV ZLOO EH EHWZHHQ ]HUR DQG λPD[.
E[SUHVVLRQV IRU RPLQ DQG λPD[ DUH

RPLQ =
1

2

√
2− 2FRV(ϕPD[) (15)

λPD[ = FRV−1(RPLQ) (16)

4 E[panding e[isting mapping methods

TZR SUHYLRXV ZRUNV KDYH SUHVHQWHG PHWKRGV WR GHWHUPLQH WKH JHRPHWU\ RI WKH
GHYHORSDEOH VXUIDFHV QHHGHG WR PDS SODQDU RU VSKHULFDO IRXU-EDU PHFKDQLVPV LQ D
FRQIRUPHG SRVLWLRQ (MXUUD\ DQG MFCDUWK\, 2020; H\DWW HW DO., 2020). BRWK PHWKRGV
GHWHUPLQH WKH DSSURSULDWH JHRPHWU\ E\ HPSOR\LQJ D QXPHULFDO VROXWLRQ WR GLIIHUHQW
V\VWHPV RI HTXDWLRQV. TKLV VHFWLRQ H[SORUHV KRZ HDFK PHWKRG FDQ EH H[SDQGHG WR DSSO\
WR ERWK F\OLQGULFDO DQG FRQLFDO GHYHORSDEOH PHFKDQLVPV.

4.1 AdaSWaWiRQ Rf Whe cRRUdiQaWe PeWhRd WR cRQicaO deYeORSabOe PechaQiVPV

TKH FRRUGLQDWH PHWKRG, GLVFXVVHG LQ SXEVHFWLRQ 2.4.1, PDSV SODQDU PHFKDQLVPV WR
F\OLQGULFDO VXUIDFHV (MXUUD\ DQG MFCDUWK\, 2020). WKLOH QRW H[SORUHG LQ LWV RULJLQDO
SUHVHQWDWLRQ, WKH V\VWHP RI HTXDWLRQV [HTXDWLRQ (6)] FDQ EH UHDGLO\ DGDSWHG WR PDS
VSKHULFDO PHFKDQLVPV WR FRQLFDO VXUIDFHV (GHWHUPLQLQJ WKH FRQH DQJOH) XVLQJ D SODQDU
FURVV-VHFWLRQ RI WKH FRQLFDO VXUIDFH, DV VKRZQ EHORZ.
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FRU D VSKHULFDO PHFKDQLVP ZLWK OLQN DQJOHV (γ, α, η, β), HTXDWLRQ (13) FDQ EH
XVHG WR FDOFXODWH WKH TXDGULODWHUDO OHJ OHQJWKV ZKLFK FDQ EH QRUPDOLVHG WR (g, a, h, b),
UHVSHFWLYHO\. WKHQ WKHVH SDUDPHWHUV DUH XVHG LQ HTXDWLRQV (6), (7) DQG (8) WKH UHVXOWLQJ
FLUFOH LV WKH FLUFXODU FURVV-VHFWLRQ RI D FRQH DW D GLVWDQFH d IURP WKH WLS RI WKH FRQH
DORQJ WKH VXUIDFH. FLJXUH 9 VKRZV VRPH RI WKHVH SDUDPHWHUV RQ D FRQLFDO VHFWLRQ.

Figure 9 A FRQLFDO GLDJUDP VKRZLQJ WKH SDUDPHWHUV WR QXPHULFDOO\ VROYH IRU WKH FRQH DQJOH
(VHH RQOLQH YHUVLRQ IRU FRORXUV)

R

d

NRWHV: OQO\ WZR RI WKH IRXU OLQN DQJOHV DUH VKRZQ IRU FODULW\ (γ, α).

AQ\ RQH RI WKH VSKHULFDO OLQN DQJOHV DQG QRUPDOLVHG OHJ OHQJWKV FDQ EH XVHG WR FDOFXODWH
WKH DQJOH RI WKH FRQH. II WKH OHQJWK g = 1, WKH GLVWDQFH d EDVHG RQ WKH OLQN DQJOH γ LV

d =

√
1

2(1− FRV(γ))
(17)

ETXDWLRQ (17) FDQ EH XVHG ZLWK WKH UDGLXV R FDOFXODWHG IURP HTXDWLRQ (8) WR FDOFXODWH
WKH FRQH DQJOH λ.

λ = FRV−1R

d
(18)

4.2 AdaSWaWiRQ Rf Whe ORRS VXP PeWhRd WR c\OiQdUicaO deYeORSabOe PechaQiVPV

TKH ORRS VXP PHWKRG, GLVFXVVHG LQ SXEVHFWLRQ 2.4.2, PDSV VSKHULFDO PHFKDQLVPV WR
FRQLFDO VXUIDFHV (H\DWW HW DO., 2020). TKLV PHWKRG FDQ DOVR EH H[SDQGHG WR PDS SODQDU
PHFKDQLVPV WR F\OLQGULFDO VXUIDFHV (GHWHUPLQLQJ WKH UDGLXV RI WKH F\OLQGULFDO UHIHUHQFH
VXUIDFH), DV GLVFXVVHG EHORZ.

JXVW DV WKH SURMHFWHG DQJOHV DUH WKH DQJOHV EHWZHHQ WKH YHUWLFHV RI D F\FOLF
TXDGULODWHUDO UHSUHVHQWLQJ D FRQLFDO GHYHORSDEOH PHFKDQLVP, VLPLODU DQJOHV FDQ EH IRXQG
IRU F\OLQGULFDO GHYHORSDEOH PHFKDQLVPV DV VKRZQ E\ GUHHQZRRG HW DO. (2019). FRU D
OLQN OHQJWK l, WKH FHQWUDO DQJOH ψl DERXW WKH FLUFXPFLUFOH ZLWK UDGLXV R LV

ψl = 2VLQ−1

(
l

2R

)
(19)
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FRU D F\OLQGULFDO GHYHORSDEOH PHFKDQLVP, WKH DQJOHV IURP HDFK OLQN ZLOO DOZD\V VXP
WR DQ LQWHJHU PXOWLSOH RI 360◦ (GUHHQZRRG HW DO., 2019). TKHUHIRUH, JLYHQ D IRXU-EDU
SODQDU PHFKDQLVP ZLWK OLQNV (g, a, h, b) ZLWK FHQWUDO DQJOHV (ψg, ψa, ψh, ψb) DV VHHQ
LQ FLJXUH 10(D) WKH IROORZLQJ UHODWLRQVKLS H[LVWV

±ψg ± ψa ± ψh ± ψb = 360k (20)

TKLV UHODWLRQVKLS LV DQDORJRXV WR HTXDWLRQ (10), KRZHYHU LQVWHDG RI DQ XQNQRZQ FRQH
DQJOH, HTXDWLRQ (20) \LHOGV 16 HTXDWLRQV ZLWK DQ XQNQRZQ UDGLXV. II DW VRPH UDGLXV, RQH
RI WKH HTXDWLRQV LV HTXDO WR D PXOWLSOH RI 360, WKDW LQGLFDWHV WKH UDGLXV RI WKH F\OLQGULFDO
VXUIDFH WR ZKLFK WKH SODQDU PHFKDQLVP FDQ EH PDSSHG. TKLV LV GHPRQVWUDWHG E\ D
GUDVKRI PHFKDQLVP ZLWK OLQN OHQJWKV (4, 3, 5, 1) LQ FLJXUH 10(E). TKH JUDSK LQGLFDWHV
WKDW WKH PHFKDQLVP FDQ EH PDSSHG WR WZR F\OLQGHUV ZLWK UDGLL RI DERXW 2.54 DQG 2.59
LQ DQ RSHQ DQG FURVVHG FRQILJXUDWLRQ, UHVSHFWLYHO\.

Figure 10 (D) CHQWUDO DQJOHV RI WKH WRS PHFKDQLVP LQ FLJXUH 4 (E) ELJKW FRPELQDWLRQV RI
SURMHFWHG DQJOHV IRU D GUDVKRI PHFKDQLVP (VHH RQOLQH YHUVLRQ IRU FRORXUV)

(D) (E)

NRWH: TZR FRPELQDWLRQV FURVV D PXOWLSOH RI 360 LQGLFDWLQJ YDOLG UDGLL.

4.3 DiVcXVViRQ Rf PaSSiQg PeWhRdV

TKH FRRUGLQDWH PHWKRG DQG ORRS VXP PHWKRG ERWK \LHOG WKH VDPH UHVXOWV DV WKH PHWKRG
XVLQJ F\FOLF TXDGULODWHUDOV (SHFWLRQ 3). TKHUH DUH FHUWDLQ DGYDQWDJHV DQG GLVDGYDQWDJHV
WR HDFK PHWKRG. TKH PDMRU DGYDQWDJH RI XVLQJ WKH HTXDWLRQV IRU F\FOLF TXDGULODWHUDO LV
WKH DELOLW\ WR FDOFXODWH DQ H[DFW DQDO\WLFDO VROXWLRQ ZLWKRXW WKH XVH RI D QXPHULFDO VROYHU.
ETXDWLRQ (12) ZLOO \LHOG WKH UDGLXV RI WKH FLUFXPFLUFOH RI WKH RSHQ RU FURVVHG VROXWLRQ RI
D SODQDU IRXU-EDU PHFKDQLVP ZLWK RQO\ WKH IRXU RULJLQDO OLQN OHQJWKV. WLWK WKH DGGLWLRQ
RI HTXDWLRQV (13) DQG (14), WKH VDPH UHVXOWV FDQ EH IRXQG ZLWK MXVW WKH OLQN DQJOHV RI
D VSKHULFDO PHFKDQLVP. TKLV FDQ EH XVHIXO LQ GHVLJQLQJ GHYHORSDEOH PHFKDQLVPV ZKHUH
WKH OLQN OHQJWK UDWLRV DUH IL[HG RU LI WKH UDGLXV RI WKH F\OLQGHU LV D GHVLJQ YDULDEOH.

OQH DGYDQWDJH RI WKH FRRUGLQDWH PHWKRG LV WKDW E\ VROYLQJ IRU WKH MRLQW ORFDWLRQV
RQ WKH FLUFXPFLUFOH, PRUH LQIRUPDWLRQ DERXW WKH FRQILJXUDWLRQ RI WKH PHFKDQLVP FDQ EH
TXLFNO\ IRXQG VXFK DV WKH DQJOHV EHWZHHQ WKH GLIIHUHQW OLQNV. WKHQ XVLQJ HTXDWLRQ (12),
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RQO\ WKH UDGLXV LV IRXQG, VR IXUWKHU DQDO\VLV LV UHTXLUHG WR GHWHUPLQH WKH ORFDWLRQ RI WKH
YHUWLFHV RQ WKH VXUIDFH.

AOO PHWKRGV UHDFK WKH VDPH FRQFOXVLRQ IRU GUDVKRI DQG QRQ-GUDVKRI PHFKDQLVPV:
GUDVKRI PHFKDQLVPV FDQ EH PDSSHG WR WZR XQLTXH VXUIDFHV, ZKLOH QRQ-GUDVKRI
PHFKDQLVPV RQO\ KDYH RQH YDOLG FRQILJXUDWLRQ. TKURXJK WKH XVH RI HTXDWLRQ (11), D
PDWKHPDWLFDO H[SODQDWLRQ FDQ EH IRXQG IURP WKH SULQFLSOHV RI F\FOLF TXDGULODWHUDOV.
HRZHYHU, DV H[SODLQHG LQ SXEVHFWLRQ 3.1.3, XVLQJ HTXDWLRQ (12) ZLWK D IROGLQJ
PHFKDQLVP PD\ RQO\ UHVXOW LQ D VLQJOH VROXWLRQ ZKHQ PXOWLSOH PD\ EH SRVVLEOH. UVLQJ
D QXPHULFDO RU JUDSKLFDO VROXWLRQ FDQ UHVXOW LQ ILQGLQJ DOO WKH SRWHQWLDO VROXWLRQV IRU D
IROGLQJ PHFKDQLVP DV GHPRQVWUDWHG LQ H\DWW HW DO. (2020).

5 C\clic quadrilaterals: application to intramobilit\ and e[tramobilit\

OQFH D PHFKDQLVP KDV EHHQ PDSSHG WR D GHYHORSDEOH VXUIDFH, WKH ORFDWLRQ RI WKH F\FOLF
TXDGULODWHUDO ZLWKLQ WKH FLUFXPFLUFOH FDQ EH XVHG WR XQGHUVWDQG WKH SRWHQWLDO EHKDYLRXUV
RI WKH OLQNDJH VXFK DV LQWUDPRELOLW\ DQG H[WUDPRELOLW\.

GUHHQZRRG HW DO. (2019) SURSRVHG D JUDSKLFDO PHWKRG, FDOOHG WKH VKDGRZ PHWKRG, WR
GHWHUPLQH LI D F\OLQGULFDO GHYHORSDEOH PHFKDQLVP LV FDSDEOH RI H[KLELWLQJ H[WUDPRELOLW\
DQG LQWUDPRELOLW\. TKLV PHWKRG FDQ DOVR EH DSSOLHG WR FRQLFDO GHYHORSDEOH PHFKDQLVPV
(H\DWW HW DO., 2020). TKH VKDGRZ PHWKRG LV DSSOLHG E\ VKDGLQJ WKH UHJLRQ ERXQGHG E\
YHFWRUV RI WKH WZR VLGH OLQNV (b DQG d LQ D WUDGLWLRQDO IRXU-EDU PHFKDQLVP) DQG FRQWDLQV
WKH JURXQG OLQN DQG FRXSOHU. FRU D PHFKDQLVP WR H[KLELW SXUHO\ H[WUD DQG LQWUDPRELOH
EHKDYLRXU (L.H., QR WUDQVPRELOH EHKDYLRXU), WKH VKDGHG UHJLRQ PD\ QRW FRYHU WKH FHQWUH
RI WKH FLUFOH.

TKH VKDGRZ PHWKRG UHOLHV RQ WKH WZR VLGH OLQN YHFWRUV, ZKLFK DUH HTXLYDOHQW WR
WZR RSSRVLWH VLGHV RI D F\FOLF TXDGULODWHUDO. TKHUHIRUH, WKH VKDGRZ PHWKRG LV GLUHFWO\
DSSOLFDEOH WR F\FOLF TXDGULODWHUDOV. HHQFH, WKH F\FOLF TXDGULODWHUDOV RI ERWK F\OLQGULFDO
DQG FRQLFDO GHYHORSDEOH PHFKDQLVP FDQ EH XVHG WR GHWHUPLQH WKH EHKDYLRXU (LQWUDPRELOH
RU H[WUDPRELOH) WKDW WKH PHFKDQLVP FDQ H[KLELW.

5.1 GeQeUaO caVeV

AVVXPH IRXU SRLQWV DUH DUELWUDULO\ SODFHG DORQJ WKH FLUFXPIHUHQFH RI D FLUFOH ZKHUH HDFK
SRLQW UHSUHVHQWV D YHUWH[ RI D F\FOLF TXDGULODWHUDO. WLWK WKHVH IRXU SRLQWV, WKUHH SRVVLEOH
F\FOLF TXDGULODWHUDOV FDQ EH IRUPHG (RQH RSHQ DQG WZR FURVVHG), DV VKRZQ LQ FLJXUH 11.
TKHUH DUH WZR JHQHUDO FDVHV: ZKHUH WKH RSHQ FRQILJXUDWLRQ GRHV QRW FRQWDLQ WKH FHQWUH
RI WKH FLUFOH DQG ZKHQ LW GRHV (ODEHOHG KHUH DV FDVHV 1 DQG 2, UHVSHFWLYHO\). TKHVH FDVHV
DQG WKHLU FRUUHVSRQGLQJ F\FOLF TXDGULODWHUDOV DUH VKRZQ LQ TDEOH 3.

TKH PRWLRQ RI WKH PHFKDQLVP, LQFOXGLQJ H[WUDPRELOLW\ DQG LQWUDPRELOLW\, GHSHQGV RQ
ZKLFK OLQN LV WKH JURXQG OLQN. HHQFH, RQH RI WKH VLGHV RI WKH F\FOLF TXDGULODWHUDO PXVW
EH FKRVHQ WR UHSUHVHQW WKH JURXQGHG OLQN RI D IRXU-EDU PHFKDQLVP. IQWHUHVWLQJO\, WKH
VKDGRZ PHWKRG GHSHQGV VROHO\ RQ ZKLFK SDLU RI OLQNV DUH WKH VLGH OLQNV DQG ZKLFK SDLU
RI OLQNV DUH WKH JURXQG/FRXSOHU OLQNV. TKHUHIRUH, RQO\ WZR VXEFDVHV QHHG EH H[DPLQHG,
RQH IRU HDFK SDLU VHOHFWHG DV WKH JURXQGHG/FRXSOHU SDLU. TKLV LV UHSUHVHQWHG LQ TDEOH 3
E\ FROXPQV A DQG B. TKH F\FOLF TXDGULODWHUDOV LQ FROXPQ A DUH LGHQWLFDO WR WKRVH LQ
FROXPQ B, H[FHSW ZLWK D GLIIHUHQW OLQN VHOHFWHG DV WKH JURXQG OLQN.
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Figure 11 (D) FRXU DUELWUDU\ SRLQWV DORQJ WKH FLUFXPIHUHQFH RI D FLUFOH (E) (F) (G) TKH WKUHH
SRVVLEOH F\FOLF TXDGULODWHUDOV WKDW XVH WKH IRXU SRLQWV DV YHUWLFHV (VHH RQOLQH YHUVLRQ
IRU FRORXUV)

(D) (E) OSHQ (F) CURVVHG 1 (G) CURVVHG 2

7able 3 GHQHUDO FDVHV RI F\FOLF TXDGULODWHUDOV DQG WKHLU FDSDFLW\ WR JHQHUDWH H[WUD DQG
LQWUDPRELOH PHFKDQLVPV (VKRZQ ZLWK WKH VKDGRZ PHWKRG) (VHH RQOLQH YHUVLRQ IRU
FRORXUV)

CaVe A B

OSHQ

CDVH 1 CURVVHG 1

CURVVHG 2

OSHQ

CDVH 2 CURVVHG 1

CURVVHG 2

NRWHV: MHFKDQLVPV ZLWKRXW WKH VKDGHG UHJLRQ RYHUODSSLQJ WKH FHQWUH RI WKH FLUFOH
FDQ SRVVLEO\ EH H[WUD DQG LQWUDPRELOH. DDVKHG OLQHV LQGLFDWH WKH JURXQG OLQN.
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TDEOH 3 GHPRQVWUDWHV WKH 12 SRVVLEOH F\FOLF TXDGULODWHUDOV IURP IRXU DUELWUDU\ SRLQWV
(VL[ HDFK IRU FDVHV 1 DQG 2). IW FDQ EH VHHQ XVLQJ WKH VKDGRZ PHWKRG WKDW D F\FOLF
TXDGULODWHUDO LQ FDVH 1 LV FDSDEOH RI SURGXFLQJ WKUHH GLIIHUHQW PHFKDQLVPV WKDW FDQ
SRWHQWLDOO\ GHPRQVWUDWH H[WUDPRELOH DQG LQWUDPRELOH EHKDYLRXU (RSHQ A, FURVVHG 1A, DQG
FURVVHG 2B). HRZHYHU, D PHFKDQLVP LQ FDVH 2 PD\ RQO\ SURGXFH RQH PHFKDQLVP WKDW
FDQ SRWHQWLDOO\ GHPRQVWUDWH H[WUDPRELOH DQG LQWUDPRELOH EHKDYLRXU (FURVVHG 1A).

5.2 SSeciaO cRQdiWiRQV

SSHFLDO FRQGLWLRQV H[LVW LQ WKH HYHQW WKDW D OLQN ZLWKLQ WKH F\FOLF TXDGULODWHUDO LQWHUVHFWV
WKH FHQWUH RI WKH FLUFOH. II RQH OLQN H[WHQGV KDOIZD\ DFURVV WKH FLUFOH, WKH PHFKDQLVP
FDQQRW H[KLELW LQWUDPRELOH EHKDYLRXU (GUHHQZRRG HW DO., 2019).

7able 4 SXPPDU\ RI SRVVLEOH LQWUDPRELOH RU H[WUDPRELOH EHKDYLRXU IRU DOO FDVHV LQ TDEOH 3

PRVVibOe behaYiRXU
CaVe 1 CaVe 2

OSeQ CURVVed 1 CURVVed 2 OSeQ CURVVed 1 CURVVed 2

A B A B A B A B A B A B

IQWUDPRELOLW\ Y* N Y N N Y* N N Y* N N N
E[WUDPRELOLW\ Y N Y N N Y N N Y N N* N

NRWHV: Y LQGLFDWHV \HV DQG N LQGLFDWHV QRW SRVVLEOH.
*WKH SRVVLEOH EHKDYLRXU FKDQJHV LI D OLQN WRXFKHV WKH FHQWUH RI WKH FLUFOH.

TKH RQO\ FRQGLWLRQ IRU ZKLFK FDVH 1 FDQ KDYH D OLQN LQWHUVHFW WKH FHQWUH RI WKH FLUFOH LV
ZKHQ WKLV LV FDXVHG E\ RQH RI WKH RXWHU OLQNV. IQ WKLV VFHQDULR, ERWK FRQILJXUDWLRQV RSHQ
A DQG FURVVHG 2B DUH QRZ LQFDSDEOH RI LQWUDPRELOH EHKDYLRXU (EXW PD\ VWLOO H[KLELW
H[WUDPRELOH EHKDYLRXU). TKHUH DUH QR RWKHU FKDQJHV IRU WKLV VSHFLDO FRQGLWLRQ. NRWH WKDW
FRQILJXUDWLRQ FURVVHG 1A FDQ VWLOO H[KLELW ERWK LQWUDPRELOH EHKDYLRXU DQG H[WUDPRELOH
EHKDYLRXU, HYHQ LI RQH RI WKH RXWHU OLQNV LQWHUVHFWV WKH FHQWUH RI WKH FLUFOH.

TKHUH DUH WZR VSHFLDO FRQGLWLRQV WKDW H[LVW IRU FDVH 2. TKH ILUVW LV LI RQH RI WKH
FURVVHG OLQNV LQWHUVHFWV WKH FHQWUH RI WKH FLUFOH. II WKLV RFFXUV, FRQILJXUDWLRQ FURVVHG
1A FDQQRW H[KLELW LQWUDPRELOH EHKDYLRXU. HRZHYHU, LW LV LPSRUWDQW WR QRWH WKDW QRZ
FRQILJXUDWLRQ FURVVHG 2A, ZKLFK SUHYLRXVO\ FRXOG QRW H[KLELW LQWUDPRELOH RU H[WUDPRELOH
EHKDYLRXU, FDQ QRZ H[KLELW H[WUDPRELOH EHKDYLRXU (LQ WKLV VSHFLDO FRQGLWLRQ). TKHUH DUH
QR RWKHU FKDQJHV IRU WKLV ILUVW VSHFLDO FRQGLWLRQ.

TKH VHFRQG VSHFLDO FRQGLWLRQ H[LVWV ZKHQ ERWK FURVVHG OLQNV LQWHUVHFW WKH FHQWUH
RI WKH FLUFOH (WKLV FDQ RQO\ KDSSHQ LI WKH PHFKDQLVP LV D FURVVHG SDUDOOHORJUDP
PHFKDQLVP). SLPLODU WR DERYH, LQ WKLV FRQGLWLRQ, FRQILJXUDWLRQV FURVVHG 1A DQG 2A FDQ
H[KLELW H[WUDPRELOH EHKDYLRXU EXW FDQQRW H[KLELW LQWUDPRELOH EHKDYLRXU. IW VKRXOG EH
QRWHG WKDW WKHVH FRQILJXUDWLRQV PD\ KDYH H[WUDPRELOH PRWLRQ LQ RQO\ RQH RI WKH WZR
GLUHFWLRQV RI PRWLRQ. FRU D OLQN WR H[WHQG WKURXJK WKH PLGGOH RI WKH FLUFOH, LWV DFWXDO
OLQN VKDSH PXVW H[WHQG DW DQ DUF OHQJWK πR DURXQG WKH FLUFOH. WKLOH HLWKHU GLUHFWLRQ
PD\ EH XVHG (OLQN FXUYLQJ HLWKHU GLUHFWLRQ DURXQG WKH FLUFOH), RQO\ RQH GLUHFWLRQ FDQ EH
VHOHFWHG IRU H[WUDPRELOH PRWLRQ. IQ RWKHU ZRUGV, D OLQN WKDW H[WHQGV KDOIZD\ DURXQG WKH
FLUFOH FDQQRW EH XVHG WR SURYLGH H[WUDPRELOH PRWLRQ LQ ERWK GLUHFWLRQV. TDEOH 4 JLYHV D
VXPPDU\ RI DOO RI WKH FDVHV ZLWK DQ DVWHULVN LQGLFDWLQJ WKDW WKH VSHFLDO FRQGLWLRQ ZLOO
FKDQJH WKH SRWHQWLDO EHKDYLRXU.
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6 Discussion and conclusions

TKLV SDSHU H[SORUHV WKUHH PHWKRGV IRU PDSSLQJ OLQNDJHV WR F\OLQGULFDO DQG FRQLFDO
VXUIDFHV, WKHUHE\ FUHDWLQJ F\OLQGULFDO DQG FRQLFDO GHYHORSDEOH PHFKDQLVPV.

TKH F\FOLF TXDGULODWHUDO PHWKRG SURYLGHV DGYDQWDJHV RI ERWK DQ DQDO\WLFDO DQG
JUDSKLFDO DSSURDFK. TKH JHQHUDOLVHG HTXDWLRQ IRU WKH UDGLXV RI WKH FLUFXPFLUFOH
[HTXDWLRQ (12)] SURYLGHV D GLUHFW ZD\ WR GHWHUPLQH WKH UDGLXV RI D F\OLQGULFDO GHYHORSDEOH
PHFKDQLVP. TKLV HTXDWLRQ FDQ EH XVHIXO LQ GHVLJQLQJ GHYHORSDEOH PHFKDQLVPV ZKHUH
WKH OLQN OHQJWK UDWLRV DUH IL[HG RU LI WKH UDGLXV RI WKH F\OLQGHU LV D GHVLJQ YDULDEOH. WLWK
HTXDWLRQV (13) DQG (14) DQG (12) FDQ DOVR EH XVHG WR ILQG WKH FRQH DQJOH IRU D FRQLFDO
GHYHORSDEOH PHFKDQLVP. FRU H[DPSOH, WKH OLQN OHQJWKV RI D SODQDU IRXU-EDU PHFKDQLVP
RU WKH OLQN DQJOHV RI D VSKHULFDO IRXU-EDU PHFKDQLVP FDQ EH XVHG WR GHWHUPLQH WKH
JHRPHWU\ RI WKH GHYHORSDEOH VXUIDFH WR ZKLFK LW FDQ EH PDSSHG.

TKH XVH RI F\FOLF TXDGULODWHUDOV WR DQDO\VH FRQLFDO GHYHORSDEOH PHFKDQLVPV LV
VLJQLILFDQW EHFDXVH GHVLJQHUV FDQ XVH D SODQDU PRGHO WR DQDO\VH D WKUHH-GLPHQVLRQDO
FRQLFDO PHFKDQLVP. AV SODQDU PHFKDQLVPV DUH W\SLFDOO\ VLPSOHU WR PRGHO DQG WHVW
WKDQ VSKHULFDO PHFKDQLVPV, WKLV FRQQHFWLRQ FDQ RIIHU DQ LQWXLWLYH XQGHUVWDQGLQJ RI WKH
FRPSOH[ PRWLRQ. TKHUH DUH VWLOO OLPLWDWLRQV EHFDXVH HYHQ WKH GUDVKRI FRQGLWLRQ PD\
GLIIHU EHWZHHQ WKH VSKHULFDO PHFKDQLVP DQG LWV SODQDU FRXQWHUSDUW DV H[SODLQHG LQ
SXEVHFWLRQ 3.2.3. NHYHUWKHOHVV, WKH SODQDU PRGHO FDQ JLYH DQ LQLWLDO LGHD RI KRZ WKH
PHFKDQLVP ZLOO PRYH ZLWK UHVSHFW WR WKH VXUIDFH ZKHQ QHDU LWV FRQIRUPHG SRVLWLRQ.
TKLV ZRUN FDQ OHDG WR IXWXUH UHVHDUFK LQWR XVLQJ SODQDU UHSUHVHQWDWLRQV DQG SURMHFWLRQV
WR DQDO\VH FRQLFDO GHYHORSDEOH PHFKDQLVPV.

TZR DGGLWLRQDO PHWKRGV ZHUH DOVR LQFOXGHG, WKH FRRUGLQDWH PHWKRG IRU FRQLFDO
GHYHORSDEOH PHFKDQLVPV DQG WKH ORRS VXP PHWKRG IRU F\OLQGULFDO GHYHORSDEOH
PHFKDQLVPV. TKHVH ZHUH H[SDQGHG IURP SUHYLRXV ZRUN DQG QRZ FDQ EH DSSOLHG WR PDS
PHFKDQLVPV WR ERWK F\OLQGULFDO DQG FRQLFDO VXUIDFHV.

BH\RQG WKH SUHVHQWDWLRQ RI WKH PDSSLQJ PHWKRGV, D QXPEHU RI XVHIXO SULQFLSOHV
KDYH EHHQ LGHQWLILHG. SSHFLILFDOO\, IRXU-EDU PHFKDQLVPV FDQ EH PDSSHG WR UHJXODU
F\OLQGULFDO RU FLUFXODU FRQLFDO VXUIDFHV, UHJDUGOHVV RI WKHLU GUDVKRI FRQGLWLRQ. HRZHYHU,
RQO\ GUDVKRI PHFKDQLVPV FDQ EH PDSSHG WR WKHVH VXUIDFHV LQ D FURVVHG FRQILJXUDWLRQ.
TKHUHIRUH, WKH RQO\ ZD\ WR PDS D QRQ-GUDVKRI PHFKDQLVP WR D UHJXODU F\OLQGULFDO
RU FLUFXODU FRQLFDO VXUIDFH LV LQ LWV RSHQ FRQILJXUDWLRQ. IW IROORZV WKDW IRUPLQJ DQ\
IRXU-EDU PHFKDQLVP IURP D FURVVHG F\FOLF TXDGULODWHUDO IRUFHV WKH PHFKDQLVP WR
EH D GUDVKRI PHFKDQLVP, UHJDUGOHVV RI DQ\ RWKHU JHRPHWULFDO FRQVLGHUDWLRQV. AQ\
GHYHORSDEOH PHFKDQLVP LQ D FURVVHG FRQILJXUDWLRQ FDQ EH LGHQWLILHG DV D GUDVKRI
PHFKDQLVP ZLWKRXW DQ\ FDOFXODWLRQV.

IW FDQ REVHUYHG IURP TDEOH 3 WKDW WKH RQO\ ZD\ WR FUHDWH DQ RSHQ-ORRS PHFKDQLVP
WKDW DFKLHYHV H[WUD RU LQWUDPRELOH EHKDYLRXU LV WKURXJK FDVH 1, RSHQ A. AOO RWKHU FDVHV
RI FRQYH[ TXDGULODWHUDOV UHVXOW LQ H[FOXVLYHO\ WUDQVPRELOH EHKDYLRXU. TKLV LV VLJQLILFDQW
EHFDXVH LW KDV EHHQ HVWDEOLVKHG WKDW QRQ-GUDVKRI PHFKDQLVPV FDQ RQO\ KDYH FRQYH[
F\FOLF TXDGULODWHUDO FRQILJXUDWLRQV. TKHUHIRUH, WKH RQO\ ZD\ WR KDYH D QRQ-GUDVKRI
PHFKDQLVP WKDW FDQ H[KLELW H[WUDPRELOH RU LQWUDPRELOH EHKDYLRXU PXVW EHORQJ WR FDVH 1,
RSHQ A. FXUWKHUPRUH, WKLV PHDQV WKDW IRU QRQ-GUDVKRI PHFKDQLVPV GHVLULQJ LQWUDPRELOH
DQG H[WUDPRELOH EHKDYLRXU, DOO YHUWLFHV PXVW OLH RQ RQH KDOI RI WKH FLUFXPFLUFOH. TDEOH 3
DOVR GHPRQVWUDWHV WKDW DOO RWKHU FDVHV RI PHFKDQLVPV WKDW FDQ H[KLELW H[WUDPRELOH RU
LQWUDPRELOH EHKDYLRXU DUH QHFHVVDULO\ GUDVKRI PHFKDQLVPV.
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TKH PHWKRGV, HTXDWLRQV, DQG DQDO\VLV SUHVHQWHG LQ WKLV SDSHU SURYLGH XVHIXO WRROV LQ
WKH GHVLJQ RI F\OLQGULFDO DQG FRQLFDO GHYHORSDEOH PHFKDQLVPV. TKH DQDO\WLFDO QDWXUH RI
WKH LQFOXGHG HTXDWLRQV EXLOGV RQ SUHYLRXV ZRUN DQG LV XVHIXO ZKHQ QXPHULFDO VROXWLRQV
DUH QHHGHG. MXFK RI WKLV ZRUN DOVR HPSOR\V JUDSKLFDO DQDO\VLV, ZKLFK FDQ EH YHU\
DGYDQWDJHRXV DQG OHQG WR WKH GHVLJQHU¶V LQWXLWLRQ UDWKHU WKDQ VROHO\ DQ HTXDWLRQ-EDVHG
DQDO\WLFDO PHWKRG.
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