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Gradient additive manufacturing techniques are capable of implementing multiple materials with graded
compositions into the fabrication of a single component. This provides a unique opportunity to control
the properties of materials, such as thermal expansion, Young's modulus, and yield stress, and create a
structure that otherwise would be infeasible. To utilize this capability, a density-based topology opti-
mization framework is developed to optimize the spatial distribution of different materials, their inter-
faces, and the structural layout in order to enhance both the stiffness and the stress. Interpolation
schemes to achieve these objectives are proposed, and the three levels of complexities, i.e., multi-
material designs, design-dependent thermal loads, and stress constraints, are addressed. The framework
is evaluated using three numerical examples, and the optimized stiffness and strength-based topology
and material composition are demonstrated. Finally, the single-material and multi-material optimized
designs are compared. The results show that the low compliance of the multi-material designs, while sat-
isfying the failure constraint, was either infeasible or was achieved with a significantly higher weight for
single-material structures.
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1. Introduction

The advent of additive manufacturing (AM) has made it possible
to fabricate the complex layouts designed by topology optimiza-
tion [1-3]. It has also led to design optimizations for additive man-
ufacturing in various fields, such as designing lightweight flight
structures for space [4]| and aviation [5,6] applications, reducing
the sound radiation for acoustic applications [ 7], optimizing shapes
for passive cooling [8], optimizing the fiber paths and topology of
3D-printed composites [9], and reducing stress-shielding in bio-
implants [10]. An exceptional attribute of AM is implementing
multiple materials in the fabrication of a unitized, single compo-
nent [11]. One specific benefit of multi-material components is
the ability to tailor the mechanical properties in various regions
according to the desired functionality of the structure. For exam-
ple, compliant inverters can be manufactured by utilizing stiff
and flexible materials in the load transfer members and the hinge
regions, respectively [12]. Another significant benefit of multi-
material AM is that it can be used to create multi-functional struc-
tures by 3D printing components with different mechanical, ther-
mal, electrical, and optical properties [13]. The development of
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multi-material AM began with polymers [14] and later included
fiber-reinforced composites [15] and metals and alloys [16].

Despite the significant benefits of multi-material AM, there
remain several issues that prevent its use for potential applica-
tions. One of the critical issues is the surface tension at the inter-
face of two materials, which can cause cracks and delamination
[17]. Fig. 1(a) shows the step-transition between two materials,
in which one material is changed to the next in a transition layer.
A possible solution for the interface issue is to create transition lay-
ers that do not have brittle phases [18].

Multi-material structures can also be found in various natural
structures [19], and examining these structures has provided
another solution for the interface issue. In multi-material natural
structures, the changes between the various materials are gradual,
and they occur through a gradient region [20]. This insight resulted
in changing multi-material AM from the distribution of combinato-
rial material to a gradient methodology (Fig. 1(b)). By using gradi-
ent AM, a multi-functional structure can be printed that consists of
regions with different materials as well as their graded
compositions.

The significant advantages of gradient AM include: (1) the abil-
ity to create a smooth and gradual transition between different
regions of the material, which reduces the concentration of stress
and potential for failure resulting from mismatched materials
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Fig. 1. Transition between two materials: (a) step transition, (b) smooth gradient
[18].

[20,21], and (2) the capability of controlling the local deposition of
the material and the graded composition, which results in tailored
local mechanical or thermal properties and makes it possible to
control the local physical properties, such as stress [22,23]. These
gradient AM capabilities have been reported for using a Laser
Deposition System to manufacture metal valves for automobiles.
Finite element models of two sample valves were used, with one
valve fabricated from 304L stainless steel and Inconel 625 with a
2.5 cm gradient transition, and one in which a friction weld was
used to join the two regions of different materials [18]. The results
showed a tenfold increase in the stress at the joint section of the
friction-welded part compared to the graded transition part.

As discussed earlier, one of the main benefits of multi-material
AM is its ability to distribute various materials in different parts of
structures to enhance their functionality. This is where topology
optimization offers a systematic procedure to design the material
distribution to tailor the mechanical properties in various regions
according to the desired functionality. The optimization of the
topologies of multi-material structures started with research on
the continuum topology optimization of multi-phase materials
[24], the design of multi-physics actuators [25], and the design of
microstructures with extreme thermal expansion [26]. With the
advent of multi-material AM in recent years, topology optimization
has been further developed for multi-material structures using
various frameworks, e.g., solid isotropic material with penalization
(SIMP), level set, bidirectional evolutionary structural optimization
(BESO), and phase field [27]. In the SIMP framework, the Hashin-
Shtrikman bounds [28] were studied for multiple-phase properties
[29], a peak function was used for the design of multi-material
compliant mechanisms [30], and the framework was extended into
3D for multi-material topology optimization [31]. Recently, isoge-
ometric analysis has been used in conjunction with the density-
based approach to perform topology optimization of functionally
graded structures [32]. Phase-field methods have also been used
to optimize the multi-material structures topologies by utilizing
Cahn-Hilliard models [33,34]. In the framework of BESO, a mate-
rial interpolation scheme was utilized for the topology optimiza-
tion of multi-material structures. The results were compared
with the results obtained using SIMP [35] and, later, were applied
to the design of microstructures that consisted of multi-phase
materials [36]. The BESO algorithm and a genetic algorithm also
were used to determine the material property distribution of func-
tionally graded structures [37]. In the level set framework, a color
level set method [38] and a piecewise constant level set method
[39] were developed for multi-material interpolation, and, later,
the method was applied in the design of multi-material compliant
mechanisms [40], piezoelectric actuators [41], and the heat con-
duction problem [42]. One of the issues with the multi-material
level set approach is the sharp boundaries between the various
phases. It has been shown that including the interface properties
in the optimization procedure resulted in an enhanced, optimized
design [43]. The effect of the interface properties on the optimiza-
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tion of multi-material structures also motivated the implementa-
tion of an extended finite element method and the use of a
cohesive model in the level set approach to study the separation
of the materials interfaces [44]|. Another issue with multi-
material optimization is that multiple level set functions overlap,
resulting in redundant material phases. To address this issue, a
multi-material level set method was developed by determining
the property of the material in the design domain based on a com-
bination rule of various level set functions, which prevented the
phases from overlapping and removed the redundant regions [45].

While various aspects of the stiffness-based design of multi-
material structures have been studied, higher stiffness will not
be attained if failure occurs. In addition, considering the failure
constraint in the optimization framework can change both the
topology and the material composition of optimized structures.
However, there are two main issues associated with including
the stress constraints, even for a single-material, solid-void design,
namely the singularity of the stress and the local nature of the
stress constraints. The singularity of the stress occurs as the den-
sity converges to zero, which is due to a reduction of stiffness. To
address this issue, various relaxation techniques, such as e-
relaxation [46], the gp-approach [47], and stress interpolation
schemes [48], have been proposed to eliminate the low-density
regions. The issue of a large number of constraints due to the local
nature of stress also can be addressed by converting the local con-
straints to a single constraint or multiple global constraints using
the Kresselmeier-Steinhauser [49] and p-norm and p-mean meth-
ods [50]. While the stress aggregation methods reduce the number
of constraints, they do not fully represent the local stress behavior.
To address this issue, clustering methods have been suggested
[48,51], in which the design domain is divided into multiple
regions based on the failure index level and then the failure indices
of each region are aggregated into a single value. A challenge
related to the clustering methods is identifying the appropriate
number of clusters. Alternatively, the augmented Lagrangian
method can be utilized to handle the local stress constraints in
the density-based [52-54] and level set methods [55]. By using
the augmented Lagrangian technique, the optimization problem
with stress constraints is replaced with a sequence of optimization
subproblems. The additional complexity of implementing stress
constraints in the topology optimization of multi-material struc-
tures is the change in the allowable stress for the various material
compositions. To handle the stress constraints in multi-material
topology optimization, a heuristic approach based on discrete vari-
ables was proposed [56], but it has been reported that a critical
limitation of this method is its inability to handle geometric stress
singularities caused by re-entrant corners. A level set approach was
also developed for the optimization of stress-constrained topology,
and it has been shown how the optimized design could be different
from the designs obtained based on engineering intuition [57]. The
SIMP framework was extended to design compliant mechanisms
with stress constraints, while the allowable stress was obtained
based on the interpolation between the yield stress and Young's
modulus of different materials [58].

As mentioned earlier, one of the main advantages of gradient
AM techniques is their ability to control the local graded composi-
tions and properties of the material, such as thermal expansion and
Young's modulus. This capability can be used to reduce the dis-
placement of a structure that is subjected to both mechanical
and thermal loads. Topology optimization using the level set
method has been utilized to design microstructures with graded
interfaces for extreme thermoelastic properties [59]. Because ther-
mal loads depend on the distribution of the material, the SIMP-
based topology optimization of structures may generate undesir-
able intermediate density regions, even for a single-phase material.
The appearance of low density in the optimized design mostly
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results from the zero sensitivity in those regions, which is reme-
died by using the Rational Approximation of Material Properties
(RAMP) model [60]. Another issue in incorporating the thermal
load is the appearance of the product between the thermal expan-
sion coefficient and Young’s modulus, in which the separate inter-
polation of these two properties increases the complexity of the
problem. To simplify the relationships, the concept of the thermal
stress coefficient (TSC) was introduced based on this product, and
then a single TSC interpolation was proposed [61]. By using the
RAMP interpolation and the TSC concept, a density-based topology
optimization was developed for elastic strain energy minimization
of multi-material structures [62]. The RAMP model and TSC con-
cept were also utilized to study the multi-material topology opti-
mization of thermo-mechanical buckling problems [63]. Recently,
a B-spline multi-parameterization method based on the RAMP
model and TSC was developed for thermoelastic structures topol-
ogy optimization [64], and a multi-material thermomechanical
topology optimization method was developed to design support
structures for AM [65].

The goal of the current work is to use the capability of gradient
AM to control the local mechanical properties and develop a
density-based optimization framework that simultaneously opti-
mizes the structural layout and the material composition of the
structure to withstand thermal and mechanical stresses and defor-
mation. The three major contributions of this work are: (1) the
derivation of five interpolation schemes that satisfy the require-
ments of obtaining solid-void designs with distinct regions of var-
ious materials and obtaining interface properties that satisfy the
variational bounds, (2) the incorporation of the failure constraint
and its related sensitivity analysis in the optimization scheme of
multi-material designs, and (3) an evaluation of the framework
for three benchmark numerical examples and the demonstration
of its capability to utilize the superior properties offered by each
material to obtain stiffness and strength values that are infeasible
in single-material designs. In the following sections, the material
interpolation schemes, finite element models, sensitivity analysis,
density filtering, and optimization problem statements are pre-
sented, and the effectiveness of the developed framework is
demonstrated using numerical examples.

2. Formulation of the problem

The formulation for a density based-topology optimization
problem to minimize the mass subjected to compliance and
strength constraints is discussed in this section. Consider a 2D con-
tinuum structure (D) that consists of three phases (material A,
material B, and void) subjected to a traction (f,) on the dDscurve
and supported on the dDgrcurve, as shown in Fig. 2. The goal of
the proposed framework is the concurrent optimization of the
topology (solid-void) and the distribution of two materials in the
solid region. Therefore, the design variables are: (1) the distribu-

ll Material B

‘ Material A

Fig. 2. Continuum structure model.
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tion of solid (x; € (0, 1]) in the design domain, and (2) the amount
of materials A and B in the solid regions (x, € [0, 1], (1 —x,)). This
section presents the various interpolation schemes, the finite ele-
ment formulation and corresponding stiffness matrix and force
vectors, the filtering of design variables, and the derivation of the
failure criterion. Subsequently, the optimization formulation and
related sensitivity analysis are discussed.

2.1. Material interpolation and finite element models

The RAMP model is used in the proposed material interpola-
tions because it is more effective for problems with a design-
dependent load, such as a thermal load. The RAMP model is in
the form of P = P, + Traag P1 —P2) [66], where P; is the property
of the i" phase, and q is the RAMP parameter. The RAMP and SIMP
(xP) interpolations are compared in Fig. 3. As can be seen, the SIMP
model (p = 3.0) has zero derivative at zero density. Other research
has shown that the insensitivity at low density causes numerical
difficulties for density-dependent mechanical [67] and thermal
loads [60,61]. This issue is fixed in the RAMP model (see Fig. 3,
qg=8.0).

For g >> 1, the RAMP interpolation is concave up, which means
the property is lower than a linear interpolation for the intermedi-
ate densities. Another region of q also considered in this work, i.e.,
—1 < g <0, has a concave down interpolation, i.e., the property is
higher than a linear interpolation for the intermediate densities.
Fig. 3 shows the interpolation (1 = m) for the RAMP parame-
ters in the two regions mentioned above. As can be seen in
Fig. 3, the RAMP and SIMP interpolations with q=—-0.7 and
p = 0.5 are close to each other. The concave down SIMP model with
p = 0.5, which results in higher stresses for the intermediate den-
sities, has been previously shown to be effective in obtaining a
stress-constrained solid-void design [48]. Five interpolation
schemes are introduced based on the RAMP model in this work,
i.e., the mass (yM), stiffness (#%), thermal stress coefficient (##),
allowable stress (1), and failure criterion (#F) interpolations. The
interpolation schemes are developed such that: (1) the intermedi-
ate densities are penalized to obtain a solid-void design (x, con-
verges to zero or one), (2) mixing the materials is avoided except
at the interface of the two materials where the composition
changes gradually, and (3) the properties of the material at the
interface satisfy the Hashin-Shtrikman bounds [28]. As shown in
[16], the reason for avoiding the mixture of materials is that the
low thermal expansion of Invar (the material considered in this
research) vanishes for the intermediate composition with 304L
stainless steel, which has a high thermal expansion (304L is
another material considered in this research).

Fig. 3. RAMP and SIMP models.
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The first interpolation is developed for mass. The total mass can
be written as:

M= [ % (0" +x, (0" = p"))dv M)
where p is the density for materials A and B. Therefore, #* and 1} are:
=% andnE‘:xz;M:/D m(p s +n5 (0" — p%))dv (2)

Therefore, g = 0 for the mass interpolations. For the stiffness, n%
and %% are introduced, and the interpolated Young’s modulus is
written as:

E(lexz):WQE(E +’7§(E *EB))?

%

1+q5(1-x, )

£ 3)
= m and 75 =
where E is Young’s modulus. In this research it is assumed that
(E* > E®). In order to penalize the stiffness and obtain a solid-void
design, ¢t is selected to be a positive large number (g5 = 8 in this
work). Also, to ensure that the Young’s modulus that corresponds
to the material composition in the solid region satisfies the Hashin-
2(E" %)
(EM —2£%)
(for materials with Poisson’s ratio equal to 1/3 [66]). In this research,

EA _EB
:%—( . )) was

A B
Shtrikman bounds, g5 is taken such that 2 (& EBE ) <g<

the gf that corresponded to the lower bound (g
selected to penalize the mixture of materials.

For the allowable stress, #° was introduced, where q° is chosen
with the same form as g5 with Young’s modulus replaced by allow-
able stress for two materials. The interpolated allowable stress
(0,) is established as:

X
0, (%) =05+ 17 (ah - ab)in” = :

TTh e x) @

The product between the thermal expansion coefficient (o) and
Young’s modulus, which appears in the thermal load, is defined as

the thermal stress coefficient (TSC; § = Eo [62]). For the TSC, f and
15 are introduced, and the interpolated TSC can be written as:

Blxioxy) =l (B +ns (B = 7))

= andrg (5)
1714 (1 —x; 2=

To further penalize the thermal load (obtain a higher thermal
load compared to the stiffness for intermediate densities), gfis
selected such that g} < g5 (¢} = 4 in this work). It has been shown
in experimental tests of graded materials that the thermal expan-
sion is concave down for the intermediate densities [16]; therefore,
qiis selected to be equal to the negative value of ¢. Note that both
q° and g4 can be changed in the developed framework based on the
experimental data of various material compositions.

The von Mises stress (o,,) is used in this work to predict the
failure in the structure [68]:

Oum = \/65 + 02 — 040y + 3172, (6)
where o, ,0,,and t,, are the normal and shear stress components
of the element stress tensor (6.). A concave down failure criterion
interpolation (#F) is proposed to address the stress singularity issue
and penalize the intermediate x, design variable (¢f = —0.7 in this
work). By using the #F interpolation, the relaxed von Mises stress
can be written as:

X1
O-:/m (xl )

1+gF(1—x1) @)

= nFO-vm:, nF =
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The element relaxed von Mises stress is then normalized with
respect to the interpolated allowable stress (%), and they are

aggregated to a single constraint value using the p-mean function
(FP) [48]:

1
FP — <<]) Z (arume>p>p (8)
ne) 4 \ Og
where ne is the number of elements in design domain D, and p is a
tuning coefficient. (See [48,50] for a detailed discussion of the p-
norm and p-mean functions.) In this research, the p-mean coeffi-
cient is taken as p = 10. When the optimization converges, the p-
mean function also converges to a constant value that is lower than

the maximum value of (Z ”"‘“) Therefore, an adaptive scaling factor
(s) for each iteration (k) is 1mplemented in the p-mean approxima-
tion to bring it closer to the maximum value of (Z ”’"“) [48]:

1
FP _ Sk (l) Z <O-1;/m e>p P‘
ne P Oge ’

max( ”’“)ki] ®
Sk _ OCk Tae + (] _ ka)sk—]

G

where ok = 0.5 if s is oscillating between two consecutive itera-
tions; otherwise, o = 1.0.

A finite element model (FEM) that consisted of four node ele-
ments with nodal displacements (ug and vy) was chosen to dis-
cretize and analyze the design domain (D). The linear static FEM
equation can be written as:

K(x,,%,)U(x,,x,) = F(x;,%,) (10)
where K, U, and F are the stiffness matrix, the displacement vector,
and the force vector, respectively, and the ¥, and x, vectors consist
of design variables x; and x, for each element. The force vector
includes both the mechanical loads, F™, which are considered to
be design independent, and the design-dependent thermal loads
F™(x,,x,). The stiffness matrix and thermal loads vector are assem-
bled by the summation of element stiffness (k) and the nodal load

vector (f™) [60]:

Ke(x1,X,) = E(x,%,) /BZEBedv

"%, %) = B(X;, %) /B{EATecDTdv (11)

where B, is the element strain-displacement matrix, C is a matrix
that consists of the design-independent terms of the constitutive
matrix, AT, is the change in the temperature of the element, and
@ for the two-dimensional problem is the [1 1 0] vector. The stres-
ses are computed at the center of element based on the displace-
ment from FEM analysis [60]:

6. =ECB.U, —  C®TAT, (12)
where E=E,+n5(E,~E;) and B=p,+n5(Bs— ;) are the
Young’s modulus and the TSC of the material composition in the
solid region, respectively.
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2.2. Filtering of the design variable
A weighted decaying filtering [69] is used in the proposed

framework to address the checkerboard and mesh-dependency
issues:

X, = H
¢ ZJENBHLJ JeZNe
Hi; = max(0,r; — A(e.j)) (13)

where ¥; is the filtered design variable, i € (1,2), N, is the set of
design variables x; with the distance to design variable x;, (A(e,j))

smaller than the radius r;, and HLJ- is the weighting decaying func-

tion. By using a chain rule, the sensitivity of a function f is trans-
formed from a filtered variable to the design variable:

of af 8x
BXl-E D 0XU 8}(

(14)

Egs. (13) and (14) show that the design variables x; and x, are
filtered separately using different radii (r;). In this research
r, = 1.5r; , to ensure that there is sufficient feature thickness for
the fabrication of two materials, and r, is double the element size
for all of the test cases studied here.

2.3. Optimization problem statements

Two optimization problems are considered in this research: (1)
minimizing the compliance (SE) subjected to the equilibrium equa-

tion and mass constraint (1\71), and (2) minimizing the mass (M)

subjected to the equilibrium equation, compliance (SE), and the
failure constraints. As mentioned earlier, one of the goals in this
work is to avoid the mixture of different materials, except at the
interface of two materials where the composition changes gradu-
ally. Motivated by the penalty function used in [62], an adaptive
function is added to the objective function to penalize the material
mixture:

fa= (Cf /fzo) /xlxz(l —%))dv (16)
D
where ¢f is a weight that gradually increases from 0.001 to 0.1 in
100 iterations and then remains constant, and f,’ is the initial value
of f, (fS = [x,%,(1 — x,)dw in the first iteration). The reason for the
D

gradual increase in the weight of the mixture (c¢f ) in the objective
function is to prevent its influence in the early iterations and slowly
increase it to converge to a distinct, multi-material design. There-
fore, the optimization problem of minimizing the compliance sub-
jected to the equilibrium equation and the mass constraint (g;)
can be written as:

in SE
ming: + f,

, KU =F
subjected to g = % 1<0

0<x.<1.i=1,2 and e=1,2,---,ne
(17)

design variables

where SE = UKU, SE, is the initial value of SE, and M is the upper
bound of the mass. The second optimization problem considered
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here is minimizing the mass subjected to the equilibrium equation,
compliance (g,), and stress (g,) constraints:

mln—Jrf2
KU =F
subjected to{ & =5-1<0
gzzF"—lgo
design variables 0<x,<1.i=1,2 and e=1,2,---,ne

(18)

where My is the initial value of mass, and SE is the upper bound of
compliance. Both optimization problems are solved using the glob-
ally convergent method of moving asymptotes (GCMMA) [70]. To
control the changes in the design variable in each iteration, an adap-
tive move limit is implemented within the GCMMA scheme. The
proposed adaptive move limit is based on the behavior of the objec-
tive and the constraint functions in each iteration. If there is an
oscillation of the objective or the constraint functions between
two consecutive iterations, then the move limit is decreased by
25%; if there is no oscillation but the constraints are not satisfied,
then the move limit is kept unchanged. Finally, if there is no oscil-
lation of the objective or constraint functions and the constraint is
satisfied, then the move limit is increased by 25%, considering the
maximum move limit of 0.5.

2.4. Sensitivity analysis

The sensitivity analysis is provided to GCMMA to determine the
changes in the design variables in each optimization iteration.
First, the sensitivity of compliance is obtained using an adjoint
method [61]:

dSE U dK
dx,-e dx,

The sensitivity of the failure criterion is also required for the
optimization problem (18). The sensitivity analysis of the p-mean
function for a multi-material structure is more complicated than
compliance, since (a) it is not self-adjoint, (b) the dependency on
density (x,) and material composition (x,) appears in different
parts of the p-mean function, and (c) the allowable stress is also
a function of the material composition. Therefore, the sensitivity
equations are derived separately for x; and x, (see Appendix for
additional details of the sensitivity analysis):

L dF™

U+2U0 dx,,

(19)

e

dx,, ne o O dx,, dx,, dx,

P\ 1P 1
dF’ (F) O ym <0’§,me> Cdny Ar<dF"' dK U)

dF’ (FP>HJ e ( '”"e)pil

er a ne O-ae O-ae
— 1-p
do F
x 20ime dE, CB.U, 7d/3€ COTAT, Q
da. dXZe dx, ne
1 vm, e Fth
X a( O dXZe <dx2E dxze (20)
where ! is calculated using Eq. (21):
1-p
ﬁ) .
T _ ( ’7e vm,e do—vme dUe
AGK - EEZNG ne O-ae ( O-ae ) do-e c ¢ dU (21)
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3. Results and discussion

In this section, the proposed density-based multi-material
topology and composition optimization framework are evaluated
for three well-known cases in topology optimization for mechani-
cal and thermal loads. For each case, the compliance-based opti-
mization is performed first for the multi-material and single-
material design domains. Then, the optimized compliance is taken
as a constraint in a mass minimization that also includes a failure
constraint. The penalization parameters for stiffness (#%), the ther-

mal stress coefficient (#?), and the failure criterion (#}) are gradu-
ally increased in 15 iterations to avoid convergence to a
suboptimal solution [71]. In order to show the two-material
design, the final design variables are interpolated onto a finer mesh
(5 times the number of elements in each test case). The two mate-
rials considered for all of the test cases in this research are stainless
steel 304L (Material A) and Invar 36 (Material B). In all of the test
cases in this research, the green and blue colors show the distribu-
tions of the 304L and Invar 36 materials, respectively. The density
for both materials is 8100kg/m?>, and the Poisson’s ratio is 1/3. The
elastic modulus and thermal expansion coefficient of the 3D
printed Invar 36 and 304L and the yield strength of the 3D printed
304L are based on the experimental data in [16,72]. The yield
strength for Invar 36 is based on data available in [73]. The proper-
ties of stainless steel 304L and Invar 36 are shown in Table 1.

Table 1 shows that Invar 36 has a lower thermal expansion
coefficient, so it is very suitable for thermal loads. However, the
304L material has a higher stiffness and higher allowable stress,
which make it preferable for mechanical loads and regions sub-
jected to high stress. Depending on the boundary conditions, some
non-designable regions are considered for each test case. For the
cases in which multiple materials are used in the design, the
non-designable regions are made of 304L. For the single-material
design cases, the non-designable regions are made of the same
material. The von Mises stress is normalized by the allowable
stress (Eq. (4)) and it is shown for all the test cases.

3.1. Cantilever plate

The first test case is a plate with a rectangular cross section,
clamped at the left edge, subjected to a shear force R = 70kN at
its right edge. Also, a uniform elevated temperature of AT = 30'C
is considered. The width, height, and thickness of the plate are
2L = 80cm, L = 40cm, and t = 1cm, respectively. The plate is dis-
cretized using 12,800 plane stress elements. Two regions consist-
ing of 5x 10 elements in the neighborhood of the load and
4 x 80 elements on the left edges are excluded from the design
domain. The non-designable regions (shown in black) and the
boundary conditions are depicted in Fig. 4. The compliance-based
optimization (17) is performed for the multi-material design

domain with M = 10kg. Fig. 5(a) shows the optimized topology,
distribution of the two materials, and compliance (SE = 197Nm).
Fig. 5(b) shows the interface between 304L and Invar 36 (the tran-
sition from A to B in Fig. 5(a)). The principle stresses in the opti-
mized design also are shown in Fig. 5(c) and (d). It is apparent

Table 1
Material Properties of Stainless Steel 304L and Invar 36.
Properties Stainless Steel 304L Invar 36
Elastic Modulus, E(GPa) [16] 240 160
Coefficient of Thermal Expansion, 15 1.5
%(1075/°C) [16]
Allowable Stress, a,(MPa) [72,73] 400 275
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Fig. 4. Cantilever Plate with a point load applied at the free edge.

that the advantages provided by each material are used to create
a structure with high stiffness; the material with higher stiffness
and thermal expansion (304L) is located in the compression region
to reduce the displacement, and the material with lower thermal
expansion (Invar 36) is distributed in the tension region. This con-
figuration can also be explained by the principle stresses shown in
Fig. 5(c) and (d), where 304L is distributed in the region with neg-
ative principle stresse, and Invar 36 is located in the region with
positive principle stress.

Next, the compliance optimization is performed for the single-
material design domain, i.e., Invar 36 and then 304L. The optimiza-
tion formulation is changed slightly to provide a better comparison
between the multi-material design and the single-material design.
In the case of Invar, the weight is minimized, taking into consider-
ation a compliance constraint equal to the optimized compliance

for the multi-material design (SE = 197Nm). Fig. 6(a) shows the
optimized topology for Invar with the optimized mass of
M = 12.5kg, which is 25% higher than the resources required for
the multi-material design to obtain the same compliance. In the
case of the 304L material, with its high thermal expansion, regard-
less of the amount of material used, the optimization can never
reach the multi-material compliance level. The optimized compli-
ance for the 304L design domain is SE = 322.3Nm, and the corre-
sponding mass is M = 11.6kg. (See Fig. 6(b).) The optimization
problem for the 304L material becomes unconstrained if it is per-
formed with a mass constraint greater than M = 11.6kg, which
means that adding more material will only make the compliance
higher. The comparison of Fig. 6(a) and (b) also shows that, while
the optimized topology for the Invar is similar to that obtained
for only mechanical loads due to its low thermal expansion [74],
more support is required for the tension region located on the
top of the domain for the 304L case.

Though the multi-material design domain compliance is opti-
mized, the failure constraint has yet to be considered. As a result,
the von Mises stress was 50% higher than the allowable stress.
(See Fig. 7.) To address this issue, the optimization problem (18)
is studied to include the failure constraint as well as the compli-
ance constraint. The upper bound of compliance is taken as the

optimized compliance of the multi-material design (SE =
197Nm). Fig. 8 shows the optimized configuration, mass, and nor-
malized von Mises stress for the optimized design. The optimized
topology is similar to the compliance-based design, but there is a
slight change in the optimized distribution of the material. The
von Mises stress for optimized compliance in Fig. 7 makes it clear
that 304L, with its higher allowable stress, is distributed in the top
left corner and middle regions to alleviate the higher stresses in
these areas. By using the higher allowable stress of 304L and dis-
tributing it in the high stress regions while using the Invar 36 in
the compression region, both the compliance and the failure con-
straints are satisfied by an increase in resources of only 5%
(M = 10.5kg) compared to the optimized compliance design. The
comparison of the two von Mises stresses for the optimization
problems without failure constraints (Fig. 7) and with failure
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Fig. 5. Compliance-based design for the cantilever plate; (a) The topology and material distribution; (b) the transition between 304L and Invar 36 A-B; (c¢) and (d) are

principle stresses.
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SE = 197 Nmand M = 125 kg
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Fig. 6. Compliance-based designs for a cantilever plate with (a) Invar 36 and (b) 304L.

N |
X

Fig. 7. The von Mises stress normalized by the allowable stress for multi-material
optimized compliance design.

constraints (Fig. 8(b)) shows the more effective distribution of
stress for the optimization with the stress constraint. The opti-
mization problem with failure and compliance constraints can only

(@

M = 105kg

be performed for Invar 36, however, because 304L cannot reach the

required SE. Figure 9 shows the optimized topology for the Invar
material. The optimized mass in this case is M = 15.4kg, which is
about 50% higher than the multi-material design. It is worth noting
that satisfying the failure constraint in addition to the compliance
constraint resulted in a 25% increase in the weight for the structure
made of Invar 36.

3.2. L-bracket

The second numerical example is an L-shaped bracket, which is
a well-known case study for optimization with failure constraints
due to the geometric stress singularity caused by the re-entrant
corner. The dimensions and boundary conditions, including the
clamped top edge and a point load applied on the right corner
(R = 22kN) are shown in Fig. 10. The thickness is 1cm. The struc-
ture is under a uniform, elevated temperature of AT = 30 C. The
domain is discretized using 6400 plane stress elements. A region

(b) ™

Fig. 8. Cantilever plate optimization results with failure and compliance constraints: (a) topology and material distribution; (b) normalized von Mises stress.
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= 154 kg

Fig. 9. Optimized topology with failure and compliance constraints for a cantilever
plate made of Invar 36.

v\

24cm

16cm

|- 16cm —+|~— 24cm —

Fig. 10. L-bracket design domain.

v b

= 749 Nm

Fig. 11. L-bracket compliance design: (a) optimized topology and material distri-
bution; (b) normalized von Mises stress.

that consists of 5 x 5 elements under the load is excluded from the
design domain. First, the compliance-based optimization problem
(17) is studied for the multi-material design domain with a mass

constraint of M = 2.5kg. The optimized topology and material dis-
tribution and optimized compliance (SE = 74.9Nm) are shown in

S

= 749 Nmand M = 3.1kg
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Fig. 11(a). Figure 11(b) shows the normalized von Mises stress,
which is twice the allowable stress. Next, the mass minimization

subjected to the compliance constraint (SE = 74.9Nm) is performed
for the single-material design domain (Invar 36 or 304L). Fig. 12(a)
shows the optimized topology for the Invar 36 design domain, and
the corresponding optimized mass is M = 3.1kg, which is 24%
higher than the two-material design. For the 304L design, the tar-
geted compliance could not be reached irrespective of the amount
of material; the optimized compliance is SE = 104Nm, and the cor-
responding mass M is 3kg (Fig. 12(b)). The stiffness-based opti-
mized topology for both materials is similar to those obtained
when subjected to mechanical load [58].

Fig. 11(b) shows that the failure constraint is not satisfied,
which is due mostly to the stress concentration at the right-angle
corner of the design. Therefore, the failure constraint is added to
the optimization formulation along with the compliance constraint

(SE = 74.9Nm) according to the optimization statement (18). The
optimized topology and composition of the material and the nor-
malized von Mises stress are shown in Fig. 13(a) and (b), respec-
tively. The optimized mass is M = 3.3kg. Due to its higher
allowable stress, the 304L is located in the high stress region,
and Invar 36, with its lower thermal expansion, is located in the
tension region. Also, 304L, with its higher Young’s modulus, is dis-
tributed in the region being subjected to compression. Figure 13(b)
also shows that the right-angle corner is changed to a curved mem-
ber so that the failure constraint is satisfied. The effect of mesh
refinement on optimized topology and two material distribution
is investigated, and the results are shown in Fig. 14. The compar-
ison of the optimized designs presented in Fig. 13 and Fig. 14
shows that the mesh refinement did not yield significant changes
in optimized topology and material distribution. The optimized
stress-based topology is also similar to those reported for mechan-
ical and thermal loads [48,60]. However, the stress distribution is
not completely uniform due to the fact that the compliance con-
straint must also be satisfied. If the compliance constraint were

to be relaxed by 30% (SE = 1.3 x 74.9Nm), then both the material
and the stress distributions would be changed, and a design with
more uniform stress would be obtained (see Fig. 15). Now, the
304L material is occupying a larger region because, in this case,
the failure is a more critical constraint, and the Invar material is
distributed in the middle to reduce the load on the high stress
region above it.

For the L-bracket test case, optimization with a single material
cannot reach the targeted compliance while satisfying the failure
constraint. The Invar 36 design cannot satisfy the failure constraint,
and the 304L cannot attain the stiffness of the multi-material
design. Therefore, with an optimized, multi-material L-bracket, a
level of performance can be achieved that would be impossible
with a single-material design, irrespective of the amount of

resources.
(b) %

= 104 Nmand M = 3kg

Fig. 12. Compliance-based designs for the L-bracket with (a) Invar 36 and (b) 304L.
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Fig. 13. L-bracket optimization results with failure and compliance constraints: (a) topology and material distribution; (b) normalized von Mises stress.

(a) %

(b)

Fig. 14. L-bracket optimization results with failure and compliance constraints with two levels of mesh refinement: (a) 12,800 elements; (b) 25,600 elements.

Fig. 15. L-bracket optimization results with failure and relaxed compliance constraints: (a) topology and material distribution; (b) normalized von Mises stress.

3.3. Bi-clamped plate

The last numerical example is a plate clamped on both the right
and left sides, which is a popular test case for topology optimiza-
tion for both mechanical (R=220kN) and thermal loads
(AT = 30°C). Figure 16 shows the dimensions and boundary condi-
tions. The thickness of the plate, t, is 1cm. The domain is discretized
using 9600 plane stress elements. The two regions consisting of

60cm

40cm

W L WL W W W W . ¥

rrrrrrrriri

R

Fig. 16. Bi-clamped plate design domain.

6 x 12 elements under the load and 2 x 80 elements on the right
and left edges are excluded from the design domain (shown in
black in Fig. 16). The compliance-based optimization is performed
using the multi-material design domain with a mass constraint,

M = 6kg. Figure 17 shows the optimized topology, material distri-
bution, compliance (SE = 139.5Nm), and the normalized von Mises
stress. Similar to previous test cases, 304L is located in the region
subjected to compression, and Invar 36 is distributed in the tension
region to reduce the deformation. However, the von Mises stress is
40% higher than allowable stress. The compliance-based multi-
material design (Fig. 17 (a)) is in agreement with those reported
in [62]. The mass minimization with the compliance constraint

(SE = 139.5Nm) is performed for the single-material design
domain. Figure 18 (a) shows the optimized topology for the Invar
36 design domain, and the corresponding optimized mass,
M, is 6.5kg, which is 8% higher than the two-material design. Sim-
ilar to the previous 304L material cases, the compliance of

SE = 139.5Nm cannot be obtained (Fig. 18(b)). The optimized com-
pliance is SE = 162.9Nm,and the corresponding mass, M, is 7.6kg. It
is interesting to see the difference between the topologies of the
multiple material design and the Invar 36 design. While it is advan-
tageous to include the compression region in the multi-material
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Fig. 17. Bi-clamped compliance design: (a) optimized topology and material distribution; (b) normalized von Mises stress.
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Fig. 18. Compliance-based designs for a bi-clamped plate: (a) with Invar 36; (b) with 304L.
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Fig. 19. Bi-clamped optimization results with failure and compliance constraints: (a) topology and material distribution; (b) normalized von Mises stress.

design due to the high thermal expansion coefficient of 304L to
decrease the deformation caused by mechanical load, in the case
of the Invar 36 design, the low thermal expansion only implements
the tensile members.

Next, both the compliance constraint (SE = 139.5Nm) and the
failure constraint are considered in the optimization process, as
outlined in the optimization statement (18). Figure 19(a) shows
that the optimized topology and material distribution are different
than in the compliance design (Fig. 17(a)). The reason for the
change in the topology is that, while the 304L—with its high ther-
mal expansion—can reduce the deformation in the compression
region and, as a result, the compliance, it also increases the thermal
stresses. In order to satisfy the failure constraint, this region is
reduced to only two inclined members. The von Mises stress for
the optimized design satisfies the constraint (Fig. 19(b)), and the
optimized mass, M, is 6.8kg.

Similar to the L-bracket case, the optimization with a single
material for the bi-clamped case cannot reach the targeted compli-
ance while satisfying the failure constraint. Thus, again, it is shown
that the low compliance while satisfying the failure constraint
obtained by multi-material optimization is infeasible when using
a single material.

4. Conclusion

In this research, the optimized topology and composition of
multi-material structures subjected to mechanical and thermal
loads was studied. Interpolation schemes for the stiffness, thermal

10

stress coefficient, allowable stress, and failure criterion were devel-
oped carefully to achieve three goals: (1) obtaining a solid-void
design, (2) avoiding a material mixture away from the interfaces,
and (3) satisfying the Hashin-Shtrikman bounds for the material
properties at the interfaces. The interpolation schemes were incor-
porated in the FEM of multi-material structures, and two sets of
optimization problems were developed, i.e., one with compliance
minimization subjected to a mass constraint and one with mass
minimization subjected to compliance and failure constraints.
The effect of adding the failure constraint was studied, and it
was shown that adding the failure constraint can change both
the topology and the composition of the material. Next, the
single-material and multi-material optimized designs were com-
pared. Two test cases indicated that the low compliance of the
multi-material designs, while satisfying the failure constraint,
was infeasible using single-material domains. The findings in this
research clearly demonstrate and explain the superior perfor-
mance of multi-material designs for structures that are subjected
to both thermal and mechanical loads and highlight the impor-
tance of simultaneous optimization of topology and material
composition to fully exploit this benefit by identifying the opti-
mized layout and location of each material.
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Appendix

Differentiating Eq.(8) with respect to x,, yields:

dF? (F”)HJ Come (G’Vm.e>’” dnf

dx,, ne G, \ Og dx,,
(F)™ i (orme\" du,| du
i vm.e Oume o GU.| dU
+662N:e ne o, ( Oge ) do. E. CB. du | dx,,
(22)
where 2 js obtained by differentiating Eq. (10):
du _,(dF" dK
v, @, V) 2
Substituting Eq. (23) in Eq. (22) gives:
P\ P
@ (F) " oo ()" il
dxle Bl ne O-ae o-ae dxle
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( ’/Ig (O-vm.e> O-Vm‘e dUe 24
+ —e E.CB (24)
;Ne ne 0, \ Ok de, ¢ "°dU
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dx,, dx,,

By introducing the adjoint variable (Eq. (21)) and substituting it
in Eq. (24), % in Eq. (20) is obtained.

,
In order to find 4,
2e

Eq.(8) is differentiated with respect to x,,:

i (F P)H n ("r”"‘e)pil

WZE a ne O-ae O-ae
1-p
- - B
dO'ym‘e dEe CBeUe _ dﬁe C(I)TATE B Q
de. \dx,, dx,, ne
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(25)
Differentiating Eq. (10) with respect to x,, and substituting 42
2e
in Eq. (25) gives:
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dF’ _(F")" o O " dOme ((dEe dp, -
=7 _f (== " B, _ e (DT ATe
dxae ne Gg Oge de. \dxze CB.U. dXze ¢
)T 1 O 0
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(26)

By introducing the adjoint variable (Eq. (21)) in Eq. (26), % in
2e
Eq. (20) is obtained.
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