
DESIGNING DEVELOPABLE MECHANISMS FROM FLAT PATTERNS

Lance P. Hyatt
Department of Mechanical Engineering

Brigham Young University
Provo, Utah 84602

Email: lance hyatt@byu.edu

Amanda Lytle
Department of Mechanical Engineering

Brigham Young University
Provo, Utah 84602

Email: mandymarielytle@gmail.com

Spencer P. Magleby
Department of Mechanical Engineering

Brigham Young University
Provo, Utah 84602

Email: magleby@byu.edu

Larry L. Howell
Department of Mechanical Engineering

Brigham Young University
Provo, Utah 84602

Email: lhowell@byu.edu

ABSTRACT
This paper presents tools and methods to design cylindrical

and conical developable mechanisms from flat, planar patterns.
Equations are presented that relate the link lengths and link an-
gles of planar and spherical mechanisms to the dimensions in a
flat configuration. These flat patterns can then be formed into
curved, developable mechanisms. Guidelines are established to
determine if a mechanism described by a flat pattern can exhibit
intramobile or extramobile behavior. A developable mechanism
can only potentially exhibit intramobile or extramobile behavior
if none of the links extend beyond half of the flat pattern. The
behavior of a mechanism can change depending on the location
of the cut of the flat pattern. Different joint designs are discussed
including lamina emergent torsional (LET) joints. Physical ex-
amples are presented.

1 INTRODUCTION
Developable surfaces are used in a variety of engineering

applications. Several unique properties make them ideal for use
in architecture [1, 2], aerospace [3], medical devices [4, 5], and
industrial design [6]. When limited to three dimensions, devel-
opable surfaces are ruled surfaces that can be formed by trans-

forming a plane without stretching or tearing the surface [7]. In
engineering applications, a flat, planar pattern can be created and
then formed to achieve the final developable surface. There are
many different planar manufacturing methods to cut out com-
plex patterns in a variety of materials that would be difficult on a
curved surface. These methods have allowed designers to build
three dimensional structures, mechanisms, and robotics from pla-
nar patterns [8, 9, 10, 11, 12].

Developable mechanisms are mechanisms that can conform
to or are embedded in developable surfaces [13]. By conforming
to a surface, a mechanism can be stored in a compact configu-
ration and be deployed when needed. Developable mechanisms
offer significant advantages in applications where volume and
size constraints are important such as space travel and medical
applications. Previous work has outlined general design guide-
lines for mechanisms on cylindrical and conical surfaces [14,15].
They outline how to map different mechanisms to a developable
surface and characterize the potential motion of the mechanism
with respect to the surface. However, most of these methods and
tools are independent of any manufacturing considerations.

If a mechanism is embedded into a planar material, it is re-
ferred to as a lamina emergent mechanism (LEM). Several au-
thors have explored both planar and spherical LEMs [16, 17].

DETC2020-22445

Copyright © 2020 ASME

Proceedings of the ASME 2020 
International Design Engineering Technical Conferences 

and Computers and Information in Engineering Conference 
IDETC/CIE2020 

August 17-19, 2020, Virtual, Online 

V010T10A013-1

D
ow

nloaded from
 http://asm

edigitalcollection.asm
e.org/ID

ETC
-C

IE/proceedings-pdf/ID
ETC

-C
IE2020/83990/V010T10A013/6586819/v010t10a013-detc2020-22445.pdf by Brigham

 Young U
niversity user on 12 January 2021

https://crossmark.crossref.org/dialog/?doi=10.1115/DETC2020-22445&domain=pdf&date_stamp=2020-11-03


While these mechanisms have many uses and applications, only
certain types of mechanisms can be mapped onto a plane, and
if the plane is transformed in any way, the mechanism behavior
changes as well.

This paper presents several methods and tools to design de-
velopable mechanisms in a planar, undeveloped surface that can
be formed into cylindrical and conical surfaces. First, back-
ground information is given on developable mechanisms, along
with lamina emergent mechanisms. Tools are then presented to
create flat patterns of both cylindrical and conical developable
mechanisms. A method for classifying flat developable mecha-
nism patterns is introduced to help identify the potential behavior
of a mechanism. Several options for different joint designs are
discussed. Finally, physical examples are shown in different ma-
terials.

2 BACKGROUND
2.1 Developable Mechanisms

By aligning the joint axes of a mechanism with the ruling
lines of a developable surface, the link shapes can be chosen to
match the rest of the surface. While embedded in the surface, the
mechanism is said to be in its conformed position.

The three non-trivial types of developable surfaces in three
dimensions are generalized cylinders whose ruling lines are par-
allel, generalized cones whose ruling lines converge to a point,
and tangent developed surfaces whose ruling lines are tangent to
a spacial curve. By aligning revolute joints with the ruling lines,
different types of mechanisms can be mapped to the different
types of surfaces. Planar mechanisms can be mapped to cylindri-
cal surfaces, spherical mechanisms to conical surfaces, and some
spatial mechanisms to tangent developed surfaces.

As developable mechanisms are contained within or on a
reference surface, it is useful to be able to analyze the motion
of the mechanism with respect to the reference surface. Green-
wood [14] introduced the terms extramobile, intramobile, and
transmobile to describe the behavior of developable mechanisms
based on the position of the links and joints on the surface. If
a mechanism exhibits extramobile behavior, all of the links can
move exclusively outside of the reference surface. Intramobile
behavior means that all parts can move into the surface, and
transmobile behavior means that parts of the mechanism will
be outside and inside the reference surface during motion. He
provided two methods (Instant Center Reference Line (ICRL)
method and shadow method) to determine what behaviors are
possible for a given cylindrical developable mechanism. These
methods have also been applied to conical developable mecha-
nisms [15].

Developable mechanisms on both regular cylinders and cir-
cular cones can be represented by a circular cross-section as seen
in Figs. 1 and 2. The mechanism can then be described by the
angles between the joints on that cross-section. For planar mech-
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FIGURE 1: A cylindrical developable mechanism can be repre-
sented with a circular cross-section. The link angles (φi) and the
skeleton diagram with the link lengths (li) are labelled.

anisms, traditional kinematic analysis is done using the distance
between joints [18]. The relationship between the link angle of
the cylindrical developable mechanism φi and the link length li is

l1 = 2Rsin
φi

2
(1)

where R is the radius of the reference circle.
While the links of a developable mechanism conform to the

reference surface it is often useful to view the skeleton diagram
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FIGURE 2: A spherical mechanism can be mapped onto a conical surface by aligning the joint axes and ruling lines. The spherical link
angles (ψi) and projected angles ((ψi)0) are labelled along with the cone angle (λ ).

to understand the basic kinematic motion of the joints. A mech-
anism can exist in either an open or crossed configuration, and
the skeleton diagram helps identify the configuration of a devel-
opable mechanism.

Conical developable mechanisms are spherical mechanisms,
and analysis is typically done using the angle between joint axes
[19]. When these joint axes are projected onto a circular cross-
section of the conical reference surface, they resemble a cylindri-
cal developable mechanism. This paper will use the convention
used in [15] where a projected angle is indicated by a subscript of
zero. An example of a spherical mechanism mapped onto a con-
ical surface is shown in Fig. 2. The joint axes are aligned with
the ruling lines of the conical surface and the links are shaped to
conform with the surface. To find the projected angles, the axes
are projected onto a plane perpendicular to the cone axis. The
relationship between a spherical link angle ψi and the projected
angle (ψi)0 is

cosψi = sin2(λ )+ cos2(λ )cos((ψi)0) (2)

where λ is the cone angle measured from the base of the cone up
to the surface.

Both cylindrical link angles and conical projected angles can
have a positive or negative value depending on the direction of
rotation about the center axis. The values of these angles are de-
fined as the minimum angle between the joint locations. There-
fore, both link angles and projected angles are between −180◦

and 180◦ and non-zero. This paper will use the convention that
a counter-clockwise rotation is positive. The sum of these link
angles or projected angles will always equal an integer multiple
of 360◦ shown below for an n-bar mechanism

φ1 +φ2 + ...+φn = 360k (3)

where k is an integer.
It is important to note that while the link angles and pro-

jected angles are defined as the minimum angle between joint
locations, the physical link may extend past the joint axes on the
surface. This will not change the motion of the mechanism, as
kinematic behavior is only determined by the relative location
of the joints. However, this can affect the mobility of a mecha-
nism with respect to the reference surface. A general rule for a
mechanism to exhibit intramobile or extramobile behavior is that
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a link cannot wrap around more than half of the reference sur-
face. Examples of cylindrical developable mechanisms whose
links extend past the joint locations are found in [14].

2.2 Lamina Emergent Mechanisms
Lamina emergent mechanisms (LEMs) are mechanisms that

can be made into a planar material [20]. When actuated, the
mechanisms is deployed from the surface, but can conform when
not in use. One of the biggest advantages of LEMs is being able
to use planar manufacturing methods such as laser cutting, water
jet cutting, stamping, along with single-layer fabrication meth-
ods like those used in microelectromechanical systems (MEMS)
[21, 22, 23]. Depending on the orientation of the joint axes, both
planar and spherical LEMs can be created [17, 24]. As all of
the links and joints of a LEM are co-planar, the mechanism is
considered a change-point or folding mechanism [25].

Lamina emergent mechanisms are compliant mechanisms
and therefore achieve some or all of their motion through the de-
flection of flexible members [26]. Several compliant joints have
been presented as options to allow for approximations for the
motion different rigid joints such as revolute, spherical, spatial,
and prismatic joints [27, 28, 29]. A common joint used in LEMs
are lamina emergent torsional (LET) joints [30, 31, 32, 33]. LET
joints can be manufactured in a plane and allow for large out-of-
plane motion and angular deflection. Several different designs
have been introduced to mitigate adverse effects of tension or
compression during motion [16]. While these investigations fo-
cused primarily on LEMs made from plastics, work has been
done to design LEMs in other materials like sheet metal [34].

Nelson [35] presented a method to use arrays of LET joints
to enable the formation of deployable mechanisms and struc-
tures. This was done by aligning the LET joints with the ruling
lines of a surface to get an approximation of a curved surface
when deflected. Zimmerman and Seymour presented some mod-
els and discussion of LET joints on a cylindrical surface [36, 37]

3 FLAT PATTERNS OF DEVELOPABLE MECHANISMS
To create developable mechanisms from flat sheets of mate-

rial, a two dimensional pattern can be created in a plane, and then
the sheet can be formed into a curved developable surface with-
out stretching or tearing. This work outlines how to design cylin-
drical and conical developable mechanisms using an initially flat
pattern. In both cases the process is the same. If a developable
surface is “cut” along one of the ruling lines it can be flattened
onto a plane. For a cylinder, this results in a rectangle, and a cone
becomes a segment of a circle as shown in Fig. 3. The ruling lines
on the flat cylinder are all parallel, and the ruling lines on the flat
cone converge at the center of the circle. Compliant joints are
aligned with the appropriate ruling lines, and links are designed
to connect the joint axes. Finally, the sheet can be formed into

FIGURE 3: An example of a cylindrical and conical surface in
their flat and formed states.

a developable surface to create the developable mechanism with
the desired behavior.

The location of the cut does not affect the kinematic behav-
ior of the final mechanism, so the location can be arbitrary. How-
ever, it is typically chosen at a location that does not cut a devel-
opable link. This will minimize the size of the link in the flat
pattern. For certain developable mechanisms this is inevitable,
and the following sections introduce a way to design for those
cases.

3.1 Cylindrical Developable Mechanisms
As previously stated, the flat pattern of a cylindrical surface

can be represented by a rectangle. The length of the rectangle L
is the circumference of the cylindrical surface with radius, R.

The size of a link li on a cylindrical surface is the arc length
between the joint axes ai given by Eqn. 4.

ai = φiR (4)

where φi is in radians
As the link angles can be either positive or negative, the

value ai can be represented by a vector pointing either right (pos-
itive) or left (negative). The arc length calculated will be referred
to as the link vectors and will always be perpendicular to the rul-
ing lines of the reference surface. This leads to a similar result as
Eqn. 3, where the sum of all of the link vectors will be an integer
multiple of L shown here

a1 +a2 + ...+an = Lk (5)

where k is an integer.
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FIGURE 4: A four-bar cylindrical developable mechanism is
shown with its corresponding skeleton diagram and flat pattern
with link vectors labelled.

Figure 4 shows an example of a four-bar cylindrical devel-
opable mechanism and the corresponding flat pattern. In this
case, the sum of the link vectors equals zero.

If the sum of the link vectors in not zero, another step must
be taken to create a flat pattern. When viewing the circular cross-
section, the link angles can rotate completely about the center
and still create a closed loop. However, when a surface is cut
along a ruling line, both edges of the flat pattern correspond to
the same ruling line of the formed surface. Any links that cross or
meet at this ruling line must exit one edge of the flat pattern and
continue on the other side. One way to account for this disconti-
nuity is by joining the link segments once the surface is formed.
However, another option is to reverse the vector direction. The
new magnitude of the link vector is L−|ai|. This ensures that the

φ₁

φ₄

φ₃

φ₂

FIGURE 5: The links in the skeleton diagram would wrap around
the surface which is not possible in the flat pattern. The link
vector a4 is reversed to connect the appropriate ruling lines.

sum of the link vectors of all developable mechanism flat pat-
terns will equal zero. This allows the mechanism to be complete
when the developable surface is formed without any additional
assembly. An example of this process is shown by Fig. 5.

When a link vector reversal occurs, the joint axes do not
move, so the kinematic behavior of the mechanism remains the
same. However, depending on which link vector is reversed, the
motion of the mechanism with respect to the reference surface
can change. The description of these effects is discussed in Sec-
tion 4.1.

3.2 Conical Developable Mechanisms
Flat patterns for conical developable mechanisms can be cre-

ated in a similar manner as flat patterns for cylindrical devel-
opable mechanisms. When a circular conical surface with a cone
angle λ is cut along a ruling line and flattened, the resulting pat-
tern is a segment of a circle with an inner angle Θ. The relation-

Copyright © 2020 ASMEV010T10A013-5

D
ow

nloaded from
 http://asm

edigitalcollection.asm
e.org/ID

ETC
-C

IE/proceedings-pdf/ID
ETC

-C
IE2020/83990/V010T10A013/6586819/v010t10a013-detc2020-22445.pdf by Brigham

 Young U
niversity user on 12 January 2021



ship between these values is

Θ = 2π ∗ cos(λ ) (6)

While a link on a cylindrical flat pattern is represented by
a straight vector, the link on a conical flat pattern is represented
by an arc rotated about the center of the flat circle. The links on
a flat conical pattern will be referred to as link arc angles. The
relationship between a projected angle (ψi)0 and the arc angle αi
is

αi = (ψi)0 ∗ cos(λ ) (7)

Just as link vectors have a direction based on the sign of
the cylindrical link angles, arc angles have a direction based on
the sign of the conical projected angles. A positive value in-
dicates a counter-clockwise rotation about the center of the cir-
cle segment. Figure 6 shows an example of a four-bar conical
developable mechanism and its corresponding flat pattern. It is
important to note that while the distance from the center of the
circle segment can change, the link arc angles will remain con-
stant meaning that the kinematic behavior of the mechanism will
stay the same.

Arc angles of flat conical patterns are directly analogous to
the link vectors of flat cylindrical patterns. The sum of the arc
angles of any developable mechanism will equal an integer mul-
tiple of Θ. If this sum is non-zero, a reversal of direction can be
applied to an arc angle. The magnitude of the reversed arc an-
gle will be Θ− |αi|. This process is identical to the link vector
reversal of cylindrical flat patterns.

4 CLASSIFICATION OF FLAT PATTERNS
This section will present a classification scheme to describe

flat patterns created from a developable mechanism. The terms
and definitions apply to both cylindrical and conical developable
mechanisms. For simplicity, this section will present the classi-
fication in terms of cylindrical flat patterns. However, all of the
statements can be applied to conical flat patterns by substituting
any reference to the pattern length L with the angle of the circular
segment Θ, and link vectors ai with arc angles αi.

For a four-bar cylindrical mechanism with link angles
φ1,φ2,φ3, and φ4, the corresponding link vectors are a1,a2,a3,
and a4, where a4 is the ground link. As these angles can be pos-
itive or negative, there are 16 possible combinations of link vec-
tors, eight of which are opposites of the others. For the following
description, only the eight cases where a1 is positive will be ex-
amined. In every case, the sum of the four link vectors is equal

FIGURE 6: A conical developable mechanism with its circular
diagram with projected angles ( (ψ1)0,(ψ2)0,(ψ3)0,(ψ4)0 ) and
flat pattern with the arc angles (α1,α2,α3,α4) labelled.

to a multiple of the length of the flat pattern as outlined in Eqn.
5. By using the link vector reversal process described in section
3.1, every cylindrical developable mechanism can be modeled by
a flat pattern where the sum of the link vectors equals zero. If the
sum of the vectors is equal to zero, it means that it is impossible
to have all positive link angles (++++), so the total number
of possible unique cases is seven. The seven mechanisms are
outlined in Table 1. These seven cases can be divided into two
classes based on the sign of the product of the four link vectors.
The product of the signs can determine if the formed mechanism
will be in a crossed or open configuration. If the product is neg-

Copyright © 2020 ASMEV010T10A013-6

D
ow

nloaded from
 http://asm

edigitalcollection.asm
e.org/ID

ETC
-C

IE/proceedings-pdf/ID
ETC

-C
IE2020/83990/V010T10A013/6586819/v010t10a013-detc2020-22445.pdf by Brigham

 Young U
niversity user on 12 January 2021



ative, the formed mechanism will be in an open circuit, and a
positive product indicates a crossed circuit. Previous work has
shown that if a developable mechanism in its conformed position
is crossed, it must be a Grashof mechanism [38]. This means
that if the product of the link vectors is positive, the formed de-
velopable mechanism is guaranteed to be a Grashof mechanism.
If the product is negative, further calculation is needed to deter-
mine the Grashof condition of the mechanism.

4.1 Intramobility and Extramobility
To determine if a developable mechanism can exhibit in-

tramobile or extramobile behavior, Greenwood introduced the
Instant Center Reference Line method and the shadow method
using the circular cross-section of a cylindrical developable
mechanism [14]. These same methods can be applied to con-
ical developable mechanisms [15]. Both of these methods are
useful for analyzing the behavior of a mechanism when in the
final, formed position. This section discusses ways to determine
the possible behavior of the mechanisms defined by flat patterns.

If all of the links of a flat pattern do not extend past the joint
axes, the general rule for designing intramobile and extramobile
mechanisms is that no link should have a link angle or projected
angle greater than 180◦. If the link wraps around more than half
of a cylindrical or conical surface, it can only exhibit transmobile
behavior. This rule can be extended to the link vectors and arc
angles on a flat pattern. If a link vector has a magnitude greater
than L/2 or an arc angle has a magnitude greater than Θ/2 as
can be the case after a link vector reversal, the mechanism will
exhibit exclusively transmobile behavior.

Knowing the configuration of the circuit of a mechanism
can also help determine if a mechanism can have intramobile or
extramobile behavior. Considering four-bar mechanisms, if the
joint axes all lie on one half of the flat pattern, all seven mech-
anism types listed in Table 1 can potentially exhibit intramobile

TABLE 1: Determination of the circuit configuration based on
the projected angles.

Product Circuit Grashof Condition Combination

a1a2a3a4 < 0 Open Undetermined

+ + + -

+ + - +

+ - + +

+ - - -

a1a2a3a4 > 0 Crossed Grasho f

+ - + -

+ - - +

+ + - -

or extramobile behavior. To determine the mobility of a spe-
cific mechanism that lies completely on one side, further analy-
sis is necessary, and depends on the position of the ground link.
Previous work has explored the potential mobility of a mecha-
nism based on the joint locations on the developable surface [38].
When considering flat patterns, if the joint axes cannot fit on one
half of the flat pattern, the four open mechanism types can only
exhibit transmobile behavior. As only one of the link vectors or
arc angles goes in the opposite direction as the other three, it will
always be greater than half the flat pattern. Only the crossed
mechanisms have the potential to exhibit intramobile and ex-
tramobile behavior if the joint axes cannot fit on one half of the
surface.

5 FABRICATION AND PHYSICAL EXAMPLES
The principles presented in this paper were applied in the

creation of several examples of developable mechanisms manu-
factured from a flat sheet and formed into a developable surface.
In each case, LET joints or LET arrays were used as compliant
joints to achieve motion. While other options exist such as small-
length flexural pivots, curved beams, and membranes [37], LET
joints can be made with the same planar processes used to fabri-
cate the flat pattern reducing part count and eliminating the need
for assembly. The examples shown here all use LET joints.

One challenge of forming developable mechanisms from a
flat pattern is ensuring that the surface and links all have the
same curvature. Once cut, the links are only connected to the
rest of the surface by the grounded joints. During any forming
process, considerations must be made to create a constant cur-
vature throughout the mechanism. The methods presented here
include adhering to a sacrificial layer during the forming pro-
cess, designing small tabs to keep the links connected which can
be cut once formed, and using a mold to maintain shape during
forming.

Once the flat pattern is created, the planar undeveloped pat-
tern must be formed into the developable surface. For the alu-
minum prototype shown in Fig. 7, the flat pattern was cut with a
water jet, and was bent into shape by a slip roll [39].

The remaining examples of hardware shown in Figs. 8, 9,
and 10 were made from different types of plastic. The cylindri-
cal and conical developable mechanisms in Figs. 8 and 9 were
made from a polypropylene (PP) Formex sheet, and the conical
developable mechanisms in Fig. 10 were made from a polyethy-
lene terephthalate (PET) film.

The flat plastic patterns were cut using a laser cutter. Both
materials were formed into their developable state then heat set
to keep their shape [40]. The PET patterns with designed with
small tabs that could be connected during the forming process
and cut once heat set as seen in Fig. 10. The PET was heat set
in an oven at 150◦C for five minutes. Both the cylindrical and
conical flat PP patterns were sandwiched between two molds that
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FIGURE 7: The flat pattern of a cylindrical developable mech-
anism was cut with a water jet in aluminum and formed with a
slip roll [39]. During the forming process, the mechanism was
attached to a sacrificial layer to ensure the links and surface had
the same curvature.

FIGURE 8: A polypropylene cylindrical developable mechanism
in its flat and formed states. The pattern was cut with a laser
cutter and formed with a cylindrical mold.

had the final desired shape, then set in an oven at 160◦C for 30
minutes. An example of a pattern in a mold is shown in Fig. 11.

6 CONCLUSION
This work presented equations and design methods to cre-

ate developable mechanisms from flat, undeveloped patterns. As
developable surfaces can be formed from a plane without tear-

FIGURE 9: Various polypropylene conical developable mecha-
nisms in their flat and formed states. The two dimensional pat-
terns were cut with a laser cutter, and formed in a conical mold.

FIGURE 10: A conical developable mechanism made from PET.
The pattern was cut on a laser cutter and formed by heat setting.

ing or stretching, developable mechanisms can be designed in a
planar state and then formed to achieve a desired behavior. This
allows engineers to use a variety of simple planar manufactur-
ing methods to design these complex curved planar and spherical
mechanisms.

Cylindrical developable mechanisms can be represented
with a rectangular flat pattern with parallel ruling lines. The links
are represented by link vectors that travel perpendicular to the
ruling lines. Conical developable mechanisms are represented
by a segment of a circle with the ruling lines converging at the
center of the circle. The spherical links are represented by arc
angles measured about the center. While a developable mecha-
nism may have links that loop completely around a developable
surface, when designing them on a flat surface, certain consider-
ations must be made to account for the discontinuity. This paper
presents a way to modify any set of link vectors or arc angles to
be able to fit on the flat pattern.

This paper presents a way to classify four-bar developable
mechanisms based on the direction of the link vectors and arc
angles. Seven unique types of mechanisms are outlined, and the
criteria for mechanisms in open or crossed configurations. Flat
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FIGURE 11: An example of a PP conical developable mechanism
in a metal mold used in the forming process.

patterns that indicate a crossed configuration are guaranteed to be
Grashof mechanisms. This work also presents rules to determine
if a mechanism formed from a flat pattern can have intramobile
or extramobile behavior.

Several physical examples are presented. The examples use
compliant joints similar to those used in planar LEMs such as
LET joints to achieve their motion. Rolling and heat setting pro-
cesses were used to form the developable mechanisms from their
planar pattern. During the formation, some deformation occurs
due to a non-zero thickness of the material. While some investi-
gations have been made into the behavior of curved LET joints
on a cylindrical surface, future work may include investigations
into the conical LET joints and their accuracy compared to planar
joints. If LET joints on conical surfaces are designed following
the ruling lines, the cross-section of the torsional beams will have
a curved, annular shape like the cylindrical LET joints, but also
a non-constant cross-section along the ruling line.
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