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Full-dimensional quantum scattering calculations on ultracold atom-molecule collisions in magnetic
fields: The role of molecular vibrations
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Rigorous quantum scattering calculations on ultracold molecular collisions in external fields present an
outstanding computational problem due to strongly anisotropic atom-molecule interactions that depend on
the relative orientation of the collision partners, as well as on their vibrational degrees of freedom. Here, we
present the first numerically exact three-dimensional quantum scattering calculations on strongly anisotropic
atom-molecule (Li + CaH) collisions in an external magnetic field based on the parity-adapted total angular
momentum representation and a new three-dimensional potential energy surface for the triplet Li-CaH collision
complex developed using the unrestricted coupled-cluster method with single, double, and perturbative triple
excitations and a large quadruple-zeta-type basis set. We find that while the full three-dimensional treatment
is necessary for the accurate description of cold Li(MS = 1/2) + CaH(v = 0,N = 0,MS = 1/2) collisions in
a magnetic field, the magnetic resonance density and statistical properties of spin-polarized atom-molecule
collisions are not strongly affected by vibrational degrees of freedom, justifying the rigid-rotor approximation
used in previous calculations. We observe rapid, field-insensitive vibrational quenching in ultracold Li(MS =
1/2) + CaH(v = 1,N = 0,MS = 1/2) collisions, leading to efficient collisional cooling of CaH vibrations.
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I. INTRODUCTION

The quantum dynamics of ultracold molecular collisions
is a focal point of several major avenues of research within
the emerging field of ultracold molecular gases [1,2]. In ad-
dition to their fundamental importance in chemical physics,
molecular collisions and chemical reactions determine many
key properties of ultracold molecular gases, such as ther-
malization rates, collision lifetimes, and controllability with
external magnetic fields via magnetic Feshbach resonances. A
variety of intriguing quantum phenomena reveal themselves at
ultralow temperatures due to the large de Broglie wavelengths
of the colliding molecules [3] and the absence of thermal av-
eraging over millions of quantum states [4]. Examples include
threshold scattering, shape and orbiting resonances, tunneling
under the reaction barrier, quantum statistics, and geometric
phase [5], all of which can have profound, largely unexplored,
and potentially useful effects on collision rates at ultralow
temperatures [2].

Recent experimental studies have explored how electric
fields and quantum statistics affect the chemical reaction of
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two KRb molecules at a temperature of 50 nK [6–8] and
observed resonance scattering in cold He-NO [9] and He∗-H2

collisions [10]. In addition, rapid progress in molecular laser
cooling [11–15] has opened the door to studying ultracold
collisions of molecules bearing unpaired electron spins (such
as CaH, SrF, CaF, CaOH, SrOH, and YbOH) with trapped
ultracold atoms. Sympathetic cooling occurs through elastic
(momentum-transfer) collisions when a gas of molecules to be
cooled is put in thermal contact with an ultracold atomic en-
semble [1,16–18]. Inelastic collisions decrease the efficiency
of sympathetic cooling by releasing the energy stored in in-
ternal molecular degrees of freedom. Therefore, sympathetic
cooling can be expected to be effective when elastic colli-
sions greatly outnumber inelastic collisions, with the ratio
of elastic-to-inelastic cross sections γ = σel/σinel > 100 [19].
Very recently, sympathetic cooling has been observed experi-
mentally in a trapped mixture of NaLi(a3�+) molecules with
Na(2S) atoms [20].

These experimental advances strongly motivate rigor-
ous, full-dimensional quantum dynamical calculations on
ultracold molecular collisions in the presence of external
magnetic fields. When converged with respect to all basis-
set parameters, such calculations provide a direct connection
between the scattering observables and the underlying po-
tential energy surfaces (PESs), which could be used to
map out intermolecular interactions [10,21] and to pro-
vide direct information on the positions and widths of
magnetic Feshbach resonances, which are responsible for
quantum chaotic behavior in ultracold molecular collisions
[22–24]. Even in the presence of substantial uncertainties
in the PESs, quantum scattering calculations can pro-
vide important statistical insights into ultracold molecular
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scattering, such as the probability distributions of collision
rates [24].

However, rigorous quantum scattering calculations on
ultracold atom-molecule collisions of current experimental
interest (such as Li + CaH, Rb + SrF, and Rb + CaF)
pose a challenging computational problem due to strong
and anisotropic atom-molecule interactions, which couple
a large number of rotational states, leading to very large,
computationally intractable systems of coupled-channel (CC)
Schrödinger equations. The rotational basis set convergence
problem can be partially overcome by using the computa-
tionally efficient total angular momentum representation for
molecular collisions in external fields [25,26], which allows
for converged computations with hundreds of rotational states
[18,27]. To save computational effort, these calculations kept
the internuclear distance of the diatomic molecule fixed at
its equilibrium value (the rigid rotor approximation), thereby
neglecting the vibrational degrees of freedom (DOF).

Vibrational DOF are unique to molecular species and can
affect ultracold collision dynamics by causing vibrational re-
laxation, inducing shape and Feshbach resonances [28], and
modifying chemical reaction probabilities [28,29]. Kozyryev
et al. measured the cross section for vibrational relaxation of
the first excited SrOH stretching mode (1,0,0) in cold col-
lisions with He atoms at 2 K and found it to be 700 times
smaller than the diffusion cross section [30]. A high ratio of
momentum transfer to vibrational relaxation cross sections
(γ = 104) was measured for cold He + ThO(v = 1,N = 0)
collisions [31]. Cold two-body collisions and three-body re-
combination of large molecules such as naphthalene, stilbene,
and benzonitrile may be affected by their vibrational DOF
[32–35]. Most recently, the prospects for laser cooling of com-
plex polyatomic molecules with numerous vibrational modes
have been investigated [36,37]. Understanding the role of
vibrational DOF in ultracold collisions of such molecules is
a prerequisite to efficient sympathetic cooling.

Previous theoretical work has explored the effects of
molecular vibrations on ultracold atom-molecule collisions in
the absence of external fields using converged CC quantum
scattering calculations. Balakrishnan et al. [28] studied ul-
tracold He + H2 collisions and observed rapid enhancement
of vibrational relaxation with increasing degree of vibrational
excitation of H2. Balakrishnan and Dalgarno [38] and Volpi
and Bohn [39] found that vibrational and fine-structure relax-
ation in ultracold He + O2 collisions occur slowly, suggesting
the possibility of buffer gas cooling and magnetic trapping of
vibrationally excited O2 molecules. Similar conclusions were
reached by Balakrishnan, Krems, and Groenenboom in their
study of cold He + CaH(2�) collisions [40]. More recent
studies explored full-dimensional quantum dynamics of CO
+ H2 collisions [41] and found large vibrational cooling rates
in cold Ca + BaCl+ collisions [42].

Here, we report on the first rigorous, full-dimensional
quantum scattering calculation on an atom-molecule collision
in the presence of an external magnetic field, using Li + CaH
as a representative example. The triplet Li-CaH interaction is
strongly anisotropic [17] with a well depth of 0.7 eV, as is typi-
cal for polar 2� molecules interacting with alkali-metal atoms
[43]. The enormous number of strongly coupled rovibrational
basis states of the Li-CaH collision complex has thus far pre-

vented numerically exact simulations of quantum dynamics of
Li + CaH collisions in external fields. In this work, we employ
the computationally efficient total angular momentum basis
[25] and make explicit use of inversion symmetry to minimize
the number of CC basis states. These improvements allow
us to achieve numerical convergence of Li + CaH scattering
observables using extended rovibrational basis sets including
up to 14 vibrational and 56 rotational states of CaH.

Armed with the improved methodology, we explore the
collisional properties of an ultracold spin-polarized Li-CaH
mixture in the presence of an external magnetic field. In
particular, we test the rigid-rotor approximation employed
in our previous calculations [18,27] and find it to be qual-
itatively accurate yet unable to reproduce the quantitative
features of collision dynamics. We also study magnetic
Feshbach resonances and vibrational energy transfer from the
v = 1 vibrational level of CaH induced by ultracold collisions
with Li atoms. Our calculations reveal rapid, magnetic field-
insensitive vibrational quenching in ultracold Li + CaH(v =
1,N = 0) collisions, implying efficient collisional cooling of
the vibrational DOF of CaH.

This paper is organized as follows. In Sec. II we present
our three-dimensional ab initio PES of the Li-CaH collision
complex. In Sec. II B we outline the details of quantum scat-
tering calculations of ultracold Li + CaH collisions, focusing
on the new aspects of including the dependence on the CaH
vibrational coordinate. The results of quantum scattering cal-
culations are presented and discussed in Sec. III, whereas
Sec. IV summarizes the main results of this work.

II. THEORY

A. Ab initio interaction PES

As a prerequisite to full-dimensional quantum dynamical
calculations of ultracold Li + CaH collisions, we have com-
puted a new three-dimensional (3D) ab initio interaction PES
for the triplet electronic state of the Li-CaH collision complex.
To this end, we carried out state-of-the-art electronic structure
calculations of the Li-CaH interaction energy in Jacobi co-
ordinates (R, r, θ ), where R is the distance between Li and
the center of mass of CaH, r is the bond distance of CaH,
and θ is the angle between the Jacobi vectors R and r. All
of the ab initio calculations of the two-body CaH and three
body Li-CaH potentials were performed with the unrestricted
coupled-cluster method with single, double, and nonitera-
tive triple excitations, UCCSD(T). To include the effects of
the CaH vibrational motion, its internuclear distance was
varied from r = 2.27a0 to r = 6.62a0, which is sufficiently
wide to cover the range of CaH vibrational states v = 0–13.
The value r = 6.62a0 is the largest one accessible with the
single-reference UCCSD(T) method, as further stretching re-
sulted in an unphysical interaction potential and convergence
problems due to the increasingly multireference character of
the electronic wave function. We used the same UCCSD(T)
method and basis set of quadruple-zeta quality augmented
with midbond functions as in our previous two-dimensional
(2D) rigid-rotor calculations [17].

Figure 1 shows a series of contour plots of our Li-CaH PES
as a function of R and r at fixed values of θ . The PESs are
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FIG. 1. Contour plot representing the 3D Li-CaH PES of triplet symmetry as a function of the Jacobi coordinates r, R, and θ . The global
minimum of −7202.4 cm−1 is located at re = 3.960a0, Re = 5.804a0, and θe = 32.5◦. The values of the PES are given on the color map
(bottom right), in units of cm−1. Lines of the same color represent contours of equal energy.

obtained by adding the 3D interaction potential V (R, r, θ ) to
the two-body CaH potential VCaH(r). The global minimum of
the PES is 7202.4 cm−1 deep and is located at a skewed Li-
CaH geometry (re = 3.960a0, Re = 5.804a0, and θe = 32.5◦).
The PES becomes increasingly more repulsive with increasing
θ as shown in Fig. 1. We also note that the triplet PES,
unlike the singlet one [44], is not reactive within the range
of geometries considered.

Our 3D PES is slightly more attractive than the 2D rigid-
rotor PES developed in our previous calculations [17], which
is characterized by re = 3.803a0, Re = 5.6a0, θ = 35.0◦ and
by a well depth of 7063 cm−1. The inclusion of the CaH
stretch pushes the global minimum to larger R by � 0.2a0,
increases the equilibrium bending angle by 3◦, and deepens
the well by �160 cm−1.

In this work, we are interested in collisions of Li and
CaH in their maximally spin-stretched initial states MSA =
MSB = 1/2 and MSA = MSB = −1/2. Neglecting weak spin-
dependent interactions [44,45], the total spin of the collision
complex S remains a good quantum number, so we only need
to consider the Li-CaH PES of the triplet symmetry (S = 1).

B. Quantum scattering theory and computational methodology

Our full-dimensional quantum scattering calculations
are based on the exact solution of the time-independent
Schrödinger equation for a 2�+ molecule (A) colliding with
a 2S atom (B) in an external magnetic field. The details of
the theoretical formalism and its numerical implementation
were given in our previous work [17,18,24,27], so we omit
the material already covered there and focus on the aspects of

the quantum scattering methodology pertinent to vibrational
DOF.

The atom-molecule collision complex is described by the
Hamiltonian

Ĥ = − 1

2μR

d2

dR2
R + L̂2

2μR2
+ ĤA + ĤB + Ĥint, (1)

where R is the atom-molecule distance and L̂ = Ĵ − N̂ −
ŜA − ŜB is the orbital angular momentum of the collision com-
plex with reduced mass μ expressed through its total angular
momentum Ĵ , the molecular rotational angular momentum N̂ ,
and the atomic and molecular electron spin angular momenta
Ŝi (i = A,B). The Hamiltonian of the vibrating 2�+ diatomic
molecule is

ĤA = − 1

2μAr

d2

dr2
r + N̂2

2μAr2
+VA(r) + γsrN̂ · ŜA + ĤAZ ,

(2)
where μA is the reduced mass of the molecule, r is the in-
ternuclear distance, VA(r) is the potential energy curve for
the X 2�+ molecular ground state, and γsr is the spin-rotation
constant. The interaction of collision partners with the exter-
nal magnetic field is described by the corresponding Zeeman
Hamiltonians ĤAZ = geμBŜAZB and ĤBZ = geμBŜBZB, where
ŜiZ are the projections of Ŝi onto the magnetic field axis,
ge � 2.002 is the electron g-factor, and μB is the Bohr mag-
neton. The atomic Hamiltonian ĤB = ĤBZ since we neglect
the atomic and molecular hyperfine structure known to play a
minor role in spin-polarized collisions considered here [18].
The atom-molecule interaction is given by

Ĥint =
∑
S,MS

V S (R, r, θ )|SMS〉〈SMS| + V̂dd (R), (3)
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where V S (R, r, θ ) are the 3D interaction PESs for the singlet
(S = 0) and triplet (S = 1) electronic states of the Li-CaH
complex. Here, we consider ultracold collisions between Li
and CaH in their fully spin-polarized initial states and we
neglect the small matrix elements of the magnetic dipole-
dipole interaction V̂dd (R) [24,27,46] and of the spin-rotation
interaction γsrN̂ · ŜA Eq. (2) between the states of different S
values. In this approximation, spin-polarized collisions occur
exclusively on a single S = 1 PES [45] calculated ab initio as
described in Sec. II A.

To solve the time-independent Schrödinger equation, we
expand the total wave function of the collision complex in a
set of spin-rovibrational basis functions [25]

|�〉 = 1

R

∑
α,J,�

FMp
αJ�(R)

∣∣	Mp
αJ�

〉
, (4)

where FMp
αJ�(R) are the radial expansion coefficients and the

parity-adapted body-fixed (BF) channel basis states are given
by

∣∣	Mp
αJ�

〉 = 1√
2

∣∣χN
v

〉
[|JM�〉|NKN 〉|SA�A〉|SB�B〉

+ (−1)X+p|JM − �〉|N − KN 〉|SA − �A〉
× |SB − �B〉], (5)

where p = ±1 is the inversion parity, X = J − SA − SB, and
|χN

v 〉 are the radial parts of the rovibrational eigenfunctions
of the diatomic molecule defined below. The angular basis
functions are composed of the eigenstates of N̂2, N̂z, Ŝ2

i , and
Ŝiz (i = A,B), where KN , �A, and �B (inlcuded in the collec-
tive index α) are the projections of N , SA, and SB onto the
BF quantization z axis defined by the atom-molecule Jacobi
vector R [18,25,27,46]. Further, |JM�〉 are symmetric top
eigenfunctions [47] parametrized by the Euler angles, which
specify the orientation of the BF coordinate axes in the space-
fixed (SF) frame [25,27], � is the projection of J onto the BF z
axis, and � = KN + �A + �B. We note that M, the projection
of J onto the SF quantization axis, is rigorously conserved for
collisions in a static magnetic field. Here, we are interested
in collisions of spin-1/2 particles, so both �A and �B are
nonzero and the normalization factor required in Eq. (5) for
KN = �A = �B = 0 can be omitted.

The asymptotic behavior of the radial coefficients FMp
αJ�(R)

defines the scattering S matrix, which provides a complete
microscopic description of quantum scattering [48]. To find
the coefficients FMp

αJ�(R), we substitute the CC expansion (4),
to the time-independent Schrödinger equation Ĥ� = E�,
where E is the total energy, to obtain the CC equations
[25,49,50]:[

1

2μ

d2

dR2
+ E

]
FMp

αJ�(R)

=
∑

α′,J ′,�′

〈
	

Mp
αJ�

∣∣ L̂2

2μR2
+ ĤA + ĤB + Ĥint

∣∣	Mp
α′J ′�′

〉
FMp

α′J ′�′ .

(6)

The matrix elements over the angular basis functions can be
evaluated analytically as described elsewhere [18,25,27,51].

As the first step, we expand the 3D Li-CaH interaction PES in
Legendre polynomials

V S (R, r, θ ) =
λmax∑
λ=0

V S
λ (R, r)Pλ(cos θ ), (7)

with λmax = 14. The explicit inclusion of the vibrational
DOF of CaH r is an essential new element of this work,
which distinguishes it from previous atom-molecule scatter-
ing calculations in external fields based on the rigid-rotor
approximation [17,18,24–27].

The matrix elements over the vibrational basis functions
involve the vibrational integrals [18,25,52]

〈
χN ′

v′
∣∣V S

λ (R, r)
∣∣χN

v

〉 =
∫ ∞

0
χN ′

v′ (r)V S
λ (R, r)χN

v (r) dr, (8)

where the vibrational basis functions 〈r|χN
v 〉 = r−1χN

v (r) in
Eq. (5) are solutions of the 1D Schrödinger equation

[ −1

2μA

d2

dr2
+ N (N + 1)

2μAr2
+VA(r)

]
χN

v (r) = EvNχN
v (r), (9)

where EvN are the rovibrational energy levels of the isolated
CaH molecule.

We solve Eq. (9) numerically for each value of N by diag-
onalizing the Hamiltonian in the basis of the particle-in-a-box
discrete variable representation (sinc-DVR) basis functions
[53]. A total of 120 DVR basis functions are employed to
obtain converged bound rovibrational levels of CaH with
v � 13. We use the value μA = 0.983 033 697 4 a.m.u. for the
reduced mass of CaH. The vibrational integrals in Eq. (8) are
preevaluated on a Gauss-Legendre quadrature and stored on
hard disk for subsequent use in scattering calculations.

The size of the CC basis set in Eq. (4) is controlled by the
cutoff parameters Jmax, vmax, and Nmax, which give the max-
imum values of J , v, and N . We use Jmax = 1, Nmax = 55 in
all calculations and fix the total angular momentum projection
to M = MSA + MSB , which corresponds to the incident s-wave
channel. The convergence of scattering results with respect
to vmax is examined in the next section. The total number
of scattering channels N = 4634 for vmax = 13 and N = 331
for vmax = 0. Most of the parameters and physical constants
employed in the CC calculations are the same as those used in
our previous work [24,25].

The CC equations are solved numerically by means of
the Johnson-Manolopoulos log-derivative algorithm [54]. To
save computational effort, we separated the radial grid into
two regions extending from Rmin = 4.0a0 to Rmid = 20.0a0

(inner region) and from Rmid to Rmax (outer region), with the
grid spacing of 0.01a0 in the inner region and 0.1a0 in the
outer region. The maximum value of Rmax used in the present
calculations is 1500a0. At R = Rmax, the log-derivative matrix
is transformed from the total angular momentum representa-
tion Eq. (4) to a basis set which diagonalizes ĤA, ĤBZ , and
the square of the orbital angular momentum operator L̂2 =
(Ĵ − N̂ − ŜA − ŜB)2 [18,25]. The transformed log-derivative
matrix is then matched to the scattering boundary conditions
to obtain the S-matrix and scattering cross sections [18,25].
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FIG. 2. Convergence of the elastic cross section (black circles),
inelastic cross section (red squares), and elastic-to-inelastic ratio
(blue stars) for spin-polarized Li + CaH(v = 0, N = 0) collisions
with respect to the highest vibrational state of CaH included in the
basis set at the collision energy of EC = 10−6 cm−1. The magnitude
of the magnetic field is 1000 G, Jmax = 1, and Nmax = 55.

III. RESULTS

A. Vibrational basis-set convergence

To obtain numerically exact collision observables, it is
essential to examine their dependence on the CC basis-set size
and to demonstrate numerical convergence. Only the results
that are converged (or nearly converged) with respect to the
basis set correspond to physically meaningful solutions of the
Schrödinger equation for a given PES [49,50,55]. We note
that basis-set convergence is not required when one is inter-
ested in quantities averaged over an ensemble of PESs, such
as the cumulative probability distributions [24] examined in
Sec. III D below.

Figure 2 shows the elastic and inelastic cross sections as
a function of vmax, the maximum vibrational state included
in the CC basis (with each vibrational manifold contain-
ing 56 rotational states to ensure rotational convergence; see
Appendix A). We observe the onset of convergence at vmax =
10, with both the elastic and the inelastic cross sections
reaching their limiting values at vmax � 13. The data shown
in Fig. 2 represent the first numerically converged quantum
scattering results for a strongly anisotropic atom-molecule
collision system in three dimensions in the presence of an
external magnetic field.

Significantly, as shown in Fig. 2, it is necessary to include
as many as 14 vibrational states (v = 0–13) to fully saturate
the basis set. Such a slow convergence is due to the strong
vibrational anisotropy of the Li-CaH PES illustrated in Fig. 1.
Indeed, the bond distance of CaH near the global minimum
structure of the Li-CaH complex is significantly enlarged
with respect to the equilibrium bond length, leading to strong
couplings between the different vibrational states. A similarly
slow convergence is observed with respect to the rotational
basis-set size [17,55] due to the strong coupling between the
molecular rotational states induced by the angular anisotropy
of the PES. All our subsequent calculations will employ the
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FIG. 3. Collision energy dependence of the elastic cross section
(black circles) and inelastic spin-relaxation cross sections for the
external magnetic field of 1000 G (blue stars), 100 G (green tri-
angles), and 10 G (red squares) in spin-polarized Li-CaH(v = 0,
N = 0) collisions. The elastic cross section displays a very weak
magnetic-field dependence.

fully converged vmax = 13, Nmax = 55 basis unless stated oth-
erwise.

B. Ultracold collision dynamics of Li + CaH(v = 0) in the
ground vibrational state

We begin by focusing on ultracold collisions of CaH
molecules in their ground electronic and rovibrational state
(v = 0,N = 0) with Li atoms in their ground electronic state,
with both Li and CaH in their maximally spin-stretched Zee-
man states (MSA = MSB = 1/2). Here, MSA and MSB are the
projections of ŜA and ŜB onto the space-fixed quantization axis
defined by the external magnetic field. Below, we are inter-
ested in elastic (inelastic) collisions, which conserve (change)
the values of MSA and MSB . As only low-field-seeking states
with MSi = +1/2 can be confined in a magnetic trap, inelastic
collisions lead to undesirable trap loss [1,18]

Figure 3 shows the cross sections for elastic scattering and
inelastic spin relaxation in Li(MS = 1/2) + CaH(v = 0,N =
0,MS = 1/2) collisions as a function of the collision energy.
Following the expected s-wave Wigner threshold behavior, the
elastic cross sections approach a constant value and the in-
elastic cross sections scale as E−1/2

C , where EC is the collision
energy. We observe that elastic collisions occur much more
rapidly than inelastic collisions, indicating good prospects for
sympathetic cooling of spin-polarized CaH molecules with
Li atoms in a magnetic trap. The predominance of elastic
over inelastic scattering was also observed in our previous
reduced-dimensional calculations on spin-polarized Li + CaH
collisions [17], suggesting that the rigid-rotor approximation
can provide a qualitatively correct picture of spin relaxation
and elastic scattering in ultracold collisions of 2� molecules
in their ground vibrational states. However, as shown below,
the accurate treatment of vibrational DOF is essential for
the correct description of the magnetic-field dependence of
scattering cross sections, as well as for describing ultracold
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(Å

2
)

σinel (vmax = 0)

σinel (vmax = 1)

σinel (vmax = 2)

σinel (vmax = 13)

FIG. 4. Magnetic field dependence of inelastic spin-relaxation
cross sections in spin-polarized Li-CaH(v = 0, N = 0) collisions at
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collisions of vibrationally excited CaH molecules with Li
atoms.

In Fig. 4 we plot the magnetic field dependence of the
inelastic cross section at a collision energy of 10−4 cm−1 =
0.14 mK. A pronounced resonance peak is observed at 30 G,
followed by a broad peak at B � 300 G. To explore whether
the resonance peak could be reproduced in calculations using
restricted basis sets, we calculated the magnetic-field depen-
dence of the inelastic cross section using basis sets containing
only the ground (vmax = 0), the ground and the first excited
(vmax = 1), and the lowest three (vmax = 2) vibrational states
of CaH. As shown in Fig. 4, no low-field resonances are ob-
served in truncated basis calculations. Furthermore, as shown
in Appendix B, the 30 G resonance cannot be reproduced
by scaling the interaction PES by a constant factor λ. This
suggests that fully converged 3D calculations are required to
map out the magnetic-field dependence of the inelastic cross
section. At higher magnetic fields, truncated basis calculations
are in better agreement with the fully converged results. In
particular, the broad resonance peak at B � 300 G is well
reproduced with only a single vibrational state in the basis
(vmax = 0).

We next explore the quantum dynamics of Li + CaH col-
lisions with both collision partners in their absolute ground
states (MSA = MSB = −1/2). Specifically, we are interested in
how the vibrational DOF affect the density of magnetic Fesh-
bach resonances, which could be used to control the scattering
length in ultracold atom-molecule mixtures. The statistics of
the resonance states determines the degree to which quantum
chaos manifests itself in ultracold atom-molecule collisions
[23,56] and the probability of complex formation (“stick-
ing”) leading to three-body recombination and loss of trapped
molecules [22,33].

Figure 5 shows the magnetic field dependence of the Li +
CaH elastic cross section calculated with different vibrational
basis sets for CaH. To locate narrow resonances, we used a
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FIG. 5. Magnetic-field dependence of the elastic cross section for
Li + CaH(v = 0, N = 0) collisions in the absolute ground Zeeman
states at the collision energy of 10−6 cm−1 (1.4 μK) calculated with
(a) vmax = 0 and (b) vmax = 2.

dense magnetic field grid of 5001 points spanning the range
between 0 and 5 T (�B = 10 G). To make the calculations
computationally feasible, we truncated the vibrational basis
set to include three lowest-energy vibrational levels of CaH
(vmax = 2). By carrying out fully converged calculations over
a limited range of fields (B = 0–0.2 T) we verified that the
inclusion of highly excited vibrational states with v � 3 does
not qualitatively affect the number of resonances.

Comparing Figs. 5(a) and 5(b), we observe that the number
of magnetic Feshbach resonances in Li + CaH collisions is
fairly low, and it does not change significantly with increasing
size of the vibrational basis set. Within the broad range of
B = 0–5 T, we observe a total of 11(15) resonances with  >

10 G for vmax = 0(2).
To estimate the mean density of resonances per 1 G (ρ̄),

we calculated the staircase function N (B) defined as the total
number of resonances below the magnetic field B [23,24].
Figure 6 shows that the staircase functions calculated for
vmax = 0 to vmax = 2 are qualitatively similar at B < 4 T.
At higher fields the vmax = 2 staircase function grows more
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FIG. 6. Magnetic-field dependence of the staircase function
N (B) for the resonance spectra shown in Fig. 5 calculated with
vmax = 0 and vmax = 2. Insets: The corresponding nearest-neighbor
spacing distributions are shown in (a) for vmax = 0 and (b) for
vmax = 2.

rapidly due to the larger number of resonances in this region
for vmax = 2 compared to vmax = 0 (see Fig. 5). The steplike
behavior of the staircase functions indicates that the number
of resonances identified in our calculations is insufficient to
generate a large enough sample. Thus, the results presented
below should be regarded as qualitative estimates, rather than
statistically significant predictions.

From a linear fit to N (B) we determine the mean reso-
nance density to be 2.0 × 10−4 G−1 for vmax = 0 and 2.7 ×
10−4 G−1 for vmax = 2. The resonance density thus increases
slightly with the number of vibrational states included in the
basis set, although this increase is not nearly as significant as
might be expected based on the number of states of the Li-
CaH collision complex included in the basis (which increases
by a factor of 3 upon going from vmax = 0 to vmax = 2).

The nearest-neighbor spacing (NNS) distributions of the
resonance positions for vmax = 0 and vmax = 2 are plotted in
the insets in Fig. 6. As with the staircase functions, we observe
that the distributions are qualitatively similar, indicating that
including more vibrational levels in the basis set does not
strongly affect the NNS distributions.

Our results suggest that the mean resonance density is not
strongly affected by the vibrational DOF of CaH. It should
be noted that intramolecular hyperfine interactions [44,57,58],
omitted here, are nearly diagonal in vibrational quantum num-
bers (at least for low v). Therefore, while these interactions
are likely to increase the overall resonance density, they are
unlikely to affect the way in which it is influenced by vibra-
tional DOF.

To understand the physical origin of the low resonance
density, we note that the atom-molecule scattering length in
the vicinity of a magnetic Feshbach resonance may be written
as [59]

a(B) = abg

(
1 − �

B − B0

)
, (10)

where � = 0/δμ is the zero-energy resonance width ex-
pressed via the coupling matrix element between the open and
the closed channels,

0 = 2π
∣∣〈ψMc

c

∣∣Ŵ ∣∣ψMo
o (E0)

〉∣∣2
, (11)

and �M = Mo − Mc is the difference between the magnetic
quantum numbers of the open-channel state |ψMo

o (E0)〉 located
above the atom-molecule threshold and the atom-molecule
bound state |ψMc

c 〉. Note that �M 
= 0 is required for these
states to cross, leading to the appearance of a zero-energy
magnetic Feshbach resonance. To couple the states of differ-
ent M, the interaction Ŵ responsible for the resonance width
in Eq. (11) must be spin-dependent.

Here, we are interested in ultracold collisions of 2�

molecules 2S atoms initially in their maximally spin-stretched
Zeeman states (either high or low field seeking). In this
particular case, the atom-molecule interaction PES is spin
independent and does not couple the states of different M
values. As a result, magnetic Feshbach resonances can only
originate from the intramolecular spin-rotation and inter-
molecular magnetic dipole-dipole interactions [Eqs. (2) and
(3)]. These interactions are diagonal in v, so only v′ = 0
closed channels are expected to contribute to the magnetic
couplings in Eq. (11) that give rise to Feshbach resonances
in Li + CaH(v = 0,N = 0) collisions. As a consequence, the
density of magnetic Feshbach resonances does not grow dra-
matically upon the addition of extra vibrational states to the
CC basis set, as shown in Fig. 5. This argument also explains
why the resonance density observed in our previous calcula-
tions on spin-polarized Li + CaH [60], Li + SrOH [27], and
Rb + SrF [18] collisions is nearly as low as in ultracold atom-
atom collisions despite the large number of closed rotational
channels.

Significantly, the above argument implies that the com-
putationally expedient rigid-rotor approximation [17,18,27]
can be used to qualitatively predict the spectrum of magnetic
Feshbach resonances in ultracold collisions of spin-polarized
2� molecules with alkali-metal atoms. For the Li + CaH cal-
culations reported here, the rigid-rotor approximation allows
for a 14-fold reduction in the number of scattering channels,
decreasing the computational cost by over three orders of
magnitude.

We note that the above conclusion does not necessarily
apply to the initial atom-molecule states that are not fully
spin-polarized. For example, collisions of CaH (MSA = −1/2)
molecules with Li (MSB = 1/2) atoms will be affected by the
spin-exchange interaction J (R, r, θ )ŜA · ŜB, with the prefactor
J (R, r, θ ) proportional to the difference between the singlet
and the triplet PESs in Eq. (3). As the spin-exchange inter-
action depends explicitly on both the vibrational coordinate r
and the spin DOF, it will couple the v = 0 open channel with
the other spin states in the v′ > 0 manifolds, potentially lead-
ing to significant effects of vibrational DOF on the spectrum
of atom-molecule magnetic Feshbach resonances.

C. Vibrational relaxation in Li + CaH(v = 1) collisions

Thus far we have considered the dynamics of spin-
polarized collisions of Li atoms with CaH molecules in their
ground vibrational state. Ultracold collisions of vibrationally
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FIG. 7. Elastic (black circles) and total inelastic (red squares)
cross sections for ultracold collisions of vibrationally excited
CaH(v = 1, N = 0,MSA = 1/2) with Li(MSB = 1/2) as a function
of the collision energy at a magnetic field of 1000 G.

excited CaH molecules with Li atoms are also of significant
interest, as they determine the rate of vibrational cooling of
trapped molecules [42]. Rapid vibrational energy transfer in
atom-molecule collisions would imply efficient sympathetic
cooling of vibrational degrees of freedom to produce trapped
molecules in their ground vibrational state.

In Fig. 7 we compare the total elastic and inelastic cross
sections for Li + CaH(v = 1,N = 0) collisions in a magnetic
field of 1000 G. Inelastic relaxation of vibrationally excited
CaH molecules occurs much more rapidly than elastic scat-
tering in the Wigner s-wave regime, with γ � 1 at EC <

0.1 mK. We verified that the total inelastic cross sections for
Li + CaH(v = 1,N = 0) are insensitive to the magnitude of
the external magnetic field between 10 and 2000 G.

This is in striking contrast with ultracold collision dynam-
ics of ground-vibrational-state CaH molecules, which tends
to be strongly dominated by elastic scattering (γ � 1) and
to vary strongly with the field as shown in Fig. 4. We at-
tribute the high vibrational relaxation rates to the substantial
vibrational anisotropy of the Li-CaH interaction PES. As
pointed out in Sec. II A, stretching the CaH vibrational co-
ordinate r results in significant changes in the PES topology,
leading to a pronounced r dependence of the Legendre com-
ponents Vλ(r,R). This enhances the coupling matrix elements
〈χvN |Vλ(r,R)|χv′N ′ 〉, which drive inelastic transitions between
the different vibrational manifolds.

To explore ultracold Li + CaH(v = 1) scattering in more
detail, we examine two key contributions to the total inelastic
cross section due to v-conserving (“pure”) spin relaxation
in the v = 1, N = 0 manifold and the v = 1,N = 0 → v =
0,N ′ vibrational quenching transitions. Figure 8 shows the
inelastic cross sections resolved over final rovibrational states.
We observe that vibrational quenching accounts for over
99.99% of the total inelastic cross section. That is, most of
the products of collision-induced vibrational quenching of
CaH(v = 1,N = 0,MSA = 1/2) form in the ground vibra-
tional state. The vibrationally elastic spin relaxation cross
section in the v = 1 spin manifold is comparable in magni-
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FIG. 8. (a) Rovibrational energy levels of CaH(2�+). The en-
ergies are shown relative to the rovibrational energy of the v = 1,
N = 0 state at B = 0. (b) Rotational product-state distributions fol-
lowing vibrational quenching of CaH(v = 1,N = 0,MSA = 1/2) by
Li (MSB = 1/2) at a collision energy of 1.4 μK and magnetic field
of 1000 G. The following basis-set parameters were used in the
calculations: Jmax = 1, Nmax = 55, vmax = 13.

tude to the v = 0 spin relaxation cross section (see Sec. III B
above). The product rotational state distributions of CaH(v =
0) show significant structure, with the population of the N = 0
and N = 6 rotational states being strongly suppressed and
that of N = 1 and N = 12 strongly enhanced. We verified
that these results cannot be described by the chaotic Poisson
distribution found for the product rotational state distributions
of the K + KRb chemical reaction [61]. The lack of chaoticity
can be attributed to a small number of product rovibrational
states of CaH(v = 0) available due to its large rotational con-
stant (17, compared to 142 for K + KRb).

The cross section for v-conserving spin relaxation in
Li + CaH(v = 1,N = 0) collisions σ v=1

inel can be obtained
by summing the cross sections for the Li(MSA = 1/2) +
CaH(v = 1,N = 0,MSB = 1/2) → Li(M ′

SA ) + CaH(v =
1,N = 0,M ′

SB ) transitions over all final M ′
SA 
= MSA and

MS′
B


= MSB . We obtain σ v=1
inel = 2.41 Å2 or 3.85 × 10−4% of

the total inelastic cross section, which illustrates that v-
conserving spin relaxation, which flips the spin projections
without changing the rovibrational state of the molecule,
makes a negligible contribution to the total inelastic cross
sections for Li + CaH(v = 1,N = 0) collisions.

D. Sensitivity to the interaction potential: Cumulative
probability distributions

In the preceding sections, we used computationally inten-
sive quantum dynamics calculations to obtain converged cross
sections for ultracold Li + CaH scattering in a magnetic field.
These calculations are based on a single adiabatic PES, which
contains residual inaccuracies due to imperfections of ab ini-
tio methods and fitting errors. As is well known, ultracold
scattering observables are very sensitive to these inaccuracies,
making quantitative predictions extremely difficult [24]. For
example, a 1% change in the PES depth, which is smaller than
the typical uncertainty of state-of-the art ab initio interaction
potentials (such as the one developed in Sec. II), can modify
the elastic and inelastic cross sections by many orders of
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magnitude due to the presence of numerous scattering reso-
nances [24,55].

We have recently developed a probabilistic approach to this
problem based on cumulative probability distributions (CPDs)
obtained by averaging scattering observables over an ensem-
ble of slightly different interaction PESs [24]. Specifically,
the CPD of a scattering observable γ (such as the elastic or
inelastic cross section or their ratio) is defined as [24]

F () = P(γ � ) ≈ N (γ � )

Ntot
, (12)

where P(γ � ) is the probability that γ is less than . In
the limit of an infinitely large ensemble size, the CPD may
be expressed as F () = limNtot→∞ N (γ�)

Ntot
, where N (γ � )

is the number of samples, for which γ <  and Ntot is the
ensemble size. Alternatively, F () = ∫ 

0 p(γ )dγ , where p(γ )
is the probability density function (PDF) of the observable γ .
Given the PDF, the probability of γ falling within a specific
range of values P(a < γ < b) = ∫ b

a p(x)dx. For example, the
probability that a collision system has a ratio of elastic-to-
inelastic cross sections in excess of 100 (a favorable condition
for sympathetic cooling) is given by Ps = 1 − F ( = 100).
Thus, the CPDs could be used to screen atomic and molecular
candidates with favorable properties for sympathetic cooling
experiments [24]. Significantly, because the CPDs are much
less affected by narrow scattering resonances than single-PES
results, they do not require complete basis-set convergence
and, hence, can be computed much more efficiently by using
severely restricted CC basis sets [24].

Our calculations used a sample of Ntot = 201 interaction
PES Vi obtained by scaling the original interaction PES (see
Sec. II) by a constant factor λ ∈ 0.95–1.05 as described in
Ref. [24]. This corresponds to a 5% uncertainty in our ab initio
Li-CaH PESs, which is the typical margin of error of modern
high-level ab initio methods for triatomic atom-molecule col-
lision complexes [24]. By carrying out CC calculations for
every PES Vi in the ensemble {Vi}, we obtain samples of elas-
tic {σel,i} and inelastic {σinel,i} cross sections and of their ratio
{γi}. Finally, we evaluate the number of samples N (γ � )
for which the relation γ �  is satisfied as a function of 

and calculate the CPD using Eq. (12).
To explore the effect of vibrational DOF on the CPDs, we

plot in Fig. 9 the cumulative probability distributions of the
ratio of the elastic-to-inelastic cross sections for Li + CaH.
The CPDs obtained with one, two, and three vibrational states
in the basis set are similar to each other and to the vmax = 0
CPD. This can be explained by analyzing the λ dependence
of the cross sections [24]. While adding vibrational DOF
increases the number of resonances in the cross sections as
a function of λ, these resonances are averaged out when in-
tegrated over a sufficiently large interval of λ. We note that
the differences between the CPDs for different vmax values
shown in Fig. 9 cannot be regarded as physically significant
due to incomplete convergence of scattering observables and
a limited PES sample size, which limit the accuracy of the
calculated CPDs to 15%–20%.

The resulting distributions all predict a high cumulative
probability P(γ � 100) � 80%, which is favorable for atom-
molecule sympathetic cooling [17]. The same conclusion was
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FIG. 9. Cumulative probability distributions of the elastic-to-
inelastic ratio γ = σel/σinel for spin-polarized Li + CaH(v = 0, N =
0) collisions calculated with vmax = 0 (red squares), vmax = 1 (green
triangles), vmax = 2 (blue stars), and vmax = 3 (orange circles). The
averaging is performed over an ensemble of 201 interaction PESs
obtained by multiplying the original 3D PES (Sec. II A) by a constant
factor λ = 0.95, . . . , 1.05. The collision energy is 10−4 cm−1 and the
magnetic field is 1000 G.

reached in our previous work using the rigid-rotor approxima-
tion [24], suggesting that the approximation can be applied to
describe the statistical properties of ultracold Li + CaH(v =
0,N = 0) collisions.

IV. SUMMARY

We have presented a computationally efficient method-
ology, based on the total angular momentum representation
[25], for full-dimensional quantum scattering calculations
on atom-molecule collisions in the presence of an external
magnetic field. We apply the methodology to elucidate the
magnetic-field dependence of scattering cross sections for
strongly anisotropic collisions of 2� molecular radicals (CaH)
with ultracold 2S atoms (Li). To achieve numerical conver-
gence of scattering observables, we used an extended CC basis
set including 14 vibrational and 56 rotational states of CaH
(per each vibrational state), along with the electronic spin
states of the collision partners. We developed a new ab initio
3D PES for the triplet state of the Li-CaH collision complex
featuring an explicit dependence on the CaH internuclear dis-
tance r using a highly correlated UCCSD[T] method and a
large basis set. The PES is 7202.4 cm−1 deep and it is also
strongly anisotropic.

Our full-dimensional quantum scattering calculations
are in qualitative agreement with the previous reduced-
dimensional Li + CaH calculations using the rigid-rotor
approximation [17]. Both calculations predict high ratios of
elastic-to-inelastic cross sections (σel/σinel > 100), indicating
favorable prospects for sympathetic cooling of trapped CaH
molecules with Li atoms. This indicates that the rigid-rotor
approximation can provide a qualitatively accurate description
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of ultracold spin-polarized collisions of 2S atoms with open-
shell 2�-state molecules in their ground vibrational state.

However, a quantitatively accurate description of the in-
elastic cross sections as a function of the external magnetic
field requires the use of a complete rovibrational basis set
including 14 vibrational states.

The full-dimensional treatment of the atom-molecule col-
lision problem allowed us to explore vibrational relaxation of
CaH(v = 1,N = 0,MS = 1/2) molecules in ultracold colli-
sions with Li atoms. We find that vibrational quenching is
extremely fast, suggesting that vibrational cooling of CaH
molecules by Li atoms will be efficient. The quenching cross
section is independent of the magnitude of the external mag-
netic field.

Our calculations uncover the effect of vibrational DOF
on the density of magnetic Feshbach resonances in ultra-
cold atom-molecule collisions, an important quantity that
determines the extent of quantum chaos, complex forma-
tion, and sticking in ultracold molecular collisions [23,62,63].
We find that adding a large number of closed rovibrational
channels, while important to achieve numerical convergence,
does not significantly alter the mean density of magnetic
Feshbach resonances in collisions of spin-polarized atoms
and molecules in their absolute ground states. We suggest
a tentative explanation for this surprising result: Because
magnetic (spin-dependent) couplings in the atom-molecule
Hamiltonian are largely independent of r, the internuclear dis-
tance of the diatomic molecule, closed rovibrational channels
with v′ � 1 remain uncoupled from the v = 0 incident open
channel, dramatically reducing the closed-channel subspace
available for the formation of magnetic Feshbach resonances.
To rigorously test this hypothesis, it would be desirable to cal-
culate the near-threshold bound states of the collision complex
as a function of the external magnetic field and locate their
crossings with atom-molecule thresholds, which correspond
to zero-energy Feshbach resonances [59].

In future work, we plan to explore ultracold collisions
of atoms and molecules in non-fully-spin-polarized initial
states. This would require explicit treatment of the low-spin
atom-molecule PES of singlet symmetry, which could be
realistically accomplished for nonreactive collision systems
such as Rb + SrF [43] using the total angular momentum
representation [17,18,25,27]. Such a study could reveal sig-
nificant vibrational effects on the atom-molecule resonance
density due to the r dependence of the Heisenberg exchange
interaction. It would also be interesting to explore whether
the r dependence of the other spin-dependent interactions
(such as the intramolecular spin-rotation interaction in CaH
and/or the intermolecular spin-orbit interaction in Li-CaH
[64]) could induce magnetic Feshbach resonances in ultracold
atom-molecule collisions.
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APPENDIX A: ROTATIONAL BASIS-SET CONVERGENCE

To study rotational basis set convergence, we plot in
Fig. 10 the calculated spin relaxation cross section as a
function of Nmax, the number of CaH rotational states in
the CC basis set containing a single v = 0 vibrational
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state. As discussed previously [17], the large anisotropy
and depth of the Li-CaH interaction couple a large num-
ber of rotational states of CaH. As a result, we observe
rapid oscillations of scattering cross sections as a func-
tion of Nmax up to Nmax � 45. A monotonic change in the
cross sections continues until Nmax ∼ 50. Interestingly, the
elastic-to-inelastic ratio exhibits slightly faster convergence
at Nmax � 45, likely due to correlated residual convergence
errors. The requirement of a large Nmax > 50 to obtain conver-
gence is consistent with the results of previous studies using
the rigid-rotor approximation [17,18,24]. In the calculations
reported in the text, we employ Nmax = 55 unless otherwise
stated.

APPENDIX B: EFFECT OF PES SCALING

To explore whether the 30 G resonance in the fully con-
verged 3D results shown in Fig. 4 can be reproduced in
truncated vmax = 0 calculations with a scaled interaction PES,
we plot in Fig. 11 the spin relaxation cross sections calculated
with several different interaction potentials obtained by mul-
tiplying the original PES by a constant scaling factor λ. We
see that while the magnetic-field dependence calculated for
λ = 1.01 shows a peak near 50 G, the asymmetric shape of the
peak is completely different from that of the 30 G resonance
shown in Fig. 4. Thus, λ scaling of the interaction PES can-
not reproduce the resonance features seen in full-dimensional
calculations.
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